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A graph structure is a useful tool in solving the combinatorial problems in different areas of computer science and computational
intelligence systems. In this paper, we apply the concept of bipolar fuzzy sets to graph structures. We introduce certain notions,
including bipolar fuzzy graph structure (BFGS), strong bipolar fuzzy graph structure, bipolar fuzzy N;-cycle, bipolar fuzzy N;-tree,
bipolar fuzzy N;-cut vertex, and bipolar fuzzy N;-bridge, and illustrate these notions by several examples. We study ¢-complement,
self-complement, strong self-complement, and totally strong self-complement in bipolar fuzzy graph structures, and we investigate

some of their interesting properties.

1. Introduction

Concepts of graph theory have applications in many areas of
computer science including data mining, image segmenta-
tion, clustering, image capturing, and networking. A graph
structure, introduced by Sampathkumar [1], is a generaliza-
tion of undirected graph which is quite useful in studying
some structures including graphs, signed graphs, and graphs
in which every edge is labeled or colored. A graph structure
helps to study the various relations and the corresponding
edges simultaneously.

A fuzzy set, introduced by Zadeh [2], gives the degree of
membership of an object in a given set. Zhang [3] initiated
the concept of a bipolar fuzzy set as a generalization of a
fuzzy set. A bipolar fuzzy set is an extension of fuzzy set
whose membership degree range is [-1, 1]. In a bipolar fuzzy
set, the membership degree 0 of an element means that
the element is irrelevant to the corresponding property, the
membership degree (0, 1] of an element indicates that the
element somewhat satisfies the property, and the membership
degree [-1,0) of an element indicates that the element
somewhat satisfies the implicit counterproperty. Kauffman
defined in [4] a fuzzy graph. Rosenfeld [5] described the
structure of fuzzy graphs obtaining analogs of several graph
theoretical concepts. Bhattacharya [6] gave some remarks
on fuzzy graphs. Several concepts on fuzzy graphs were
introduced by Mordeson et al. [7]. Dinesh [8] introduced the

notion of a fuzzy graph structure and discussed some related
properties. Akram et al. [9-13] have introduced bipolar fuzzy
graphs, regular bipolar fuzzy graphs, irregular bipolar fuzzy
graphs, antipodal bipolar fuzzy graphs, and bipolar fuzzy
hypergraphs. In this paper, we introduce the certain notions
including bipolar fuzzy graph structure (BFGS), strong bipo-
lar fuzzy graph structure, bipolar fuzzy N;-cycle, bipolar
fuzzy N;-tree, bipolar fuzzy N;-cut vertex, and bipolar fuzzy
N;-bridge and illustrate these notions by several examples.
We present ¢-complement, self-complement, strong self-
complement, and totally strong self-complement in bipolar
fuzzy graph structures, and we investigate some of their
interesting properties.

We have used standard definitions and terminologies in
this paper. For other notations, terminologies, and applica-
tions not mentioned in the paper, the readers are referred to
(1,5, 7, 14-18].

2. Preliminaries

In this section, we review some definitions that are necessary
for this paper.

A graph structure G* = (U, E, E,,..., E;) consists of a
nonempty set U together with relations E;, E,,..., E; on U,
which are mutually disjoint such that each E; is irreflexive
and symmetric. If (u,v) € E; for some i, 1 < i < k,
we call it an E;-edge and write it as “uv.” A graph structure



G* = (U,E,, E,, ..., E;) is complete, if (i) each edge E;, 1 <
i < k, appears at least once in G*; (ii) between each pair of
vertices uv in U, uv is an E;-edge for some i, 1 < i < k. A
graph structure G* = (U,E|, E,, ..., E,) is connected, if the
underlying graph is connected. In a graph structure, E;-path
between two vertices u and v, is the path which consists of
only E;-edges for some i, and similarly, E;-cycle is the cycle
which consists of only E;-edges for some i. A graph structure
is a tree if it is connected and contains no cycle or equivalently
the underlying graph is a tree. G* is an E;-tree, if the subgraph
structure induced by E;-edges is a tree. Similarly, G* is an
E\E,---E-tree, if G" is an E;-tree for each j, 1 < j < k.
A graph structure is an E;-forest, if the subgraph structure
induced by E;-edges is a forest, that is, if it has no E;-cycles.
Let S € U; then the subgraph structure (S) induced by S has
vertex set S, where two vertices 1 and v in (S) are joined by
an E;-edge, 1 < i < k, if and only if, they are joined by
an E;-edge in G*. For some i, 1 < i < k, the E;-subgraph
induced by S is denoted by E;-(S). It has only those E;-edges
of G, joining vertices in S. If T is a subset of edge set in
G”, then subgraph structure (T') induced by T has the vertex
set, “the end vertices in T”, whose edges are those in T. Let
G* = (Uy,E,E,,....,E,) and H* = (U, E},E},...,E.) be
graph structures. Then G* and H" are isomorphic, if (i) m = n,
(ii) there exist a bijection f : U; — U, and a bijection
¢ : {E,,E,,....,E)} — {Ei,E;,...,E;}, say E; — E},
1 <€ i,j < n, such that for all u,v € U, uv € E; implies
that f(u) f(v) € E;

Two graph structures G* = (U, E}, E,,..., E;) and H* =
U, E;, E;, .. ,E,’c), on the same vertex set U, are identical, if
there exists a bijection f: U — U, such that for all u and v in
U, uv is an E;-edge in G*, then f(u) f(v) is an E;-edge in H,
where 1 <i < kandE; = El' Vi. Let ¢ be a permutation on
{E|, E,, ..., E;}. Then the ¢-cyclic complement of G*, denoted
by (G*)*, is obtained by replacing E; by ¢(E;), 1 < i < k.
Let G* = (U,E},E,,....,E;) be a graph structure and ¢ a
permutation on {E,, E,, ..., E;}; then

(i) G* is ¢-self complementary, if G* is isomorphic to
(G")*; the ¢-cyclic complement of G* and G* is self-
complement, if ¢ # identity permutation.

(il) G™ is strong ¢-self complementary, if G* is identical to

(G*)¥; the ¢-complement of G* and G* is strong self-
complement, if ¢ # identity permutation.

Definition 1 (see [2]). A fuzzy subset y on a set X is a map
p: X — [0,1]. A fuzzy binary relation on X is a fuzzy subset
pon XxX. Byafuzzy relation we mean a fuzzy binary relation
givenbypu: X x X — [0,1].

Definition 2 (see [8]). Let G* = (U,E,E,,...,E;) be a
graph structure and let v, p;, p,, ..., pr be the fuzzy subsets
of U, E,, E,, ..., E, respectively, such that

0<p(xy) <pu@)Au(y) "
Vx,yeU, i=12,...,k

Then G = (v, py, Py - - -» Pi) is @ fuzzy graph structure of G*.
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Definition 3 (see [8]). Let G = (v, p1> pys---» Pr) be a fuzzy
graph structure of a graph structure G* = (U, E, E,, ..., E;).
Then F = (9,1},7,,...,7;) is a partial fuzzy spanning
subgraph structure of Gif 7; € p; fori = 1,2,..., k.

Definition 4 (see [8]). Let G* be a graph structure and let G
be a fuzzy graph structure of G*. If xy € supp(p;), then “xy”
is said to be a p;-edge of G.

Definition 5 (see [8]). The strength of a p;-path xyx, - - - x,, of
a fuzzy graph structure G is /\’;:lp,-(xj_lxj) fori=1,2,...,k.

Definition 6 (see [8]). In a fuzzy graph structure G, p}(xy) =

pi o piCey) = VoApi(x2) A pi(en)h, pley) = (o p)(xy) =
\/z{pi]_l(xz) Api(zy)}, j = 2,3,...,m, for any m > 2. Also

PP (xy) = P/ (xp), j=1,2,...}.

Definition 7 (see [8]). Let xy be a py-edge of G =
(% P> o+ o). Let (v, pl,pss--»pl) be a partial fuzzy
spanning subgraph structure obtained by deleting “xy” with
pi(xy) = 0and p;(x;y;) = p(x;y;) Vp-edges (x; y;) other
than (x, y). If p° (uv) > pi'oo(uv) for some uv € supp(p;), then
xy is a p;-bridge.

Definition 8 (see [8]). LetG' = (, p{, pé, e Pr,;) be the partial
fuzzy subgraph structure obtained by deleting vertex w of G,
that is, v (w) = 0 and v'(v) = v(v) Vv # w, pi'(vw) =0Vve
Ur and pi'(uv) = p(uv) Yuv # wv, i = 1,2,...,k. Then a
vertex w of G is a p;-cut vertex if p° (uv) > pi'oo(uv) for some
u, v with u, v # w.

Definition 9 (see [8]). G = (%, p1> pas---» Pr) 18 @ p;-cycle if
and only if (supp(v), supp(p, ), supp(p,), . . ., supp(p)) isa E;-
cycle.

Definition 10 (see [8]). G = (v, p,pss-..»px) is a fuzzy p;-
cycleifand only if (supp(v), supp(p; ), supp(p)s - - - » supp(px))
is an E;-cycle and there exists no unique “xy” in supp(p;) such
that p;(xy) = \{p;(uv) | uv € supp(p;)}.

Definition 11 (see [8]). G = (¥, p;, o> .- pi) 1S a fuzzy p;-
tree if it has a partial fuzzy spanning subgraph structure,
F, = (%, 1), Ty ...,T;), which is a 7;-tree where for all p;-edges
not in F,, p(xy) < 77°(xy).

Definition 12 (see [8]). Let G* = (U,E,E,,...,E;) be a
graph structure and let v, p;, p,, ..., p, be the fuzzy subsets
of U, E|, E,, ..., E, respectively, such that

0<p(xy) <) Au(y)

2
Vx,yeV,i=12,...,k @

Then G = (v, py, Py - - -» Pi) is @ fuzzy graph structure of G*.

Definition 13 (see [3]). Let X be a nonempty set. A bipolar
fuzzy set B in X is an object having the form

B= {(x,‘ug(x),yg(x)) IxEX}, (3)

where yg : X — [0,1] and [/tg : X — [-1,0] are mappings.
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We use the positive membership degree ph(x) to denote
the satisfaction degree of an element x to the property
corresponding to a bipolar fuzzy set B and the negative mem-
bership degree uj (x) to denote the satisfaction degree of an
element x to some implicit counterproperty corresponding
to a bipolar fuzzy set B. If uf (x) # 0 and up (x) = 0, it is the
situation that x is regarded as having only positive satisfaction
for B. If uf(x) = 0 and pf (x) # 0, it is the situation that x
does not satisfy the property of B but somewhat satisfies the
counter property of B. It is possible for an element x to be
such that g5 (x) # 0 and ) (x) # 0 when the membership
function of the property overlaps that of its counterproperty
over some portion of X.

For the sake of simplicity, we will use the symbol B =

(up» 4y for the bipolar fuzzy set:

B= {(x,yg (x),yg (x)) | x e X}. (4)

Definition 14 (see [3]). Let X be a nonempty set. Then we call
amapping A = (uh, ) : X x X — [0,1] x [-1,0] a bipolar
fuzzy relation on X such that i, (x, y) € [0, 1] and ) (x, y) €
[-1,0].

Definition 15 (see [9]). A bipolar fuzzy graph G = (V, A, B)
is a nonempty set V together with a pair of functions A =
(‘ug,‘uf) :V — [0,1] x[-1,0] and B = (yg,yg) VXV —
[0,1] x [-1,0] such that forall x, y € V,

pp (%, y) < min (ps (x), 413 (),
(5)
up (%, ) = max (p (%), 41 (1))

Notice that ‘ug(x, y) >0, MBN(x, y) <0for(x,y) e VxV,
uh(x, y) = up (x, y) = 0for (x, y) ¢ VXV, and Bis symmetric
relation.

3. Bipolar Fuzzy Graph Structures

Definition 16. G, = (M,N,,N,,...,N,) is called a bipolar
fuzzy graph structure (BFGS) of a graph structure (GS) G* =
(U,E,E,,...,E,) if M = (up,, uby) is a bipolar fuzzy set on U
and for each i = 1,2,...,m; N; = (uk, uy) is a bipolar fuzzy
set on E; such that o

un, (x9) < iy () A iy ()5
i, (%) = piag () V i () (6)
Vxy € E; cU xU.

Note that (41{7,- (xy) =0 = ‘ui]]i(xy) forall xy € UxU - E;
and 0 < Mi,_(xy) <1-1¢< ‘uﬁ_(xy) < 0 Vxy € E,;, where
U and E; (i =1,2,...,n) are called underlying vertex set and
underlying i-edge set of G, respectively.

Definition17. Let Gy, = (M, N, N, ..., N,,) be a bipolar fuzzy
graph structure of a graph structure G* = (U, E,, E,, ..., E,).

IfH, = (M',N}|,N,,...,N.) isa bipolar fuzzy graph structure
of G* such that

pap (%) < piyg (),

pngr () = gy ()

Vx e U,

(7)
vy () < i, (x9),
N
I\]i

vy (x9) = g (xp)

Vxy € E, i=12,...,n,

then Hj, is called a bipolar fuzzy subgraph structure of BEGS
G,

BFGS H, = (M',N|,Nj,...,N!) is a bipolar fuzzy
induced subgraph structure of G, = (M,N;,N,,...,N,), by
asubset W of U if

png (%) = piyg (%),

pnyr (x) = uby (x)

Vx e W,

(8)
vy (x9) = iy, (%),

pne (x9) = i, (x7)
Vx,yeW, i=12,...,n

Similarly, BEGS H, is a bipolar fuzzy spanning subgraph
structure of Gy, if M' = M and

INIEYTAR )

Example 18. Consider a graph structure G* = (U,E|, E,)
such that U = {a,,a,,a5,4,}, E, = {a,4,,a,a,}, and E, =
{asa,, a,a,4}.

(i) Let M, N, and N, be bipolar fuzzy subsets of U, E;,
and E,, respectively, such that

M = {(a,,0.5,-0.2),(a,,0.7,-0.3), (a5,0.4,-0.3),

(a4,0.7,-0.3)},
(10)
N; = {(4;4,,0.5,-0.2) , (a,a,,0.7,-0.3)},

N, = {(a;a4,0.3,-0.2), (a,a,,0.3,-0.1)} .

Then, by direct calculations, it is easy to see that Gb =
(M, Ny, N,) is a BFGS of G* as shown in Figure 1.

(ii) Consider M; = {(a;,0.4,-0.1),(a,,0.5,-0.3), (a;,
0.4,-0.2), (a,,0.1,-0.3)}, Ny, = {(a,ay,0.4,-0.1), (a,a,, 0.1,
-0.2)}, and N, = {(a344,0.1,-0.2), (g,4,,0.1,-0.0)}. Then,



a,(0.5,-0.2) a,(0.7,-0.3)

N,(0.5,-0.2)

N,(0.3,-0.1)

N,(0.3,-0.2)

a4(0.7,—0.3) a3(0_4’70.3)

FIGURE I: G, = (M, N, N,).

a,(0.4,-0.1) 2,(0.5,-0.3)

Ny, (0.4,-0.1)

N,(0.1,-0.0)

Np(0L,-02) o

5(0.4,-0.2)

a,(0.1,-0.3)

FIGURE 2: Bipolar fuzzy subgraph structure K, = (M, Ny;, Ny,).

by routine calculations, it is easy to see that K, =

(M,, N}, N,,) is the bipolar fuzzy subgraph structure of G,
as shown in Figure 2.

Definition19. LetG, = (M,N,,N,,..., N,)bea bipolar fuzzy
graph structure of a graph structure G* = (U, E,, E,, ..., E,).
Then xy € E; is called a bipolar fuzzy N;-edge or simply N;-
edge, if

ux, (xy) > 0 or
. ()
py, (xy) <0.

Then support of N;, i = 1,2,...,n, consequently, is
supp (N;) = {xy €E: ‘ui,i (xy) >0, ptf,i (xy) < O}. (12)

Definition 20. N;-path in a BEGS G, = (M,N,N,,...,N,)
of a graph structure G* = (U, E,E,,...,E,) is a sequence
a,a,,...,a,, of distinct vertices (except the choice a,, = a,)
in U, such that a;_,a; is a bipolar fuzzy N;-edge for all j =
2,3,...,m.

Definition 21. A BFGS G, = (M,N,N,,...,N,) with
underlying vertex set U is said to be N;-strong for some i €
{1,2,3,...,n} if for all xy € supp(IV;)

pn, (x9) = iy () A gty (),
(13)

un, (x9) =ty (%) V iy ().
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A BFGS G, = (M,N,N,,...,N,) is said to be strong if it is
N;-strong BEGS for alli € {1,2,3,...,n}.

Example 22. Consider BEGS G, = (M, N;, N,) as shown in
Figure 3.

Then G, is a strong BFGS since it is both N,- and N,-
strong.

Definition 23. A BFGS G, = (M,N},N,,...,N,) with
underlying vertex set U is said to be complete or N;N, - - - N, -
complete, if the following are true:

(i) G, a is strong BFGS.
(ii) supp(N;) #0 Vi =1,2,3,...,n.

(iii) For each pair of vertices x, y € U, xy is an N;-edge
for some i.

Example 24. Let G, = (M,N,,N,) be BEGS of graph
structure G* = (U, E,,E,) such that U = {a;,a,,a;}, E, =
{a,a5}, and E, = {a,a,, a,a;} as shown in Figure 4. By routine
calculations, it is easy to see that G, is a strong BFGS.

Moreover, supp(N,) # 0, supp(N,) # 0, and every pair of
vertices belonging to U is either an N;-edge or an N,-edge.
So G, is a complete BFGS, that is, N, N,-complete BEGS.

Definition 25. Let G, = (M, N}, N,,..., N,) be a BEGS with
underlying vertex set U. Then positive and negative strengths
ofa N;-path “Py, = aya, ---a,,” are called gain and loss of that

N;-path and denoted by G.Py, and L.Py, respectively, such
that

G.Py = /\ [, (a)19))]
j=2

(14)

Example 26. Consider a BFGS G, = (M, Ny, N,) as shown
in Figure 4. We note that Py = a,a;a49, is an N,-path. So

G.Py = yi,z (aza;) A ”1}312 (a,a,) = 0.5 A 0.4 = 0.4. Consider

L.Py = |y§,’z (aza,) Vv !f‘zl\\fz (alaz)' =|-0.4V 0.4 )
=1-0.4| = 0.4.

Definition 27. Let G, = (M, N, N,, ...
underlying vertex set U. Then

,N,)) be a BFGS with

(i) N;-gain of connectedness between x and y is defined
by py " (xy) = \/jzl{y{;}:(xy)}, such that Mi’{(xy) =
(Wl oy )(xy) for j = 2 and gy (xy) = (uy' o
i) = VAuy (x2) A pyf (29)}, where py =
py» Vi

(ii) Nj-loss of connectedness between x and y is defined
by uy"(xy) = \/jzl{y{;}:(xy)}, such that yi}i_(xy) =
(y{\,_il’_ ° y}\};)(xy) for j > 2 and ‘uf\};(xy) = (‘u}\}; o



Applied Computational Intelligence and Soft Computing

a,(0.3,-0.6) N, (03,-0.6) a,(0.3,-0.7)
04
3,
O 5(0.2, ~0.6) o 06)
a,(0.4,-0.4) N (02, -04) Ny _
<
< < <
S P .
= ' A =
7 s |8 =
S = =
Z ag(0.1,-0.8) N;(0.1,-0.4) a,(0.2,-0.4)
©1 _05)
N0 a5(0.6,-0.6) S @2’,0./&\
a5(0.3,-0.5) N,(03,-05) A

FIGURE 3: BFGS G, = (M, N}, N,).

a5(0.5,-0.7) N, (0.4,-0.7) a,(0.4,-0.7)

FIGURE 4: G, = (M, N}, N,).

a4(0.6,-0.9) N;(0.5,-0.7)

N,(0.1,-0.4)
N,(0.2,-0.4)

as(0.4,-0.5) a,(0.4,-0.7)

N,(0.4,-0.4)

a5(03,-04)  N;(0.3,-02)  a,(0.3,-0.6)

FIGURE 5: G, = (M, N}, N,).

iy ) = Vel (x2) Ay (29)), where iy =
|MII:]7,.|’ Vi.

Example 28. Let G, = (M, N,, N,) be BFGS of graph struc-
ture G = (U, E,, E,) such that U = {a,,a,,a5,a4, a5, a4}, E; =

{a,a4, 0,05, aya5, aya,, a,a5}, and E, = {a,a5, a,a,, 4,44, asag},
as is shown in Figure 5.

Since [411\’]?(612613) =0.3, yll\}:r(aza4) = 0.0, yll\}:r(azaS) = 0.4,
ptll\}jr(a3a4) = 0.5, yll\}j(as%) = 0.0, yll\}f(a[las) = 0.3, and
Mll\’,:'(alas) = 0.3, therefore

szvj (ay05) = (,’/‘I’Jr”‘N1 ° P‘zl\r:r) (a205)

= [Hzlv:r (aa5) A MII\I:- (“4“3)]

N [!4‘11\1:r (a,a5) A P‘zlv:r (%%)]
=[0.0A0.5]V[04A0.0] =0,
P‘IZ\IT (aay) = (."’1’+”‘N1 ° .”leff) (a2a,)
= [ (@a5) Ay (a3a,)]
v [P‘zlv:r (aya5) A P‘JI\J:r (a5a4)]
— [03A0.5]V[0.4A0.3] = 0.3,
Mzz\r:r (a05) = (.“H"N1 ° !’lrlxr:r) (a,05)
= [.“Ilvf (a,a5) A !f‘zlv:r (‘13“5)]
v [le\r:r (a,a4) N n"l]l\]:— (“4“5)]
= [0.3A0.0] V[0.0A0.3] =0,
P‘IZ\IT (asa,) = (.”1)+an ° .”leff) (asa,)

1,+

[‘”I\’Tl (asa,) A Vzlv:r (%‘14)]

v [P‘zlej (asa5) A P‘zlv:r (a5a4)]
— [0.3A0.0] V[0.0A0.3] = 0,

/"Izv:r (asas) = (‘“Han ° AMII\I:—) (asas)

[I/‘Ilvf (asa,) A .”11\11+ (“2“5)]
N [!4‘11\1:r (asa,) A P‘zlv:r (a4a5)]
~ [0.3A0.4]V[0.5A03] = 0.3,

P‘IZ\IT (aya5) = (.”1)+an ° .”leff) (a4a5)

1,+

[‘”I\’Tl (a,a,) A Vzlv:r (azas)]

v [P‘zlej (asa5) A !"11\7:r (‘13“5)]

= [0.0 A0.4] V [0.5 A 0.0] = 0,



P‘Nl (a,a5)

P‘Nl (a,05)

ut (aya,) =

3,+

!f‘z{rl (a,05) =

uy, (asa,) =

!4?\}1 (aza5) =

MNI (a,a5)

P‘?\r:r (a,a6) =

Similarly,

uy, (a,03)

V}lx}:r (a,0,) =

!"?\}T (a05) =

)(‘11‘16) 0,

° P‘Nl ) (a,a5)

(/"1 +nN1
(‘“2 ,+
[ (aya,) A .”N (04‘13)]

N [[’l?\]-; (aa5) A !f‘}le:r (‘15‘13)]

=[0.3A0.5] V[0.0 A 0.0] = 0.3,

(.”2 +”N1 ° HN ) (aa4)

= [//‘12\1:r (a,a5) A AMII\]:- (‘13“4)]

v [!‘zzv:r (aa5) A .“;\J:r (“5“4)]

= [0.0 A0.5] V [0.0 A 0.3] = 0.0,

(#2 +”N1 ° //‘N ) (‘12“5)

= [ () Ay (asa5)]

N [[’llz\]-: (a,a,) A .”11\7: (‘14“5)]

=[0.0A0.0] V[0.3A0.3] = 0.3,

(.“2 +”N1 ° MN ) (asa,)

= [M}z\lj (a3a,) A P‘zlv:r (02‘14)]

N [le\]:r (asas) A !"11\1:r (‘15‘14)]

=[0.0A0.0] V[0.3A0.3] = 0.3,

(.”2 +”N1 ° !"N1 ) (asa5)

= [P‘zzv:r (asa,) A MII\I:- (azas)]

v [I"zzv:r (a3a,) A .”;\J:r (a,as)]
~ [0.0 A0.4] V [0.0 A 0.3] = 0.0,
(.“2 +”N1 ° MN ) (a4a5)
[ (a,a,) N ‘uN (azas)]

v [le\]:r (asa5) A !"11\1:r (‘13‘15)]

=[0.3A0.4] V[0.0 A 0.0] = 0.3,

(M2,+an ° //‘zlxr:r) (‘11%) =0.

= (4" ny, o uy’) (aya5) =

(!"H”N1 ° /hlvj) (ay0,) = 0.3,

(P‘I’Jr”‘Nl ° 14;\1?) (a05) = 0,
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1,+

2 (aza,) = Ny © (aza
HUn, a3y #o Ny, #N 30,)

1,+ 1,+

N, (asas) = (u”
Un, \9395 H’ony, ° Py, (a3a5)

1+ 1,+

4,+
N, (asa5) = (u a,0as)

1,+

H anol’lN a,a5)

(
(
( i) (
/’lNl (01%) ( )
17)
This implies that
uy.” (aa5) = v{0.3,0.0,03,0.0} = 0.3

uy" (aa,) = v{0.0,0.3,0.0,0.3} = 0.3,

uy" (aa5) = v {0.4,0.0,0.3,0.0} = 0.4,

yf;f* (a3a,) = Vv {0.5,0.0,0.3,0.0} = 0.5, (18)
" (asas) = v{0.0,0.3,0.0,0.3} = 0.3,

U™ (a4a5) = v10.3,0.0,0.3,0.0} =

uy" (aya6) = v{0.3,0.0,0.0,0.0} = 0.3.
Since
‘“11\’1_ (aya5) = 0.5,
‘ull\,; (aya4) = 0.0,
ux, (a05) = 04,
un (asa,) = 0.7, (19)
."’11\7; (asa;) = 0.0,

ux, (agas) =03,

yll\,l_ (a1a6) = 0.2,

we have
.“IZ\I: (a205) = (!/‘1’7an ° A“II\I:) (a205)
= [, (@a,) Ay (a,35)]
N [("11\5_ (a,a5) A .“11\11_ (“5“3)]

=[0.0A0.7] V [0.4 A 0.0] = 0.0,

(16)
.“Nl (aay) = (.” ny, °I/‘N )(“2“4)
= [ (@) Ay (as)]
v [l/‘zlxr; (a,a5) A !”;\7; (‘%“4)]

=[0.5A0.7] vV [0.4 A 0.3] = 0.5,
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//‘11\11_ ) (a,a5)

P‘Nl (a,05) = (!4 ny, °©
1- 1,-
= [("N1 (a,) AN, (“3“5)]
v [!"11\11_ (a,a,) A .”11\5_ (“4“5)]
= [0.5A0.0] v [0.0 A 0.3] = 0.0,
N, - (asa,) (P‘l AN, © //‘N1 ) (asa,)
[(f‘zlvl (asa,) A .“N (‘12‘14)]
v [Hzlv; (asas) A ‘“11\7; (‘15‘14)]
= [0.5A0.0] v [0.0 A 0.3] = 0.0,

!/‘11\5_ ) (asas)

I/‘N1 (‘13‘15) (!4 ny, °
1- 1,-
= [("N1 (a;a,) AYONA (‘12“5)]
N [!"11\11_ (asa,) A .”11\r1_ (“4“5)]
= [0.570.4] V[0.7A0.3] = 0.4,
Mlz\ll_ (a,a5) = (."‘1’_”N1 ° P‘lerl_) (a4a5)
= [!f‘zl\rl_ (a,a,) A .“11\11_ (“2“5)]
v [Hzlv; (asa5) A ‘“11\7; (‘13‘15)]
= [0.0 A 0.4] v [0.7 A 0.0] = 0.0,
!"Nl (a1a6) (#1 nn, © !"N )(‘11‘16) =0,
#Nl (a,a5) (.”2 nn, © !"N1 ) (a,05)
[ (aya,) A P‘N (a4a3)]
v [P‘IZVI_ (a,a5) A .”;\Jl_ (“5“3)]
= [0.5A0.7] V[0.0 A 0.0] = 0.5,
I‘?\rl_ (aa,) = (!42’_”1\}1 ° //‘zlxrl_) (a2a,)
= [ (aa3) Ay (a3a,)]
N [//‘12\11_ (a,a5) A ‘”11\5_ (‘15‘14)]
= [0.0A0.7] V [0.0 A 0.3] = 0.0,
P‘i}l (aya5) = (M nn, °P‘N )(“2“5)
= (% (@a5) Ay (a3a5)]

N [//‘12\11_ (a,a4) N !411\5_ (‘14‘15)]
~ [0.0A0.0] V[0.5A0.3] = 0.3,

!"Nl (asa,) = (l‘ nyn, °P‘N )(‘13“4)
= [.“12\{ (asa,) A .”11\1: (a2a4)]

N [MZZ\II_ (asa5) A .”11\11_ (05‘14)]

=[0.0A0.0] V [0.4 A 0.3] = 0.3,

.“Nl (asas) = (P’ nn, °.“N )(a3a5)
= [.‘/‘12\{ (asa,) A .”11\11_ (“2“5)]

v [//‘12\11_ (asas) A !411\71_ (‘h“s)]

= [0.0 A0.4] V [0.0 A 0.3] = 0.0,

MNl (a4a5) = (.” nn, °.”N )(“4“5)
= [!"i]l_ (asa,) A 1‘11\11_ (‘12“5)]

v [#12\{ (asas) A .“11\7; (%“s)]

= [0.5A0.4] V [0.0 A 0.0] = 0.4,

//‘N1 (a,05) = (# nn, © !"N )(al%) =0.
Similarly,

HN (a205) =

uy, (ma,) =

/4?\}1_ (a05) =

/4?\}1_ (aja5) =

(" ) (a,8,)
( ) (a0,)
( ) (aa5)
un (asay) = (4 ny, oy, ) (asa,) =0,
( ) (aa)
( ) (aa5)
(" ) (a4)

!41\11 (a1a6) =
This implies that
Uy (a,a3) = v{0.5,0.0,0.5,0.0} = 0.5,

uy (aa,) = v{0.0,0.5,0.0,0.5} = 0.5,
uy” (aa5) = v{0.4,0.0,0.3,0.0} = 0.4,
uy (asa,) = v{0.7,0.0,0.3,0.0} = 0.7,
uy (aza5) = v{0.0,0.4,0.0,0.4} = 0.4,
uy (aa5) = v{0.3,0.0,0.4,0.0} = 0.4

VIO\?I’_ (a,a6) = v {0.3,0.0,0.0,0.0} =

(20)

(21)

(22)

For all the remaining pairs of vertices, N,-loss and N, -gain

of connectedness are zero.



Definition 29. A BFGS G, = (M,N,,N,,..
graph structure G* = (U,E},E,,..
(supp(M), supp(N,), supp(N,), . ..

.>N,) of a
.,E,) is an N;-cycle if
,supp(NN,,)) is an E;-cycle.

Definition 30. A BFGS G, = (M, N,,N,,..
structure G* = (U, E,, E,, ..
for some i if

.»N,) of a graph
., E,) is a bipolar fuzzy N;-cycle
(i) Gb is an Nj-cycle;

(ii) there is no unique Nj-edge uv in G, such that

yf,i(uv) = min{yﬁ(xy) : xy € E; = supp(N,)} or
,ull\\;i (uv) = max{ptf:],i (xy) : xy € E; = supp(N;)}.

Example 31. Consider BEGS G, = (M,N,,N,) as shown
in Figure 3. Then G,, is an N;-cycle as well as bipolar fuzzy
N, -cycle, since (supp(M), supp(N, ), supp(N,)) isan E, -cycle
and there are two N;-edges with minimum positive degree
and more than one N, -edge with maximum negative degree
of all N, -edges.

Definition 32. Let G, = (M,N,N,,...,N,) be a BEGS of a
graph structure G* = (U, E,, E,, ..., E,) and x a vertex of G,,.
Let (M',N;,N;,...,N.) be a bipolar fuzy subgraph structure
of G, induced by U \ {x} such that

b (%) = 0= pip (),
/AII\),; (xv)=0= [4]1\\2 (xv)
Vedges xv € Gb,
e (V) = g (),
W () = 1y ), (23)
Vv # x,
by (wv) = g, (),
yf,i, (uv) = yf,i (uv)
Vi, such that u # x, v # x.
Then x is a bipolar fuzzy N;-cut vertex for some i, if
" (uv) > [410\2* (uv),
‘u;i](:’_ (uv) > /410\;,.)”_ (uv) (24)
for some u,v € U\ {x}.
And, x is an N;-P bipolar fuzzy cut vertex if only the first
condition holds and a N;-N bipolar fuzzy cut vertex if only
the second condition holds.
Example 33. Consider BFSG G,, = (M, N, N,) as considered
in Example 28 and shown in Figure 5; after deleting vertex

a,, the resulting bipolar fuzzy subgraph structure will be as
shown in Figure 6.
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4,4(0.6,-0.9) N;(0.5,-0.7) :3 (0.5,-0.7)

(0.1,-0.4)
(0.2,-0.4)

>
!
204
N

!
NI(0.3,-02)  @(0.3,-0.6)

FIGURE 6: Bipolar fuzzy subgraph structure (M \ {a,}, N|, N,).

Then a, is a bipolar fuzzy N,-N cut vertex since
uy (a3a,) =07 = 1/‘10\?{’_ (a;a4),
uy (aza5) = 04> 0.3 = u" (aza5) ,
(25)
00,— 00,—
pn, (aga5) = 04> 0.3 = LoN (a,05),
uy (aya6) = 0.2 = uy”™ (aya5).
Definition 34. Let G, = (M,N,,N,,...,N,) be a BEGS of
a graph structure G* = (U, E, E,, ..., E,) and let xy be an

N;-edge. Let (M,N,,N,,...,N!) be a bipolar fuzzy spanning
subgraph structure of Gy, obtained by taking

un () = 0 =y (xp),

pti,{ (uv) = /,ti,i (uv),

(26)
b () = py ()
Vedges uv # xy.
Then xy is a bipolar fuzzy N;-bridge if
B ) > W )
Ry ) >y (w) (27)

for some u,v € U.

Edge xy is an N;-P bipolar fuzzy bridge if only the first
condition holds and an N;-N bipolar fuzzy bridge if only the
second condition holds.

Example 35. Consider the BEGS G, = (M, N;, N,) as shown
in Figure 6 and let G; = (M, N},N,) be bipolar fuzzy
spanning subgraph structure of G, obtained by deleting N -
edge (a,a5). Then a,a; is a bipolar fuzzy N,-bridge, since
uy " (aa5) = 0.4 > 0.3 = ylo\;’{’Jr(azaS) and " (a,a5) = 0.4 >
0.3 = )" (a,a5), and also abipolar fuzzy N;-N bridge, since
yi‘}l’f(%als) =04>03= ylo\?{’f(aws) and py" (a4a5) = 0.4 >

03 = ylo\;’{’_ (a4a5).
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4,(0.3,-0.6)

N,(0.3,-0.5)

a,(0.4,-0.7)

FIGURE 7: G, = (M, N, N,).

a,(0.5,-0.5)

N,(0.3,-0.4)

a5(0.3,-0.8)

(BEGS Gy;)

b,(0.5,-0.5) b;(0.3,-0.8)

N;(0.3,-0.4)

(BEGS Gy,)

FIGURE 8: Isomorphic bipolar fuzzy graph structures.

Definition 36. A BFGS G, = (M,N;,N,,...,N,) of a
graph structure G* = (U,E,E,,...,E,) is an N;-tree if
(supp(A), supp(N,), supp(N,), . .., supp(NN,))) is an E;-tree. In
other words, Gy, is an N-tree if a subgraph of G, induced by
supp(N;), forms a tree.

Definition 37. A BEGS G, = (M,N,,N,,...,N,) of a graph
structure G* = (U, Ey,E,,...,E,) is a bipolar fuzzy N;-tree
if G,, has a bipolar fuzzy spanning subgraph structure H,, =
(A,C,,C,,...,C,) such that H, is a C;-tree and ‘ufji(xy) <
ygi’*(xy) and ny,i(xy)l < ygj’_(xy) VN;-edges not in H,,.

In more concerned view, G, is a bipolar fuzzy N;-P tree if

only the first condition holds and a bipolar fuzzy N;-N tree if
only the second condition holds.

Example 38. Consider BFGS G, = (M, N}, N,) as shown in
Figure 7, which is an N, -tree. It is not an N, -tree but a bipolar
fuzzy N, -tree since it has a bipolar fuzzy spanning subgraph
structure (M, N|,N,) as an Nj-tree, which is obtained by

deleting N, -edge a,as from G, and

//‘11311 (a,05) =02 <03 = //‘10\?{’)r (a,05),
N (28)
|‘l/lNl (a2a5)| =0.1<03= /,410\?{’_ (aya5) .

Definition 39. A BFGS G, = (M;,N,,Np,,...,N;,) of
graph structure G; = (U, E,Ey,,...,Ey,) is isomor-
phic to a BEGS G, = (M,,Ny,Ny,...,Ny,) of G; =

Uy, By, By,
and a permutation ¢ on the set {1,2,...

ta, (1) = iy, (f (1)),

., E,,) if there exists a bijection f: U; — U,
,n} such that

b, (1) = g, (f () (29)
Vu, € U,
and for ¢(i) = j
i, () = g, (f () f (u2)),
i, (rity) = g (f (1) f (ur)) (30)

Yuu, € Eyy, i=1,2,...,n

Example 40. Let G,; = (M, N}, N,) and Gy, = (M, N|,N})
be two BFGSs of graph structures G = (U, E, E,) and G, =
(U', E;, E;), respectively, as shown in Figure 8.

Here Gy, is isomorphic (not identical) to Gy, under the
mapping f: U — U’, defined by f(a,) = b,, f(a,) = b,, and
f(a;) = by, and a permutation ¢ given by ¢(1) = 2, ¢(2) = 1,
such that

i (@) = e (f (@)

v (@) = s (f (@)
Va; € U,
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bs(0.2,-0.5)

N;(0.2,-0.0) K

N, (0.2,-0.4)

b;(0.6,0.6)

(Gpr)

b5(0.1,-0.2)

b,(0.2,-0.1)
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,(0.9,-0.0)

(Gya)

FIGURE 9: Identical bipolar fuzzy graph structures.

l/‘zlirk (‘Wj) = P‘i]d,(k) (f (@) f (aj))’
P’zlzr]k (aiaj) = M%{M (f (a) f (“j))
Vaa; € Ey, k=1,2.
(31)

Definition 41. A BFGS G, = (M, N;;,Nyy,...,N,,) of GS
G} = (U,E,Ey,...,Ey,) is identical to a BFGS G,, =
(My, Ny, Ny, ..., N,,) of GS Gy = (U, Eyy, Eyy, ..., Eyy) if
there exist a bijection f: U — U, such that

by, () = iy, (F W),

par, W) = iy (f ()

M}:rl,. (uyuy) = .”1}:12,. (f () f (1)),
i, () = g, (f () f ()

Yuu, € E;, i=12,...,n

Example 42. Let G,; = (M, N}, N,) and G, = (M', N|,N})
be two BFGSs of graph structures G| = (U, E, E,) and G, =
(U', Ey, E}), respectively, as shown in Figure 9.

Here Gy, is identical with G,, under the mapping f :
U — U, defined by f(a,) = b, f(a) = b, fla;) =
by, f(a,) = bs, f(as) = b, and f(ay) = by, such that

AMJI\J/I (a;) = M]l\)/[’ (f(a)),

v (@) = s (f (@)
Va; € U,

.‘hlirk (aiaj) = Hzlir;( (f (ai) f (aj))’
lejk (“i“j) = I"II\\JT,: (f (“i)f(“j))

Vaa; € Ey, k=1,2.
(33)

Definition 43. Let G, = (M,N,N,,...,N,) be a BEGS of
aGSG" = (U,E,E,,...,E,). Let ¢ be any permutation on
the set {E|, E,,...,E,} and the corresponding permutation
on {Nj, N,..., N, }; thatis, $(N;) = N; if and only if ¢(E;) =
E; Vi.

If xy € N, for some r and

e (29) = g () A iy () = Vg, (29),

ji
e (x9) = iy () V iy () = [\ttgny, (x9). (34)
’ j#
i=1,2,...,n,
then xy € BP, while m is chosen such that MI}\)I?; (xy) =

pt;fp (xy) and //tgﬁ (xy) < ‘uzf,, (xy) Vi.

And BFGS (M, N, Nf, ..., N%), denoted by ch, is called
the ¢-complement of BEGS G,,.

Example 44. Let M = {(a,,0.3,-0.7), (a,,0.5,-0.4),
(a;,0.7,-0.3)}, N; = {(a;a5,0.3,-0.3), (a,a5,0.5,-0.3)}, and
N, ={(a,a,,0.3,-0.4)} be bipolar fuzzy subsets of U, E;, and
E,, respectively, so that G, = (M, N, N,) is a BEGS of graph
structure G* = (U, E}, E,). Let ¢ be a permutation on the set
{N,, N,} such that ¢(N,) = N, and ¢(N,) = N;.



Applied Computational Intelligence and Soft Computing

Now for a,a, € N,

‘”N‘b (a283) = ping (a2) A iy (a3) - \! [P‘¢N (a2a3)]
j#l

=0.5A0.7 - [uf;Nz (a2a3)]

= 05—y (4,0,) =05-0.5=0,

.”N¢ (a205) = pig (@) V iy (a3) - /\ [P‘¢N (“2“3)}

= -0.4V -0.3 - [y (a,)]

= -0.3 -y, (a,85) = —0.3+0.3 =0,
(35)
i (ay05) = iy (@) A iy (as) = \/ [ g (a203)
Jj#2

=0.570.7 - [y (0,a5)]

= 0.5y, (,3,) =05-0=0.5,

P‘N¢ (a205) = pipg (@) V iy (a5) - /\2 [1/‘¢>N (‘12“3)}

=04V -03 - [y (a,5)]

= -0.3 -y (a,85) =03 -0=-03.

Clearly, yf;Nz (aya5) =05>0= ygNl (aya;) and y(sz (ayay) =
-03<0= y(le (a,a5). So aya; € N;b.

Similarly for a;a; € Ny, /"Zf (a1a5) = 0, MII\\JT;” (a1a3) =
0, lezr“’ (a;a3) = 0.3, and MII:;,, (a,a3) = -0.3.

= y;?(al%) =03>0 = ptgf,(al%) and ygf(al%)

-03<0= y%(ul%). Soaa, € N;p.
And f N,, uf =03, uV - _
) ndioraya, € N, .“N;P(alaz) HNf(alaz)
P‘N;b(alaz)
= y;‘f(alaz) =03>0-= ygg,(alaz) and /,tzl\\%,(alaz) =

=0, and ygg,(alaz) =0
-04<0= MII\\;»(%%) Soaa, € N?.
2

This implies that

N? = {(a,a,,0.3,-0.4)},

Ny = {(aya5,0.5,-0.3) , (a,a3,0.3,-0.3)}

(36)

and GZC = (M,N?, Nf) is the ¢-complement of Gy,

Theorem 45. A ¢-complement of a bipolar fuzzy graph
structure is always a strong BFGS. Moreover, if ¢(i) = r

for r,i € {1,2,...,n}, then all N,-edges in BFGS G, =
(M,N,N,,...,N,) become B?-edges in Gi (A, B¢ B¢
., BY).

1

Proof. From the definition of ¢-complement GZ’C,

e () = g ) Ay (1) = Vg, (9), (37
j#i

e (09) =t )V iy (0) = Notgy, (9)> 3
J#i
fori=1,2,...,n
Let us consider expression (37) first.
Since /,t]\l\/’[(x) \Y; yjl\\r,[(y) < 0and /\j#ygNj(xy) < 0, we can
write
(39)

e (09) = = |iag GO v gy ()] +

Also from the definition of a BFGS P‘zI:r]j (xy) = yﬁ(x) Vv
() YN;

= Mgy, (x9) 2 iy () V iy () =

j#i
J/qk\iuﬁvj ()| < Jeany (0) v iy ()] = (40)
= [es o) v g )] + | A, (e9)| <
J#i

Therefore, ”11:]# (xy) <0 Vi.

Now a requirement is minimum value of yll:%b (xy). Since
yfﬂ, (xy) < 0, that is why it is minimum when its positive part
I/\#i‘l,thj(xy)I is zero. And I/\#iygNj(xy)l = 0 when ¢N; =
N, and xy is an N,-edge. So

pnge (xy) = g () V i ()
' (41)

for xy € N,, ¢§N; = N,.

Similarly for expression (38), a requirement is maximum
value ofptN¢ (xy). Since ph (%) Aub () = 0, V1¢1M¢N (xy) =0

and py, (xy) < pyg(%) A pi () VN

— \/;4¢Nj (xy) < piyg () A iy () =

J#i
)=\ b, (x9) 2
JH

(42)
.“M (x) A MM

Therefore, ‘uiﬂ, (xy) =0 Vi.

Now y;?s(xy) will be maximum when its negative part
[—\/j#/,thj (xy)] becomes zero. Clearly, [—\/j#yf;Nj (xy)]=0
when ¢N; = N, and xy is an N,-edge. So

e (59) = by () Ay (),
| (43)

for xy € N,, ¢N; = N,.

From (41) and (43), the conclusion is obvious. O
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a;(0.2,-0.3) a,(0.4,-0.5)
N;(0.2,-0.3
a5(0.4,-0.5) @ i ) ©4;(0.2,-0.3)
N;(0.4
0y
a5(0.2,-0.3) a,(0.4,-0.5)

FIGURE 10: Totally strong self-complement BFGS.

Definition 46. Let G, = (M, N;,N,,...,N,) be a BEGS and
let ¢ be any permutation on the set {1,2,...,n}. Then

(i) G, is self—complriment if it is isomorphic to GZC, the ¢-
complement of Gy;

(i) G, is strong self-complement if it is identical to Gﬁc.

Definition 47. LetG, = (M, N, N,, ..., N,) be a BFGS. Then

(i) Gy, is totally self-complement if it is isomorphic to G;,bc,
the ¢-complement of G, for all permutations ¢ on the
set {1,2,...,n};

(ii) G, is totally strong self-complement if it is identical to
ch, the ¢-complement of G,, for all permutations ¢
on theset {1,2,...,n}.

Example 48. All strong BFGSs are the only examples of self-
complement or totally self-complement BFGSs.

Example 49. A BFGS G, = (M,N,,N,,N;) of graph
structure G* = (U, E|, E,, E;) as shown in Figure 10 is totally
strong self-complement.

Theorem 50. A BFGS G, is strong if and only if it is totally
self-complement.

Proof. Let G, be a strong BEGS and ¢ any permutation on the
set{1,2,...,n}.

By Theorem 45, GZC is strong and if 7' (i) = j, then all
N;-edges in G, = (M,N,N,,...,N,) become Nf—edges in

G = (M, N?, NS, ND)
= Mllz]i (@1y) = pig (a1) A iy (a2)
P
= .”N;P (a,), (44)

P‘Iszr,. (0,a,) = piyy (@) V piy (a5) = !4;\%_# (a1a,).
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Hence G, is isomorphic to ch under the identity mapping
f : U — U, such that i (a) = uh(f(a), uyla) =
U (f(a)) Va € U and

P‘zlzri (a1a,) = .‘/‘;}# (a,a,) = V;f (f(a) f (@),

.’f‘zljr,. (a1a,) = .”II:%P (a1a,) = .“II\\%? (f (@) f (@), (45)
Va,a, € E,,
for $'() = j,i,j = 1,2,...,n This holds for any

permutation on the set {1,2,...,n}.
Hence G, is totally self-complement.

Conversely, let G, and Gﬁc be isomorphic for any permu-
tation ¢ on the set {1,2,...,n}. Then from the definition of
¢-complement and isomorphism of BFGSs, we have

ﬂzlir,, (a1a,) = .“irf (f(a)) f (@)

= i (f (@) A iy (f (a2))

= iy (@) A i (@),
(46)
l/‘zI:r’,. (a1a,) = P‘II:%P (f(a) f (@)
=ty (f (@) V iy (f (a2))
= tinr (1) V gy (a2)
Vaja, € E;, i=1,2,...,n
Hence, G, is a strong BFGS. O

Remark 51. Every self-complement BFGS is necessarily totally
self-complement.

Theorem 52. If graph structure G* = (U,E,,E,,...,E,) is
totally strong self-complement and M = (uby, ul)) is a bipolar
fuzzy set of U with constant valued functions iy, and b, then
astrong BEGS G, = (M,N,,N,, ..., N,) of G* is totally strong
self-complement.

Proof. Lets € [0,1] and t € [-1,0] be two constants, such
that

iy () = s,
[/tAN4 (u) =t (47)
Yu e U.

Since G” is totally strong self-complement, so for every per-
mutation ¢! on the set {1,2, ..., n}, there exists a bijection f :
U — U, such that for every E;-edge a,a,, “f(a,) f(a,)” [an

E;-edge in G*] is an E;-edge in (G*)* ' and, consequently,
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for every Nj-edge a,a,, “f(a,) f(a,)” [a Nj-edge in G, is a

B?—edge in GZC. Moreover G, is strong, so we have

pag (@) = s =y (f (@),

png (@) =t = iy (f (@)
Yu e U,

Mﬁ,. (@1y) = pig (a1) A iy (a2)
W (@) A (@) s
W () £ (@),

un, (@) = iy (@) V iy (a,)
=ty (f (@) V g (f (1))
= .‘/‘II:%P (f (al)f(az))

Vaja, € E;, i=1,2,...,n
This shows that G, is strong self-complement. This holds
for any permutation ¢ and ¢—1 on theset {1, 2,...,n}; thus Gb

is totally strong self-complement. This completes the proof.
O

Remark 53. The converse of Theorem 52 is not neces-
sary, since a totally strong self-complement BFGS G, =
(M, N,,N,,N;), as shown in Figure 10, is strong and has a
totally strong self-complement underlying graph structure, but
uhy and ph); are not constant valued functions.

4. Conclusions

Graph-theoretical concepts are widely used to study and
model various applications in different areas. However, in
many cases, some aspects of a graph-theoretical problem may
be vague or uncertain. It is natural to deal with the vagueness
and uncertainty using the methods of fuzzy sets. Since bipolar
fuzzy set has shown advantages in handling vagueness and
uncertainty than fuzzy set, we have applied the concept of
bipolar fuzzy sets to graph structures. We have introduced the
concept of bipolar fuzzy graph structures. We are extending
our work to (1) bipolar fuzzy soft graph structures, (2) soft
graph structures, (3) rough fuzzy soft graph structures, and
(4) roughness in fuzzy graph structures.
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