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In this study, we present a new double integral transform called the double formable transform. Several properties and theorems
related to existing conditions, partial derivatives, the double convolution theorem, and others are presented. Additionally, we use a
convolution kernel to solve linear partial integro-differential equations (PIDE) by using the double formable transform. By solving
numerous cases, the double formable transform’s ability to turn the PIDE into an algebraic equation that is simple to solve

is demonstrated.

1. Introduction

One of the most significant subjects that might be interesting
in life issues is mathematics; it helps to improve mental
abilities and foster logical and sound thinking. Additionally,
it aids in the understanding and resolution of problems
arising from a variety of natural phenomena as well as those
pertaining to physical, engineering, biological, and com-
puter science [1-5]. Recent studies have demonstrated the
value of integral transforms in the solution of partial
equations relating to, for example, sound, heat, static elec-
tricity, elasticity, fluid flow, and other physical and engi-
neering phenomena [6, 7].

In addition, the integral transform helped to convert the
partial and integral equations into algebraic equations that
provide the problems’ precise solutions in the most
straightforward manner [8-11]. The double integral trans-
forms have drawn researchers’ attention recently because of
their contribution to the solution of equations involving two
variables and finding precise solutions in the simplest ways
possible. However, with the development of science and the
urgent need for mathematics to solve newly emerged
problems, it was necessary to pay attention to scientists and
researchers to obtain new and advanced methods to keep

speed with these problems [12-14]. The most popular double
integral transforms that are used to solve partial differential
equations are the double Laplace transform [15, 16], the
double Laplace-Sumudu transform [17], the double Sumudu
transform [18], the ARA-Sumudu transform [19, 20], the
double Shehu transform [21], the double Elzaki transform
[12], and others [22]. Integral equations of various types
played a significant role in explaining many phenomena and
coming up with exact solutions when various sciences be-
came complex as a result of their interactions with one
another and scientists started studying all physical, chemical,
biological, and engineering phenomena. As a result, integral
equations are crucial for representing the many disciplines,
which prompted scientists and researchers to look for a
solution to make it possible for them to solve the integral
equations.

There are several types of integral equations, including
Volterra integral equations and integro-differential equa-
tions; in this paper, we will focus on these two types of
integral equations and solve many examples of each [23].

In 2021, with the advent of the formable integral
transform (FT) that was presented by Saadah and Ghazal
[24], its ability to solve ordinary, partial differential equa-
tions, and integral equations, and its properties that could
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enable us to solve a wide kind of differential and integral
problems, we intend to define the new double formable
transform. Moreover, it is worth mentioning here that the
formable transform might be considered a special case of the
new integral transform presented by Jafari in [25], and the
idea of double integral transforms is also generalized by the
authors in [14]. The main advantage of using the double
formable transform is that it preserves the values of con-
stants, which simplifies the calculations during the solving of
problems, and it transforms the target problem from two-
dimensional space into four-dimensional space. In this
study, we focus on the double formable transform and study
the main properties and the application of solving integral
equations.

Our goal in this paper is to provide a solution to two
types of integral equations, the Volterra integral equations,
and the partial integro-differential equations, by using the
double formable transform (DFT). We have also clarified
and explained some theorems and properties with their
proofs, and among the most important theorems that will
help us solve the examples are the double convolution,
partial derivatives, and many more, as we explain in the
subsequent sections.

This article is organized as follows: in Section 2, the
fundamental facts of formable transform are introduced. In
Section 3, we introduce a new double formable transform
and present some properties and theorems. In Section 4, we
apply the DFT to different types of IDEs and solve some
examples. Lastly, in Section 5, the conclusion section is
presented.

2. Fundamental Facts of Formable
Transform [24]

A new integral transform known as the formable transform
of the continuous function 4 (t) on the interval [0, 00) is
defined by

s
o 2t
AW = Blsw =~ J e u h(p)dt (1)
0
The inverse formable transform is defined as
F R h®)]] = % J B (s wds = h().  (2)
1 J c—ico
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2.1. Formable Transform of Some Basic Functions

L R[] =1 (3)
o ua
ii.%[t]:s—al"(oc+1),oc>0, (4)
.ee at N
iii. .%[e ] = > (5)
s—au
iv. R[sin (at)] = o, (6)
s“+a‘u
v. Z[sinh (a)] = 5o, (7)
s —au
&
vi. Z[cos (at)] = 5———, (8)
s“+a‘u
&
vii. Z [cosh (at)] = 5———, 9
s —au
2
vii, A[th (1] = = ABEW) wp o q0)
s du s
2.2. Formable Transform of Derivatives
L R[H (D] = B(s,u) - ~h(0), (11)
u u
w1 0] =(2) " sew -3 (5)" 0 o)
. u > ] u N
m=0,1,2,....
(12)

The above results can be obtained from the definition of
FT with simple calculations.

3. Double Formable Transform (DFT)

Definition 1. Let h(x,t) be a continuous function of two
variables x >0 and ¢ > 0. Then, the double formable trans-
form (DFT) of a function h(x,t) is defined as

R R [h(x,t)] = B R, [h(x,t); (v,1,85,u)] = R [Ri[h(x,t);t — (s,u)];x6 — (v,7)]

J e G T (x, t)]dt)dx,
0

JOO e (v/r)x(i
0 u

Z J J e,(vlrers/ut) [h (x, t)]dxdt,

0 0

(13)
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which is equivalent to

R R, [h(x,1)] = H(v,r,5,u) = svj J e D (rx, ut)daxdt. (14)
0 0

The inverse of DFT is given by

s v
o 1 cHico 1 d+ico ] 1 —f +—t
RLF (R R (1] = j fj L Y H s wydsdr = h(xt), (15)
270 J c-ioo 2711 J d=ico S ¥
We denote the single FT as follows: Clearly, the DFT is a linear transformation as shown
below:

(i) With respect to x: &, [h(x,t)] = H(v,71,t).
(ii) With respect to t: &, [h(x,t)] = H(x, s, u).

v J J IO [ 1 e 1) b (x| ddt
r 0 0

o oo 00 (00
—a> 2 J j e—(v/rx+s/ut) [h (X, t)]dxdt + bi X J J e—(v/rers/ut) [m(x’ t)]dxdt (16)
0 0 urlJo 0

=aR, R, [h(x,1)] + bR, R, [m(x,1)],

R R h(x,1)] = R f (0D]R,[g(D)]. (17)
where o and B are constants and
R R, [h(x,8)], B, R, [m(x,t)] are exists.

Property 1. Let h(x,t) = f(x)g(t), x>0,t>0. Then, Proof.

R (x0] = AL (R (O] = j:o J:O &I [ £ ()0 ()] dxdlt

(18)
v _ virx s —s/ut
2| e o [ e g o = 2.0 (01,9 0)
O
3.1. DFT of Some Basic Functions (i) Let h(x,t) =1,x>0,t>0. Then,
[ee] o0 (o] [ee]
%0 =" J J o irxs(shn g gy ¥ J xS j g - 3 11, [1]. (19)
urJo Jo rJo ulo
af1_SV Rl e —(virx+siut) [« f
From equation(3), we get %, %,[1] = L. R Ry [X £ ] Tur .[o Jo € [x £ ]dxdt
(ii) Let h(x,t) = x*tf, x>0, >0 and a, B are constants. o o
Then, _ K J e—v/rx [xtx]dxi J e slut [tﬂ]dt (20)
rJo uJJo

= %, [x"|R,[¢].



From equation 4), we get
R R [xF] = (uls)* (r/v)PT (a + DT (B + 1).

(iii) Let h(x,t) = e x>0,t>0 and a, B are positive
constants. Then,
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From equation (5), we get
R R, [P = (sv/ (s — au) (v — Br)).

Similarly, & &, [e' )] = s/ (s — i) (v — ifr).

Using the property of complex analysis, we have

ax+pt =iz AP _(rxtsiut) ax+pt RB.R ei(wﬁﬁt) - sv(sv — afur) +iSV(SI‘ﬁ+U.V(X).
R R, [e ] o ,[o Jo e [e ]dxdt x t[ ] (52+a2u2)(v2+[32r2) (22)
_v J ® i [ ]dx > J o shut ("]t Using  Euler's  formula,  sin x = (e™ — e ™/2i),
rJo ulo cos x = (e + e */2),
and the formula, sinh x = (&* — e™*/2i),
=R, [e”]R, [eﬁt]. cosh x = (e* +e7%/2).
1) Thus, we find the DFT of the following functions:
. sv(srf + uva
R R, [sin(ax + ft)] = 7 g 2/3 5 )2 >0
(s +ocu)(v +[3r)
sv (sv — afur)
R R, [cos(ax + ft)] = ,
«Hleos A (52 + azuz)(vz +/32r2)
sv(srf + uva
R R, [sinh (ax + ft)] = (52 - (xguzﬁ)(vz - l)gzrz))
(23)
sv(sv + afur)
R R, [cosh (ax + ft)] = 75— f AN
(s —ocu)(v —ﬁr)
R R[]y VxE)] ===~ J J ¢ OO [ (ot )|t =~ J [J, QVxt)])e” " dx > J e gy
ur Jo Jo rJo ulo
— i JOO e—(lzr/4v)te—(s/ut)dt
ulJo ’
Thus, we get R, R, [],(AVxt)] = (4sv/4vs + Vru). From equations (5) and (6), we get
R.R, [Xtex+t] _ s J J e—(v/rx+s/ut) [Xtex+t]dxdt
urJo 0
=7 J [xe*]e” % gy 5 J [te']e” (St g,
rlJo ulJo
(24)
2 2
d(sls—u) u/ s rrdwlv-r) r/ v suvr
R.R,[xte] =L —< ) - —( ): . 25
ngt[xe ] (S du +s s—u dr +v v—r (v—1)*(s - u)? (29)
| (x, £)| < Me™*H, (26)

3.2. Existence Conditions for DFT. If h(x,t) is a function of
exponential orders o and ff as x — oo and f — o0, and if
there exists a positive constant M such that Vx > X and ¢t > T,
we have

we can write 1 (x,t) = O (e®*F) as x —> 00 and t —> 00,

(v/r)>a and (s/u) > f.
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Theorem 1. Let h(x,t) be a continuous function on the  Proof. Using the definition of DFT, we get
region [0, X) xt[0,T) of exponential orders a and . Then,

R R, [h(x,t)] exists for (v/r) and (s/u) provided

Re(v/r) > a and Re(s/u) > f.

|%x%t[h(x,t)]|:‘ 4 J j & OISO [ (o ) d
0

N
ur 0

sy [ [
<22 j J‘ e—(v/rx+s/ut)|h(x) t)|dxdt
urlJo Jo

2 e —(vir-a)x s (® —(s/u—p)t
<M- e dx— e dx
0 ulJo

,
(27)
= —MVS Re(z> >a
 (v-ar)(s- Bu) r
s
Rel 2
o(;)>#
O
3.3. Some Basic Theorems of DFT Theorem 2 (Shifting Property). Let h(x,t) be a continuous
function, and R [h(x,1)] = H(v,1,s,u). Then,
wx+ft _ sV o vr su 5
R [e h(x,t)] (v—ar) (s — Bu) <V’v—(xr’s’s—[§u)' (28)
Proof. Using the definition in equation (14),
o o0
R R, [e““ﬁth (x, t)] =sv J J e~ (vrsh [em”ﬁ”th (rx, ut)]dxdt
o (29)
= SVI j ¢~ (a0 (e ut)dxdt.
0 Jo
By letting (v —ar)x = vy, and dx = (v/v —ar)dy and
(s = Bu)t = st, and dt = (s/s — pu)dr in (29), we have
ax+pt _ sV JOO Jm —(vy+sT) vr su
R Ry [P h(x,1)] e Fw o Jo © s Sy i Lo
(30)
a sV o, _su
C(v-ar)(s - Bu) v—ar s—pu)
Theorem 3 (Periodic function). Let R, R, [h(x,t)] be h(x+a,t+f)=h(x,1),Vx,y. (3%
exists, where h(x,t) is a periodic function of periods o and f3
such that,

Then,

-1
B R, h(x,0)] = (1 - e_(;ﬁ +§“>> (i ! J jﬁ e_Gx 0, h(x, t)]dxdt). (32)
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TasLE 1: DFT for some functions.

h(x,t) R.R, [h(x,1)]

1 1

xotP (uls)* (r/v)PT (o + DI(B+1).

e bt sv/ (s —au) (v — Br)

sin (ax + ft)
cos(ax + f3t)

sinh (ax + it)
cosh (ax + fit)
Xtex+t

Jo (A/xt)
eax+/3th (x’ t)
h(x-46,t—0)H(x-6,t-0)
hx,t) * *k(x,t)
oh(x,t)/ot
oh(x,t)/ox
*h(x,t)/0?
*h(x,1)/0x>
oh(x,t)/0x ot

sv(vuf + sra)l (s* + a?u?) (V? + /321’2)
sv(sv — aPur)/ (s* + a?u?) (v + p*r?)
sv(vuf + sra)/ (s* — a?u?) (v* - ﬁzrz)
sv(sv+ afur)/ (s> — a?u?) (- B2r?)
suvr/ (v — 1) (s — u)?
4vs/4ys + 1ru
svl(v—ar)(s— pu)H (v, vr/v — ar, s, suls — fu)
e vré— S/W‘%x‘%t [I’l (x) i’)]
ur/svR R, [h(x, )| R, R, [k (x,1)]
SIUR R, [h(x,t)] = s/luR, [h(x,0)]
VIrR R, [h(x,t)] —virR,[h(0,1)]
SR R h(x,1)] - (2P R, [h(x,0)] - (s/u)R, [0h(x,0)/0t]
VPR R [h(x,1)] = vV IrP R, [h(0,1)] — vir R, [0h (0, 1)/0x]
vs/ru (R, R, [h(x,t)] = R, [h(x,0)] - R, [h(0,t)] + h(0,0))

Proof. Using the definition of DFT, we get

T el —(—x+—
%x%[h(x,t)]:ﬁj j e \r
ur 0 0

a f 00 (oo
R, h(x0] =2 J j o OMEsn 1 gy + 27 J J ¢ MRS (1 1 dedt.
urJolo urla Jp

t> [h(x,t)]dxdt.

Using the property of improper integral, equation (33)
can be written as

(33)

Putting x = p + fand t = 7 + «a on the second integral in

equation (34). We obtain

R R [h(x,1)] =§; J:Jie-(r“

Using the periodicity of the function h(x,t), equation

(35) can be written by

R (0] = JO ji e’(rx

Using the definition of DFT, we get

(34)

) s )l + JOO j(: eG P+ 4, (rra) h(p + B, 7+ )ldpdr. (35
P +§t)h(x,t)dxdt+e<;‘_/ﬁ+£a>£; J:O j:oe(;“i’)h(p, Ddpdr.  (36)
r +;t>[h(x,t)]dxdt+e_<;ﬁ+£“>@x[%t[h(x’t)”' 7

R R, [h(x,1)] = 5 ; IO ji e_<rx
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Thus, equation (37) can be simplified into

1 sv [« (B 7(Xx+£t>
A0 0] = s (S [ N0 i nlasa ). (38)
(l—e vr,B+su¢x) urJolo
O
Theorem 4 (Heaviside function). Let R, %, [h(x,t)] exists,
then
% s
_o0ye (39)
R R, h(x-08,t-0)H(x—-4,t-0)]=e T U R R |h(x )],
where H (x — 8,t — 0) is the Heaviside unit step function  Proof. Using the definition of DFT, we get
defined as
I, x>6,t>o0,
H(x—6,t—a)={ (40)
0, Ohtherwise.
s
SV [P [ —<—x+—t>
R R [h(x-6,t—0)H(x-6,t—0)] =—- J J e \r u /Jlh(x-96,t—0)H (x—6,t—0)]dxdt
urJo Jo
(41)
v s
SV [P [ —<—X+—t>
=—-j J e\t (- 80t - 0))dxdt
urJo 0
Putting x - d =p and t — 0 =7 in equation (41). We
obtain
v s
o oo [~ (p+8)+— T+0>
BB h(x— 8t )H (x-8,t-0)] = j j e <r bt 0 T2 ) o, )1dpdr. (42)
urJo Jo
Thus, equation (42) can be simplified into
v s v s
—0——0fsy[®[® —p——T
R R [h(x-8,t—-0)H(x—-5,t—0)]=e T u <J J et u [h(p,f)]dpdr)
urlo Jo
(43)
v s
-——0- -0
=e t U R.R,[h(x,1)].

O

Theorem 5 (Convolution theorem). Let £, R, [h(x,t)] and R R h(x,t) % xk(x,1)] = ur (R, R, Th(x, 1R R, [k (x,1)]), (44)
R R, k(x,1)] are exists, then v

where h(x,t) * xk(x,t) = [ [\ h(x - p,t — Dk (p, 7)dpdr



and the symbol #* x denotes the double convolution with
respect to x and t.

14
© | -X
e \r u

0

B, (8 % +k(x1)] = 5; JZOI

Using the Heaviside unit step function, equation (45) can
be written as

v N
0 |-x+—t
e \r u
0

At s k(5 0] =2 Jzoj

Thus, equation (46) can be written as

R Ry [h(x, 1) % # k(x,1)] = I:O Jzo k(p, r)dpdf[g ; J:O J

0

1% N

S
+-t

NN

(V
0o _
e
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Proof. Using the definition of DFT, we get

) “: J; h(x = p,t = 1)k (p, T)dpdT |dxdkt. (45)

h(x-pt - 7)H (x - p.t - Dk(p, )dpdr |dxdt.  (40)

s
-x+

,t>
r u h(x—p,t—‘r)H(x—p,t—T)dxdtjl

=J J k(p,r)dpdr<e7p B ET@x%t[h(x,t)]> (47)
0 0
v S
Q[ <*—P— —T) ur
- R.R,h(x, t)]j J AP w k(o dpdr =", [ (e 01, R, K (3, 0]
0 0
O
Theorem 6 (Derivatives properties). Let h(x,t) be a con- (b)) R, R, [0h(x,t)/0x] = v/t R, R, [h(x,1)] -
tinuous function. Then, we get the following derivatives v/t R, [h(0,1)].
properties: () R R, [0*h(x,1)/0t?] = /PR R, [h(x,1)] -
(@) R, R, [0h(x,1)/0t] = s/uR R, [h(x,1)] - S/ R [ (x,0)] - s/uR . [0h (x,0)/0t].
s/uZ  [h(x,0)]. (d) R, R, [0*h(x,1)/0x*] = /PR R, [h(x,1)] -
VI R, [h(0,1)] — v/rR, [0k (0, t)/0x]
O’h(x,t)] s
=" - - 4
(e)gzx.%t[ T ] — (RR[h(x,0)] = i [h (6, 0)] = i [1(0,6)] + 7 (0,0)). (48)

We only present the proof of (a), (c), and (e), the proof
of (b) and (d) are the same.

Proof
@ AR Oh(x,t)/0t] = sluvir [ [ e Vs
[0h (x, t)/0t]dxdt = vir [ e "™ dxslu
[o e/ [Oh (x, t)/ot)dt
Using the integration by part, we obtain.
Let u=e OM=du = —(s/u)e” Mide,
dv = (0h(x,t)/ot)dt=v = h(x,t).

Thus, s/u Igo e~ 9k (x, £)/0t]dt = (s/u) (—h(x,0) +
(s/u) [ e &t [h(x,1)]db),

So, we get,
R.R, [ah (x, t)] =R B ()] - SR h(x,0)].  (49)
ot u u
O
Proof
©). R R[h(x,1)/082] = sluvlr [ [ e Vet

[0°h (x, )/t )dxdt=vir [, P "™dxsiu [ e~

[0%h (x, t)/0t2]dt.
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Using the integration by part, we obtain.

Let u = e~ & t=du = — (s/u)e” Wtdt, dv = 0*h (x, t)/
ot*dt=v = oh(x, t)/ot.

Thus, s/u fgo e~ [0%h (x, t)/0t2]dt = s/u (—0h (x, 0)/0t
+shu [ e [Oh (x, 1)/0t]dt).

Using equation (49), we have

2 2
R [M] 2R R, h(x,1)] ——% [h(x,0)] - =%, ah(x’o)]. (50)
proof of (e) by similar (a) and (c) arguments, one can
get
x,t) (V“Sf) Ph(x,1) © Zx[0h(x,1) o i
X+ x v -= x s
5 _’ > e (51)
P t[ ox ot o [axat ]d’“ﬁ rjoer [Ebcat ]dxujoe“dt
Using the integration by part, we obtain
v (© ——x[oh(x,1) v Sxfan©,n], s (o (2 (Sxet)[ancnn
—J er "~ dx = ——J er d dt+(—)—[ J e\r u "~ |dxdt |. (52)
rlo Ox ot rlo ot r/ulo Jo ot
Using equations (11) and (49), we have
%%[a a’j’;’:)] 2 (R )] = 2, 1 (5, 0)) = T, 1h (0,0] + R(0,0)) (5)

We summarize the previous results in the following table
below Table 1: O

4. Presentation of DFT Method in Solving
Integral Equations and Applications

To show the applicability and strength of DFT in solving
integral equations, we use it to solve some kinds of integral
equations and illustrate the method by solving several
examples.

R R [h(x,t)] = R R, [f(x, H+u J-: J; h(x —p,t — T)w(p, T)dpdr |.

4.1. Volterra Integral Equation. Consider the following
Volterra-integral equation:

x [t
hx,t) = f(x,t)+pu Jo J-o h(x-p,t - w(p, 1)dpdr, (54)

where h(x,t) is the unknown function, f (x,t) and w(x,t)
are two known functions and g is a constant. The main idea
of the method is to apply the DFT to equation (54) as the
following:

(55)
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Now, using the differentiation property of the DFT on
equation (55) and Theorem 5, we have

R R, h(x1)] = F(v,r,5,u) + y@%% [h(x, )] B, B, [w(x, t)]).

Equation (56) can be simplified as follows:
-1
R R, [h(x,0)] = F(n,rs, u)(l - yg@x@t [w(x, t)]) :
(57)

Operating with the inverse of DFT on both sides of
equation (57) gives

h(xt) = R R [F(v, rs, u)(l —yggexgzt [w(x, t)]>_1],

(58)

where h(x,t) represents the term arising from the known
functions f (x,t) and w(x,t).

asv -1
- x
sV + uru

h(x,t) = %;1@;1[

Example 2. Let us consider the following Volterra integral
equation:

x rt
4t = J J h(x - pt - Dh(p, T)dpdr. (62)
0Jo
Appling the DFT to equation (62), we have
W N e 1R, ()] = (2,2, (0] (63)
N R\% sV
Equation (63) can be simplified as follows:
R R [h(x,1)] = Z\P. (64)
r

N

(a5
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(56)

Example 1. Let us consider the following Volterra integral
equation:

X

h(x,t)=a—u J JO h(p, T)dpdr. (59)

0

By substituting the values of functions
F=R %R [a] =a,W =R, R,[-1] = -1 in the general
formula in equation (58), we obtain

asv

R R, [h(x,1)] = (x<l + yi—:}l)il - (60)

sy +pra’
Now, applying inverse DFT to equation (60), then the
solution of equation (59) is given by

4asv

-1
! |:4sv+(2\//7)2ru (61)

:| = afy (2+/uxt).

Taking the inverse DFT to equation (64), we get the
solution of equation (62) as follows:

I P L
h(x,t) = R, %, [2&]_W. (65)

Example 3. Let us consider the following Volterra integral
equation:

x (t
xex(eft - 1) = J J ¢ "h(x - p,t - 1)dpdr. (66)
oJo
Appling the DFT to equation (66), we have
] _rm SVR, R, [h(x,1)] . (67)
svl (v—r)(s+uw)
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Equation (67) can be simplified as follows:

v -u (v=r)(s+u) v
RR,h(x,1)] = . [ ] - . (68)
(v—r))ls+u ru v-r
Applying the inverse DFT to equation (68), we get the ~ 4.2.  Volterra Integro-Partial Differential Equations.
solution of equation (66), we get Consider the following Volterra integro-partial differential
S v equations:
h(xt) = R G [— ] s (69)
v-r

Oh(x,t) 0oh(x,t x(t
(x )+ (1) _ f(x1) +yJ J h(x - p,t — Dw(p, T)dpdr, (70)

0x ot oJo

Ry [h(x,0)] = R, [k(x)] = K,
with the conditions (72)
R [h(0,8)] = R,[g(H)] = G.
h(x,0) = k(x), h(0,t) = g (), (71)
Thus, we have

where h(x,t) is the unknown function, f (x,t) and w(x,t)
are two known functions, and y is a constant.

To get the solution of equation (70), we firstly apply the
single formable transform to all conditions in equation (71)
and the DFT to equation(70), as follows:

Oh(x,t) oh(x,t x [t
o g, | 20D | ohx )] _ %x%t[f(x, 9 +P‘J J h(x = pyt = Dw(p, dpd |. (73)
Ox ot 0oJo
Using the differentiation property of the DFT to equa- Equation (44) can be simplified as follows:
tion (73) and the double convolution theorem, we have
YR R (x5, 0] -~ G+ ~R R Th(x,6)] -~ K
r roou u
(74)
=F(v,r,s,u) + ‘ugﬁx%t [h(x, )] R, K, [w(x,1)].
sV
-1
R R, h(x,1)] = (F(v, rosu) -G+ iK)(K Y B w(x, t)]> . (75)
roou rou sy
Operating the inverse of DFT to both sides of equation
(75), we get
-1
h(xt) = R, ;! [(F +2GK) (M- w2, w (0] ] (76)
roou rou sy

where h(x,t) represents the term arising from the known  Example 4. Let us consider the following Volterra integro-
functions f (x,t), w(x,t),k(x), and g (t). partial differential equations:
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oh (x, t) oh (X, t) x t X+t JX Jt 77
— — s
+ " =—-1l+e +e +e€ + o Oh(x p,t T)dpd‘[ ( )

subject to the conditions By substituting the values of functions
h(x,0) =e*,h(0,t) = ¢ (78)

K=%,[e] = rvr’

G=a,[¢] = i R.R,w(x, )] = R.R,[1] =1,

(79)
F= -1 X t X+t =_1 v S sV ,
@x%t[ +e +te +e ] +v—r s—u+(s—u)(v—r)
in the general formula in equation (76), we obtain
(%x%t[h(x,t)]<l—}+i—ﬂ>:—l+ d + S + d +1—}( S > i( Y > (80)
r o u sv v—r s—-u (s—-uwv-r) r\s—u/ u\v-r
Equation (80) can be simplified as follows:
-1
ARt = | —— +3< s )+f( 4 ) <3+f—ﬂ>
v—r s—u (s—uw)y(v-r) r\s—u/ u\v—r/|\r u sv
(81)
—(ur/sv) + (vIr) + (s/u) (v s ur>*1
= suvr —+———) .
ur(s—u)(v—r) rou sy
h(xt) = BB | —— | = e 83
Thus, (o 1) = A Ay [(s—u)(v—r) ¢ (83)
sv
‘%x‘%t []’l(X, t)] = m (82)
Taking the inverse of DFT to equation (82), then the  4.3. Integro-Partial Differential Equations. Consider the
solution of equation (77) is following integro-partial differential equation:
2 2 x rt
9 h(f’t) 9 h();’t) +hix,t)+ J J. w(x - p,t —1)h(p, 7)dpdr = f (x,1), (84)
ot Ox 0Jo

with the conditions
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h(x,0) =k, (x), where h(x,t) is unknown function, f (x,t) and w(x,t) are
two known functions.
oh(x,0) The main idea of this method is to apply formable
or ky (x), transform to all conditions in equation (85) and the DFT to
(85)  equation (84), as the following:
h(0,t) = g, (t), The single formable transform to conditions in equation
(85), we get
oh(0,t)
ax - 92 (t))
oh(x,0
R[5 0] = R, [k (0] = Ko, %X[ (at )] = %[k (0] = K,
(86)
oh(0,t)
00,01 = 2, [0, 0] =Gor 51| P20 < 2,16,0] =6
The DFT on both sides of equation (84), to get
2 2 x (t
g, | ThCeD _ThGD J J w(x - pt = Dhip,Ddp dr | = BB, 1f (x.0)]. (87)
ot ox 0Jo
Using the differentiation property of the DFT of equation
(87), above conditions and Theorem 5, we have
s s s v v v
SR R, [h(x,t)] - 5K, ==K, | = | 52, R, [h(x,t)] - =G, - -G,
u u u T r r
(88)
+ R R [h(x,t)] + g@x%t [h(x, )] R, R, [w(x,t)] = F(v,1,s,u).
Equation (88) can be simplifying as follows:
s s Vv v 1
R R [h(x,t)] = Fv,r,s,u) + 5K, + K, -=5G, -G 89
tlh (1)l ( ( ) L w2y 2) ((szluz) —(vz/rz) + 1+ (ru/sv) R, R, [w(x,1)] (89)
Operating with the inverse of DFT on both sides of
equation (89), gives
hx,t) = B R (F+ S ik, -6 VG ) ! (90)
’ o w2t (sz/uz) —(vz/rz) + 1+ (rw/sV)R, R, [w(x1)] )|
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where h(x,t) represents the term arising from the known
functions f (x, 1), k, (x), g, (), k, (x), g, (t), and w(x, t).

Applied Computational Intelligence and Soft Computing

Example 5. Let us consider the following integro-partial

differential equation:

2 2 X (t
a h(f) t) _ a h(-’g) t) + h(x, t) + J J ex_P+t—Th (p’ T)dpdT — ex+t + xtex+t, (91)
ot 0x 0Jo
with the conditions By substituting the values of functions
_0Oh(x,0)
h(x, 0) = T =€,
(92)
no,n =200 _ g
0x
X v
K, =K, =%R,[e"] =,y
s
G =G, =R [e'] = — (93)

F=% %, [ex+t + Xtex+t] =

N'% suvr

R R [w(x,t)] = R, R[] = (sv/(v-r1)(s—u)), in the
general formula in equation (89), we obtain
sV

r%xc%t [l’l (x, t)] = m

(94)
Taking the inverse DFT to equation (94), then the so-
lution of equation (91) is

h(x,t):@;‘%;l[ i ]:ex+t. (95)

v=-r)(s—u)

5. Conclusions

Different phenomena are modeled using partial integro-dif-
ferential equations in sciences, engineering, and social sciences.
Solving partial integral equations using the double transform
technique is effective. Convolution kernels are used to solve
similar problems. In this study, we use the DFT technique to
solve integral equations of different kinds. We present the
definition of DFT and prove some basic properties and the-
orems related to its existence and derivatives. Finally, we apply
DFT to solve partial integral equations and partial integro-
differential equations. The outcomes show the simplicity and
applicability of DFT in solving such problems.
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