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Tis study aims to present a new three-dimensional moving macroelement for the numerical analysis of beam on the elastic
foundation under moving loads as a railroad track vibration. Our research is based on a case study conducted in Iranian Railroad
Projects. Due to involving a large number of elements, vibration analysis of beams as railroad tracks with standard three-
dimensional elements is time-consuming. Two approaches are used and combined in this research to improve analysis of realistic
models. Te former is to use a macroelement with a number of degrees of freedom that can be used in lieu of standard three-
dimensional elements. Te latter is to use moving elements to ensure that the loads do not approach the boundaries of the model,
thus leading to boundary errors. Accordingly, the moving element was formulated at diferent velocities to allow correct
evaluation of the trains’ acceleration and deceleration efect. Te analysis is based on a linear model. Examples with diferent
number of elements and boundary conditions were included to evaluate the efects of the track parameters. One important aspect
of the formulation is the asymmetric nature of stifness and dampingmatrices due to the efects of velocity and the moving load. In
the moving element method, with a sufcient number of elements, no end condition efect exists. However, because acceleration
may be a more critical parameter than displacement, the number of elements must be determined for acceleration, as well. Our
important achievements include formulating the interaction of lateral and torsional degrees of freedom, the possibility of
calculating probable warping in the beam due to cross-sectional slenderness both directly and based on introducing a dependent
degree of freedom, and also determining the model length based on vibrational acceleration at the end of the model. Besides,
reduction of analysis time is a prominent feature of the present model.

1. Introduction

Vibration analysis of railroad tracks as beam models on
elastic foundations under moving trains is important for
both designing new tracks and operating existing ones.
Many studies have examined free and forced vibration of
continues beams as tracks under diferent loading conditions
including trains moving at steady speed and while accel-
erating and braking, as well as temperature changes and the
efects of earthquakes. Te focus on trains moving on a track
stems from the implications for designing and maintenance
[1–6].

Fryba [3] employed a Fourier transform when exam-
ining a beam under moving loads. Fryba et al. [4] also
studied a beam on a foundation having randomly varying
stifness under a moving force using the fnite element
technique. Chen and Huang [5] and Anderson et al. [6]
studied the track as a beammodel under a concentrated load
and mass. Te newly suggested techniques which appear to
be very appropriate for railroad tracks due to moving nature
of train loads include the moving coordinate method [7] and
its counterpart, the moving element method [8].

Te current research is based on studies of moving loads,
which are relevant to the vibration of tracks under trains. For
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instance, Mathews [9] most recently examined a track under
a moving load in the frequency domain. Similar studies have
been conducted by Jezequel [10] and Ono and Yamada [11],
who modeled the rail as an infnite Euler–Bernoulli beam.
Trochanis et al. [12] used a Fourier transform in order to
model the rail. Calım [13] studied forced vibration of curved
beams on a two-parameter elastic foundation subjected to
impulsive loads. He modeled the curved beam by fnite
elements with two degrees of freedom (DoFs) at each node.

Dai et al. [14] analyzed an efcient numerical study on
the dynamic response of a partially flled freight train subject
to abrupt braking through the moving element method
computationally. Nguyan and Duhamel studied the non-
linear behavior of bars [15] and beams [16] on elastic
supports under harmonic moving loads. On the bar element,
the velocity was assumed to be constant and linear springs
were used to model a Winkler foundation, leading to the
equations of motion using moving coordinate. On the beam
element, the analysis was conducted under similar loading
conditions and both studies were carried out in the time
domain.Te foundation stifness was given a nonlinear form
to make prediction of soil failure possible.

Nguyan et al. [17] analyzed the efect of a moving mass
on a nonlinear foundation. Kouroussi and Verlinden [18]
modeled a railroad with lumped masses to study train, track,
and foundation interactions. Ferrira and López-Pita [19]
studied the maintenance needs of railroad tracks through
numerical modeling using Dynavoie to optimize the track
designs. Te fnite element model was also used to consider
the dynamic interaction between the train and track and all
its components.

Zakeri and Xia [20] modeled the beams having infnite
lengths on elastic foundations at the end of their fnite el-
ement model. Tey showed the possible boundary condi-
tions’ efect on the dynamic response. In order to reduce
such efects, the length of the track was chosen so as to
minimize the dynamic responses at the end points. Because
the acceleration response can propagate farther, it is im-
portant to choose a length at which acceleration is negligible
at the boundaries.

Sarvestan et al. [21] studied vibration of cracked
Timoshenko beams subjected to moving loads. Te crack
was modeled using two massless springs, leading to the
dynamic stifness matrix of the beam. Teir study included
both a constant velocity and a constant acceleration of
moving loads. Spectral analysis was performed in the
frequency domain, and the model used a two-dimensional
plate element with two DoFs at each node. Uzzal et al. [22]
determined the dynamic response of an Euler–Bernoulli
beam subjected to moving loads as well as a moving mass
supported on a two-parameter Pasternak foundation using
the Fourier transform technique. Beam elements were used
to simulate diferent structures including gas pipelines.
Hua et al. [23] evaluated the dynamic behavior of an axially
moving beam to study its internal pressure using the fnite
element method. Te studied model consisted of a one-
dimensional beam subjected to an internal pressure. Te
Newmark-β time integration method was adopted to cal-
culate the dynamic responses of the model. Finally, efects

of the internal pressure on the dynamic model of the beam
were investigated. Afterwards, Mei et al. [24] studied the
dynamic behavior of a long beam on an elastic foundation.
A reduced time-varying model and Hamilton’s principle
were employed in their study. More recently, Jahangiri et al.
[25] analyzed an Euler–Bernoulli beam under a moving
mass with large oscillations using Galerkin and pertur-
bation methods. Tey solved the problem in presence of an
external harmonic force applied on the moving mass
through the perturbation method. Phadke and Jaiswal [26]
studied the impact of a nonhomogeneous elastic founda-
tion on dynamic response of railway track. Te track was
modeled as a long beam on a nonhomogeneous elastic
foundation.

Using the fnite element method, Forio et al. [27]
evaluated a simply supported Euler–Bernoulli elastic beam
resting on a homogeneous nonlinear elastic Winkler
foundation subjected to a concentrated moving load. Te
beam was examined at diferent velocities in order to de-
termine the critical velocity at which large displacements
could damage the structural elements. Te authors estab-
lished a relationship between the critical velocity and
moving load parameters.

Te moving coordinate and moving element methods
are appropriate for railroad tracks with moving train loads
[7, 8].Te former method provides an advantage of the form
of the moving load on the rail element, where it is not
necessary to determine the end conditions of the model, and
thus the load efects are never experienced at the end point.
Since the beam model is infnite, the upstream and down-
stream ends of the beam model are sufciently far from the
load points to make their efect negligible. Tis form of
modeling is similar to that of pushing the rail under the train
that each load point contact remains constant.

Koh et al. [7] showed that, in the moving element
method, the elements are conceptual and move under the
vehicle while it remains stationary. In this way, the relative
movement of the vehicle with respect to the track is dem-
onstrated and the train never reaches the end of the track
model. Koh et al. [7] considered both smooth rails as well as
corrugated ones. Tran et al. [8] continued this research by
including variable velocities. In these studies, common one-
dimensional beam elements were used as the moving ele-
ments. Te governing equations of motion were derived
using a Galerkin approach with examples primarily related
to displacement in one direction. Te examples included
moving loads with variable velocities at a constant
acceleration.

In the present study, a new macroelement and a moving
coordinate system are used to evaluate the dynamic response
of a beam model as the track under moving train loads. Te
model is three-dimensional in nature so that the response
can be evaluated by considering the interaction of the dis-
placements in diferent directions. Because this model can
provide accurate and economical solutions, it can be used to
evaluate the simultaneous efect of earthquakes and moving
trains contemporarily or separately. Te model can be used
to simulate earthquake and train load as a moving load either
simultaneously or separately. It also paves the way to
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investigate the interaction of lateral and torsional DoFs in
related loading cases.

Although the macroelement [28, 29] and the moving
element method [7, 8] have been used by previous re-
searchers, the current article combines the two techniques to
provide an efcient means of dealing with infnite domain
railroad tracks.Temoving element method ensures that the
efect of end conditions does not invalidate the results. In
modeling the track system, the smooth rail is modeled as an
Euler–Bernoulli beam resting on an elastic base. Te base is
represented by linear springs that can be either continuous
or discrete. In numerical examples, continuous springs are
generally used. Te springs can also be rotational to allow
modeling of rotational stifness. Te macroelement requires
seven DoFs, six of which for modeling displacement and
rotations in a three-dimensional coordinate along with
a dependent additional DoF for modeling possible warping
of the rail. Besides, due to such gaps in previous studies as
follows, the current study seemed to be necessary: (1) lack of
accurate modeling of rail bed, (2) impossibility of modeling
and accurate investigation of bed damping, and (3) lack of
providing a comprehensive model for use in curved and
straight beams.

Here, the following basic problems are to be answered:

(1) Introduction of a comprehensive macroelement
model for straight railway lines located on
elastic bed.

(2) What are the limitations of the length of the rail?
And what factors the number of model elements in
modeling depend on?

(3) What is the efect of moving load parameters such as
speed and acceleration as well as the amount of load
on the response of the rail?

(4) What are the efects of rail interaction in diferent
degrees of freedom?

2. Problem Statement

Te symbols used in the equations are defned in Table 1.

2.1. Formulation of Macroelement. Te macroelement used
in this study was developed by Arbabi et al. [28–33] and
proved to be an efcient model for studying unbounded
domains such as railroad tracks. Te element (Figure 1(a))
has two nodes with seven DoFs at each node. One, u, is
related to axial deformation in the x direction, and the lateral
deformations v and w are in the vertical and horizontal (y
and z) directions, respectively. Te rotational deformations
about y and z axes are θz and θy, respectively.

Rotation about the x axis is dominant because it describes
the torsional deformation. Its derivative is the warping pa-
rameter denoted by β without a subscript. In order to calculate
warping, a separate DoF is denoted as β′. Figure 1 shows that
the parts of the rail section below the head have much thinner
sections; therefore, warping can be signifcant.

Since the foundation provides distributed support for the
rails, distributed springs were used to model the foundation.
Te springs are in the vertical and horizontal directions
denoted as ky and kz, respectively. Similar springs exist in the
x direction to account for the axial stifness of the track
caused by the friction between the traverses and ballast as
well as the ballast and the ground. Te interaction of the
ballast and railroad traverses can also provide rotational
resistance against the bending of the rails. Te distributed
torsional spring, kt, is provided to account for such re-
sistance. Te vertical and horizontal dashpots with co-
efcients cy and cz are provided to address damping of
the track.

2.2. Rail Properties. Te component properties of the nu-
merical examples considered here are those used in Iranian
railroads [34]. Te properties of the cross sections of the
rails, UIC-60, are presented in Figure 2 [34] and Table 2.

InMcGuire et al. [35], warping constant Γ is calculated as
follows:

Γ �
Iyd

2

4
, (1)

where Iy is the second moment of area about the y axis and
d is the height of the rail section. For portions of the track
where the traverses are placed on concrete slabs, a concrete
strength of fc

′ � 400 kg/cm2 is assumed and modulus of
elasticity Ec has been calculated according to the Iranian
concrete code. Table 3 lists the stifness and the dashpot
properties of the railroad models.

2.3. Governing Equations for Moving Macroelements.
Beams on elastic foundations are used for diferent en-
gineering problems. Tus, the formulations can be one,
two, or three-dimensional. Te one-dimensional case
under axial deformation is applied for pile-driving as
well as for railroad tracks. Because of its simplicity, it is
also a good problem for the demonstration of the for-
mulation process. Metrikine and Dieterman [36] mod-
eled a beam on a viscoelastic foundation under a mass
moving in the axial direction. Tey assumed that the
mass and the beam are in continuous contact and have
a vertical constant force, respectively.

Te equation of motion is found by applying the
Hamilton principle, after which the coordinates change to
a new moving coordinate system. Te Hamilton principle
leads to


t2

t1
δ(K − Π)dt + 

t2

t1
δWdt � 0, (2)

where K is the kinetic energy of the mass, Π denotes the
potential energy of the beam and supports, and W is the
nonconservative work of damping. Te total kinetic energy
can be written in terms of the kinetic energy of the moving
mass plus the work of the external force.
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Table 1: Symbol defnition.

Symbol Defnition
u, v, w Axial and lateral deformation in the x, y, and z directions, respectively
_u, _v, _w Axial and lateral velocity in the x, y, and z directions, respectively
€u, €v, €w Axial and lateral acceleration in the x, y, and z directions, respectively
β Torsion angle around x direction
β′ Warping factor defnition
kx, ky, kz Stifness factor per unit length of the beam in the x, y, and z directions, respectively
kt Rotational stifness factor per unit length of the beam
cx, cy, cy Damping factor per unit length of the beam in the x, y, and z directions, respectively
ct Rotational damping factor per unit length of the beam
m Mass per unit length of the beam
Jm Rotational mass inertia per unit length of the beam
E Modulus of elasticity
A Area section
Γ Warping factor
K Kinetic energy
Π Potential energy
W Nonconservative works
ρ Mass density
ε Strain of beam model
Ix, Iy, Iz Te second moment of area in the x, y, and z directions, respectively
J Second polar moment of area
h Distance between shear center and bottom level of the rail
P, qy, qz Moving point load in the x, y, and z directions, respectively
T Concentrated rotational moment around the x axis

Fy2,Mz2

1

2

P1,u1, β1, β'1

P2,u2,β2, β'2

v ,θz2

Fy1,Mz1
v ,θz1

FZ1,My1w1, θ
y1

FZ2,My2
w2 ,θy2

Z,w,θy
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Figure 1: Rail macroelement model and DoF defnitions [28].

h

17
.2

15

7.2

Figure 2: UIC-60 rail section (cm) [34].
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2.3.1. Equilibrium Equation for Axial Defection. Te
Hamilton principle for the axial deformation is defned as
follows:


t2

t1
δ Kaxial − Πaxial( dt + 

t2

t1
δWx t � 0, (3)

in which

Kaxial �
1
2


V
ρ _u

2dV, (4)

where Kaxial is kinetic energy in terms of axial displacement
(equations (4) and (5)). By setting the mass per unit length as
m � ρA and dV � Adx, the last equation would be as
follows:

Kaxial �
1
2


l

0
m _u

2dV. (5)

Te potential energy in the axial direction is defned as

Πaxial � Πa−i + Πa−e �
1
2


V
Eε2dV +

1
2


l
kxu

2dx − P.u,

(6)

where Πa−i is the internal potential energy due to the elastic
deformation of the beam and Πa−e is the potential energy of
the support due to its stifness efect and the work of external
load on the model. Here, the foundation is modeled as
a distributed linear spring in the x direction with stifness kx

per unit length of the beam. Equation (3) converts to

1
2


l

0
m _u

2dx +
1
2


l

0
EAu
′2dx +

1
2


l

0
kxu

2dx + 
l

0
δWxdx � 0,

(7)

where ε is the axial strain and is equal to the frst partial
diferential of u as ε � (zu/zx) � u′ and E is the modulus of
elasticity of the beam.Te nonconservative work of the axial
force is

Wx � 
l

0

1
2
fDX(δu)

2
dx⟹ δWx � 

l

0
fDX.δudxwithfDx � cx _u, (8)

δWx � − 
l

0
cx _u.δudx, (9)

where Cx is the damping factor per unit length as shown in
Figure 1(b). Following variational calculus rules, we get


t2

t1
δ

du

dt
 dt � 

t2

t1

d
dt

(δu)dt. (10)

Trough integration by parts and assuming that δu is the
nonzero variation of the displacement, the statement of the
Hamilton principle is

m€u + cx _u − EAu
″

+ kxu � p.δ(x − Vt). (11)

2.3.2. Equilibrium Equation for Vertical Defection. In ver-
tical direction y, which is the direction of the applied weight
of the train and the locomotive, the process is similar to that
in the axial direction. Te expression of the Hamilton
principle in this case is

Table 2: Rail section properties.

Defnition Symbol Value
Weight per unit length W 6034 kg/m
Section area A 7587mm2

Second area moment about z axis Iz 30.55×106mm4

Second area moment about y axis Iy 5.13×106mm4

Modulus of elasticity E 2×105MPa
Weight per unit volume c 7.85 ton/m3

Warping constant [35] Γ 3.79×1010mm6

Table 3: Spring and dashpot properties of models.

Defnition Symbol Value
Stifness in y direction ky 1.00×107N/m
Stifness in z direction kZ 1.67×106N/m
Rotational stifness kt 4.58×104 (N·m)/m
Damping factor in y direction cy 4900 (N·s)/m
Damping factor in z direction cz 2500 (N·s)/m
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t2

t1
δ Ky−bending − Πy−bending dt + 

t2

t1
δWydt � 0. (12)

Te expression for axial strain due to bending as derived
according to the strength of materials [37] is

ε � −y(z2v/zr2). Having this, the expression of the Ham-
ilton principle is

1
2


t2

t1


l

0
δ m _v

2
  − EIzv

″
+ kyv

2
− qy.v  dx dt + 

t2

t1


l

0
δ −cy _vδv dx dt � 0. (13)

Te following substitutions can be made:

Πy �
1
2


l

0
EIzv
″
dx +

1
2


l

0
kyv

2
dx − qyvwith v

″
�

z
2
v

zx
2 .

(14)

Te nonconservative work of the vertical force can be
substituted as

δWy � − 
l

0
cy _vδvdx, (15)

where Cy is the vertical damping factor per unit length
which accounts for damping of the soil, ballast, and tra-
verses. After integration of the Hamilton principle in
equation (12) and by setting the variation to zero, the
equilibrium equation for vertical motion becomes

m
z
2
v

zt
2 + cy

zv

zt
+ kyv + EIz

z
4
v

zx
4 � qy.δ(x − Vt). (16)

2.3.3. Equilibrium Equation for Lateral (Horizontal)
Displacement. In the lateral z direction, the resistance of the
ballast against movement of the rail acts at the base of the
rail. It is important that the eccentricity of this resisting force
with respect to the shear center of the rail section is not

ignored. Te resisting force is assumed to act at the shear
center, neglecting the torsional moment induced by lateral
resistance. Because this force is important in the in-
vestigation of rail overturning, which is common in train
derailments, eccentricity has been taken into account and
can be set to zero when comparing the results of the form
without the efects of the eccentricity. Te remaining for-
mulation is similar to the formulation for vertical
displacement.

Figure 1(b) shows that the lateral resisting force of the
ballast is kz(w − βh), where h is the distance between the top
of the traverses and the shear center of the rail cross section
according to Figure 2, and kz is the lateral stifness per unit
length of the track. Using the same steps as in the derivation
of the equilibrium equations in the vertical direction pro-
duces the following equation:

m
z
2
w

zt
2 + cz

zw

zt
+ kz(w − βh) + EIy

z
4
w

zx
4 � qz.δ(x − Vt).

(17)

Te efect of torsion around the axial x axis has con-
ditions that are similar to the calculation in the z direction.
Te equilibrium equation for torsion about the axis of the
track (x axis) is

Jm
€β + GJβ″ + kt + kzh

2
 β + EΓβiv

− ctβ + 2kzhw � T.δ(x − V.t). (18)

In all the formulations, δ(x − Vt) is a Dirac delta
function that shows the efect of the moving load.

2.3.4. Moving Coordinate System. As stated earlier, when
modeling a track with a moving train, a prohibitive number
or elements may be needed for the track in order to eliminate
the boundary efects. Tis makes the use of common fnite
elements unworkable. Even with macroelements, practical
problems are time-consuming to model on most computers.
Tis can be alleviated by use of moving coordinates and their
counterpart moving elements. In this approach, the load
remains stationary, but the track moves under the load. Te
load then will never approach the boundaries to invalidate
the results because of the boundary efects.

Consider a fxed Cartesian coordinate system x-y. As-
sume that the load is at the middle of the track model at
point O′, and the coordinate x′-y′ at point O′ is not fxed but
moves at speed V, which is the same as the velocity of the
moving load. In addition to eliminating the boundary efects
on the critical portion of the track, which is the area of
application of the load, additional advantages exist for the
moving coordinate system related to unbounded problems.
An example is the railroad track in that the location of the
load does not change and there is no need to keep track of
the element upon which the load is located or to modify its
properties. Once the load vector is set, it need not be updated
again. In addition, multi-axle loads (trains and locomotives)
can be modeled by using appropriate element lengths so that
the loads act at the nodes. Referring to Figure 3, the relation
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between the old (fxed) and new (moving) coordinate sys-
tems is presented in equations (19) and (20), respectively:

z

zt
⟶

z

zt
− B

z

zx
′
(t)

, (19)

z
2

zt
2⟶

z
2

zt
2 − a

z

zx
′
(t)

− 2B
z
2

zx
′
(t)zt

+ B
2 z

2

zx
′
(t)

2 , (20)

where a is the constant acceleration of the load, B � at + V0
in which V0 is the velocity of the moving load, and t is time.
Here, the train motion is considered to have variable velocity
but constant acceleration.Tis allows for the investigation of
trains moving at constant speed as well as accelerating and
decelerating trains near the stations. For simplicity, this is
written as r � x′(t). Equations (12), (17), (18), and (19) in the
new coordinate system take the form of equations (21)–(24),
respectively:

m
z
2
u

zt
2 − a

zu

zt
− 2B

z
2
u

zrzt
+ B

2z
2
u

zr
2  + cx

zu

zt
− B

zu

zr
  + kxu − EA

z
2
u

zr
2 − P.δ r + x0(  � 0, (21)

m
z
2
v

zt
2 − a

zv

zt
− 2B

z
2
v

zrzt
+ B

2z
2
v

zr
2  + cy

zv

zt
− B

zv

zr
  + kyv − EIz

z
4
v

zr
4 − qy.δ r + x0(  � 0, (22)

m
z
2
w

zt
2 − a

zw

zt
− 2B

z
2
w

zrzt
+ B

2z
2
w

zr
2  + cz

zw

zt
− B

zw

zr
  + kz(w − βh) − EIy

z
4
w

zr
4 − qz.δ r + x0(  � 0, (23)

Jm

z
2β

zt
2 − a

zβ
zt

− 2B
z
2β

zrzt
+ B

2z
2β

zr
2  + ct

zβ
zt

− B
zβ
zr

  + kt + kzh
2

 β − EΓ
z
4β

zr
4 − 2kzhw − T.δ r + x0(  � 0. (24)

2.3.5. Finite Element Formulation. Tese equations can be
cast in fnite element form with the standard process.
Because the formulations in equations (21)–(24) are in
the moving coordinate system, the results would be
moving elements. In this case, instead of moving, the
load will remain stationary while the elements under it
move to produce the relative movement of the track and
train. Tis begins by expressing the displacement of an
arbitrary point in terms of nodal displacements by
employing the standard shape functions for a beam el-
ement as

X �  NS, (25)

where X denotes a vector such as u.v.w.β which is known as
the deformation vector. For macroelement deformation, the
shape functions are

Nu � Nu1×14, Nv � Nv1×14, Nw � Nw1×14, Nβ � Nβ1×14,

(26)

where Nu1.1 � x/l andNu1.8 � 1 − x/l and the other
matrix elements of the shape function for axial deformation
are equal to zero. For vertical and lateral deformations, as
well as torsion, the shape function is the same:

N � N1 N2 N3 N4 , (27)

where

N1 �
2x

3

l
3 −

3x
2

l
2 + 1, (28)

N2 �
x
3

l
2 −

2x
2

l
+ x, (29)

N3 � −
2x

3

l
3 +

3x
2

l
2 , (30)

N4 �
x
3

l
2 −

x
2

l
. (31)

In the macroelement, the degrees of freedom are defned
in Figure 1(a), with the shape functions as Nv1.2 � N1,
Nv1.3 � N2, Nv1.9 � N3, and Nv1.10 � N4 as well as
Nw1.4 � N1, Nw1.5 � N2, Nw1.11 � N3, and Nw1.12 � N4.
For the torsion DoFs, the elements of shape function matrix
can be defned as Nβ1.6 � N1,Nβ1.7 � N2, Nβ1.13 � N3, and
Nβ1.14 � N4. Te other elements of the shape function are
zero. Te pertinent matrices for the mass, stifness, and
damping in terms of the shape functions are as follows.

R (t)

x (t)

z

R (t)= 1 a t2 + v0t + x0
2

x' (t)

z'

A
x , x'

y'y

o'o

Figure 3: Moving coordinates and relationships for Cartesian
coordinates.
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For the mass matrix equation:

Mu � m 
l

0
N

T
u Nudr, (32)

Mv � m 
l

0
N

T
v Nvdr, (33)

Mw � m 
l

0
N

T
wNwdr, (34)

Mβ � Jm 
l

0
N

T
βNβdr, (35)

Mu � Mu + Mv + Mw + Mβ. (36)

For the stifness matrix equations:

Ku � kx 
l

0
N

T
u Nudr − EA + mB

2
  

l

0

zN
T
u

zr

zNu

zr
dr − ma + Bcx(  

l

0
N

T
u

zNu

zr
dr, (37)

Kv � ky 
l

0
N

T
v Nvdr + EIz 

l

0

z
2
N

T
v

zr
2

z
2
Nv

zr
2 dr + mB

2


l

0
N

T
v

z
2
Nv

zr
2 dr − ma + Bcy  

l

0
N

T
v

zNv

zr
dr, (38)

Kw � kz 
l

0
N

T
wNwdr + EIy 

l

0

z
2
N

T
w

zr
2

z
2
Nw

zr
2 dr + mB

2


l

0
N

T
w

z
2
Nw

zr
2 dr − ma + Bcz(  

l

0
N

T
w

zNw

zr
dr

− hkz 
l

0
N

T
wNβdr,

(39)

Kβ � kt + kzh
2

  
l

0
N

T
βNβdr + EΓ

l

0

z
2
N

T
β

zr
2

z
2
Nβ

zr
2 dr + GJ + B

2
Jm  

l

0
N

T
β
z
2
Nβ

zr
2 dr

− aJm + Bct(  
l

0
N

T
β
zNβ

zr
dr − 2kzh 

l

0
N

T
βNwdr,

(40)

Ke � Ku + Kv + Kw + Kβ. (41)

Also, for the damping matrix equations:

Cu � cx 
l

0
N

T
u Nudr − 2mB 

l

0
N

T
u

zNu

zr
dr, (42)

Cv � cy 
l

0
N

T
v Nvdr − 2mB 

l

0
N

T
v

zNv

zr
dr, (43)

Cw � cz 
l

0
N

T
wNwdr − 2mB 

l

0
N

T
w

zNw

zr
dr, (44)

Cβ � ct 
l

0
N

T
βNβdr − 2mB 

l

0
N

T
β

zNβ

zr
dr, (45)

Ce � Cu + Cv + Cw + Cβ. (46)

Te inclusion of velocity V and acceleration a in the
formulation causes the stifness and damping matrices to be
asymmetric.

According to equations (39) and (40), it is obvious that
the rail interacts with the lateral and the torsional de-
fections. Tis is because of the traverses’ locations which are
under the rail and do not contact the shear forces. Te
traverses have a distance equal to h from the shear center of
the rail. Tis eccentricity afects the stifness matrix, not the
mass and damping matrices. It can be shown by

(−hkz 
l

0 NT
wNβdr) parameter in the Kw formulation and by

((kt + kzh2) 
l

0 NT
βNβdr − 2kzh 

l

0 NT
βNwdr) parameter in

the Kβ formulation. Tis is so important in the earthquake
calculation which determines the efect of the lateral and
torsional defection modes on rail response.

3. Numerical Results

Using the formulation described here, the numerical so-
lution was carried out in a mathematical program for the
case of constant acceleration using the Newmark βmethod
taking ∆t � 0∙001s. Since similar studies have been done
just in vertical direction by Koh et al. [7] and Tran et al. [8]
using moving elements, the frst numerical examples were
compared with their results to verify the developed for-
mulations. Tey used common fnite elements; therefore,
comparison can establish the validity and efectiveness of
the macroelement used in the present study.

Figure 4(a) shows the defected shape of the track as
a beam model obtained by Koh [7] and that for the current
study using the same track properties. Te results were in
good agreement.

According to Figure 4(b), displacement tends to zero in
a very short distance away from the point of application of
the force. However, in a small length of the rail, this value is
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set positive which can be attributed to occurrence of a weak
uplift in the rail structure.

In Figure 5, the efect of two wagons with moving loads
(2 concentrated loads at each wagon) on the railroad is
evaluated. Interaction efect of the loads can readily be
compared to the model with a single concentrated load.

Determining the correct dimension of the model is
important for infnite domains so that the boundary efects
do not invalidate the results. Tese dimensions are usually
established by trial and error. Te use of moving elements
ensures that the load (moving train) will never approach the
boundaries. However, the response of the loads applied at
points on the track that are distant from the boundary must
be negligible at the latter point. To ensure this, the length of
the track must be determined in a way that the displacement
response, velocity, and acceleration response will be negli-
gible at the boundary. In order to avoid the shock of an
abrupt load, the constant axial load is applied gradually from
zero to its maximum value over a time span of one second,
after which the load remains constant.

In Figure 6, the efect of boundary conditions on ac-
celeration response of the railroad can obviously be seen.
Although boundary conditions do not afect displacement
response of the railroad when using the moving coordinate
method, their impact on acceleration response cannot be
neglected.

Figure 7 shows the velocity and acceleration of the track
vibration at the end of the load period. Tese graphs were
prepared for a constant track velocity of 80 km/h. For dif-
ferent ranges of train speed, the maximum velocity and
acceleration of the track vibration occur in a 0.07 to 0.35
length of track at the midpoint and in a time span of 0.4 to
0.6 of the total loading time. Te distance of the points,
where the maximum velocity and acceleration occur, in-
creases in front of the location of the load with the increasing
speed of the train (as the train speed increases, the point
experiencing maximum vibration velocity and acceleration
is at a distance from the load point).Tis happens because of
the decrease in interference by waves at high train speeds.

Train speed is a major parameter afecting the response
of the track and is important in track design and mainte-
nance. On Iranian lines, this speed is usually 80 km/h for
freight trains and 100 to 160 km/h for passenger trains. For
high-speed trains, the speed is usually over 200 km/h. In the
current study, the speed varied from 80 to 300 km/h to
demonstrate the full range of this parameter. For fast moving
trains, the tracks have higher strength, which must be re-
fected in the track properties.

Figure 8 shows the efect of train speed on the response
of the track. Tis graph shows the maximum response at the
midpoint of the track under the point load. Te maximum
vibration velocity and acceleration at the midpoint occur at
t� 0.06 to 1.0 s during load passing at diferent velocities.
Figure 8(a) shows that an increase in train speed which had
little efect on the maximum defection of the track, but
caused decreases in the track vibration velocity and accel-
eration, occurred in response to the efect of the moving
load. Te efect of train velocity on the track vibration re-
sponse is shown in Figures 8(b) and 8(c).

Because the response of the track is afected by the
speed of the train, it is necessary to choose an appropriate
length for the model. Figure 9 shows the response at the
boundary of the model for diferent train speeds. It is
evident that dampening the efect of acceleration at the
boundary is more difcult. Figure 9(a) shows that the
track defection for each length analyzed will fall to zero at
the boundary points; however, the vibration velocity and
acceleration of the track do not (Figures 9(b) and 9(c)).
Since at the points where the displacement is equal to zero
and assumed as the end point, the rail still has vibrational
acceleration, the length of the computational model
should be determined by the acceleration status of the end
point of the model and not by the displacement of this
point. Te best track length for dampening of the vi-
bration acceleration at the boundary points is over 350m,
where both the acceleration and velocity fall to zero. To
model the boundary conditions of the rail, it is more
efective to use springs at the boundary points that have
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a stifness equivalent to that of semi-infnite beam. Te
boundary response under such conditions is more ac-
curate than for other forms, such as for fxing the
boundary points or lack of defnition of the boundaries.

Figure 10 shows the efect of the rail bed stifness on
defection of the rail at diferent velocities. Te bed stifness
varied from k � 0.25 × 107N/m for a soft bed to k � 2.0 ×

107N/m for the hardest bed. Te rate of variation of de-
fection of the railroad under the point load at k≥ 1.25 ×

107N/m decreased more slowly than that under soft bed
conditions. It was also independent of load velocity, as

shown in Figure 8(a). As stated, a change in train velocity
had no efect on the defection response of the track. Te
defection of the track depended on the bed stifness as the
external condition and rail properties as the internal pa-
rameters of the model.

Te interaction of lateral degree of freedom along Z and
the torsion and warping created in the model due to the
eccentricity of stifness and shear centers are of the most
important modes in studying the vibration diagrams of
a beam on elastic foundation which is also mentioned in the
formulation. In order to investigate the governing
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interaction conditions of the modeled beam, a concentrated
force F � 6 × 103 Kg is applied to the midpoint of the rail.
Figures 11 and 12 examine the interactional response of the
rail in the degrees of freedom related to lateral displacement,
torsion, and warping due to the presence of coupled stifness
matrices. According to equations (39) and (40), by applying
force in the lateral degree of freedom, w, the values of torsion
and warping along the rail can be attained. Te length of the
rail beam is modeled to be above 200meters to investigate
the interaction of lateral and torsional degrees of freedom.
Also, the speed of the lateral concentrated load on the rail is
assumed to be similar to the speeds required for the vertical
mode. In the results, only the diagram for a part of the rail
with a signifcant vibration amplitude is shown. Te dia-
grams of Figure 11 show the changes in lateral displacement,
torsion angle, and warping of the rail beam model. In these
diagrams, the concentrated lateral load’s speed is assumed to
be 80 km/hr. According to the diagrams, the maximum
lateral displacement of 0.3mm, the maximum torsion angle
of 1.57 radians, and the maximum warping on the rail equal
to 2.46mm were observed for the speed of 80 km/hr. Also,
the changes in the values of lateral displacement, torsion,
and warping of the rail beammodel for diferent load speeds
are presented in Figure 12. Besides, the reduction of the
parameters with the increased concentrated moving load’s
speed can be seen clearly. In the calculations related to the
involved degrees of freedom in question, the changes of
stifness in diferent modes are not considered.

Regarding the dynamic impact of a train on the railroad,
it can be simulated as a sinusoidal harmonic load with
diferent dynamic frequencies. Tus, the frequency of the
load can be considered as a variable in the analysis. Te
general form of the equation is (see Figure 13)

P(t) � P0 sin(ωt). (47)

Dynamic amplifcation factor (DAF) is considered as
a fundamental parameter in vibration analysis of the rail-
roads. Herein, DAF is defned as the ratio of the maximum
dynamic deformation to maximum static deformation in the
point of application of the concentrated force.

According to Figure 14, dynamic amplifcation factor is
maximal for the load with vibration frequency of ω � 2.5.
Consequently, it can lead to resonance in the vibration of the
rail. Besides, increasing the load frequency results in a de-
crease in DAF. Here, calculation was performed at the point
of application of the force.

In order to investigate the efect of bed stifness on DAF,
AR index is defned as follows:

AR �
DAF

ky
− DAF

ky�1×107

DAF
ky�1×107

× 100




, (48)

where DAFky is the equivalent dynamic amplifcation factor
of ky and DAFky � 1x10

7 is the equivalent dynamic amplif-
cation of Ky � 1 × 107 N/m, which was used as the base
value of the bed stifness in the previous studies [7].

Figure 15 shows AR variation vs. bed stifness for three
diferent harmonic load frequencies. As it can be observed,
the ratio is maximal when ky � 0 · 35 × 107N/m and it can
be interpreted as occurring resonance in the vibrational
response of the rail.

Since the acceleration of the motion of load has no
signifcant efect on the vibrational results of the model [8],
in the numerical results of this study, the results of con-
centrated load acceleration are considered equal to zero.
Also, due to the general similarity of the formulations in
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diferent DoFs, only the efective parameters in the nu-
merical results related to the two vertical directions and the
efect of the lateral point load on the lateral response of the
system and the torsion angle as well as warping DoF were
evaluated.

4. Motivation and Contribution

Te most important motivation in this research is to create
a comprehensive model to analyze the beam on the elastic
bed under the efect of moving loads. One of the basic factors
in modeling is examining the interaction of degrees of
freedom for simultaneous analysis of loads. Te most im-
portant advantage of the current model is the signifcant
reduction in calculation time, which allows to use the
characteristic matrices obtained in the results by commercial
software.

5. Managerial Insight

Te macroelement introduced in this article dose not have
the ability to be used in the arch, and thus the relevant
formulation should be modifed in this context. Also, if there
is a departure from the center of the load with respect to the y
axis, its efect should be considered manually. Another
shortcoming of the current model is the lack of investigation
of nonlinear efects in the soil under the model and in the rail
track itself, which are recommended to be investigated in
future research and to develop the current model. For the
next research, the efects of rail corrugation and the geo-
metric nonlinearity efects of the model as well as the efects
of soil interaction and soil paste conditions are suggested to
be investigated. Terefore, the project managers in railroad
construction can take advantage of our fndings to make
their plans more viable.

6. Conclusion

We aimed to introduce and develop a macroelement model
for analyzing structures under the infuence of moving load
and relying on railroad structure. For this purpose, with the
help of the moving element, the response of the rail structure
was studied. Te formulation was regulated based on the
minimum potential energy and Galerkin method, and
stifness, mass, and damping matrices for moving macro-
elements were formed accordingly. Some of the matrices
became asymmetric due to the speed of the concentrated
load (train).Te Newmark β numerical method was adopted
to analyze the results in medium acceleration mode. Te
parameters studied in this regard are length of the model,
efect of train speed, and also the rail response to lateral point
load to evaluate the capability of the model.

In this study, in order to evaluate the efect of passenger
and freight trains according to the conditions of Iranian
trains, diferent train speeds are considered. Te important
achievement of this research is the direct relationship be-
tween the length and boundary conditions of the compu-
tational model and the vibrational acceleration of the
beam model.

Te vibrational responses of rails including displace-
ment, velocity, and vibrational acceleration depend on the
environmental conditions of the model, such as bed con-
ditions, material properties, and rail cross-sectional char-
acteristics. Te interaction of the lateral transitional and
torsional degree of freedom and consequent warping is
amongst the other fndings of this study, which is very
important in seismic evaluation of rails.
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