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Analytical solutions for 1D nonlinear consolidation of soils are widely applied to calculate consolidation settlement for their simplicity
and convenience. Furthermore, analytical solutions can provide valid benchmark for numerical solutions of nonlinear consolidation.
However, the existing analytical solutions for 1D nonlinear consolidation assume the initial effective stress to remain constant in the
whole deposit. In practice, the initial effective stress increases with depth in a soil deposit. The existing analytical solutions for 1D
nonlinear consolidation are lack of consideration about the variation of initial effective stress alongwith depth, so there is no benchmark
for evaluating the corresponding numerical calculation. In this study, an analytical solution for nonlinear consolidation is developed
under a special case, considering the linear increase of initial effective stress with the depth, which provides a benchmark for the
corresponding numerical calculation of nonlinear consolidation. To facilitate the verification of the reliability of the numerical
calculations of nonlinear consolidation, the pore pressure dissipation curves and settlement curves with time for conditions of PTIB
(the case for a permeable top surface and an impermeable bottom surface is referred to as PTIB) and PTPB (the case for a permeable top
surface and a permeable bottom surface is named as PTPB) are provided in this paper, thus providing some validation data for future
calculations of nonlinear consolidation considering a linear increase in the initial effective stress with depth.

1. Introduction

Both deformation and shear strength are important parts of
classical soil mechanics. These two characteristics of soils
may change with the dissipation of excess pore water pres-
sure [1, 2], and the dissipation of excess pore water pressure
with time can be described by the theory of consolidation.
Meanwhile, the temporal and spatial variation in soil prop-
erties also can be incorporated by the theory of consolidation
[3, 4]. Therefore, the theory of consolidation plays an impor-
tant role in classical geomechanics. The compressibility and
permeability of soils, which have a great influence on the
consolidation behavior, decrease with an increase in the effec-
tive stress during the process of consolidation, and the consol-
idation theory with consideration of variable compressibility
and permeability is usually called as nonlinear consolidation.
As a result, the theory of nonlinear consolidation has been
continuously investigated by some researchers.

Since Davis and Raymond [5] developed an analytical
solution for 1D nonlinear consolidation by assuming the

coefficient of consolidation and initial effective stress to be
constant, some studies had been implemented on the theory
of 1D nonlinear consolidation of a soil deposit. Most of these
studies mainly focused on different numerical solutions for
nonlinear consolidation of soils [6–11], and these numerical
solutions have provided many references to investigate 1D
nonlinear consolidation. However, it must be noted that
numerical solutions heavily depend on the reliability of cal-
culation methods, and the reliability of numerical solutions
must be evaluated by analytical solutions. Therefore, there is
great significance in developing some analytical solutions for
some special cases to provide a benchmark for numerical solu-
tions in which more complex factors can be incorporated.

Basing on the same assumptions about the coefficient of
consolidation and initial effective stress as Davis and Raymond
[5], Xie et al. [12, 13] derived the analytical solutions for 1D
nonlinear consolidation of single-layered soil and double-
layered soil under time-dependent loading, respectively.
Lekha et al. [14] developed an approximate solution for 1D
consolidation of soils with variable consolidation coefficient
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by assuming initial effective stress to be constant. Li et al. [15]
obtained an analytical solution for the nonlinear consolida-
tion of a soil deposit subjected to a ramp load with consider-
ation of the variation of consolidation coefficient. In addition,
some analytical solutions for rheological consolidation also
have been derived [16, 17]. However, it must be noted that
the assumption that the initial effective stress remains constant
is incorporated in all these aforementioned analytical solu-
tions. In fact, Li and Xie [10] found that the depth-dependent
distribution of initial effective stress has great influences on the
consolation rate and the final settlement of the soil deposit.
Therefore, the depth-dependent increase in initial effective
stress has to be considered in nonlinear consolidation theories
of an actual soil deposit. However, there seems to be no bench-
mark to evaluate numerical solutions for nonlinear consola-
tion in the literature when considering the depth-dependent
increase in the initial effective stress.

As stated above, there are great significances in the devel-
opment of analytical solutions for nonlinear consolidation.
On the one hand, analytical solutions can be applied to cal-
culate consolidation settlement for their simplicity and con-
venience. On the other hand, analytical solutions can provide
a benchmark to evaluate numerical solutions for nonlinear
consolidation. However, there seems to be no analytical solu-
tions that take both the variation of compressibility and per-
meability and the linear increase in initial effective stress with
depth into the theory of nonlinear consolidation in the liter-
ature. Thus, there is no theoretical benchmark to evaluate
numerical solutions for nonlinear consolidation when con-
sidering the variation of initial effective stress. In this paper,
an analytical solution for nonlinear consolidation by assum-
ing the initial effective stress to increase linearly with depth is
developed under a special increase in the additional stress,
and this analytical solution can provide a benchmark to eval-
uate numerical solutions for nonlinear consolidation when
considering the variation of initial effective stress.

2. Presentation of This Problem
and Assumptions

As shown in Figure 1, the top surface of soil deposit is per-
meable, and the bottom one is permeable or impermeable.
The case for a permeable top surface and an impermeable
bottom surface is referred to as PTIB, and the case for a
permeable top surface and a permeable bottom surface is
named as PTPB. The thickness of the soil deposit is H. The
initial effective stress at the top surface of the soil layer is
equal to qp, and the deformation of the soil deposit under the
initial effective stress has been steady. As well known, initial
void ratio of the soil, e0, varies marginally with depth, and it
can be initially considered as a constant in the whole soil
deposit. So the effective unit weight of soils, γ′, remains con-
stant at different depth. Thus, the initial effective stress in the
soil deposit increases linearly from qp at the top surface to
qp þ γ0H at the bottom surface. The initial effective stress at
depth z, σ00 zð Þ, can be expressed as follows:

σ00 zð Þ ¼ qp þ γ0z: ð1Þ

As noted by Zhu and Yin [18, 19], foundation construc-
tion loading or surcharge loading on a soil deposit, q, usually
caused a stress increase at depth z. If the area of the founda-
tion was small, the vertical stress increase below the center of
the foundation at depth z due to q, σz zð Þ, would be simplified
to decrease linearly with depth. In this case, the consolidation
deformation of the soil deposit is not 1D in the vertical
direction anymore. In practice, however, the consolidation
deformation was still calculated by 1D consolidation theory
which was modified by some methods [20]. To develop an
analytical solution for nonlinear consolidation with consid-
eration of the linear increase in initial effective stress, the
depth-dependent decreases in the additional stress caused
by q are assumed to be equal to the depth-dependent
increases in the initial effective stress in this study. So, the
vertical stress increase caused by q, σz zð Þ, is considered to
change with depth as follows:

σz zð Þ ¼ σzt − γ0z; ð2Þ

where σzt is the vertical additional stress at the top surface of
soil deposit, σzb is the vertical additional stress at the bottom
surface of soil deposit, and σzb ¼ σzt − γ0H. To specify the
rationality of this assumption for some cases, a comparison
of the vertical additional stress below the center of the strip
load of width of B by the above-proposed method with that
by Boussinesq’s solution is shown in Figure 2. The parame-
ters adopted in the comparison follow as: the width of strip
load B= 5m, H¼ 10m; γ0 ¼ 8 kN=m3; q¼ 110 kPa. It can be
noted from Figure 2 that the vertical additional stress below
the center of the strip load calculated by the proposed
method in this study approached that calculated by Boussi-
nesq’s solution. Therefore, this assumption can be suitable
for some engineering cases. Under this assumption, the total
stress at depth z, σ zð Þ, which is sum of the initial effective
stress and vertical additional stress, is a constant. That is

σ zð Þ ¼ σ00 zð Þ þ σz zð Þ ¼ qp þ σzt : ð3Þ
As studied by Mesri and Rokhsar [7] and Tavenas et al.

[21], the logarithm relation between void ratio and effective
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FIGURE 1: A soil deposit with a linear increase in the initial effective
stress.
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stress and the logarithm relation between the void ratio and
permeability are suitable to describe the nonlinearity of com-
pressibility and permeability of most natural soils, and these
relationships are:

e¼ e1 − Cc log σ0=σ01ð Þ; ð4Þ

e¼ e1 þ Ck log kv=kv1ð Þ; ð5Þ

where e is the void ratio, σ0 is the effective stress, σ01 is an
appointed effective stress, e1 is the void ratio corresponding
to the appointed effective pressure σ01, Cc is the compressibil-
ity index, Ck is the permeability index, kv is the coefficient of
permeability, and kv1 is the coefficient of permeability corre-
sponding to the void ratio e1.

3. The Governing Equation

From Equations (4) to (5), the coefficients of permeability
and volume compressibility change with the effective pres-
sure as follows:

kv ¼ kv1
σ01
σ0

� �
Cc=Ck

; ð6Þ

mv ¼
1

1þ e0

∂e
∂σ0

¼ −
1

1þ e0

Cc

ln 10
1
σ0
; ð7Þ

where kv is the coefficient of permeability and mv is the
coefficient of volume compressibility. The coefficient of con-
solidation, cv, follows as:

cv ¼ cv1
σ01
σ0

� �
Cc=Ck−1

; ð8Þ

where cv1 ¼ 1þð e1Þkv1σ01ln10=Ccγw and γw is the unit weight
of water. According to Davis and Raymond [5], analytical
solutions cannot be obtained under all cases of nonlinear
consolidation. The analytical solution for the nonlinear con-
solidation can be obtained only in case of Cc/Ck= 1, and that
means the coefficient of consolidation remains constant.
Therefore, Cc=Ck ¼ 1 is adopted in this note, and the coeffi-
cient of consolidation keeps constant during the whole
consolidation.

If vertical drainage and small strain assumption are
incorporated, the rate of change in the volume of the soil
element is equal to the rate of change in the volume of voids
during consolidation. According to Darcy’s law and the
assumptions that the soil grains and waters in void are
incompressible, the following equation can be developed as
follows:

1
γw

∂
∂z

kv
∂u
∂z

� �
¼ 1
1þ e0

∂e
∂t

; ð9Þ

where u is the excess pore water pressure, z is the vertical
coordinate, and t is the time. If the rheological deformation
of the soil is ignored, Equation (9) can be rewritten as fol-
lows:

1
γw

∂
∂z

kv
∂u
∂z

� �
¼ 1
1þ e0

∂e
∂σ0

∂σ0

∂t
: ð10Þ

According to the principle of effective stress, σ0 can be
expressed as follows:
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FIGURE 2: Comparisons of vertical stress increase between by proposed method and Boussinesq’s method.
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σ0 ¼ σ00 zð Þ þ σz zð Þ − u: ð11Þ

Substituting Equations (6), (7), and (11) into Equation (10),
the governing equation for 1D nonlinear consolidation is fol-
lows:

cv1
σ0

σ01

∂
∂z

σ01
σ0

� �
∂u
∂z

� �
¼ ∂u

∂t
: ð12Þ

For the case of PTIB, the boundary conditions are as
follows:

u 0; tð Þ ¼ 0; t>0; ð13Þ
∂u
∂z

��
z¼H ¼ 0: ð14Þ

For the case of PTPB, the boundary conditions are
expressed as follows:

u 0; tð Þ ¼ 0; t>0; ð15Þ

u H; tð Þ ¼ 0: ð16Þ

The initial condition for the consolidation model is fol-
lows:

u z; 0ð Þ ¼ σz zð Þ ¼ σzt − γ0z: ð17Þ

3.1. Solutions for Excess Pore Water Pressure. In order to
obtain an analytical solution for Equation (12), let

w¼ ln
σ0

σ00 zð Þ þ σz zð Þ ¼ ln
σ0

qp þ σzt
: ð18Þ

Substituting Equation (18) into Equation (12), the gov-
erning equation is transformed into:

cv1
∂2w
∂z2

¼ ∂w
∂t

: ð19Þ

In terms of w, the boundary conditions for the case of
PTIB become:

w 0; tð Þ ¼ 0; t>0; ð20Þ
∂w
∂z

��
z¼H ¼ 0: ð21Þ

The initial condition can be expressed as follows:

w z; 0ð Þ ¼ ln
σ00 zð Þ

qp þ σzt
¼ ln

qp þ γ0z
qp þ σzt

: ð22Þ

Similar to Terzaghi’s solution for 1D consolidation in the
case of PTIB, the analytical solution for w can be expressed as
follows:

w¼ ∑
1

m¼1
Amsin

Mz
H

exp −M2Tvð Þ; ð23Þ

where M¼ 2m−ð 1Þ=2π, m= 1, 2, 3,…, Tv ¼ cv1t=H2. By
using the orthogonality of the trigonometric function and the
initial condition, the expression for Am can be determined as
follows:

Am ¼ 2
H

Z
H

0
sin

Mz
2H

ln
qp þ γ0z
qp þ σzt

dz: ð24Þ

In terms of the dimensionless variable of depth z, Equa-
tion (24) can be rewritten as follows:

Am ¼ 2
Z

1

0
sin

MZ
2

� �
ln

qp þ γ0HZ
qp þ σzt

 !
dZ; ð25Þ

where Z¼ z=H, and it varies between 0 and 1. The interval
[0, 1] is divided into N subintervals of each width ΔZ¼ 1=N .
Am can be obtained by numerical integration. Letting
Z1(= 0), Z2, …, ZN+ 1(= 1) be the endpoints of these sub-
intervals, the endpoints of kth subinterval are Zk ¼ k−ð 1ÞΔZ
and Zkþ1 ¼ kΔZ, respectively. Then Am can be obtained by
the following numerical integration:

Am ¼ 1
N

∑
N

k¼1
sin

MZk

2

� �
ln

qp þ γ0HZk

qp þ σzt

 !"

þ sin
MZkþ1

2

� �
ln

qp þ γ0HZkþ1

qp þ σzt

 !#
;

ð26Þ

where k= 1, 2, 3, …, N. To ensure the accuracy of numerical
integration, N= 10,000 is adopted in this study. Substituting
Equation (23) into Equation (18), the expression for u is follows:

u¼ qp þ σzt
À Á

1 − exp ∑
1

m¼1
Amsin

Mz
H

exp −M2Tvð Þ
� �� �

:

ð27Þ

If the bottom surface of the soil deposit is also permeable,
the boundary conditions in terms of w become:

w 0; tð Þ ¼ 0; t>0; ð28Þ

w H; 0ð Þ ¼ 0; t>0: ð29Þ

According to Terzaghi’s solution for 1D consolidation,
the solution corresponding to the case PTPB can be expressed
as follows:

w¼ ∑
1

m¼1
Bmsin

mπz
H

exp −m2π2Tvð Þ: ð30Þ

Applying orthogonality of trigonometric function and initial
condition to Equation (30), Bm can be expressed as follows:
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Bm ¼ 2
H

Z
H

0
sin

mπz
H

ln
qp þ γ0z
qp þ σzt

dz: ð31Þ

In terms of the dimensionless variable Z, Equation (31) is
rewritten as follows:

Bm ¼ 2
Z

1

0
sin mπZð Þln qp þ γ0HZ

qp þ σzt

 !
dZ: ð32Þ

The same numerical integration as Equation (26) was
adopted, and Bn can be calculated by:

Bm ¼ 1
N

∑
N

k¼1
sin mπZkð Þln qp þ γ0HZk

qp þ σzt

 !"

þ sin mπZkþ1ð Þln qp þ γ0HZkþ1

qp þ σzt

 !#
:

ð33Þ

Substituting Equation (30) into Equation (18), the excess
pore water pressure for the case of PTPB is expressed as
follows:

u¼ qp þ σzt
À Á

1 − exp ∑
1

m¼1
Bmsin

mπz
H

exp −m2π2Tvð Þ
� �� �

:

ð34Þ

3.2. Solutions for Average Degree of Consolidation. The aver-
age degree of consolidation in terms of stress, Upt, follows as:

Upt ¼ 1 −

Z
H

0
udzZ

H

0
σz zð Þdz

¼ 1 −
qp þ σzt
À Á

σzt − 1=2γ0Hð ÞH
Z

H

0
1 − exp wð Þð Þdz:

ð35Þ

Applying numerical solutions to Equation (35), Upt can
be calculated by a similar method for the calculation of Am

and Bn as follows:

Upt ¼ 1

−
qp þ σzt
À Á

σzt − 1=2γ0Hð Þ
1
N

∑
N

k¼1
1 −

exp w Zk; tð Þð Þ þ exp w Zkþ1; tð Þð Þ
2

� �
:

ð36Þ

The settlement of soil deposit at time t, St, can be expressed
as follows:

St ¼
Z

H

0

e0 − e z; tð Þ
1þ e0

dz ¼ Cc

1þ e0

Z
H

0
log qp þ σzt − u
À ÁÂ

− log qp þ γ0z
À ÁÃ

dz:

ð37Þ

Combining Equation (27) with Equation (37), the settle-
ment of soil deposit at time t under the case of PTIB can be
obtained.

St ¼
CcH
1þ e0

log qp þ σzt
À ÁÂ

−
qp þ γ0H
À Á

ln qp þ γ0H
À Á

− qp ln qp
γ0H

þ 1
ln 10

þ 1
ln 10

∑
1

m¼1

Am

M
exp −M2Tvð Þ

�
:

ð38Þ

Combining Equation (34) with Equation (37), the settle-
ment of soil deposit at time t under the case of PTPB follows
as follows:

St ¼
CcH
1þ e0

log qp þ σzt
À ÁÂ

−
qp þ γ0H
À Á

ln qp þ γ0H
À Á

− qp ln qp
γ0H

þ 1
ln 10

þ 2
ln 10

∑
1

n¼1;3;5

Bn

nπ
exp −n2π2Tvð Þ

�
:

ð39Þ

When excess pore water pressure completely dissipated,
the final settlement of the soil deposit is follows:

S1 ¼ CcH
1þ e0

log qp þ σzt
À ÁÂ

−
qp þ γ0H
À Á

ln qp þ γ0H
À Á

− qp ln qp
γ0H

þ 1
ln10

#
:

ð40Þ

Solutions of the average degree of consolidation in terms
of deformation can be expressed as follows:

Ust ¼ St=S1: ð41Þ

3.3. Benchmark Problem. A benchmark problem was investi-
gated to provide specific solutions for the excess pore water
pressure, settlement, and average degree of consolidation of a
soil deposit. These solutions can be used to evaluate the
reliability of numerical solutions when the initial effective
stress increased linearly with depth. The boundary condition
of the soil deposit is PTIB or PTPB, and its thickness is
H= 10m. The specific gravity of clay solids Gs ¼ 2:72, and
the initial void ratio e0= 1.15 remains constant in the whole
deposit. So the effective unit weight of soils γ0 ¼ 8 kN=m3.
The compression index, which is the slope of the e− log σ0
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plot, Cc ¼ 0:63, and σ01 ¼ 50 kPa is the designated effective
stress, and e1 ¼ 1:15 is the void ratio corresponding to σ01
in the e− log σ0 plot. kv1 ¼ 8× 10−8m=s is the coefficient of
permeability corresponding to e1 in the e− log kv plot, and
the permeability index Ck is equal to Cc= 0.63. The initial
effective stress at the top surface is qp ¼ 10 kPa. The increase
in the vertical stress caused by the strip load at the top surface
of soil deposit is σzt ¼ 110 kPa, and the increase in the verti-
cal stress caused by the strip load at the bottom surface is
σzb ¼ 30 kPa. Moreover, the increase in the initial effective
stress with depth is equal to the decrease in the additional
stress.

Applying the developed solutions, the excess pore water
pressure, settlement of the deposit and the average degree
can be obtained. Figures 3 and 4 show the dissipation of

excess pore water pressure at different depth for the case of
PTIB and PTPB, respectively. The initial excess pore water
pressure decreases linearly with depth, and it gradually dis-
sipates with time. At the beginning time, the excess pore
water pressure at the bottom of the soil layer is larger than
the initial value for the case of PTIB, which is induced by the
nonuniform distributions of initial excess pore water pres-
sure and the bottom boundary condition. When the time
exceeds 0.5 year, the excess pore water pressure at the bottom
is smaller than the initial value. Figures 3 and 4 can be used
to evaluate the dissipation at different depth of the soil layer
when the consolidation time remains constant.

Figures 5 and 6 are the variation of excess pore water
pressure with time for cases of PTIB and PTPB, respectively.
For the case of PTIB, the increase in excess pore water pres-
sure of the bottom layer at the beginning consolidation time
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can be also found in Figure 5. For the case of PTPB, The
excess pore water pressure gradually dissipates from the ini-
tial value, and the final excess pore water pressure is equal to
0. Figures 5 and 6 can be used to evaluate the dissipation of
excess pore water pressure at different times when the depth
remains constant.

Figures 7 and 8 are curves of the average degree of con-
solidation Up and Us versus time factor, respectively. These
curves provide the benchmark for the average degree of
nonlinear consolidation calculated by the numerical method
when the initial effective stress increases with depth. A rela-
tionship between the settlement and time is further obtained
from Figure 9 under cases of PTIB or PTPB. It is also used to
evaluate the settlement of soil layer by numerical method.

4. Conclusions

In this study, if the additional stress varies with depth and
soil consolidation, this problem is no longer a 1D consolida-
tion. Although at this time there are 2D or even 3D defor-
mation, but 2D or 3D consolidation calculations will be very
complex, and it is not easy for engineers to master. This
paper has been shown that the 1D consolidation theory is
approximately adopted to carry out consolidation calcula-
tions and the error can be accepted by the actual engineering
[22].

Some conclusions are as follows:

(1) In this paper, an analytical solution for 1D nonlinear
consolidation considering the linear increase in the
initial effective stress is developed. This analytical
solution can be used to evaluate the reliability of
numerical solutions when the initial effective stress
is considered to increase linearly with depth.

(2) For the case of PTPB or PTIB, the dissipating process
of excess pore water pressure is provided to verify the
correctness of numerical solutions.

(3) The curves of settlement versus time under different
boundary conditions are provided to verify the reli-
ability of numerical solutions.

Notations

Am: 2
H

R
H
0 sin

Mz
2H

À Á
ln

qpþγ0z
qpþσzt

� �
dz

B: Width of the strip load
Bm: 2

H

R
H
0 sin

mπz
H

À Á
ln

qpþγ0z
qpþσzt

� �
dz

cv: Coefficient of consolidation
cv1: 1þe1ð Þkv1σ01 ln10

Ccγw
Cc: Compressibility index
Ck: Permeability index
e: Void ratio
e0: Initial void ratio
e1: Void ratio corresponding to the appointed effective

stress

1E-3 0.01 0.1 1 10
100

80

60

40

20

0

PTPB

PTIB

A
ve

ra
ge

 d
eg

re
e o

f c
on

so
lid

at
io

n 
(U

p)
 (%

)

Time factor (Tv)

FIGURE 7: Average degree of consolidation Up versus time factor Tv.
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H: Thickness of the clay layer
k: Positive integer, 1, 2, 3, …, N
kv: Coefficient of permeability
kv1: Coefficient of permeability corresponding to the void

ratio e1
m: Positive integer, 1, 2, 3, …
mv: Coefficient of volume compressibility
M: 2m−1ð Þπ

2
N : Total thin layers divided in the numerical integration
q: Foundation construction loading or surcharge loading
qp: Initial effective stress at the top surface of the soil deposit
St : Settlement of the soil deposit at time t
S1: Final settlement of the soil deposit
t: Time
Tv: Time factor, and Tv ¼ cv1t

H2

u: Excess pore water pressure
Upt : Average degree of consolidation in terms of excess

pore water pressure
Ust : Average degree of consolidation in terms of deformation
w: ln σ0

σ00 zð Þþσz zð Þ
h i

z: Depth
Z: z=H
Zk: kΔZ
γw: Specific weight of water
γ0: Effective unit weight of soils
σ zð Þ: Total stress at depth z
σ0: Vertical effective stress
σ01: Appointed effective stress
σ00 zð Þ: Initial effective stress at depth z
σz zð Þ: Vertical stress increase at depth z due to external

loading
σzb: Vertical stress increase at the bottom surface of soil

deposit
σzt : Vertical stress increase at the top surface of soil

deposit
ΔZ: 1=N:
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