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Affected by the underground soil environment, buried cast iron pipelines are subject to corrosion during their long-term service,
resulting in damage accumulation to the pipe wall and the eventual fracture failure of pipes. This paper aims to propose a
probabilistic method to quantitively assess the time-dependent reliability of fracture failure of corroded cast iron pipes. A
Gamma-based corrosion process of the pipe wall is derived according to the reported corrosion models. The first-order reliability
method and the Monte Carlo simulation are used to cross-validate and conduct the time-dependent reliability analysis based on the
fracture failure criterion. Furthermore, uncertain physical parameters of the pipes are updated by the Bayesian Markov Chain
Monte Carlo (MCMC) algorithm based on the regional historical data of failed pipes, and lifetime predictions of buried cast iron
pipelines are then obtained. A worked example is provided to illustrate the application of the proposed method. It is found that the
Gamma process can well simulate the corrosion process hence can be employed to calculate the probability of pipe fracture failure.
Sensitivity analysis reveals that the pipe internal water pressure, the fracture toughness, and the geometry of corrosion pits are the
most influential parameters to the probability of fracture failure. It is also found that the predicted lifetime of corroded cast iron
pipes in the worked example decreases from 110 to 85 years after the Bayesian updating.

1. Introduction

Shallow buried cast iron pipes have been applied in under-
ground infrastructure for more than 100 years. At present, a
large number of pipes have suffered different degrees of
underground environmental corrosion, which leads to reduc-
tion of pipe mechanical properties and deterioration of pipes
performance [1]. Buried cast iron pipes will eventually frac-
ture when the corrosion-induced pipe wall damage exceeds
the limit, which causes bursts of water main pipes conse-
quently and high-pressure water continuously washing the
surrounding soil, resulting in secondary disasters such as
the ground subsidence and the instability of adjacent struc-
tures [2–4]. Considering the uncertainty in time-dependent

corrosion process and influencing factors of pipe mechanical
parameters, the traditional deterministic analysis may not
provide objective assessment of pipe fracture failure behavior.
Therefore, it is urgent to propose a probabilistic method that
can more accurately evaluate the risk of fracture failure of
corroded cast iron pipes, which can be further applied in
taking engineering strategies for pipe maintenance.

Corrosion has been well known as the main reason for the
performance deterioration of cast iron pipes in service [5, 6].
The corrosion process of the pipe wall is very complicated,
which is basically influenced by factors such as pipe metal
material and soil properties [7]. The literature research shows
that many researchers have studied the growth of corrosion
depth and several corrosion models have been proposed to
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represent the corrosion process. For example, Rossum [8]
proposed a power law corrosion model that links soil proper-
ties and the corrosion process for the first time. Soil resistivity
and pH were considered in this model. Kucera and Mattsson
[9] introduced a power law model that was widely used in
practical engineering, and the parameters of the model could
be determined according to the actual burial conditions of the
pipes. Rajani andMakar [10] presented a two-phase corrosion
model of which the corrosion rate is large and changes expo-
nentially at the initial service stage, while it becomes small and
tends to be linear in the later stage.

Some other literature suggested that the deterioration pro-
cess of corroded pipes can be considered as a Gamma process
[11–13]. In recent years, only a few studies have made some
applications in this context.Mahmoodian andAlani [14] used
several groups of observational corrosion data of the cast iron
pipes to estimate the parameters of the Gamma process and
studied the growth of the corrosion depth. Li et al. [15] con-
sidered the temporal and spatial variability of the corrosion
process of the cast iron pipes, the theory of random field, and
the Gamma process were employed to simulate the corrosion
growth. Yang et al. [16] developed a Gamma-based stochastic
resistance degradation model by incorporating the spatial
degradation into a nonstationary degradation process, and
conducted reliability assessment considering the effect of
time-dependent parameters in the Gamma process.

Without loss of generality, the deterioration caused by
corrosion of the pipe wall probabilistically increases with the
increase of service time, thus it is necessary to conduct time-
dependent reliability analysis to accurately assess the risk of
pipe failures at different service stages [17–21]. To name a
few, Sadiq et al. [22] proposed a method to study the reli-
ability of cast iron pipes by defining a safety factor between
the residual strength of the pipes and the maximum external
stress generated by various kinds of loads. Considering the
uncertainty in some physical parameters, the Monte Carlo
simulation (MCS) was used to propagate various uncertain-
ties into the safety factor and eventually to calculate the
probability of failure. Li and Mahmoodian [23] demon-
strated a time-dependent reliability method to quantitatively
assess the risk of cast iron pipes. The first passage probability
theory was employed to calculate the probability of failure,
and the remaining service life of the pipe was predicted.
Miran et al. [24] assessed the time-dependent reliability of
aging pipelines based on the developed power-low function
of time model for predicting the maximum corrosion depth,
and effects of newly generated corrosion pits on pipe failure
could also be considered. Ji et al. [25] presented a time-to-
failure assessment of cast iron pipes by studying the stress
concentration caused by corrosion of the pipe wall. The
probabilistic physical model was established to calculate
the probability of failure and the truncated Weibull distribu-
tion was used to fit the failure curves as well as to predict the
hazard rate of the cast iron pipes. Mulenga et al. [26] pre-
dicted failure probability of cast iron pipes with high aspect
ratio corrosion pits based on physics of failure, the time-
dependent upcrossing method was employed to quantify
the failure probability.

The literature research shows that most previous studies
consider the pipe failure criterion based more on the strength
criterion than the fracture criterion. However, as cast iron is
typically of brittle materials, a real inspection of the failed
pipes reveals that most of the failure modes of buried cast
iron pipes are fracture failures caused by the expansion of the
initial crack [27]. There are only a few recent works com-
bined with this context, so probabilistic analysis of pipe frac-
ture failure will be the main topic in this study. Further
literature review shows that the regional historical data of
failed pipes was often hardly used [28]. It is well recognized
that Bayesian theory is the fundamental theory in statistical
inference to update our beliefs in events with the real data in
hand, in the later sections of this paper, we will make some
efforts on further analysis of the data to update important
pipe physical parameters based on the Bayesian theory. After
the Bayesian updating, it would be possible to more accu-
rately assess the risk of pipe fracture failures [29].

In this study, a probabilistic method to systematically
evaluate the risk of fracture failure of buried cast iron pipe-
lines is presented. Gamma process is employed to simulate
the corrosion process of cast iron pipe wall based on the
reported corrosion model. Then time-dependent reliability
analysis of pipes is conducted to calculate the probability of
fracture failure at different service stages by the first-order
reliability method (FORM) and the MCS. The parameter
sensitivity analysis is also carried out to find the most influ-
ential parameters contributing to facture failure of pipes.
Combined with the regional historical data of failed pipes
in the worked example, the Bayesian Markov Chain Monte
Carlo (MCMC) method is employed to update the physical
parameters of the pipes and to improve the prediction of
service lifetime of the corroded pipelines.

2. Corrosion Process

Generally speaking, both the internal and external of the pipe
wall will suffer from corrosion. In this study, only external
corrosion is considered since most water main pipelines are
lined with polymeric or cement mortar liners. Besides, it
should be stated here that the load coupled effect, such as
the corrosion-fatigue-load coupled effect on the mechanism
of the corrosion process is beyond the scope of this paper,
since we mainly focus on the quantitative depth index of
corrosion process which is substituted into the derived limit
state function for time-dependent reliability analysis of pipe
fracture failure in later sections.

Most studies have revealed that corrosion rate has a large
value at the initial stage while decreases significantly as the
pipes undergo ageing. In other words, the corrosion process
shows the property of self-inhibition. Some empirical corro-
sion models have been proposed to predict the corrosion
depth of the pipe wall. In this study, a two-phase corrosion
model will be used to calculate the corrosion depth. The
model can reflect the monotonic growth of the corrosion
depth with the increase of service time, as well as the char-
acteristics of a large corrosion rate in the initial stage and a
small corrosion rate in the middle and late stages [10]:
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a tð Þ ¼ rst þ cs 1 − exp −t=T0ð Þ½ �; ð1Þ

where a is the corrosion depth when the pipe age is t years; T0

is the transit point of time from where the corrosion rate
approaches a steady state in equilibrium with the surround-
ing environment after an initially high rate; and rs and cs are
two corrosion parameters representing the interception and
long-term corrosion rate, respectively, as shown in Figure 1.

The above two-phase corrosion model is actually an
empirical description of the corrosion process, which may
not be able to accurately reflect the development of corrosion
over the long-lasting service lifetime. In addition, the model
contains three random variables, which may lead to low
efficiency while conducting the time-dependent reliability
analysis of the pipes. Considering that the physical process
of natural corrosion follows the Gamma process, this study
will combine the preliminary knowledge of the corrosion
depth calculated by the corrosion model with a systematic
estimation of the parameters of a Gamma process associated
to the corrosion model, as shown in Figure 2. Note that the
Gamma process is capable of simulating the monotonic
increase of the corrosion depth and the required mathemati-
cal calculation is relatively simple. In this way, we can
directly capture the corrosion model using Gamma distribu-
tions of the corrosion depth at different service stages.

Mathematically, a Gamma process is composed of a
series of Gamma distributions with a monotonically increas-
ing shape parameter α(t) and an identical scale parameter λ.
The corrosion depth of the pipe wall can be represented by a
Gamma process as a tð Þ;f t>0gwith the following properties:
a(0) = 0 with probability of one; a(t) has independent incre-
ments; and a Tð Þ−½ a tð Þ� follows a Gamma distribution
Ga α Tð Þ−ð α tð Þ; λÞ, for all T> t≥ 0.The probability density
function (PDF) of the corrosion depth a(t) is given by Mah-
moodian and Alani [14]

Ga a αj tð Þ; λð Þ ¼ λα tð Þ

Γ α tð Þ½ � a
α tð Þ−1e−λa a>0ð Þ; ð2Þ

where Γ(⋅) is the Gamma function, and the shape parameter
α(t) can be expressed as

α tð Þ ¼ μtγ; ð3Þ

where μ and γ are two physical parameters, and γ can be taken
as 1.0 for describing the corrosion of cast iron pipes [30]. The
parameters μ and λ can be estimated by the method of maxi-
mum likelihood according to the corrosion data calculated by
the corrosionmodel. Corrosion data are composed of pipe age
ti, i= 0, 1, 2, …, n where 0 = t0< t1< t2<, ⋯, < tn, the corre-
sponding corrosion depth ai, i= 0, 1, 2, …, n where
0 = a0≤ a1≤ a2≤, ⋯, ≤ an, and the corrosion increments
which can be expressed as δi= ai - ai−1, i= 1, 2, 3, …, n.
According to the Gamma process, the likelihood function
can be obtained as the product of the PDFs of the corrosion
increments δi as follows:

L δ1; δ2;…; δn μj ; λð Þ ¼ ∏
n

i¼1
fa tið Þ−a ti−1ð Þ δið Þ

¼ ∏
n

i¼1

λμ tγi −t
γ
i−1ð Þ

Γ μ tγi − tγi−1ð Þ½ � δ
μ tγi −t

γ
i−1ð Þ

i e−λδi :

ð4Þ

The maximizing of the likelihood function is equivalent
to the maximizing of its logarithm, and it can be realized by
setting their derivatives to zero. Thus, the estimation for the
parameters μ and λ can be obtained by solving

∂ logL μ; λð Þ
∂μ

¼ 0; ð5Þ
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FIGURE 1: Schematic illustration of two-phase corrosion model [10].

Co
rr

os
io

n 
de

pt
h,

 a
 (m

m
)

Service time, t (year)

……

~Ga(α(t1),λ)

~Ga(α(t2),λ)

~Ga(α(tn),λ)

t1 t2 tn 

Gamma process

Corrosion model

FIGURE 2: Schematic of corrosion process simulated by the Gamma
process.
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∂ log L μ; λð Þ
∂λ

¼ 0: ð6Þ

The estimation for the parameter bλ can be determined by
van Noortwijk [31]

bλ ¼ bμtγn
an

: ð7Þ

To obtain the estimation of the parameter bμ, the follow-
ing equation is to be solved. It should be noted that bμ in
Equation (8) has to be solved by iterative methods.

∑
n

i¼1
tγi − tγi−1ð Þ ψ bμ tγi − tγi−1ð Þ½ � − logδif g ¼ tγn log

bμtγn
an

� �
;

ð8Þ

where ψ(x) is the Digamma function that is the derivative of
the logarithm of the Gamma function:

ψ xð Þ ¼ Γ0 xð Þ
Γ xð Þ ¼ ∂ log Γ xð Þð Þ

∂x
: ð9Þ

3. Probability of Fracture Failure

3.1. Stress Intensity Factor. Cast iron pipelines usually suffer
from various degrees of corrosion that generally occurs on
the external surface of the pipe wall as discussed earlier,
which may lead to the development of corrosion pits. Most
of the literature suggests that the shape of corrosion pits are
cuboids, spheres, and semiellipsoids [32, 33], while the sharp
corrosion pit with a considerable corrosion depth is less
considered [34]. However, corrosion pits with narrow open-
ings and sharp shapes can be regarded as the initial cracks
which cause the eventual fracture of the pipes.

In order to evaluate the breakage condition of such cor-
roded cast iron pipes, the concept of the stress intensity
factor is employed to quantitatively describe the strength of
the stress field near the crack tip. In general, there are three
modes of cracks in fracture mechanics, which are the open-
ing mode (Mode Ⅰ), the shear mode (Mode Ⅱ), and the tear
mode (Mode Ⅲ). In this study, only the Mode Ⅰ crack is

considered since it has been commonly found to be the
dominant cracking condition in observed fracture failure
pipes. Considering the geometry of the corrosion pit and
the internal water pressure, the stress intensity factor is
determined by Raju and Newman [35]

KI ¼
PR
d

ffiffiffiffiffi
πa

p
f

a
c
;
a
d
;
d
R
;
b
c

� �
; ð10Þ

where P is the internal water pressure; R is the pipe radius; d
is the pipe wall thickness; a is the corrosion depth; f(⋅) is the
influencing coefficient function; c is the half length of the
corrosion pit; and b is the width of the corrosion pit. Some
details of a corroded pipe modeling are shown in Figure 3.

Furthermore, Wang et al. [36] carried out a series of 3D
finite-element analyses to obtain the stress intensity factor of
sharp corrosion pits with different geometry. The results
showed that the influencing coefficient functions f(⋅) were
expressed as follows:

f
a
c
;
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d
;
d
R
;
b
c

� �
¼ ξ1
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d
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2d−
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ffiffiffi
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2c

þ ξ3e−
d
2R
  a=c>0:8ð Þ;

ð11Þ
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  a=c ≤ 0:8ð Þ;

ð12Þ

where ξ1, ξ2, and ξ3 are constants as summarized in Table 1.

3.2. Failure Criterion Definition. Based on the fracture
mechanics, a pressurized cast iron pipe will fracture when
the stress intensity factor at the crack tip exceeds the fracture
toughness of the pipe material. The limit state function of the
corroded pipes can be expressed according to the theory of
structural reliability as

R

da

2c

Crack

ðaÞ

b

a

R

d
Crack

Internal
pressure, P

ðbÞ
FIGURE 3: Details of a corroded pipe: (a) longitudinal view; and (b) circumferential view.

TABLE 1: Constants in the influencing coefficient functions.

Scenario of the function ξ1 ξ2 ξ3
f(a/c> 0.8) 0.3143 0.0570 0.4568
f(a/c≤ 0.8) 0.3296 0.1551 0.5538
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G Kc;KI; tð Þ ¼ Kc − KI x; tð Þ; ð13Þ

where Kc is the fracture toughness, KⅠ is the stress intensity
factor determined by Equation (10), x is the vector contain-
ing all random variables, and t denotes the service time. G is
determined according to the given values of t and x. In
summary, the fracture failure of pipes is defined when
G< 0, no failure when G> 0, and G= 0 denotes the limit
state of pipe fracture.

3.3. Probability of Fracture Failure. The probability of frac-
ture failure of the corroded pipes can be determined by

Pf ¼ P G ≤ 0ð Þ ¼ P Kc ≤ KI x; tð Þ½ �: ð14Þ

The limit state function of the pipe fracture includes a
number of physical parameters, all of which are subject to
some degrees of uncertainty. Equation (13) is highly nonlin-
ear, which cannot be determined analytically. Alternatively,
the MCS and the FORM can be employed to numerically
estimate the failure probability [37]. The MCS is usually
regraded as a standard method in reliability problems, it
calculates the probability of failure through a large number
of samplings as follows:

Pf tð Þ ¼ M G Kc;KI; tð Þ ≤ 0½ �
N

; ð15Þ

where M is the number of samples for G< 0; and N is the
total number of samples. It is well recognized that the accu-
racy of the MCS mainly depends on the value of N, which
can be roughly determined according to the following for-
mula [38]:

N ≥
100
P0

f
; ð16Þ

where N is the total number of simulations; and P0
f is the

estimated failure probability.
Compared to the MCS, the basic concept of the FORM is

that when the random variables are transformed from their
original space (x-space) to the standard normal space
(u-space), the reliability index β can be simply regarded as
the minimum distance from the origin to the limit state
surface in u-space and can be determined as follows [37]:

β ¼ min
G¼0

ffiffiffiffiffiffiffiffi
uTu

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u∗ð ÞTu∗

q
; ð17Þ

where u are the vectors of random variables that are on the
limit state surface in u-space, among which u∗ is closest to
the origin, called as the design point. The above calculation
process for β can be efficiently realized by the Solver in the
EXCEL [39]. The probability of pipe failure can be deter-
mined by

Pf ¼ Φ −βð Þ; ð18Þ

where is the cumulative distribution function of a standard
normal variable.

Different random variables show different effects on frac-
ture failure of pipes. Due to the lack of full knowledge of
random variables, it is of great importance to find the most
influential variables so that further studies can focus on
them. In this study, the concept of probability sensitivity
index (PSI) is utilized to quantitatively evaluate the contri-
bution of each random variable to the probability of failure.
Note that the greater the absolute value of the PSI, the greater
the influence of this parameter on the probability of failure.
Positive PSIs indicate that increasing the values of the
parameters will increase the probability of failure and vice
versa. The PSI can be determined as follows [40]:

αi ¼
−

∂G
∂ui

σ uið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
n

j¼1

∂G
∂uj

σ uj
À Á" #

2
vuut u ¼j u∗;

ð19Þ

where αi is the PSI of the random variable ui (i= 0, 1, 2, …,
n); G is the limit state function as determined by Equation
(13); σ(ui) is the standard deviation of ui; n is the number of
random variables; and u∗ is the design point solved by
the FORM.

4. Parameter Updating by Bayesian
MCMC Algorithm

Obviously, time-dependent reliability analysis of fracture
failure of corroded cast iron pipes should be based on the
acquirement of accurate statistical information of pipe phys-
ical parameters. Unfortunately, the statistical information of
these parameters is usually not fully available due to the
complexity of underground space and the difficulty of pipe-
lines inspection. The prior information based on engineering
experience is often used for reliability analysis.

From probability theory, we can learn that Bayesian the-
ory is one of the two most important branches in statistical
inference, and its basic essence is to update our beliefs in
events in our daily life. In this study, we consider that as
we already have prior information of pipe parameters and
recorded data of failed pipes in hand, which means that it
actually meets the necessity of establishing the likelihood func-
tion in Bayesian formula, thus it is feasible for us to employ
Bayesian method to update key pipe physical parameters. In
this way, it would be possible to more accurately evaluate the
risk of fracture failure of cast iron pipes with surface sharp
corrosion pits, as more reliable statistical information for reli-
ability analysis is obtained. The main process of updating
parameters by the Bayesianmethod is briefly introduced below.

Note that a simplified physical model can be used to
represent a natural time-dependent physical process. The
predictions of the physical model at different time instants
can be expressed as follows:

Advances in Civil Engineering 5



g bx ; tð Þ ¼ g x1; x2;…; xn; tð Þ; ð20Þ

where g(⋅) is the prediction of the physical model, bx ¼ x1;ð
x2; x3;…; xnÞ is the vector containing all input parameters;
and t denotes the time.

Due to the simplification of the model and the uncer-
tainty in the input parameters, the model predictions may
not be very accurate and are always subject to some errors. If
measurements are taken on the response quantity at some
discrete points in time, we have the following relationship:

gmes bx ; tð Þ ¼ g bx ; tð Þ þ e; ð21Þ

where gmes(⋅) is the measurement value of the response quan-
tity; and e is the error between the measurement value and
the model prediction. A simple assumption is that the error e
can be regarded as a random variable following a zero-mean
normal distribution with variance σe

2. Therefore, if we have
measurement values gmes,j of the response quantity at discre-
ate points of time tj (j= 1, 2, 3,…, Y), the likelihood function
of bx can be expressed as follows [41]:

L gmes;1;…;gmes;Y bxjÂ Ã
¼ ∏

Y

j¼1

1

σe
ffiffiffiffiffi
2π

p exp −
1
2

gmes; j − g bx ; tjÀ Áh i
2

σe
2

24 35; ð22Þ

where g bx ; tjÀ Á
is the model prediction at the time tj. From

Bayesian theory, the posterior PDF of bx; fbX bxð Þ can be esti-
mated using the likelihood function L gmes;1;

Â
…;gmes;Y jbx� and

the prior PDF of bx; pbX bxð Þ as follows:

fbX bxð Þ ¼ fbX bx∣gmes;1;…; gmes;Y

Â Ã ¼ kpbX bxð ÞL gmes;1;…;gmes;Y bxjÂ Ã
;

ð23Þ

where k is a normalization constant. Note that the above
equation is referred to as indirect Bayesian updating since
the likelihood function depends on the measurement values
gmes(⋅) and the predictions of the model g(⋅) instead of on the
parameter bx by itself.

It is difficult to solve Equation (23) since it is a multidi-
mensional parameter updating problem, especially for the
normalization constant k. This study uses the MCMC

simulation algorithm to deal with the problem. For the com-
plex target distribution which is hard to sample by common
methods, MCMC can ensure the samples following the target
distribution through its specific sampling algorithm, such as
the Metropolis–Hastings algorithm, the Gibbs sampling, the
Slice sampling, and so forth. The statistical inference can
easily be made by calculating the moments of the obtained
samples. In this study, the Metropolis–Hastings algorithm
based on the Bayesian framework is employed to update
those key physical parameters of cast iron pipelines. The
prior means of the uncertain parameters are used as initial
values to perform the sampling according to the Metropolis–
Hastings algorithm. The acceptance rate of each step of sam-
pling is α, which is calculated by [42]

α ¼ min 1;
L D x0j jp x0ð Þq xð Þx0ð Þ
L D xj jp xð Þq x0ð Þxð Þ

� �
; ð24Þ

where L Djxð Þ is the likelihood function; D is the data (such as
gmes;1;…;gmes;Y in Equation (23)); p(x) is the prior informa-
tion; and q xjx0ð Þ is the proposal distribution. The MCMC
algorithm does not need to evaluate the normalization con-
stant k since it cancels out in Equation (24). After s steps of
sampling, the samples are x0; x1; x2;…; xi−2; xi−1; xi;…; xs
which have the property of Markov chain, as xi is only
dependent on xi−1 (i= 1, 2, …, s) while is independent on
x0; x1; x2;…; xi−2. After deleting the first m samples as exe-
cuting the burn-in process, the stationary set of the samples
xm;f xmþ1; xmþ2;…; xsg is our target PDF.

5. Worked Example

To illustrate the proposed method for evaluating the proba-
bility of fracture failure of cast iron pipelines, a worked
example of corroded cast iron pipe cohorts in Australia is
provided in this section [43]. The pipes have an external
diameter of 100mm and the wall thickness of 9.4mm. Con-
sidering the uncertainty in the geometry of corrosion pits,
two parameters ρ1 and ρ2 are introduced here and both of
them are considered to be random variables, which represent
the ratio of the pit depth and width of the corrosion pit to the
semilong axis of the corrosion pit, respectively, as shown in
Figure 4. Corrosion parameters, fracture toughness, and
internal pressure are all considered to be random variables.
The prior statistical information of random variables for the

R = 50 mm

d = 9.4 mm

a

2c

b

,

a

a b
c cρ1 = ρ2 =

FIGURE 4: Schematic of corroded cast iron pipes in the worked example.
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pipes is shown in Table 2. It should be noted that the bias
factor of each random variable, which is the ratio of the mean
value to the nominal value [44], is not considered in this
study, as the prior statistical information is from other refer-
ences and some of them are just determined by a rough
estimation. Besides, we assume the pipes had suffered from
corrosion since they were installed. The flowchart of the
worked example is shown in Figure 5 and the main steps
are summarized as follows:

Step 1: calculate the corrosion depth according to the
two-phase corrosion model (Equation (1)), and use the

result to estimate the parameters of the Gamma process
(Equations (7) and (8)), then Gamma distributions of the
corrosion depth at different service stages are obtained.
Step 2: calculate the stress intensity factor according to
the corrosion depth, and substitute it into Equation (13)
to obtain the limit state function. Input the prior infor-
mation of the parameters, then calculate the probability
of pipes fracture failure by the FORM (Equation (18))
and the MCS (Equation (15)).
Step 3: based on the prior information of the parameters,
employ the Bayesian MCMC algorithm to solve Equation
(23) to update the parameters at each discrete time point

TABLE 2: Prior statistical information of random variables for the cast iron pipes.

Symbol Mean Coefficient of variation Distribution

rs 0.02mm 0.2 Lognormal
cs 6mm/year 0.1 Lognormal
1/T0 0.15 1/year 0.3 Lognormal
P 0.45MPa 0.15 Normal
Kc 14MPa⋅

ffiffiffiffi
m

p
0.05 Normal

ρ1 1 0.1 Lognormal
ρ2 0.5 0.1 Lognormal

Calculate the corrosion depth by the corrosion model 

Estimate the parameters of the Gamma process 

Obtain the gamma distributions of the corrosion depth  

Calculate the stress intensity factor 

Conduct the time-dependent analysis of the pipes 

Posterior statistical information of the parameters   

Update the parameters by Bayesian method Obtain the limit state function 

Regional historical data of the failed pipes 

Input the statistical information of the parameters  

Prior statistical information of the parameters  

FORM and MCS

Update the parameters of the pipes 

Posterior corrosion parameters 

MCMC

FIGURE 5: Flowchart of the time-dependent reliability analysis for the corroded cast iron pipes.
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which is the service lifetime of failed pipes in historical
data. Use the posterior information of the parameters to
repeat Step 1 and Step 2 to obtain the results of posterior
time-dependent analysis and lifetime prediction of the
corroded pipes.

5.1. Results of Prior Time-Dependent Analysis. The probabil-
ity of fracture failure of corroded cast iron pipes over the
period of 0–150 years is first calculated using the FORM
(Equation (18)) and the MCS (Equation (15), N= 100,000)
based on the corrosion model, as shown in Figure 6. As
shown in Figure 6, the probability of failure calculated by
the FORM is in satisfactory agreement with the results from
the MCS, which verifies the accuracy of the FORM in this
problem. The corrosion depth obtained from the corrosion
model is further used to estimate the parameters of the
Gamma process, and the result shows that the shape param-
eter α(t) = 0.095t, and scale parameter λ= 1.578. The average
maximum corrosion depth predicted by the Gamma process
is 9.0mm at 150 years, which is of 2.2% difference with that
determined by the two-phase corrosion model, hence it can
be concluded that the Gamma process can well simulate the
corrosion process of the pipe wall.

The Gamma process-based probability of fracture failure
of the pipes is also calculated by the FORM according to
Equation (18) and shown in Figure 6. It is found that the
probability of failure calculated by the Gamma process is
basically in consistency with the results from the corrosion
model. The discrepancy between the Gamma process and the
corrosion model can be explained: the parameters of the
Gamma process estimated from the method of maximum
likelihood will be constrained by the corrosion data that is
determined by the corrosion model, while the corrosion
model is not accurate enough to predict the corrosion depth

especially at the initial service stage of the pipes. In this
paper, we make some new attempts that more parameter
analysis of pipe fracture failure can be conducted based on
the Gamma process as it is more convenient than the tradi-
tional corrosion model, since the number of random vari-
ables based on the analysis of Gamma process are less.
Therefore, it can be concluded that although the probability
of failure calculated by the Gamma process may not be so
accurate compared to the MCS, we believe it is still valuable
and can be further improved. Considering the efficiency of
the Gamma process in conducting the time-dependent reli-
ability analysis, this study will focus on the Gamma process-
based results in the following analysis.

The change of PSIs of random variables with time is
calculated based on Equation (19) and shown in Figure 7.
It is found that the internal pressure P, fracture toughness Kc,
and the geometry parameter ρ1 have the most significant
influence on the probability of failure, which indicates that
further study should focus on these parameters. Parameters
with quite small PSIs, such as 1/T0, can be considered as a
constant for pipes with a service life of more than 40 years.
The probability of failure for pipe internal pressure with
different coefficients of variation (COV) is further studied,
as shown in Figure 8. It can be found that the larger the COV,
the larger the probability of failure, and the discrepancy for
different COVs decreases with the increase of service time.

The probability of fracture failure for different values of
fracture toughness is shown in Figure 9. As shown in Figure 9,
the greater the fracture toughness, the smaller the probability
of failure, which is obviously self-evident. Further analysis
indicates that the fracture toughness increases from 14 to
16MPa·

ffiffiffiffi
m

p
, only increasing by about 14.3%, the probability

of failure can be reduced by about 75.0% at the initial service
stage and about an average of 60.0% in the whole service
lifetime. This has certain guiding significance, for example,
the optimal design considering both the cost of manufacture
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FIGURE 6: Probability of fracture failure of the corroded cast iron
pipes.
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and the risk of fracture failure should be conducted before the
casting of pipes, and a reasonable value of fracture toughness
should be determined to better balance the cost and the risk.

5.2. Results of Posterior Time-Dependent Analysis. According
to the observational failure data of small diameter pipes pro-
vided by the Australian water utilities in the Advanced Con-
dition Assessment and Pipe Failure Prediction project [45],
the failure data used for the parameter updating in this study
is shown in Figure 10, which is composed of service lifetime tj
( j= 1, 2, 3, …, 200) of failed pipes. The MCMC simulations
based on the Bayesian framework are conducted to update
key physical parameters of the pipes (Equation (23)), and
Figure 11 shows the trace plots of the parameters with
10,000 simulations in total. A burn-in of the first 5,000

simulations is executed and the posterior statistical informa-
tion of random variables is shown in Table 3. It is found that
the internal pressure P, the corrosion parameter cs, and the
fracture toughness Kc show different degrees of change after
the Bayesian updating. The prior and posterior PDFs of these
parameters are shown in Figure 12.The posterior corrosion
parameters are used to estimate the parameters of the
Gamma process, and the prior and posterior parameters of
the Gamma process are shown in Table 4. The time-
dependent analysis is conducted again according to the
updated Gamma process in Table 4 and the parameters in
Table 3. The comparison of Gamma process-based probabil-
ity of failure before and after the updating of parameters is
shown in Figure 13. It can be seen that the posterior proba-
bility of failure increases significantly, and at the same service
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FIGURE 8: Probability of pipe fracture failure for internal pressure
with different COVs.
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FIGURE 10: Failure data of service lifetime of failed pipes used for parameter updating.
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time it is about twice the prior probability of failure. This
observation can be further explained as that we may underes-
timate the prior values of some physical parameters due to the
lack of full knowledge, while more reliable statistical inference
about these parameters can be made after the Bayesian updat-
ing since the observational failure data of the pipes are rea-
sonably considered in the process of updating.

Setting the acceptable probability of failure as 0.1 as which
has widely been used in other literature for representing the
limit risk level of predicting service lifetime of corroded cast
iron pipes [14, 23, 46], it can be shown in Figure 13 that the
service life tL for the pipe is 110 years before the updating of
the parameters, while it reduces to 85 years with a decrease
of 25 years after the Bayesian updating. Considering this
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FIGURE 11: Trace plots of parameters by MCMC simulations.

TABLE 3: Posterior statistical information of random variables for the cast iron pipes.

Symbol Mean Standard deviation Distribution

rs 0.02mm 0.004 Lognormal
cs 6.47mm/year 0.641 Lognormal
1/T0 0.15 1/y 0.044 Lognormal
P 0.52MPa 0.047 Normal
Kc 13.67MPa⋅

ffiffiffiffi
m

p
0.695 Normal

ρ1 0.973 0.089 Lognormal
ρ2 0.497 0.048 Lognormal

10 Advances in Civil Engineering



difference, we want to emphasize in this paper that time-
dependent reliability analysis of pipe fracture failure should
be conducted based on more accurate information of pipe
parameters, otherwise it is difficult for us to make reasonable
predictions on corroded pipes. Besides, the posterior service
life obtained here after the Bayesian updating is just an
updated version of the prior one, it is more reliable but

actually it can still be updated again if there are newly
recorded data of pipes. Therefore, it can be concluded that
it is of great significance to update physical parameters based
on the historical data of failed pipes, as more accurate proba-
bilistic analysis of fracture failure and lifetime prediction of
the cast iron pipe can be carried out after the Bayesian updat-
ing of parameters.
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FIGURE 12: Prior and posterior PDFs of random variables: (a) internal pressure P; (b) corrosion parameter cs; and (c) fracture toughness Kc.

TABLE 4: Prior and posterior parameters of Gamma process.

Parameters of Gamma process Prior Posterior

Shape parameter α(t) 0.096t 0.088t
Scale parameter λ 1.602 1.454
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6. Conclusions

In this study, a method to evaluate the risk of fracture failure
of buried cast iron pipes was presented. In this method, the
Gamma process was employed to simulate the corrosion
process of cast iron pipes, and the Gamma-based time-
dependent reliability analysis was carried out by the FORM
and the MCS based on the failure criterion of pipe fracture.
The updating of the reliability analysis and lifetime predic-
tions of the pipes were obtained according to the Bayesian
MCMC algorithm. Some conclusions can be drawn as
follows:

(1) Gamma process could well simulate the corrosion
process of the pipe wall hence can be used to effi-
ciently conduct the time-dependent analysis of frac-
ture failure of cast iron pipes. The probability of
failure calculated by the Gamma process was in
good agreement with that determined by the corro-
sion model.

(2) The parameter sensitivity analysis showed that the
internal pressure, fracture toughness, and the geom-
etry parameter of the corrosion pit were the most
influential parameters on the probability of pipe frac-
ture failure. The influence of COV of the internal
pressure P is further studied and it was found that
the larger the COV, the larger the probability of fail-
ure. Also, the greater the fracture toughness, the
smaller the probability of failure.

(3) The Bayesian MCMC algorithm was employed to
update key physical parameters of the pipe according
to the regional historical data of failed pipes. Posterior
reliability analysis results showed that the probability
of fracture failure increased significantly after the
parameter updating, which was almost twice the prior
probability of failure. It was also found that when the

acceptable probability of failure was 0.1, the predictive
lifetime of the pipe was reduced to 85 years, which was
25 years less than the predicted lifetime before the
Bayesian updating.

It can be concluded that the presented method in this
study can calculate the probability of fracture failure and
predict the lifetime of buried cast iron water main pipelines
with reasonable accuracy. It should be noted that the param-
eters of the Gamma process in this study were estimated
based on the corrosion depth calculated by a two-phase
corrosion model representing the whole service lifetime.
Future work will focus on the development of more accurate
corrosion models and the estimation of parameters of the
Gamma process with real corrosion data related to under-
ground pipeline fracture failure.
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