
Research Article
Solving Partial Integro-Differential Equations via Double
Formable Transform

Bayan Ghazal,1 Rania Saadeh ,1 and Abdelilah K. Sedeeg2,3

1Department of Mathematics, Faculty of Science, Zarqa University, Zarqa 13110, Jordan
2Department of Mathematics, Faculty of Education-Holy Quran and Islamic Sciences University, Sudan
3Department of Mathematics, Faculty of Sciences and Arts-Almikwah-Albaha University, Saudi Arabia

Correspondence should be addressed to Rania Saadeh; rsaadeh@zu.edu.jo

Received 26 October 2022; Revised 29 October 2022; Accepted 8 December 2022; Published 26 December 2022

Academic Editor: V. E. Sathishkumar

Copyright © 2022 Bayan Ghazal et al.Tis is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this study, we present a new double integral transform called the double formable transform. Several properties and theorems
related to existing conditions, partial derivatives, the double convolution theorem, and others are presented. Additionally, we use a
convolution kernel to solve linear partial integro-diferential equations (PIDE) by using the double formable transform. By solving
numerous cases, the double formable transform’s ability to turn the PIDE into an algebraic equation that is simple to solve
is demonstrated.

1. Introduction

One of the most signifcant subjects that might be interesting
in life issues is mathematics; it helps to improve mental
abilities and foster logical and sound thinking. Additionally,
it aids in the understanding and resolution of problems
arising from a variety of natural phenomena as well as those
pertaining to physical, engineering, biological, and com-
puter science [1–5]. Recent studies have demonstrated the
value of integral transforms in the solution of partial
equations relating to, for example, sound, heat, static elec-
tricity, elasticity, fuid fow, and other physical and engi-
neering phenomena [6, 7].

In addition, the integral transform helped to convert the
partial and integral equations into algebraic equations that
provide the problems’ precise solutions in the most
straightforward manner [8–11]. Te double integral trans-
forms have drawn researchers’ attention recently because of
their contribution to the solution of equations involving two
variables and fnding precise solutions in the simplest ways
possible. However, with the development of science and the
urgent need for mathematics to solve newly emerged
problems, it was necessary to pay attention to scientists and
researchers to obtain new and advanced methods to keep

speed with these problems [12–14].Temost popular double
integral transforms that are used to solve partial diferential
equations are the double Laplace transform [15, 16], the
double Laplace-Sumudu transform [17], the double Sumudu
transform [18], the ARA-Sumudu transform [19, 20], the
double Shehu transform [21], the double Elzaki transform
[12], and others [22]. Integral equations of various types
played a signifcant role in explaining many phenomena and
coming up with exact solutions when various sciences be-
came complex as a result of their interactions with one
another and scientists started studying all physical, chemical,
biological, and engineering phenomena. As a result, integral
equations are crucial for representing the many disciplines,
which prompted scientists and researchers to look for a
solution to make it possible for them to solve the integral
equations.

Tere are several types of integral equations, including
Volterra integral equations and integro-diferential equa-
tions; in this paper, we will focus on these two types of
integral equations and solve many examples of each [23].

In 2021, with the advent of the formable integral
transform (FT) that was presented by Saadah and Ghazal
[24], its ability to solve ordinary, partial diferential equa-
tions, and integral equations, and its properties that could

Hindawi
Applied Computational Intelligence and So Computing
Volume 2022, Article ID 6280736, 15 pages
https://doi.org/10.1155/2022/6280736

mailto:rsaadeh@zu.edu.jo
https://orcid.org/0000-0002-6394-1452
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/6280736


enable us to solve a wide kind of diferential and integral
problems, we intend to defne the new double formable
transform. Moreover, it is worth mentioning here that the
formable transformmight be considered a special case of the
new integral transform presented by Jafari in [25], and the
idea of double integral transforms is also generalized by the
authors in [14]. Te main advantage of using the double
formable transform is that it preserves the values of con-
stants, which simplifes the calculations during the solving of
problems, and it transforms the target problem from two-
dimensional space into four-dimensional space. In this
study, we focus on the double formable transform and study
the main properties and the application of solving integral
equations.

Our goal in this paper is to provide a solution to two
types of integral equations, the Volterra integral equations,
and the partial integro-diferential equations, by using the
double formable transform (DFT). We have also clarifed
and explained some theorems and properties with their
proofs, and among the most important theorems that will
help us solve the examples are the double convolution,
partial derivatives, and many more, as we explain in the
subsequent sections.

Tis article is organized as follows: in Section 2, the
fundamental facts of formable transform are introduced. In
Section 3, we introduce a new double formable transform
and present some properties and theorems. In Section 4, we
apply the DFT to diferent types of IDEs and solve some
examples. Lastly, in Section 5, the conclusion section is
presented.

2. Fundamental Facts of Formable
Transform [24]

A new integral transform known as the formable transform
of the continuous function h(t) on the interval [0,∞) is
defned by

R[h(t)] � B(s, u) �
s

u
􏽚
∞

0
e

−
s

u
t
h(t)dt. (1)

Te inverse formable transform is defned as

R
− 1

[R[h(t)]] �
1
2πi

􏽚
c+i∞

c− i∞
e

(s/u)t
B(s, u)ds � h(t). (2)

2.1. Formable Transform of Some Basic Functions

i.R[1] � 1. (3)

ii.R t
α

􏼂 􏼃 �
u
α

s
α Γ(α + 1), α> 0, (4)

iii.R e
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􏽨 􏽩 �
s

s − au
, (5)

iv.R[sin(at)] �
asu

s
2

+ a
2
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v.R[sinh(at)] �
asu

s
2

− a
2
u
2, (7)

vi.R[cos(at)] �
s
2

s
2

+ a
2
u
2,

(8)

vii.R[cosh(at)] �
s
2

s
2

− a
2
u
2,

(9)

viii.R[th(t)] �
u
2

s

d(B(s, u))

du
+

u

s
B(s, u). (10)

2.2. Formable Transform of Derivatives

i.R h′(t)􏼂 􏼃 �
s

u
B(s, u) −

s

u
h(0), (11)

ii.R h
(m+1)

(t)􏽨 􏽩 �
s

u
􏼒 􏼓

m+1
B(s, u) − 􏽘

m

j�0

s

u
􏼒 􏼓

m+1− j

h
(j)

(0),

m � 0, 1, 2, . . . .

(12)

Te above results can be obtained from the defnition of
FT with simple calculations.

3. Double Formable Transform (DFT)

Defnition 1. Let h(x, t) be a continuous function of two
variables x> 0 and t> 0. Ten, the double formable trans-
form (DFT) of a function h(x, t) is defned as

RxRt[h(x, t)] � RxRt[h(x, t); (v, r, s, u)] � Rx Rt[h(x, t); t⟶ (s, u)]; x⟶ (v, r)􏼂 􏼃

�
v

r
􏽚
∞

0
e

− (v/r)x s

u
􏽚
∞

0
e

− (s/u)t
[h(x, t)]dt􏼒 􏼓dx,

�
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
[h(x, t)]dxdt,

(13)
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which is equivalent to

RxRt[h(x, t)] � H(v, r, s, u) � sv􏽚
∞

0
􏽚
∞

0
e

− (vx+st)
h(rx, ut)dxdt. (14)

Te inverse of DFT is given by

R
− 1
x R

− 1
t RxRt[h(x, t)]􏼂 􏼃 �

1
2πi

􏽚
c+i∞

c− i∞

1
2πi

􏽚
d+i∞

d− i∞

1
s

1
r
e

s

u
t +

v

r
t
H(v, r, s, u)dsdr � h(x, t). (15)

We denote the single FT as follows:

(i) With respect to x: Rx[h(x, t)] � H(v, r, t).

(ii) With respect to t: Rt[h(x, t)] � H(x, s, u).

Clearly, the DFT is a linear transformation as shown
below:

RxRt[a h(x, t) + b m(x, t)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
[a h(x, t) + b m(x, t)]dxdt

� a
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
[h(x, t)]dxdt + b

s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
[m(x, t)]dxdt

� aRxRt[h(x, t)] + bRxRt[m(x, t)],

(16)

where α and β are constants and
RxRt[h(x, t)],RxRt[m(x, t)] are exists.

Property 1. Let h(x, t) � f(x)g(t), x> 0, t> 0. Ten,

RxRt[h(x, t)] � Rx[f(x)]Rt[g(t)]. (17)

Proof.

RxRt[h(x, t)] � RxRt[f(x)g(t)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+(s/u)t)
[f(x)g(t)]dxdt

�
v

r
􏽚
∞

0
e

− v/rx
[f(x)]dx

s

u
􏽚
∞

0
e

− s/ut
[g(t)]dt � Rx[f(x)]Rt[g(t)].

(18)

□

3.1. DFT of Some Basic Functions (i) Let h(x, t) � 1, x> 0, t> 0. Ten,

RxRt[1] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+(s/u)t)
dxdt �

v

r
􏽚
∞

0
e

− (v/r)x
dx

s

u
􏽚
∞

0
e

− (s/u)t
dt � Rx[1]Rt[1]. (19)

From equation(3), we get RxRt[1] � 1.

(ii) Let h(x, t) � xαtβ, x> 0, t> 0 and α, β are constants.
Ten,

RxRt x
α
t
β

􏽨 􏽩 �
s

u

v

r
􏽚
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􏽚
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0
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�
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􏽚
∞

0
e
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x
α

􏼂 􏼃dx
s

u
􏽚
∞

0
e
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t
β

􏽨 􏽩dt

� Rx x
α

􏼂 􏼃Rt t
β

􏽨 􏽩.

(20)
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From equation (4), we get
RxRt[xαtβ] � (u/s)α(r/v)βΓ(α + 1)Γ(β + 1).

(iii) Let h(x, t) � eαx+βt, x> 0, t> 0 and α, β are positive
constants. Ten,

RxRt e
αx+βt

􏽨 􏽩 �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
e
αx+βt

􏽨 􏽩dxdt

�
v

r
􏽚
∞

0
e

− v/rx
e
αx

􏼂 􏼃dx
s

u
􏽚
∞

0
e

− s/ut
e
βt

􏽨 􏽩dt

� Rx e
αx

􏼂 􏼃Rt e
βt

􏽨 􏽩.

(21)

From equation (5), we get
RxRt[eαx+βt] � (sv/(s − αu)(v − βr)).

Similarly, RxRt[ei(αx+βt)] � sv/(s − iαu)(v − iβr).

Using the property of complex analysis, we have

RxRt e
i(αx+βt)

􏽨 􏽩 �
sv(sv − αβur) + isv(srβ + uvα)

s
2

+ α2u2
􏼐 􏼑 v

2
+ β2r2􏼐 􏼑

. (22)

Using Euler’s formula, sin x � (eix − e− ix/2i),

cos x � (eix + e− ix/2),

and the formula, sinh x � (ex − e− x/2i),

cosh x � (ex + e− x/2).

Tus, we fnd the DFT of the following functions:

RxRt[sin(αx + βt)] �
sv(srβ + uvα)

s
2

+ α2u2
􏼐 􏼑 v

2
+ β2r2􏼐 􏼑

,

RxRt[cos(αx + βt)] �
sv(sv − αβur)

s
2

+ α2u2
􏼐 􏼑 v

2
+ β2r2􏼐 􏼑

,

RxRt[sinh(αx + βt)] �
sv(srβ + uvα)

s
2

− α2u2
􏼐 􏼑 v

2
− β2r2􏼐 􏼑

,

RxRt[cosh(αx + βt)] �
sv(sv + αβur)

s
2

− α2u2
􏼐 􏼑 v

2
− β2r2􏼐 􏼑

,

RxRt J0(ℷ
��
xt

√
)􏼂 􏼃 ��

s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
J0(ℷ

��
xt

√
)􏼂 􏼃dxdt �

v

r
􏽚
∞

0
J0(ℷ

��
xt

√
)􏼂 􏼃)e

− (v/r)xdx
s

u
􏽚
∞

0
e

− (s/u)t
dt

�
s

u
􏽚
∞

0
e

− ℷ2r/4v( )t
e

− (s/ut)
dt.

(23)

Tus, we get RxRt[J0(ℷ
��
xt

√
)] � (4sv/4vs + ℷ2ru).

RxRt xtex+t
􏽨 􏽩 �

s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut) xtex+t
􏽨 􏽩dxdt

�
v

r
􏽚
∞

0
xex

􏼂 􏼃e
− (v/r)x

dt
s

u
􏽚
∞

0
tet

􏽨 􏽩e
− (s/u)t

dt.

(24)

From equations (5) and (6), we get

RxRt xtex+t
􏽨 􏽩 �

u
2

s

d(s/s − u)

du
+

u

s

s

s − u
􏼒 􏼓􏼠 􏼡

r
2

v

d(v/v − r)

dr
+

r

v

v

v − r
􏼒 􏼓􏼠 􏼡 �

suvr
(v − r)

2
(s − u)

2. (25)

3.2. Existence Conditions for DFT. If h(x, t) is a function of
exponential orders α and β as x⟶∞ and t⟶∞, and if
there exists a positive constant M such that ∀x>X and t>T,
we have

|h(x, t)|≤Meαx+βt
, (26)

we can write h(x, t) � O(eαx+βt) as x⟶∞ and t⟶∞,
(v/r)> α and (s/u)> β.
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Theorem 1. Let h(x, t) be a continuous function on the
region [0, X) × t[0, T) of exponential orders α and β. Ten,
RxRt[h(x, t)] exists for (v/r) and (s/u) provided
Re(v/r)> α and Re(s/u)> β.

Proof. Using the defnition of DFT, we get

RxRt[h(x, t)]
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
[h(x, t)]dxdt

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤

s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

− (v/rx+s/ut)
|h(x, t)|dxdt

≤M
v

r
􏽚
∞

0
e

− (v/r− α)x
dx

s

u
􏽚
∞

0
e

− (s/u− β)t
dx

�
Mvs

(v − αr)(s − βu)
,Re

v

r
􏼒 􏼓> α

Re
s

u
􏼒 􏼓> β.

(27)

□
3.3. Some Basic Teorems of DFT Theorem  (Shifting Property). Let h(x, t) be a continuous

function, and R2[h(x, t)] � H(v, r, s, u). Ten,

RxRt e
αx+βt

h(x, t)􏽨 􏽩 �
sv

(v − αr)(s − βu)
H v,

vr
v − αr

, s,
su

s − βu
􏼠 􏼡. (28)

Proof. Using the defnition in equation (14),

RxRt e
αx+βt

h(x, t)􏽨 􏽩 � sv􏽚
∞

0
􏽚
∞

0
e

− (vx+st)
e
αrx+βut

h(rx, ut)􏽨 􏽩dxdt

� sv􏽚
∞

0
􏽚
∞

0
e

− ((v− αr)x+(s− βu)t)
h(rx, ut)dxdt.

(29)

By letting (v − αr)x � vy, and dx � (v/v − αr)dy and
(s − βu)t � sτ, and dt � (s/s − βu)dτ in (29), we have

RxRt e
αx+βt

h(x, t)􏽨 􏽩 �
sv

(v − αr)(s − βu)
􏽚
∞

0
􏽚
∞

0
e

− (vy+sτ)
h

vr
v − αr

y,
su

s − βu
τ􏼠 􏼡dydτ

�
sv

(v − αr)(s − βu)
H v,

vr
v − αr

, s,
su

s − βu
􏼠 􏼡.

(30)

□
Theorem 3 (Periodic function). Let RxRt[h(x, t)] be
exists, where h(x, t) is a periodic function of periods α and β
such that,

h(x + α, t + β) � h(x, t), ∀x, y. (31)

Ten,

RxRt[h(x, t)] � 1 − e
−

v

r
β +

s

u
α􏼒 􏼓

⎛⎜⎜⎝ ⎞⎟⎟⎠

− 1
s

u

v

r
􏽚
α

0
􏽚
β

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x, t)]dxdt⎛⎜⎜⎝ ⎞⎟⎟⎠. (32)
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Proof. Using the defnition of DFT, we get

RxRt[h(x, t)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x, t)]dxdt.

(33)

Using the property of improper integral, equation (33)
can be written as

RxRt[h(x, t)] �
s

u

v

r
􏽚
α

0
􏽚
β

0
e

− ((v/r)x+(s/u)t)
[h(x, t)]dxdt +

s

u

v

r
􏽚
∞

α
􏽚
∞

β
e

− ((v/r)x+(s/u)t)
[h(x, t)]dxdt. (34)

Putting x � ρ + β and t � τ + α on the second integral in
equation (34). We obtain

RxRt[h(x, t)] �
s

u

v

r
􏽚
α

0
􏽚
β

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x, t)]dxdt +
s

u

v

r
􏽚
∞

α
􏽚
∞

β
e

−
v

r
(ρ + β) +

s

u
(τ + α)􏼒 􏼓

[h(ρ + β, τ + α)]dρdτ. (35)

Using the periodicity of the function h(x, t), equation
(35) can be written by

RxRt[h(x, t)] �
s

u

v

r
􏽚
α

0
􏽚
β

0
e

−
v

r
x +

s

u
t􏼒 􏼓

h(x, t)dxdt + e
−

v

r
β +

s

u
α􏼒 􏼓 s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
ρ +

s

u
τ􏼒 􏼓

h(ρ, τ)dρdτ. (36)

Using the defnition of DFT, we get

RxRt[h(x, t)] �
s

u

v

r
􏽚
α

0
􏽚
β

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x, t)]dxdt + e
−

v

r
β +

s

u
α􏼒 􏼓

Rx Rt[h(x, t)]􏼂 􏼃. (37)

Table 1: DFT for some functions.

h(x, t) RxRt[h(x, t)]

1 1
xαtβ (u/s)α(r/v)βΓ(α + 1)Γ(β + 1).

eαx+βt sv/(s − αu)(v − βr)

sin(αx + βt) sv(vuβ + srα)/(s2 + α2u2)(v2 + β2r2)
cos(αx + βt) sv(sv − αβur)/(s2 + α2u2)(v2 + β2r2)
sinh(αx + βt) sv(vuβ + srα)/(s2 − α2u2)(v2 − β2r2)
cosh(αx + βt) sv(sv + αβur)/(s2 − α2u2)(v2 − β2r2)
xtex+t suvr/(v − r)2(s − u)2

J0(ℷ
��
xt

√
) 4vs/4vs + ℷ2ru

eαx+βth(x, t) sv/(v − αr)(s − βu)H(v, vr/v − αr, s, su/s − βu)

h(x − δ, t − σ)H(x − δ, t − σ) e− v/rδ− s/uσRxRt[h(x, t)]

h(x, t)∗ ∗ k(x, t) ur/svRxRt[h(x, t)]RxRt[k(x, t)]

zh(x, t)/zt s/uRxRt[h(x, t)] − s/uRx[h(x, 0)]

zh(x, t)/zx v/rRxRt[h(x, t)] − v/rRt[h(0, t)]

z2h(x, t)/zt2 s2/u2RxRt[h(x, t)] − (s2/u2)Rx[h(x, 0)] − (s/u)Rx[zh(x, 0)/zt]

z2h(x, t)/zx2 v2/r2RxRt[h(x, t)] − v2/r2Rt[h(0, t)] − v/rRt[zh(0, t)/zx]

zh(x, t)/zx zt vs/ru(RxRt[h(x, t)] − Rx[h(x, 0)] − Rt[h(0, t)] + h(0, 0))
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Tus, equation (37) can be simplifed into

RxRt[h(x, t)] �
1

1 − e
− (v/rβ+s/uα)

􏼐 􏼑

s

u

v

r
􏽚
α

0
􏽚
β

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x, t)]dxdt⎛⎜⎜⎝ ⎞⎟⎟⎠. (38)

□
Theorem 4 (Heaviside function). LetRxRt[h(x, t)] exists,
then

RxRt[h(x − δ, t − σ)H(x − δ, t − σ)] � e
−

v

r
δ −

s

u
σ
RxRt[h(x, t)],

(39)

where H(x − δ, t − σ) is the Heaviside unit step function
defned as

H(x − δ, t − σ) �
1, x> δ, t> σ,

0, Ohtherwise.
􏼨 (40)

Proof. Using the defnition of DFT, we get

RxRt[h(x − δ, t − σ)H(x − δ, t − σ)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x − δ, t − σ)H(x − δ, t − σ)]dxdt

�
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓

[h(x − δ, t − σ)]dxdt

(41)

Putting x − δ � ρ and t − σ � τ in equation (41). We
obtain

RxRt[h(x − δ, t − σ)H(x − δ, t − σ)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
(ρ + δ) +

s

u
(τ + σ)􏼒 􏼓

[h(ρ, τ)]dρdτ. (42)

Tus, equation (42) can be simplifed into

RxRt[h(x − δ, t − σ)H(x − δ, t − σ)] � e
−

v

r
δ −

s

u
σ s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
ρ −

s

u
τ

[h(ρ, τ)]dρ dτ⎛⎝ ⎞⎠

� e
−

v

r
δ −

s

u
σ
RxRt[h(x, t)].

(43)

□
Theorem 5 (Convolution theorem). LetRxRt[h(x, t)] and
RxRt[k(x, t)] are exists, then

RxRt[h(x, t)∗ ∗ k(x, t)] �
ur
sv

RxRt[h(x, t)]RxRt[k(x, t)]( 􏼁,
(44)

where h(x, t)∗ ∗ k(x, t) � 􏽒
x

0 􏽒
t

0 h(x − ρ, t − τ)k(ρ, τ)dρdτ
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and the symbol ∗ ∗ denotes the double convolution with
respect to x and t.

Proof. Using the defnition of DFT, we get

RxRt[h(x, t)∗ ∗ k(x, t)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓

􏽚
x

0
􏽚

t

0
h(x − ρ, t − τ)k(ρ, τ)dρdτ􏼢 􏼣dxdt. (45)

Using the Heaviside unit step function, equation (45) can
be written as

RxRt[h(x, t)∗ ∗ k(x, t)] �
s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓

􏽚
∞

0
􏽚
∞

0
h(x − ρ, t − τ)H(x − ρ, t − τ)k(ρ, τ)dρdτ􏼔 􏼕dxdt. (46)

Tus, equation (46) can be written as

RxRt[h(x, t)∗ ∗ k(x, t)] � 􏽚
∞

0
􏽚
∞

0
k(ρ, τ)dρdτ

s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓

h(x − ρ, t − τ)H(x − ρ, t − τ)dxdt
⎡⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎦

� 􏽚
∞

0
􏽚
∞

0
k(ρ, τ)dρdτ e

−
v

r
ρ −

s

u
τ
RxRt[h(x, t)]⎛⎝ ⎞⎠

� RxRt[h(x, t)] 􏽚
∞

0
􏽚
∞

0
e

−
v

r
ρ −

s

u
τ􏼒 􏼓

k(ρ, τ)dρdτ �
ur

sv
RxRt[h(x, t)]RxRt[k(x, t)].

(47)

□
Theorem 6 (Derivatives properties). Let h(x, t) be a con-
tinuous function. Ten, we get the following derivatives
properties:

(a) RxRt[zh(x, t)/zt] � s/uRxRt[h(x, t)] −

s/uRx[h(x, 0)].

(b) RxRt[zh(x, t)/zx] � v/rRxRt[h(x, t)] −

v/rRt[h(0, t)].
(c) RxRt[z2h(x, t)/zt2] � s2/u2RxRt[h(x, t)] −

s2/u2Rx[h(x, 0)] − s/uRx[zh(x, 0)/zt].
(d) RxRt[z2h(x, t)/zx2] � v2/r2RxRt[h(x, t)] −

v2/r2Rt[h(0, t)] − v/rRt[zh(0, t)/zx]

(e)RxRt

z
2
h(x, t)

zx zt
􏼢 􏼣 �

vs

ru
RxRt[h(x, t)] − Rx[h(x, 0)] − Rt[h(0, t)] + h(0, 0)( 􏼁. (48)

We only present the proof of (a), (c), and (e), the proof
of (b) and (d) are the same.

Proof

(a) RxRt[zh(x, t)/zt] � s/uv/r 􏽒
∞
0 􏽒
∞
0 e− (v/rx+s/ut)

[zh(x, t)/zt]dxdt � v/r 􏽒
∞
0 e− v/rxdxs/u

􏽒
∞
0 e− s/ut[zh(x, t)/zt]dt

Using the integration by part, we obtain.
Let u � e− (s/u)t⇒du � − (s/u)e− (s/u)tdt,
dv � (zh(x, t)/zt)dt⇒v � h(x, t).

Tus, s/u 􏽒
∞
0 e− (s/u)t[zh(x, t)/zt]dt � (s/u)(− h(x, 0) +

(s/u) 􏽒
∞
0 e− (s/u)t[h(x, t)]dt),

So, we get,

RxRt

zh(x, t)

zt
􏼢 􏼣 �

s
u
RxRt[h(x, t)] −

s
u
Rx[h(x, 0)]. (49)

□

Proof

(c). RxRt[z2h(x, t)/zt2] � s/uv/r 􏽒
∞
0 􏽒
∞
0 e− (v/rx+s/ut)

[z2h(x, t)/zt2]dxdt� v/r 􏽒0
∞e− v/rxdxs/u 􏽒

∞
0 e− s/ut

[z2h(x, t)/zt2]dt.
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Using the integration by part, we obtain.
Let u � e− (s/u) t⇒du � − (s/u)e− (s/u)tdt, dv � z2h(x, t)/
zt2dt⇒v � zh(x, t)/zt.

Tus, s/u 􏽒
∞
0 e− s/ut[z2h(x, t)/zt2]dt � s/u(− zh(x, 0)/zt

+s/u 􏽒
∞
0 e− s/ust[zh(x, t)/zt]dt).

Using equation (49), we have

RxRt

z
2
h(x, t)

zt
2􏼢 􏼣 �

s
2

u
2RxRt[h(x, t)] −

s
2

u
2Rx[h(x, 0)] −

s

u
Rx

zh(x, 0)

zt
􏼢 􏼣. (50)

proof of (e) by similar (a) and (c) arguments, one can
get

RxRt

z
2
h(x, t)

zx zt
􏼢 􏼣 �

s

u

v

r
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓 z

2
h(x, t)

zx zt
􏼢 􏼣dxdt �

v

r
􏽚
∞

0
e

−
v

r
x z

2
h(x, t)

zx zt
􏼢 􏼣dx

s

u
􏽚
∞

0
e

−
s

u
t
dt. (51)

Using the integration by part, we obtain

v

r
􏽚
∞

0
e

−
v

r
x z

2
h(x, t)

zx zt
􏼢 􏼣dx � −

v

r
􏽚
∞

0
e

−
v

r
x zh(0, t)

zt
􏼢 􏼣dt +

v

r
􏼒 􏼓

2 s

u
􏽚
∞

0
􏽚
∞

0
e

−
v

r
x +

s

u
t􏼒 􏼓 zh(x, t)

zt
􏼢 􏼣dxdt⎛⎜⎜⎝ ⎞⎟⎟⎠. (52)

Using equations (11) and (49), we have

RxRt

z
2
h(x, t)

zx zt
􏼢 􏼣 �

vs
ru

RxRt[h(x, t)] − Rx[h(x, 0)] − Rt[h(0, t)] + h(0, 0)( 􏼁. (53)

We summarize the previous results in the following table
below Table 1: □

4. Presentation of DFT Method in Solving
Integral Equations and Applications

To show the applicability and strength of DFT in solving
integral equations, we use it to solve some kinds of integral
equations and illustrate the method by solving several
examples.

4.1. Volterra Integral Equation. Consider the following
Volterra-integral equation:

h(x, t) � f(x, t) + μ􏽚
x

0
􏽚

t

0
h(x − ρ, t − τ)w(ρ, τ)dρdτ, (54)

where h(x, t) is the unknown function, f(x, t) and w(x, t)

are two known functions and μ is a constant. Te main idea
of the method is to apply the DFT to equation (54) as the
following:

RxRt[h(x, t)] � RxRt f(x, t) + μ􏽚
x

0
􏽚

t

0
h(x − ρ, t − τ)w(ρ, τ)dρdτ􏼢 􏼣. (55)
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Now, using the diferentiation property of the DFT on
equation (55) and Teorem 5, we have

RxRt[h(x, t)] � F(v, r, s, u) + μ
ru
sv
RxRt[h(x, t)]RxRt[w(x, t)]􏼒 􏼓. (56)

Equation (56) can be simplifed as follows:

RxRt[h(x, t)] � F(v, r, s, u) 1 − μ
ru
sv
RxRt[w(x, t)]􏼒 􏼓

− 1
,

(57)

Operating with the inverse of DFT on both sides of
equation (57) gives

h(x, t) � R
− 1
x R

− 1
t F(v, r, s, u) 1 − μ

ru
sv
RxRt[w(x, t)]􏼒 􏼓

− 1
􏼢 􏼣,

(58)

where h(x, t) represents the term arising from the known
functions f(x, t) and w(x, t).

Example 1. Let us consider the following Volterra integral
equation:

h(x, t) � α − μ􏽚
x

0
􏽚

t

0
h(ρ, τ)dρdτ. (59)

By substituting the values of functions
F � RxRt[α] � α, W � RxRt[− 1] � − 1 in the general

formula in equation (58), we obtain

RxRt[h(x, t)] � α 1 + μ
ru
sv

􏼒 􏼓
− 1

�
αsv

sv + μru
. (60)

Now, applying inverse DFT to equation (60), then the
solution of equation (59) is given by

h(x, t) � R
− 1
x R

− 1
t

αsv
sv + μru

􏼢 􏼣 � R
− 1
x R

− 1
t

4αsv
4sv +(2

��
μ

√
)
2ru

⎡⎣ ⎤⎦ � αJ0(2
���
μxt

􏽰
). (61)

Example 2. Let us consider the following Volterra integral
equation:

4t � 􏽚
x

0
􏽚

t

0
h(x − ρ, t − τ)h(ρ, τ)dρdτ. (62)

Appling the DFT to equation (62), we have
4u

s
�
ru
sv
RxRt[h(x, t)]RxRt[h(x, t)] �

ru
sv

RxRt[h(x, t)]( 􏼁
2
. (63)

Equation (63) can be simplifed as follows:

RxRt[h(x, t)] � 2
�
v

r

􏽲

. (64)

Taking the inverse DFT to equation (64), we get the
solution of equation (62) as follows:

h(x, t) � R
− 1
x R

− 1
t 2

�
v

r

􏽲

􏼢 􏼣 �
2
���
πx

√ . (65)

Example 3. Let us consider the following Volterra integral
equation:

xe
x

e
− t

− 1􏼐 􏼑 � 􏽚
x

0
􏽚

t

0
e
ρ− τ

h(x − ρ, t − τ)dρdτ. (66)

Appling the DFT to equation (66), we have

r
2

v

d

dr
v

v − r
􏼒 􏼓 +

r

v

v

v − r
􏼒 􏼓􏼠 􏼡

s

s + u
− 1􏼔 􏼕 �

ru
sv

svRxRt[h(x, t)]

(v − r)(s + u)
􏼢 􏼣. (67)
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Equation (67) can be simplifed as follows:

RxRt[h(x, t)] �
rv

(v − r)
2􏼠 􏼡

− u

s + u
􏼔 􏼕

(v − r)(s + u)

ru
􏼠 􏼡 � −

v

v − r
. (68)

Applying the inverse DFT to equation (68), we get the
solution of equation (66), we get

h(x, t) � R
− 1
x R

− 1
t −

v

v − r
􏼔 􏼕 � − e

x
. (69)

4.2. Volterra Integro-Partial Diferential Equations.
Consider the following Volterra integro-partial diferential
equations:

zh(x, t)

zx
+

zh(x, t)

zt
� f(x, t) + μ􏽚

x

0
􏽚

t

0
h(x − ρ, t − τ)w(ρ, τ)dρdτ, (70)

with the conditions

h(x, 0) � k(x), h(0, t) � g(t), (71)

where h(x, t) is the unknown function, f(x, t) and w(x, t)

are two known functions, and μ is a constant.
To get the solution of equation (70), we frstly apply the

single formable transform to all conditions in equation (71)
and the DFT to equation(70), as follows:

Rx[h(x, 0)] � Rx[k(x)] � K,

Rt[h(0, t)] � Rt[g(t)] � G.
(72)

Tus, we have

RxRt

zh(x, t)

zx
+

zh(x, t)

zt
􏼢 􏼣 � RxRt f(x, t) + μ􏽚

x

0
􏽚

t

0
h(x − ρ, t − τ)w(ρ, τ)dρdτ􏼢 􏼣. (73)

Using the diferentiation property of the DFT to equa-
tion (73) and the double convolution theorem, we have

v

r
RxRt[h(x, t)] −

v

r
G +

s

u
RxRt[h(x, t)] −

s

u
K

� F(v, r, s, u) + μ
ru
sv
RxRt[h(x, t)]RxRt[w(x, t)].

(74)

Equation (44) can be simplifed as follows:

RxRt[h(x, t)] � F(v, r, s, u) +
v

r
G +

s

u
K􏼒 􏼓

v

r
+

s

u
− μ

ur
sv
RxRt[w(x, t)]􏼒 􏼓

− 1
. (75)

Operating the inverse of DFT to both sides of equation
(75), we get

h(x, t) � R
− 1
x R

− 1
t F +

v

r
G +

s

u
K􏼒 􏼓

v

r
+

s

u
− μ

ur
sv
RxRt[w(x, t)]􏼒 􏼓

− 1
􏼢 􏼣, (76)

where h(x, t) represents the term arising from the known
functions f(x, t), w(x, t), k(x), and g(t).

Example 4. Let us consider the following Volterra integro-
partial diferential equations:
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zh(x, t)

zx
+

zh(x, t)

zt
� − 1 + e

x
+ e

t
+ e

x+t
+ 􏽚

x

0
􏽚

t

0
h(x − ρ, t − τ)dρdτ. (77)

subject to the conditions

h(x, 0) � e
x
, h(0, t) � e

t
. (78)

By substituting the values of functions

K � Rx e
x

􏼂 􏼃 �
v

v − r
,

G � Rt e
t

􏽨 􏽩 �
s

s − u
,RxRt[w(x, t)] � RxRt[1] � 1,

F � RxRt − 1 + e
x

+ e
t

+ e
x+t

􏽨 􏽩 � − 1 +
v

v − r
+

s

s − u
+

sv
(s − u)(v − r)

,

(79)

in the general formula in equation (76), we obtain

RxRt[h(x, t)]
v

r
+

s

u
−
ur
sv

􏼒 􏼓 � − 1 +
v

v − r
+

s

s − u
+

sv
(s − u)(v − r)

+
v

r

s

s − u
􏼒 􏼓 +

s

u

v

v − r
􏼒 􏼓. (80)

Equation (80) can be simplifed as follows:

RxRt[h(x, t)] �
r

v − r
+

s

s − u
+

sv

(s − u)(v − r)
+

v

r

s

s − u
􏼒 􏼓 +

s

u

v

v − r
􏼒 􏼓􏼢 􏼣

v

r
+

s

u
−

ur

sv
􏼒 􏼓

− 1

� suvr
− (ur/sv) +(v/r) +(s/u)

ur(s − u)(v − r)
􏼢 􏼣

v

r
+

s

u
−

ur

sv
􏼒 􏼓

− 1
.

(81)

Tus,

RxRt[h(x, t)] �
sv

(s − u)(v − r)
. (82)

Taking the inverse of DFT to equation (82), then the
solution of equation (77) is

h(x, t) � R
− 1
x R

− 1
t

sv
(s − u)(v − r)

􏼢 􏼣 � e
x+t

. (83)

4.3. Integro-Partial Diferential Equations. Consider the
following integro-partial diferential equation:

z
2
h(x, t)

zt
2 −

z
2
h(x, t)

zx
2 + h(x, t) + 􏽚

x

0
􏽚

t

0
w(x − ρ, t − τ)h(ρ, τ)dρdτ � f(x, t), (84)

with the conditions
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h(x, 0) � k1(x),

zh(x, 0)

zt
� k2(x),

h(0, t) � g1(t),

zh(0, t)

zx
� g2(t),

(85)

where h(x, t) is unknown function, f(x, t) and w(x, t) are
two known functions.

Te main idea of this method is to apply formable
transform to all conditions in equation (85) and the DFT to
equation (84), as the following:

Te single formable transform to conditions in equation
(85), we get

Rx[h(x, 0)] � Rx k1(x)􏼂 􏼃 � K1, Rx

zh(x, 0)

zt
􏼢 􏼣 � Rx k2(x)􏼂 􏼃 � K2,

Rt[h(0, t)] � Rt g1(t)􏼂 􏼃 � G1, Rt

zh(0, t)

zx
􏼢 􏼣 � Rt g2(t)􏼂 􏼃 � G2.

(86)

Te DFT on both sides of equation (84), to get

RxRt

z
2
h(x, t)

zt
2 −

z
2
h(x, t)

zx
2 + h(x, t) + 􏽚

x

0
􏽚

t

0
w(x − ρ, t − τ)h(ρ, τ)dρ dτ􏼢 􏼣 � RxRt[f(x, t)]. (87)

Using the diferentiation property of the DFTof equation
(87), above conditions and Teorem 5, we have

s
2

u
2RxRt[h(x, t)] −

s
2

u
2K1 −

s

u
K2􏼢 􏼣 −

v
2

r
2RxRt[h(x, t)] −

v
2

r
2G1 −

v

r
G2􏼢 􏼣

+RxRt[h(x, t)] +
ru
sv
RxRt[h(x, t)]RxRt[w(x, t)] � F(v, r, s, u).

(88)

Equation (88) can be simplifying as follows:

RxRt[h(x, t)] � F(v, r, s, u) +
s
2

u
2K1 +

s

u
K2 −

v
2

r
2G1 −

v

r
G2􏼠 􏼡

1
s
2/u2

􏼐 􏼑 − v
2/r2􏼐 􏼑 + 1 +(ru/sv)RxRt[w(x, t)]

⎛⎝ ⎞⎠. (89)

Operating with the inverse of DFT on both sides of
equation (89), gives

h(x, t) � R
− 1
x R

− 1
t F +

s
2

u
2K1 +

s

u
K2 −

v
2

r
2G1 −

v

r
G2􏼠 􏼡

1
s
2/u2

􏼐 􏼑 − v
2/r2􏼐 􏼑 + 1 +(ru/sv)RxRt[w(x, t)]

⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦, (90)
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where h(x, t) represents the term arising from the known
functions f(x, t), k1(x), g1(t), k2(x), g2(t), and w(x, t).

Example 5. Let us consider the following integro-partial
diferential equation:

z
2
h(x, t)

zt
2 −

z
2
h(x, t)

zx
2 + h(x, t) + 􏽚

X

0
􏽚

t

0
e

x− ρ+t− τ
h(ρ, τ)dρdτ � e

x+t
+ xte

x+t
, (91)

with the conditions

h(x, 0) �
zh(x, 0)

zt
� e

x
,

h(0, t) �
zh(0, t)

zx
� e

t
.

(92)

By substituting the values of functions

K1 � K2 � Rx e
x

􏼂 􏼃 �
v

v − r
,

G1 � G2 � Rt e
t

􏽨 􏽩 �
s

s − u
,

F � RxRt e
x+t

+ xtex+t
􏽨 􏽩 �

sv
(v − r)(s − u)

+
suvr

(v − r)
2
(s − u)

2,

(93)

RxRt[w(x, t)] � RxRt[ex+t] � (sv/(v − r)(s − u)), in the
general formula in equation (89), we obtain

RxRt[h(x, t)] �
sv

(s − u)(v − r)
. (94)

Taking the inverse DFT to equation (94), then the so-
lution of equation (91) is

h(x, t) � R
− 1
x R

− 1
t

sv
(v − r)(s − u)

􏼢 􏼣 � e
x+t

. (95)

5. Conclusions

Diferent phenomena are modeled using partial integro-dif-
ferential equations in sciences, engineering, and social sciences.
Solving partial integral equations using the double transform
technique is efective. Convolution kernels are used to solve
similar problems. In this study, we use the DFT technique to
solve integral equations of diferent kinds. We present the
defnition of DFT and prove some basic properties and the-
orems related to its existence and derivatives. Finally, we apply
DFT to solve partial integral equations and partial integro-
diferential equations. Te outcomes show the simplicity and
applicability of DFT in solving such problems.
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