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There are substantial methods of degree reduction in the literature. Existing methods share some common limitations, such as lack
of geometric continuity, complex computations, and one-degree reduction at a time. In this paper, an approximate geometric
multidegree reduction algorithm of Wang-Ball curves is proposed. G°-, G'-, and G?-continuity conditions are applied in the
degree reduction process to preserve the boundary control points. The general equation for high-order (G* and above) mul-
tidegree reduction algorithms is nonlinear, and the solutions of these nonlinear systems are quite expensive. In this paper,
C!-continuity conditions are imposed besides the G?-continuity conditions. While some existing methods only achieve the
multidegree reduction by repeating the one-degree reduction method recursively, our proposed method achieves multidegree
reduction at once. The distance between the original curve and the degree-reduced curve is measured with the L,-norm.
Numerical example and figures are presented to state the adequacy of the algorithm. The proposed method not only outperforms
the existing method of degree reduction of Wang-Ball curves but also guarantees geometric continuity conditions at the boundary
points, which is very important in CAD and geometric modeling.

1. Introduction

The Wang-Ball curve was proposed by Wang [1] as an
extension of the cubic Ball basis pioneered by Ball [2-4].
A. Ball introduced the basis for a cubic polynomial in the
CONSUREF system at the British Aircraft Corporation [2].
The basis was generalized independently by Wang [1] and
Said [5] in 1987 and 1989, respectively. Since then, the
generalization by Wang and Said is, respectively, called the
Wang-Ball curve and the Said-Ball curve (or simply the
generalized Ball curves).

Degree reduction plays a vital role in computer-aided
geometric design (CAGD). Given a curve W, of a degree n,
degree reduction is a process of approximating the given
curve W, by a lower degree curve R,, of a degree m, (where
m < n). If geometric continuity conditions are applied in the

degree reduction process, such a degree reduction is called
geometric degree reduction. In geometric degree reduction,
the information at both boundaries of the given curve is
preserved using the geometric continuity conditions.

The highest degree of a polynomial that the CAD system
handles varies from one CAD system to another. The problem
of degree reduction mainly occurs if data are exchanged
between diverse CAD systems. Thus, due to the variation of
the highest degree allowed between different CAD systems,
higher degree Wang-Ball curves are approximated by lower
degree Wang-Ball curves. Wang-Ball curves are much more
suited to degree reduction than the classical Bézier curves.
Degree reduction is an important issue in CAD, and it fa-
cilitates data transfer, exchange, and compression.

There are substantial methods of degree reduction in the
literature, and most of the existing methods share some
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common limitations, such as lack of geometric continuity
and complex computations; some existing methods only
achieve the multidegree reduction by repeating the one-
degree reduction method recursively. Our proposed method
uses the geometric continuity conditions to preserve the end
points of the given curve; i.e., the boundary control points of
the degree reduced curve are obtained using geometric
continuity. The interior control points are obtained by
solving a linear system. The general equation for high-order
(G* and above) multidegree reduction algorithms is non-
linear, and the solutions of these nonlinear systems are quite
expensive. To overcome this obstacle, C'-continuity and
G?-continuity are imposed at the endpoints. While some
existing methods only achieve the multidegree reduction by
repeating the one-degree reduction method recursively, the
proposed method can achieve multidegree reduction at
once. Moreover, the proposed method can be extended to
high-order geometric continuity.

The problem of degree reduction was tackled by some
authors using metaheuristic algorithms. Hu et al. [6] pro-
posed a method of degree reduction of the SG-Bézier curve
using the grey wolf optimizer algorithm. Lu and Qin [7]
transformed the degree reduction problem into the function
optimization problem and applied the genetic simulated
annealing algorithm to solve the problem. Liu et al. [8]
presented a method of degree reduction of Q-Bézier curves
using the swarm intelligence-based squirrel search algo-
rithm. Moreover, Cao et al. [9] solved the problem of
multidegree reduction of the Ball-Bézier curve using an
improved squirrel search algorithm. Hu et al. [10] applied an
enhanced hybrid chameleon swarm algorithm to solve the
issue of degree reduction of disk Wang-Ball curves. The
problem to approximate multidegree reduction of the
Said-Ball curve was tackled by Hu et al. [11, 12] using an
enhanced chimp optimization algorithm and an improved
chimp optimization algorithm, respectively. Some re-
searchers proposed different techniques for degree reduction
of Bézier curves and its variants. Chen and Wang [13]
proposed an algorithm of degree reduction of the Bézier
curve with endpoint constraints. Wozny and Lewanowicz
[14] developed a method of degree reduction of the Bézier
curve based on dual constrained Bernstein basis poly-
nomials. Hu et al. [15] presented an approximate degree
reduction scheme of the A-Bézier curve using C° and C!
constraint conditions.

Shi [16] solved the problem of degree reduction of ra-
tional Bézier curves using weighted least squares and qua-
dratic programming. The issue of degree reduction for the
disk Bézier curve was considered in [17] by Chen and Yang.
If the geometric continuity condition is required in degree
reduction of the disk Bézier curve, the approximation error
could be high at the center of the degree-reduced disk Bézier
curve. Rababah and Hamza [18] developed weighted degree
reduction of disk Bézier curves to tackle this problem.
Generalized Ball curves are much more suited to degree
reduction than the classical Bézier curves [19]. Degree re-
duction of Said-Ball curves was presented in [20] by Hu and
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Wang. Dong et al. [21] presented a multidegree reduction
method for Wang-Ball curves using dual basis polynomials.
Geometric degree reduction is an important issue in CAGD,
but most existing methods of geometric degree reduction are
nonlinear. The main contributions of this paper are as
follows:

(i) The proposed method introduced explicit linear
methods of reduction of Wang-Ball curves with G°-,
G'-, and G?-continuity at the endpoints

(ii) The proposed method can achieve multidegree re-
duction at once.

The remainder of this paper is arranged as follows: Basic
definitions and statement of the problem are given in Section
2. G-, G'-, and G*-degree reduction of the Wang-Ball curve
is demonstrated in Section 3. Numerical examples are dis-
played in Section 4. Finally, conclusions are given in
Section 5.

2. Definitions and Statement of the Problem

In this section, some definitions and statement of the
problem are given as follows:

Definition 1. The Wang-Ball curve based on the points
{w;}., of the degree n is defined as follows:

W, (1) = Y w,B] (t), (1)
i=0

where B} (¢),i = 0,1,...

Bn (t) ~ Ziti(l _ t)i+2,
i - n—i n+2—i n—i
27t (1-1)

,nis the Wang-Ball basis defined by

[(n+1)2]+1<i<n,

(2)
in addition if # is even then
By, (1) = 2" (1=, 3)
and if n is odd,
Biyoryny (1) = 21072070 (1 gy (072, (4)

By () = 2 (=D (r+DID) () _ ) ((n=1/2)

where |x] is the greatest integer less than or equal to x.
Let M, , be the Gram matrix of the dimension
(m+ 1) x (n+ 1), whose elements are computed as

1
gi; = JOW:"(t)W;'(t)dt, i=01,...,mj=0,1,...,n
(5)

Computing the Wang-Ball curve in (1) at t = 0,1 gives

Wn (0) = w())

w,(1)=w,. (6)
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Evaluating the derivatives of the Wang-Ball curve in (1)
yields

d* n! K
@Wn(O) = m A wy,
dk n! X 7
aF w,(1) = T Aw, 4,
where
Aowi =w;,

Akwi =Ak_1w,»+1 —Ak_lw,», i=0,1,...,n-kk=12,...,n

(8)

Definition 2. W, (t) and R,, (t) are G*-continuous att = 0, 1
if a strictly increasing parametrization a(t): [0, 1] — [0, 1]
exists with «(0) =0,a(1) =1 and R,(Vll) (t) = Wr(ll) (a(t)),t =
0,1,1=0,1,...,k

The degree reduction of the Wang-Ball curve problem
can be stated as follows.

Given control points {w;}\_, of the Wang-Ball curve (1),
we find control points {rj};io of the Wang-Ball curve

(m<n):
R, (t):= ) r.B(t). (9)
j=0

Such that, the L,-distance between W, (¢) and R,, (¢) is
minimum, and W, (¢) and R, (¢) satisfy Gk—continuity at the
endpoints, t = 0, 1. For the sake of simplicity, let

W, @) = i w;B

i=0

" (t) = B,W,,0<t<]1,

(10)
' (t) =B,,R,,0<t<]1,

R, (t)= ) r;B]
j=0

where B, and B,, are row vectors formed by the Wang-Ball
basis and W, and R, are column vectors formed by the
Wang-Ball points of the degree n and m, respectively.

3. Degree Reduction of the Wang-Ball Curve

In this section, we demonstrate the degree reduction of
Wang-Ball curves with G°-, G!-, and G*-continuity using
the L,-norm.

3.1. G*-Degree Reduction of the Wang-Ball Curve. When
considering G°-degree reduction, we need to satisfy
G’-continuity between the two curves W, (¢) and R,, (£) at
t=0,1, ie,

R, () =W, (a(t),t=0,1 (11)

By evaluating (5), it is easy to obtain:

ro = Wos (12)

Ty = W,

The elements of R,, are split up into two categories: the
category of boundary control points RS, = [ro,,,]" which is
obtained by G’-continuity conditions and the part of free
(Ry/RE) = [rys ooy ]”

B,, is split up into B, and B%.

The error of approximating W, (t) by R,, (t) is given by

the L,-norm as follows:

control points Rf . Similarly,

1
= [ 1B, - Bk, o

.

Differentiating with respect to the unconstrained control
points R/, we have

Oe 1
o2

Let (0e/0R/) = 0, and evaluating the integral to obtain:

(13)

- B{nR{nnzdt.

.~ BLRY|.BSdt. (14)

O¢ = MY W, - M, R M/ RS
aRf e e (15)
=0,
where
MY, =M, (1,...,m=1;0,1,...,n),
M, =M, (1,...,m-1;0,m), (16)
Ml =M, (L. om=-1;1,...,m-1),
and the submatrix M, , (...;...) contains the specified rows

and columns of the matrix M, ,

To analyze the method and to have a better insight, the
points are rewritten in terms of x and y parts. The system
can be expressed explicitly by rewriting the control points in
the vector form as follows:

W, = [Xgs - oo Xp Voo - o5 V>
Fp 15T T ] (17)

RS, = [Zg Kops Fop Tn] -

Rl =[%),...

The following matrices are defined by the direct sum &
as follows:

M) =MY oMY,

M,Cn,m =M, oM, (18)

My = an,m ® M.,

Thus, the system in (15) is written as
ME RE =MW W, - M, RS, (19)

The matrix MF has full rank; then, from (19), the
unknowns can be obtalned as follows:

RE =(MF ) (M W, - M R) (20)

m m,m mm=m



The matrix M}, . is real, symmetric, and positive defi-
nite; therefore, the solution of the system always exists, and
the numerical computations are numerically stable.

3.2.G'-Degree Reduction of the Wang-Ball Curve. R,,(t)and
W, (t) are G'-continuous at the points corresponding to ¢t =
0,1 if they are G°-continuous, and the following additional
conditions are satisfied:

R.()=a (OW(a(®), o (t)>0,t=0,1. (21)

Rababah and Hamza in [22] discussed the same 1ssue for
disk Bézier curves: as in this work, they substitute « (i) = B2
and i = 0,1 to always have a (i) >0 and obtain

R, (i) = BW, (i),

This method yields a system of nonlinear equations. To
get rid of annoying nonlinearity, we substitute &' (i) = §; and
i =0,1. This substitution for the case of the Wang-Ball
curves yields

i=0,1 (22)

R, (i) = BW, (i),

Using a (0) = B, and a (1) = B, and solving (11) and
(23) in terms of the control points at both the endpoints, we
obtain

i=0,1. (23)

Ty = Wy,

Vi = Wy

n (24)
11 = wy + —AwyfBy»
1 0 0Po

n
-1 = Wy — EAwn—lﬁl'
Accordingly, we proceed by splitting Rm into two parts,

RS, and R/. Let RS = [ro, 71, 1ot 1" be the part of
constrained control points which is obtamed by G'-conti-
nuity and R{n = (R,/R) =[ry....1 ] be the part of
unconstrained control points. Simllarly, we split up B,,
the same way. Hence, the error term becomes

1
e= JO |B,W, - B,,R,,|dt

.

The error e := e(R/,, B, 3;) is a function of R/, B, and ;.
It follows that

Oe 1
2l

Let (0¢/ aan) =

(25)

- BﬂRﬁlnzdt.

BL.RS,|.B]dt. (26)

0, and we evaluate the integral to obtain
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Oe

o " MY W, - M, R, - M/ R
= 0,
where
M,,, =M, (2, .om=2;0,1,...,n),
Mmm-—M m(2,...,m=2;0,1,m—1,m), (28)
ML =My (2 m=2;2,...,m=2),
and the submatrix M, (...;...) contains the specified rows

and columns of the matrix M, ,
We differentiate equation (25) with respect to f; and
equate to zero to get

a .
(B W, - MR - MELRE)
B, ’ (29)
= 0,
(Mm 1W Mm lchr:n _Mz—n/llwfRL) .Awn—l
: (30)
where
an,n =M,,,(j;0,1,...,n),
M) = My (i 0, L,m = 1,m), (3D
ME = My (20 om=2), j=1m=1,

To analyze the method and to have a better insight, the
points are rewritten in terms of x and y parts. Therefore, the
variables of our system of equations are X, 7, k=2,

..,m—2,f, and f;. Also, we have to decompose each of r,
and r,,_, into two parts: a constant part and a part involving
the parameters f3, and f3,, respectively. Let 4, and u,,_; be the

constant parts of ; and r,,_;, respectively. Hence,

Uu; = wy, (32)

u w

m-1 — Wy

To write the linear system in compact shape, we define

t
Wn:[xO""’xn’yO""’yn]’
F _ ~ ~ ~ t
R, :[xZ"“’xm—Z’y2>'"’ym—Z’ﬁO’ﬁl] > (33)
Rﬁ (R us 1> m’yo)”{’”#pj’m]t-

Also, the matrices Q, L are defined as

follows:

m,n>

Lfn,w and L{mm
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0 Aw, 0 H M, . (L1) M, (1,m-1) HAwO 0 ]
- | 0 Aw,, |IM,,,(m-1,1) M, (m-1m-1) 0 Aw,, ’
[ M:nnAxO MinnAyO
Lmn = ’ >
) Mm_len—1 M, IAJ’n 1
r 1ic Iic (34)
M, Axy M7 Ay, :|
L =
m,m m—l,c m lic ’
_M Axn— mm Ayn 1
Lf _ f AxO Mrr;,mAyO
" -Mx,_ni‘fon—l Mz;rll;fAyn—l
" ! 2 "
The following matrices are defined by the direct sum & Ry, (1) = (“ (t)> W, (a(t) (39)

as follows:
My =M, &M,
M, =M, oM, . (35)
My =l o,

After some calculations, the system in (27) together with
(29) and (30) is written as

MmmRm M W MmmRm, (36)
where
L[
Mm,n = 4
L Lm,n _
M
Mm,m = ¢ >
| Ly (37)

M (L)

n
L L{n,m aQ
The matrix M’ consists of the matrices M},

t
(L1, L, » and Q. The matrix M/ is a positive definite,
and the matrix Q, excluding Aw,, and Aw,_, parts, is also
positive definite. Therefore, the matrix M}, ,, is nonsingular.
From (36), the solution is given as follows:
RE =(ME ) (MY W, - MS, RS). (38)

m,m mm= m

The matrix M, . is real, symmetric, and positive defi-
nite; therefore, the solution of the system always exists, and

numerical computations are numerically stable.

3.3. G*-Degree Reduction. R,,(t) and W, (t) are G*-con-
tinuous at the points corresponding to t = 0, 1 if they are G°-
and G'-continuous (i.e. (24) fulfilled) and satisfy the fol-
lowing additional conditions:

+o (OW!(s(t), o (£)>0,t=0,1.

These equations are simplified by setting o (i) = 82,
a'(i)=n;, and i=0,1 to get the following system of
equations:

Ry, (i) = BW, (i) + ;W (i), (40)

To get rid of nonlinearity, we set f5;=1,i=0,1.
Substituting these in (40) and applying (8) yield

nn—1) n
=2r, - A Awg o,
f2=4n r°+m(m—1) w°+m(m—1) Wo'lo
nn—1) n
=2 - —A .
fm2 = “m-1 = Tm m(m—l) "2 m(m-1) Wn-17M1

(41)

Thus, the two curves R, (t) and W, (t) are G*-contin-
uous if they satisfy (11), (23), and (40); i.e., the following are
obtained:

ro = W
Ty =Wy
ry=wy+ %Awo,
T = W, — %Awn,l,
ry,=2r; —ry+ r:g:ln__ll))Azwo + m(n:— 1)Aw0110,
Ty =201 =V + %Azwn,2 + ﬁAwn,ml.

(42)

Accordingly, we proceed by splitting R,, into two parts,
RS and RS Let RS, = [ro, 71,72 Ty 2o Ty 15 r,.]" be the part
of constrained control points which is obtained by
G?-continuity and R/, = (R,,/R,) = [r3,...,7,,_5]" be the
part of unconstrained control points. Similarly, we split up
B,, in the same way. Hence, the error term becomes



! 2
= J |B,W,, - B,R,| dt
0

.

The error & := e(R/, 5y, 77,) is a function of Q/, #,, and
1,- We differentiate with respect to the points R/, to get

T

Let (as/aqu) = 0, and we evaluate the integral to obtain

(43)

- B{nR{n"zdt.

n—BLRL| - BLdt  (44)
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where for j =2,m-2:

M), =M,,,(j:0,1,...,n),
Millfm = Mm,m (]’ 0’ 1’ 27 m— 2,”’1 - 1: m)) (49)

M#{m = Mm,m(j;?” S = 3).

To facilitate the discussion, we expand the Wang-Ball
curve into the x and y components. Hence, our unknowns
are X, ¥ k=3,...,m—3, 1, and #,. Furthermore, we
separate each of r, and r,,_, into two parts: a constant part
and a part involving the parameters #, and #,, respectively.

s Foof Let u, and u,, , be the constant part of r, and r,,_,, re-
—f =M, W,-M, R -M) R spectively. Hence,
nn-1)
=0, u2:2T1—1’0+mA Wy,
where (50)
5 nn-1)
M, =M,,(3,...,m-3;0,1,...,n), Ym-2 = ot = T T2 10 7> W
M, . =M, (3. .. ,m=30,1,2m-2,m—-1,m),
p Consequently, the following vectors are defined:
M = My By m=3:3,..,m—3),
t
(46) W, =[Xe0 3% Yo -5 Yl >
and the submatrix M, , (.. .;...) contains the specified rows Rf,, =X > X3 V3o o> Ve 30 Mo m]t, (51)
and columns of the matrix M, , RC = (Rt T 1,7 ]t
We differentiate (43) with respect to #; and equate it to m = X0 ¥ 2> X Yoo U Uy 2> Yim] -
zero to get
3 N s We define the matrices Q, L,,, ,, L;, ,.»and Lf as follows:
C
a (M W, MmmRm _MmmRm) Aw, Wy
Mo (47)
= O,
oe Mm 2W Mm 2cRc —MmiZ;fRf)-Aw
37’11 m m,m m n-1 (48)
= 0)
0 [ Aw, 0 ] [ M, (2,2) M, (2,m-2), ] [ Aw, 0 ]
N | 0 Aw,, || M, (m-2,2) M, (m-2,m-2). 0 Aw,_,
roag2 2
L _ Mm,nAxO Mm,nAyO
m’n Mm_zAxn—l Mg_nszn—l ,
- 52
MZC W AX Mzc AV (52)
L =
m,m _ >
..Mm 27CAxn—l Znﬁ CAyn 1
e ;
Lf _ f A'xO MM,mAyO ]
mm —2: —2; ’
_Mz,m fon—l Mﬁ,m’fAyn—l
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(12), for G°-continuity,
(24), for G'-continuity,
(42), for G*-continuity;

(20), for G°-continuity,
(38), for G!-continuity,
(56), for G*-continuity;

Input: (1) Degree of the initial curve n and its control points {wy, w;,. ..
(2) Geometric continuity condition k;
(3) Degree of the reduced curve m;

1 Draw the initial curve and its control polygon;

2 Compute the constraint control point using:

3 Compute the interior control points using:

Output: Draw the degree-reduced curve.

ALGORITHM 1: Algorithm of geometric degree reduction of Wang-Ball curves.

The following matrices are defined by the direct sum &
as follows:

w++ w w
Mm,n = Mm,ne)Mm,n’
c++ C C
Mm,m = Mm,meaMm,m’ (53)

M = M, ® M,

After some calculations, the coordinate system of the
expansion of (45) together with (47) and (48) is given by

F F w C C
Mm,mRm = Mm,nwn - Mm,mRm’ (54)
where
LM
Mm,n >
L Lm,n J
L
Mm,m = ¢ 4
L L | (55)
r n t
]\/IerJr Lf
. mm m(m _ 1)( m,m)
Mm,m =
n
Lf
L m(m-—1) Q

From (54), unknowns can be computed as.

) (MY w, - M5, RS).  (56)

mm= m

RE = (M,

m m,m

3.4. The Algorithm for Geometric Degree Reduction of
Wang-Ball Curves. The step-by-step procedure of geo-
metric degree reduction of Wang-Ball curves is presented in
Algorithm 1 to guide the reader and facilitate the imple-
mentation of the numerical example. It should be clear that
the end control points and the interior control points of the
degree reduced curve are obtained based on the required
geometric continuity condition.

4. Numerical Examples

In this section, we provide an example to illustrate the ef-
fectiveness of the proposed method. Deng et al. [21] solved
the problem of degree reduction of the Wang-Ball curve
using basis transformation. To compare our proposed
method with the existing method of degree reduction of the
Wang-Ball curve, we employed an example from Deng et al.
[21] and compared our result with that of Deng et al. [21].
Given a planer Wang-Ball curve of degree eight W, ()
which is an outline of a hill, whose control points are (see
[21]): (-1, -3), (11, 33), (14, 1), (-6, -8), (1, —54), (11, —109),
(3, 17), (-1, 48), and (11, 0), it is reduced to a planer
Wang-Ball curve of degree five R, (t). WB, G°-, G'-, and
G?-degree reduction methods are employed to reduce the
degree of W, (t), where WB stands for degree reduction
without any boundary condition. The degree reduced curves
by WB, G°, G!, and G* methods and the original curve are
depicted, respectively, in Figures 1(a), 1(c), 1(e), and 1(g),
and their corresponding error functions are shown in
Figures 1(b), 1(d), 1(f), and 1(h), respectively. The original
curve is depicted in the blue line, while the red dotted line
represents the degree reduced curve. The error of the degree
reduction is given by

e = max|W, () - R, (t)] (57)

From Figure 1(b), it can be seen that the error of WB
degree reduction is higher at the boundaries; this is because
no boundary condition is required. Thus, the initial and last
control points of the given curve do not coincide with those
of the degree-reduced curve. Due to the geometric conti-
nuity conditions required at the boundaries (G°, G!, and G?),
the initial and last control points of the given Wang-Ball
curve coincided with those of the degree-reduced Wang-Ball
curve. Thus, the boundary information of the given curve is
preserved. From Figures 1(d), 1(f), and 1(h), it can be seen
that the error is zero at the boundaries. Note that the error in
Figure 1(g) is higher than in the rest of subfigures. This
occurs because the original given Wang-Ball curve is re-
duced to the degree five Wang-Ball curve using G*-conti-
nuity; in this case, all the control points of the degree-
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Figure 1: Continued.



Applied Computational Intelligence and Soft Computing 9

—_
(=]
T

y-components of the control points
Error
8]

0 2 4 6 8 10 0.2 0.4 0.6 0.8 1.0

Parameter t

x-components of the control points

—— Original curve

- —— G*-degree reduced curve

(® ()

FiGure 1: Example of degree reduction: (a) the original curve and WB-degree-reduced curve; (b) error function for WB-degree reduction;
(c) the original curve and G°-degree-reduced curve; (d) error function for G°-degree reduction; (e) the original curve and G!-degree-
reduced curve; (f) error function for G'-degree reduction; (g) the original curve and G*-degree-reduced curve; (h) error function for
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TaBLE 1: Comparison of our method with [21].

# Points Max. error of [21]

WB

Max. errors of our method
G° G! G?

9 1.0999

0.2485

0.1601 0.1819 3.88319

reduced Wang-Ball curve are obtained using the G*-con-
tinuity condition, and we cannot get the interior control
points since all the control points of the degree-reduced
curve are exhausted by the G*-continuity condition; that is
why the error is higher especially at the center. Table 1
presents the comparison of the maximum error of the
proposed method with that of [21]. The maximum error
produced by the proposed method is less than that of [21]
except for G*-degree reduction. Our proposed method is
linear, and it does not consist of any basis transformation
unlike the method presented in [21]. The computational
complexity of the proposed method is cheaper than that
of [21].

5. Conclusion

In this paper, we presented a new method for multidegree
reduction of Wang-Ball curves with G°-, G!-, and
G?-continuity at the boundary points. The general equation
for high-order (G* and above) multidegree reduction al-
gorithms is nonlinear, and the solutions of these nonlinear
systems are quite expensive. To avoid nonlinearity, we re-
quired C'-continuity in addition to G*-continuity. While
some existing methods only achieve the multidegree re-
duction by repeating the one-degree reduction method
recursively, our proposed method achieves multidegree
reduction at once. The distance between the original curve
and the degree-reduced curve is measured in the L,-norm. A
numerical example and figures are provided to demonstrate
the effectiveness of the proposed method. Our proposed
method not only outperforms the existing method of degree

reduction of Wang-Ball curves but also guarantees geo-
metric continuity conditions at the boundary points, which
is very important in CAD and geometric modeling.
Moreover, the proposed method can be extended to con-
ditions of higher order geometric continuity.
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