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Using the presented criteria for the breakdown pressure in which the breakdown pressure is related to the horizontal stress, the
breakdown pressure in the hydraulic fracturing test is directly used in the estimation of the maximum horizontal in situ stress.
However, the classical breakdown pressure criteria do not take into account the effects of near-wellbore stress field, so estimating
the horizontal stress using them is accompanied by errors. A plane strain numerical model is presented to obtain the breakdown
pressure, in which the effect of initial crack length are considered. In this model, it is assumed that the rock medium is impermeable
and the breakdown occurs at the tip of two radially cracks. Thus, in this model, the effect of the initial crack length, which is not
present in the classical models, is considered. The results obtained from the numerical model show the significant effect of the
initial crack length on the breakdown pressure. Also, the comparison of the numerical model with the classical criteria shows that
the condition of using the classical criteria to determine the breakdown pressure is that the ratio of the initial crack length to the
borehole radius is very small. Using the numerical model, 1,456 datasets were prepared to train an artificial neural network to
predict the maximum horizontal stress. Input parameters include breakdown pressure, minimum horizontal stress, initial crack
length, and tensile strength. The evaluation of the results shows that the obtained neural network model has a good ability to
predict the maximum horizontal stress.

1. Introduction

Today, however, the applications of hydraulic fracturing in
geomechanics and enhancing the geothermal systems are
very important [1, 2], but in the petroleum industry, wells
are stimulated by hydraulic fracturing technique, to increase
the porosity and permeability of the rock. In addition to these
applications, today hydraulic fracturing, which is sometimes
referred to as hydrofrac or minifrac, is widely used in deter-
mining the in situ stresses in the Earth’s crust [3–12]. By using
the results of a successful hydraulic fracture test, it is possible
to determine the in situ stresses magnitude and their direc-
tions in the plane perpendicular to the axis of the borehole. In
this method, first a section of the borehole that is a candidate
for hydraulic fracturing is sealed off by straddle packer. Then,
the fluid which is usually water, is injected at a constant flow
rate. As the injection continues, the pressure gradually
increases on the borehole wall until the first tensile fracture

occurs along the minor principal stress due to the concentra-
tion of tensile stress. At this point, the injection is stopped and
the borehole pressure is allowed to decay. The injection/shut-
in cycle is repeated several times with the same fluid flow rate.
Shut-in pressure and breakdown pressure, which are used to
determine the in situ stresses, are obtained from the pressure-
time record (Figure 1(a)). The breakdown pressure Pbð Þ cor-
responds to the peak pressure, but the shut-in pressure
Pshut-inð Þ can be determined in the different ways [13, 14].

The use of hydraulic fracturing technique in estimating
the in situ stresses has advantages that other methods do not
have; first, provided that the borehole is deep, using this
method, a continuous stress versus depth diagram can be
obtained. Second, there is no theoretical limit to the mea-
surement depth provided that the borehole has access to the
target zone and the brittle rock is in the elastic range.

For a vertical borehole the stress component along the
borehole axis, which is equivalent to the overburden weight,
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is one of the principal stresses. Under such conditions, with
the hydraulic fracture of the borehole, two vertical plane
cracks are formed on both sides of the borehole along σH
and perpendicular to σh (Figure 1(b)).

In the standard/classical method of determining the in
situ stresses from the hydraulic fracturing test, the minimum
principal stress σhð Þ is considered equivalent to the shut-in
pressure [8]:

σh ¼ Pshut-in; ð1Þ

where σh is the minimum horizontal stress and Pshut-in is the
shut-in pressure. But the maximum horizontal stress σHð Þ
can be determined from the minimum horizontal stress,
breakdown pressure, and the tensile strength of the rock.
The primary breakdown pressure model was presented by
Hubbert and Willis [3], assuming linear elastic behavior and
impermeable rock. According to this criterion, breakdown
occurs when the minimum effective tangential stress in the
borehole wall is equal to the rock tensile strength [3]:

Pb ¼ 3σh − σH þ σT − P0: ð2Þ

In Equation (2), Pb is the breakdown/initiation pressure,
σH ; σh are the maximum and minimum horizontal stresses,
respectively, P0 is pore pressure in the medium, and σT is the
rock tensile strength. Using this model, as long as there is no
initial pore pressure P0 ¼ð 0Þ the maximum horizontal stress
is given by:

σH ¼ 3σh − Pb þ σT : ð3Þ

The second model of breakdown pressure is presented in
accordance with the same concept of the previous model,
with the difference that in this model the theory of

poroelasticity is used to analyze the stress around the bore-
hole [15]:

Pb ¼
3σh − σH þ σT − AP0

2 − A
; ð4Þ

where A is the poroelastic stress coefficient given by

A ¼ α
1 − 2υ
2 1 − υð Þ ; ð5Þ

α is known as Biot’s poroelastic parameter 0<α ≤ 1ð Þ and υ
is Poisson’s ratio.

Using this model, when the rock is impermeable A→ 0ð Þ
and there is no initial pore pressure P0 ¼ð 0Þ, the maximum
horizontal stress is given by:

σH ¼ 3σh − 2Pb þ σT : ð6Þ

Comparing Equation (3) with Equation (6), the two
equations do not give the same result for the maximum
horizontal stress because the breakdown pressure in the
Equation (6) has a coefficient of 2; this is due to the effect
of effective stress which causes the borehole pressure to be
considered twice in the calculation. The tensile strength cri-
terion can also be used in determining the initiation pressure
and the location of the fracture initiation in noncircular
boreholes [16].

Alternatively, shear failure in the borehole wall can also
be used as a criterion for finding the breakdown pressure
[17–20]. According to these models, when the shear stress
in the borehole wall reaches the rock shear strength, borehole
breakdown occurs. According to the shear failure models, the
maximum horizontal stress can be obtained based on the
rock shear strength and breakdown pressure.
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FIGURE 1: (a) Pressure-time record in hydraulic fracturing test. (b) Hydraulic fracturing around the borehole.
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The other category of models proposed for breakdown
pressure is based on the theory of fracture mechanics
[21–26]. In these models, it is assumed that when at the tip
of an initial crack the stress intensity factor KI (mode I or
opening mode) reaches the mode I fracture toughness KIc,
the crack starts to extend and breakdown occurs. The stress
intensity factor indicates the gradient with which the stress at
the crack tip tends to infinity. The stress intensity factor can
be obtained by weighted sum of the given tensile stresses
perpendicular to the crack surface. Rummel [22] provided
an analytical solution for the breakdown pressure of two
transverse hydraulic fractures in the borehole wall. In the
proposed solution, the stress intensity factor is calculated
for each of the stress components and the total stress inten-
sity factor is obtained using the principle of superposition.
Using this model, the maximum horizontal stress is given by
Rummel [22]:

σH ¼ ζ1σh − Pb ζ3 þ ζ4ð Þ þ KIc=
ffiffiffiffiffiffi
πℓ

p

−ζ2
; ð7Þ

where ζi depends on the distribution of the pressure on the
crack surfaces and initial crack length. For zero initial crack
length they approach 3, −1, 1, and 0, respectively. By com-
paring Equation (7) with the standard/classical criteria
(Equations (3) and (6)), the term KIc=

ffiffiffiffiffiffi
πℓ

p
=− ζ2, represents

the tensile strength of rock material.
The shortcomings of the standard models made it diffi-

cult to estimate the maximum horizontal stress using the
breakdown pressure, and this led to the use of other alter-
natives to determine σH from the hydraulic fracturing
measurements [27]. For example none of the standard break-
down pressure criteria predicts the effect of pressurization
rate and size, while, laboratory experiments show that break-
down pressure depends on borehole size and pressurization
rate [28–30]. The effect of pressurization rate has also been
reported in field tests, in particular Cleary [31] investigated
the effect of pressurization rate on initiation pressure of the
hydraulic fracture. Bunger et al. [10] used a mathematical–
numerical model to investigate the ambiguities and errors
associated with estimating in situ stresses using the borehole
pressure record in hydraulic fracturing. According to their
results, the use of standard breakdown pressure to obtain
the major horizontal stress is based on the assumption that
the initial crack length is very small compared to the bore-
hole radius and that the crack initiation pressure corre-
sponds to the breakdown pressure.

According to the above, most analytical/numerical mod-
els of hydraulic fracturing are so complicated that it is often
impractical to use them in predicting the in situ field stresses,
on the other hand, the standard models of breakdown pres-
sure are also so simple that the estimation of the in situ stress
by them is accompanied by an error. The main weakness of
classical models based on rock tensile strength is that they do
not consider the preexisting initial crack length in the bore-
hole wall. The preexisting crack in the borehole wall can be
caused by the intersection of natural cracks with the borehole

or the perforation borehole. Hence, determining the maxi-
mum horizontal in situ stress using classical models will be
accompanied by errors. These shortcomings are the main
motivation of the work presented in this article. In this paper;
first, a plane strain numerical–analytical model to obtain the
breakdown pressure of hydraulic fracture is presented. Initia-
tion of hydraulic fracturing occurs at the tip of two symmet-
rical fractures transverse to a borehole. In the numerical
model, the medium is assumed to be impermeable with linear
elastic behavior. The J-integral technique is used to calculate
the stress intensity factor at the crack tip, which is more
accurate than the other methods. Furthermore, with this tech-
nique, the distribution of pressure on crack surfaces can be
considered uniform or nonuniform. This simple model exam-
ines the effect of parameters such as initial crack length on
breakdown pressure that standard models did not consider.

In the second part of the paper, using the validated
numerical model, 1,456 numerical analysis with different
values for in situ stresses, dimensionless initial crack length,
and fracture toughness are performed. Using 1,456 datasets, a
neural network model was developed that accurately predicts
maximum horizontal stress by using the input data. Finally,
using sensitivity analysis, the effect of each of the input
parameters on the maximum horizontal stress is determined.

2. Analytical–Numerical Model,
Breakdown Criterion

A borehole with radius a and two symmetrical planar cracks
of length ℓ is considered in an impermeable linear elastic
medium assuming plane strain condition (Figure 2(a)). The
in situ stress field is nonisotropic and the planar cracks are
along the maximum horizontal stress σHð Þ. In this article
pressure distribution inside the cracks is assumed to be uni-
form and equivalent to the borehole pressure. The governing
equations are the same as the basic equations in the theory of
elasticity and linear elastic fracture mechanics (LEFM),
including the relation between strains and displacements:

eij ¼
1
2

ui;j þ uj;i
À Á

; ð8Þ

the equilibrium equation:

σji;j þ Fi ¼ 0; ð9Þ

and the stress–strain relation [32]:

σij ¼ λ ekkδij þ 2μ eij; ð10Þ

where σijand eij are the stress and strain matrix, respectively,
ui is displacement vector, Fi is body force vector, δij is
Kronecker delta which is a symmetric symbol, and λ ; μ are
Lame’s constant and shear modulus, respectively. Finite ele-
ment numerical technique is used to solve the equations, in
summary in this method, the general equation of equilibrium
is as follows given by Reddy [33]:
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K½ � Δ½ � ¼ Ff g þ Qf g; ð11Þ

where K½ � is the global stiffness matrix, Ff g is body force
vector, and Qf g is the loading vector.

According to the fracture toughness criterion from
LEFM, fracture initiation occurs when [34]:

KI ¼ KIc; ð12Þ

where KI is the mode I stress intensity factor at the tip of
preexisting crack and KIc is the mode I fracture toughness of
the material. In LEFM, the stress intensity factor concept at
the crack tip is used to determine the stress, strain, and
displacement field. For this reason, accurate evaluation of
the stress intensity factor is very important in finite element
analysis within the framework of LEFM.

Techniques for calculating the stress intensity factor are
different, which are divided into two main categories, direct
methods and energy-based methods. Direct methods are more
common due to the simplicity of their relationships, but energy
methods which are based on calculating the energy release rate,
are more accurate. The J-integral technique was first intro-
duced by Rice [35] to calculate the rate of energy release Gð Þ
in crack problems. Rice [35] showed that the rate of energy
release can be written as a path-independent integral:

J ¼
Z
Γ

ω δ1j − σij
∂ui
∂x

� �
nj dΓ; ð13Þ

in this equation, ω is the strain energy density:

ω ¼ 1
2
σijeij; ð14Þ

and nj is the unit normal vector to the contour integral
Γ (Figure 2(b)), Ti ¼ σijnj is the traction vector on the con-
tour integral Γ.

It can be shown that for a very small virtual crack, the
J-integral represents potential energy changes, so for linear

elastic materials, the energy release rate is equivalent to the
J-integral. The energy release rate in two-dimensional pro-
blems is also obtained based on the stress intensity factor as
follows [35]:

J ≡ G ¼ 1
E0 K

2
I ; ð15Þ

where in the plane strain condition E0 ¼E= 1−ð υ2Þ. After
meshing the problem domain, the J-integral can be obtained
from the finite element mesh. To increase the accuracy in
calculating the stresses, it is better to pass the contour
Γ through the Gaussian integration points of the elements.
There are also other conditions to consider when choosing
an integration domain; first, in complex crack patterns, it is
appropriate to be near to the crack tip, second, it should be
easy to implement it in an automated procedure of simula-
tion and finally, it must be consistent with the boundary
conditions of the problem and geometry. A crack is defined
as an edge or face with over-lapped duplicate nodes that can
separate during analysis. To calculate the J-integral, the con-
tour around the crack tip is considered. Based on the govern-
ing equations and using the finite element numerical method
and the J-integral technique within the framework of LEFM,
a program was written in MATLAB software to solve the
problem. According to Figure 2(a), for a given value of in
situ stresses and the initial crack length, borehole pressure,
and pressure on crack surfaces gradually increase until the
stress intensity factor equals fracture toughness, i.e., KI ¼
KIc, at this time the borehole pressure is equal to the break-
down pressure.

3. Validation, Comparison of Numerical
Model with Integral Formula

In this section, the analytical–numerical model presented in
the previous section and the code written in MATLAB are
validated. For validation, a comparison is made between the
mode I stress intensity factor obtained from the numerical
model by the J-integral technique and the stress intensity
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FIGURE 2: (a) Geometry of the problem and (b) a contour around the crack tip.
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factor obtained from the integral formulas presented by
Nilson and Proffer [36]. Based on the weight functionmethod,
Nilson and Proffer [36] proposed an integral formula for cal-
culating the mode I stress intensity factor for planar cracks
originating from a wellbore in an infinite elastic medium:

KI ¼
2ffiffiffi
π

p ffiffiffi
ℓ

p Z
ℓ

0
P − σð Þ f x

ℓ
;
ℓ

a

� �
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℓ2
− x2

p ; ð16Þ

where a is the hole radius, ℓ is the fracture length, x is
distance from the fracture tip, P xð Þ is the pressure distribu-
tion, and σ xð Þ is the external confining pressure. The weight
function f is defined as follows:

f ¼ frad fnotch; ð17Þ

where for plane strain conditions considered in this article
frad ¼ 1 and

fnotch ¼ 1þ 0:3 1 −
x
ℓ

� �
1

1þℓ=a

� �
2m
: ð18Þ

In this relation, m ¼ 2 for cylindrical cavity and m ¼ 3
for spherical cavity.

Figure 3 shows the model geometry, which shows the
boundary conditions, loading and two symmetrical exaggerated
cracks. The dimensions of the model are 4m× 4m with a hole
with a radius of 0:1m in the middle. The meshing is done using
isoparametric eight-node elements and themesh is finer around
the boreholes and cracks, to increase accuracy.

Figure 4 shows that a good agreement between the numer-
ical model and the integral formula for the stress intensity
factor of opening mode is obtained. In this figure the stress
intensity factor is normalized to the stress intensity factor of

a Griffith crack K∗
I ¼ð σ

ffiffiffiffiffiffiffi
π ℓ

p Þ. Comparisons are made for
three different loading configurations; when the pressure is
restricted to the hole, when pressure is applied to crack sur-
faces and the hole, and in the third case, the model boundaries
are subjected to the uniform tensile stress. Because in all three
configurations, there is a good agreement between the numer-
ical model and the integral formula, so the numerical model
should have a good performance in obtaining the breakdown
pressure of hydraulic fracturing.

4. Parametric Study on Breakdown Pressure

In this section the results of the parametric study on break-
down pressure are presented, the parameters given in Table 1
have been used as base case parameters. Various laboratory
studies have shown that the mode I fracture toughness of rock
materials is directly related to its tensile strength [37, 38].
Zhang [39] showed that in general for all types of rock from
soft to hard, in low speed impact loading or quasistatic load-
ing, there is the following relationship between tensile
strength and the mode I fracture toughness:

σT ¼ 6:88KIc R2 ¼ 0:94ð Þ: ð19Þ

In this paper, using this relationship and for a given tensile
strength, the fracture toughness is obtained.

Figure 5 shows the breakdown pressure versus the dimen-
sionless initial crack lengths for different deviatoric stresses σdð Þ.
It is observed that at low-deviatoric stresses, the breakdown
pressure of hydraulic fracture decreases with increasing ℓ=a.
The rate of reduction of breakdown pressure is high up to
ℓ=a ¼ 0:15 and then it takes a slower trend. At large deviatoric
stresses with increasing ℓ=a, the breakdown pressure does not
decrease monotonously. For ℓ=a ¼ 3, all curves in Figure 5
converge to the minimum horizontal stress and the effect of
deviatoric stress disappears; this is because at distances away
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FIGURE 3: Geometry, boundary conditions, and meshing of the finite
element model.
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FIGURE 4: Stress intensity factor, comparison of numerical model
with integral formula.
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from the borehole, the stress concentration effect disappears and
the breakdown pressure is only affected by the minimum hori-
zontal stress. Figure 6 is another representation of Figure 5. In
this figure, it is also observed that with increasing deviatoric
stress, the breakdown pressure decreases.

Figures 7 and 8 show the breakdown pressure versus
dimensionless initial crack length for different fracture tough-
nesses and for two deviatoric stresses of 10MPa and 40MPa,
respectively, and Figure 9 illustrates the evolution of break-
down pressure versus fracture toughness. It is seen that the
evolution of breakdown pressure versus fracture toughness
and deviatoric stress is linear, but the breakdown pressure
variation is nonlinear versus dimensionless initial crack length.

5. Comparison with Tensile Strength-Based
Breakdown Pressure Models

It is now possible to evaluate the standard breakdown pres-
sure models given in Equations (3) and Equation (6) using
the proposed model. Evaluation of standard breakdown
pressure models based on the tensile strength are very
important because these simple models are usually used in
the field to estimate σH . In the numerical model presented in
this article, it is assumed that the effects of poroelasticity are
negligible, and the pressure distribution on the crack surfaces
is uniform and is equivalent to the borehole pressure, this is
almost a condition caused by the injection of a nonviscous

fluid in the field [40]. Because the fluid pressure is applied to
the all crack surfaces, the model can be compared with the
breakdown pressure equation presented by Haimson and
Fairhurst [15] (H-F criterion) (Equation (6)).

In breakdown pressure models based on the tensile
strength of the rock, it is assumed that the tensile stress is
uniformly applied across an infinitesimally small crack of
length ℓ, therefore, according to the theory of fracture
mechanics, considering a finite crack of length ℓ under uni-
form tensile stress σT , with the assumption KI ¼KIC

TABLE 1: Base case parameters used in the analysis.

Parameter Symbol Unit Value

Minimum horizontal stress σh MPa 20
Maximum horizontal stress σH MPa 30
Borehole radius a m 0.1
Tensile strength σT MPa 20.82
Fracture toughness KIc MPa

ffiffiffiffi
m

p
3.03

σd = 0

ℓ/a

σd = 10 MPa
σd = 20 MPa
σd = 40 MPa
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FIGURE 5: Breakdown pressure versus dimensionless crack length
σh ¼ð 20MPa; σd ¼ σH − σhÞ.
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FIGURE 6: Breakdown pressure versus deviatoric stress.
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KIC ¼ λ σT
ffiffiffiffiffiffi
πℓ

p
; ð20Þ

where for the edge crack λ ≅ 1 [41]. Provided that ℓa ≪ 1, this
relation can be substituted in Equation (6) and the other
form of the H-F criterion is obtained as follows, in which
there is the effect of the initial crack length ℓð Þ:

Pb ¼
1
2

3σh − σH þ KIc

λ
ffiffiffiffiffiffi
πℓ

p
� �

: ð21Þ

For the base case parameters given in Table 1, the com-
parison result for ℓ=a≪ 0:55 is given in Figure 10. In this
figure, Curve 2 is the breakown pressure obtained from the
numerical method presented in this paper, and Curve 1 is the
breakdown pressure obtained from the H-F model in accor-
dance with Equation (6), and Curve 3 is also obtained from
H-F model but based on Equation 21.

The H-F criterion according to Equation (6) (Curve 1),
because it does not consider the ℓ=a effect, therefore pro-
vides a constant value for the breakdown pressure. The H-F
criterion based on Equation (18), for ℓ=a ¼K2

Ic=πaσ
2
T ≅

0:07 intersects with the curve obtained from the numerical
model, and for ℓ=a<0:07, there is a perfect match between
the H-F criterion and the numerical model. However, as ℓ=a
increases, the difference between the H-F criterion and the
numerical model increases, because, as mentioned, Equation
(21) is valid as long as ℓ=a≪ 1. For example, for ℓ=a ¼
0:095, the breakdown pressure obtained from the H-F crite-
rion according to Equation (18) has a 0:05% error compared
to the numerical model, and the breakdown pressure
obtained from the H-F criterion according to Equation (6),
has an error of 0:114% compared to the numerical model,
and when ℓ=a increases to 0.15, the breakdown pressure
obtained from Equation (18) has a 4.65% error and the
breakdown pressure obtained from Equation (6) has an error
of 8.5%.

6. Neural Network Model for Predicting Major
Principal Stress Using Breakdown Pressure

Using the numerical analytical model rendered in this article,
maximum horizontal principal stresses σHð Þ can now be
predicted by through an artificial neural network (ANN).
ANN systems behave similarly to the human brain, this
means that they need a learning process using a specific set
of input and output data. After neural network training, the
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FIGURE 8: Breakdown pressure versus dimensionless crack length
σd ¼ð 40MPaÞ.
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network can be used to predict other output parameters
using the input data. Using more items for training allows
for more reliable network predictions. Another similarity
between the neural network and the human brain is related
to the internal architecture or structure of a network. There
are different types for network architecture, but primarily all
of them are composed of perceptrons or nodes that are con-
nected to each other. Nodes in the human brain are called
neurons. Each perceptron processes the signals of input
parameters and transmits the result to the output neurons.
One of the classical network architectures used in the engi-
neering analysis is feed forward backpropagation architec-
ture. In this architecture, there is no connection back
between the output neurons and input neurons and the net-
work does not recall its previous output values [42]. This
architecture has three layers; input layer, output layer, and
hidden layer (Figure 11). Each neuron in the hidden layer is
fully connected to all input neurons to receive data, and to
transmit processed data must also be connected to output
neurons.

BIAS neurons are used to correct bias, they do not receive
any input data. Network training is done using an iterative
process through synaptic weights, with automatic fitting. In
each connection, the data are weighed independently via the
reciprocal synaptic weight, thus, each neuron related to the
output accepts a distinct value. The advantage of neural net-
works over analytical fit functions such as the least squares
method or regression is the use of a large number of fitting
parameters or synaptic weights in the neural networks [43, 44].
Another important advantage of neural networks is that they
are not dependent on simplified assumptions such as linear
behavior. In the training, synaptic weights are determined
using iterative process to create a minimum mean squared
error betwixt the network output data and actual target data
provided that the inputs are the same. In general, the reply of a
neuron is written as follows:

xj ¼ f ∑
r

i¼1
xiw

j
i þ bj

r

� �
; ð22Þ

where xj is the result obtained from neuron j of current layer,
f xð Þ is transfer/activation function, r is the number of neu-
rons in the foregoing layer, and xi is the result of neuron i
from the previous layer, w j

i is the weight of the connection
i;ð jÞ, and bj

r is the bias weight. Usually the number of hidden
layers and their neurons is obtained by trial and error. The

network is optimal when the coefficient of determination R2ð Þ
between the predicted σH and the actual σH is close to 1. on
the other hand, its error in predicting σH is close to zero. The
coefficient of determination R2ð Þ, the root-mean-square error
(RMSPE) and mean square error (MSE) relationships are
given below, respectively:

R2 ¼ 1 −
∑m

i¼1 σHð Þpredicted − σHð Þactual
� �

2

∑m
i¼1 σHð Þactual − σHð Þ2 ; ð23Þ

RMSPE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑m

i¼1
σHð Þpredicted− σHð Þactual

σHð Þactual

� �
2

m

s
; ð24Þ

MSE ¼
∑m

i¼1 σHð Þactual − σHð Þpredicted
� �

2

m
; ð25Þ

where m is the number of datasets.
In this paper, after testing several activation functions,

the activation function of sigmoid in the interval (0, +1) was
chosen for the hidden layer; besides, purelin function which
is a linear transfer function was used for the output layer.
These functions are defined by Equations (26) and (27),
respectively (Figure 11):

g xð Þ ¼ 1
1þ e−x

: ð26Þ

p xð Þ ¼ purelin xð Þ; ð27Þ

with these two activation functions, the lowest MSE value
and the highest convergence were obtained.

7. Optimal Neural Network Architecture
and Results

To obtain a neural network-based model for predicting max-
imum horizontal stress, 1,456 numerical modeling with dif-
ferent input parameters were built and run and breakdown
pressure of the hydraulic fracturing was obtained for each
model. The input parameters of the model include minimum
horizontal stress σhð Þ, breakdown pressure Pbð Þ, dimension-
less crack length ℓ=að Þ, and tensile strength of the rock σTð Þ,
and the output of the model is the maximum horizontal

Input

σh

Pb

ℓ/a
σT

Hidden Output

Output
Sigmoid Purelin

w
1

w
2

b1

N

b2

g (x)

4
1

1

p (x)

x x
σH

FIGURE 11: Neural network structure.
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stress σHð Þ (Figure 11). Input and output data and their
range are given in Table 2.

It should be noted that out of 1,456 datasets, 70% of them
were randomly used for network training, 15% for network
test, and 15% for network validation. In this work, backpro-
pagation algorithm is used to train the network.

Figure 12 shows normal probability distribution and his-
togram for the input and output variables, from this figure,
the distributions of input and output variables is not
completely normal and are not similar to each other, indi-
cating that the relationship between output and input vari-
ables is nonlinear. Thus the neural network model has an
output layer with one neuron, an input layer with four neu-
rons, and a hidden layer. To find the optimal number of
hidden layer neurons, several analysis were performed with
different neurons and it was observed that with increasing
the number of hidden layer neurons, the error decreases and
the coefficient of determination increases. In accordance
with the results of the analysis given in Table 3, since there
is not much difference between topology 4-20-1 and topol-
ogy 4-50-1, 20 neurons were selected for the hidden layer.
Consequently, to predict σH , a neural network with 25 neu-
rons and 100 synaptic connections is created (Figure 13).
The coefficient of determination for this network is 0.9997
and the MSE is equal to 0.16 and the RMSPE is equal to
0.00002 (Table 3). The optimal architectural weights and
biases related to connecting the input layer to the hidden
layer and the hidden layer to the output layer are given in
Tables 4 and 5, respectively.

8. Evaluation of Neural Network Performance

The error histogram for the datasets used in the neural net-
work test is shown in Figure 14, most of the errors are around
0 which is a good indicator of the accuracy of the ANN
model in predicting σH . Figure 15 is also a comparison
between the σH predicted by the neural network model
and the σH obtained from the numerical method, which
for the sake of brevity, the comparison is only done for
100 data from the test data. The observed good match indi-
cates a good prediction made by the neural network model.

Figure 16 illustrates the relationship between the actual
maximum horizontal stress obtained from the numerical
analysis and σH predicted by the ANN model, in this figure,
the line y= x is also shown for comparison. Using simple
linear regression, the following equation shows the relation-
ship between the values obtained from the numerical

solution and the predicted values:

y ¼ x þ 0:004785; R2 ¼ 0:9997: ð28Þ

9. Strength of Relationship between Neural
Network Input Data and Output Data

In the neural network model presented in this article, four
groups of input data are involved; minimum horizontal
stress σhð Þ, breakdown pressure Pbð Þ, dimensionless crack
length ℓ=að Þ, and tensile strength of the rock σTð Þ. The
important question that arises now is: what is the value and
impact of each of the model input parameters on the model
output σHð Þ? A useful way to determine the strength of the
relationship among neural network input data and output
data is the cosine amplitude method (CAM). The calculation
process in the CAM method is such that first an n-dimen-
sional space is considered:

Z ¼ Z1; Z2;Z3;…; Znf g; ð29Þ

where n is the sum of the input and output parameters of the
model, each element in this space is a vector of dimensionm:

Zi ¼ zi1; zi2; zi3;…; zimf g; ð30Þ

where m is the total number of datasets, the relationship
strength among the model input parameter Zið Þ and the
model outputs Zj

À Á
is given by the participation value

expressing that strength:

Rij ¼
∑m

k¼1zikzjk
�� ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑m

k¼1z
2
ik∑

m
k¼1z

2
jk

q ; ð31Þ

where i; j ¼ 1; 2;…; n, and 0 ≤ Rij ≤ 1. Equation (31) is sim-
ilar to the inner product in the cosine function, when the
vectors are collinear, their inner product is unity, and when
two vectors are perpendicular to each other, their inner prod-
uct is zero. The results of the sensitivity analysis of the neural

TABLE 2: Range of input and output parameters.

Character Unit Minimum Maximum

Input parameter

Minimum horizontal stress σh MPa 20 40
Normalized initial crack length ℓ=a — 0.015 3

Tensile strength σT MPa 20.82 31.23
Breakdown pressure Pb MPa 12.37 64.49

Output parameter Maximum horizontal stress σH MPa 20 110

Advances in Civil Engineering 9



network model and σH as the output of the model are shown
in Figure 17. As can be seen in this figure, in the numerical
analysis of hydraulic fracturing presented in this article and
for the range of values investigated, σh is the most sensitive
parameter affecting the σH . In the classical relationships pre-
sented for estimating σH based on breakdown pressure
(Equations (3) and (6)), it is also observed that σh has a
coefficient of 3. Breakdown pressure has a larger effect on
σH than the tensile strength of rock σTð Þ, in the relation
presented by Haimson and Fairhurst [15] (Equation (6)), it
is also seen that the breakdown pressure Pbð Þ has a coeffi-
cient of 2 but, the rock tensile strength has a coefficient of

TABLE 3: MSE, RMSPE, and R2 obtained for different neural network
architectures (for all data).

Architecture 4-N-1 MSE RMSPE R2

4-3-1 68.8446 0.0166 0.8854
4-4-1 99.2163 0.0400 0.8360
4-5-1 0.42813 0.00024 0.9993
4-8-1 12.3596 0.0039 0.9794
4-10-1 0.22995 0.00015 0.9996
4-20-1 0.16554 0.00002 0.9997
4-50-1 0.095296 0.00005 0.9998
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FIGURE 12: Histogram and normal probability distribution for input and output variables of neural network model.
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unity. The dimensionless crack length ℓ=að Þ is the least
influential parameter on σH for the values explored. Numer-
ical analysis performed in this article indicated that for small
values of ℓ=a, the breakdown pressure obtained from the
numerical model is close to the breakdown pressure obtained
from the relationship proposed by Haimson and Fairhurst
[15]. Therefore, ℓ=a has the least effect on σH among the
other input parameters of the ANN model.

10. Multiple Linear Regression

In this section, multiple linear regression (MLR) analysis is
performed to find the relationship between σH and input
parameters of the problem. By normalizing 1,456 datasets
from numerical analysis performed in previous sections,
using SPSS software, the relationship between σH=Pb and
input parameters of the problem was obtained as follows:

Input layer

Hidden layer

Output layer

σh σT

σH

Pb ℓ/a 

FIGURE 13: Optimal neural network topology for estimating σH .

TABLE 4: Weights and biases for architecture 4-20-1 (connection
between the input layer and the hidden layer).

w j
i i

Biase b j
r

j 1 2 3 4

1 −3.53807 9.268259 −7.17399 −0.24051 −15.5494
2 −3.02559 1.006862 −0.21996 −5.82692 −0.01195
3 1.342326 −3.55285 6.887511 0.125229 10.42182
4 1.562083 1.238988 −0.03334 1.196745 0.259238
5 −1.04161 3.102813 0.328251 −0.17106 6.594556
6 −0.11475 0.312072 −41.5657 0.210951 16.69886
7 −0.6765 1.853829 −3.22049 −0.09116 −7.96169
8 −0.21442 0.428745 1.705243 0.037637 −17.3717
9 −4.08715 −3.98945 0.716476 1.205013 −0.02842
10 5.899117 0.047698 1.160357 0.956322 0.026681
11 0.176175 0.153813 2.847234 −1.29341 −0.09155
12 −5.88379 −2.50011 0.627514 0.944089 0.039742
13 −1.70439 4.679918 1.717556 −0.41326 −6.82134
14 −1.69151 4.671805 1.899788 −0.4117 6.946232
15 1.972419 1.972986 0.085152 2.518556 0.089088
16 4.56277 −1.37495 0.78727 2.345988 −0.08354
17 5.5936 6.217869 −1.11003 −0.77901 0.02463
18 0.833811 −2.21315 −4.62923 0.071668 14.10864
19 −2.46928 3.452933 2.615894 0.443599 −1.09289
20 −2.24478 −0.38311 −0.44552 −1.64596 −0.35027

TABLE 5: Weights and biases for architecture 4-20-1 (connection
between the hidden layer and the output layer).

w j
i

1 9.289791
2 5.096083
3 −2.02326
4 −2.04528
5 5.094896
6 −44.981
7 −0.35586
8 −0.59405
9 1.103658
10 2.020357
11 2.68378
12 −1.24796
13 2.751768
14 2.959985
15 1.140472
16 5.726483
17 3.796531
18 1.041735
19 −7.1876
20 −4.04817
Biase bk 3.307398
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FIGURE 14: Error histogram (difference between values obtained
from numerical models and predicted values) for data used in neu-
ral network testing.
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σH
Pb

¼ 3:613
σh
Pb

� �
þ 0:742

σT
Pb

� �
þ 0:03

ℓ

a

� �
− 2:172:

ð32Þ

The coefficient of determination of this relationship is
R2 ¼ 0:88, which is less than the coefficient of determination
obtained by the neural network model R2 ¼ð 0:9997Þ. Fig-
ure 18 is a comparison between the σH=Pb predicted by the
MLR and the σH=Pb obtained from the numerical method,
since the coefficient of determination of theMLR is lower than
that of the neural network model, the error of this method in
prediction of σH is greater than that of the neural network
model. Nevertheless, in field applications, it can be useful to
use Equation (28) in the initial estimate of the maximum
horizontal stress using the breakdown pressure.

11. Conclusion

In this article, by presenting an analytical–numerical model,
first, the breakdown pressure of hydraulic fracturing and
the parameters affecting it were examined. In this model,
the stress intensity factor at the crack tip is calculated by
the J-integral technique, which is more accurate than the
other methods. The proposed model is solved by finite ele-
ment numerical method and using the code written in
MATLAB software. Although any form of pressure distribu-
tion can be considered on the crack surfaces, in this article,
the pressure distribution on the crack surfaces was consid-
ered uniform and equivalent to the borehole pressure so that
the result can be compared with the criterion provided by
Haimson and Fairhurst [15].

According to the result obtained from the first part of the
article; first, the numerical model showed a significant
dependence of the breakdown pressure on the length of
the preexisting initial crack, while the effect of initial crack
length and in general, the size effect, is not present in classical
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FIGURE 15: Comparison between σH predicted by the ANN model
with the σH obtained from numerical model (for test data).
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models based on the tensile strength of rock. Second, by
comparing the results of the validated numerical model
with the model based on tensile strength presented by Haim-
son and Fairhurst [15], it is observed that the Haimson and
Fairhurst [15] classical model for ℓ=a 0:095h has a good pre-
diction of the breakdown pressure. But as ℓ=a increases, the
breakdown pressure obtained from the model based on the
tensile strength differs from the breakdown pressure obtained
from the numerical model. In other words, the range of valid-
ity of models based on tensile strength is for ℓ=a<<1. This
result is very important in field applications, since classical
criteria are usually used in the field to estimate the in situ
stresses using hydraulic fracture breakdown pressure.

In the second part of the paper, using 1,456 numerical
analysis, complete datasets with various input parameters
were prepared. Then an ANN model was trained, whose
input parameters include minimum horizontal stress, break-
down pressure, rock tensile strength, and dimensionless
crack length, and whose output parameter is maximum hor-
izontal stress. The obtained neural network model has 25
neurons and 100 synaptic connections, which has good accu-
racy in predicting the maximum horizontal stress. The coef-
ficient of determination of this model is 0.9997 and the
RMSPE is 0.00002. In this way, by using the neural network
model for each set of given input parameters, the maximum
horizontal in situ stress can be obtained.

In summary, hydraulic fracturing breakdown pressure is
dependent on several factors including initial crack length,
and on the other hand, it is a key factor in determining in situ
stresses. Hence, breakdown pressure criteria that are based
only on the tensile strength of the rock cannot accurately
determine the maximum horizontal in situ stress. Criteria
based on fracture mechanics, although they are more accu-
rate and consider all the factors involved in hydraulic frac-
turing, but due to their complexity, they cannot be used
simply in practice. Therefore, techniques based on the
machine learning and neural networks, if they are trained
using accurate numerical or field data, can be a suitable
alternative to simple the classical models or complex models
of the fracture mechanics.
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