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We consider two-dimensional randomly deformed circular quantum dots with two attached waveguides (an emitter and a
collector) in magnetic fields as an electronic analogy of the blackbody radiation. Transport properties through them are
numerically investigated. The fraction of the current carried by each propagating mode in the collector is computed for
transmission currents when each propagating mode is incident. By taking the statistical average in shape, it is shown that a universal
frequency distribution is obtained for a sufficiently deformed system even though magnetic fields are so strong that electron
waves form edge states. Then, the transmission currents are randomly distributed over all propagating modes. On average, each
propagating mode carries the same current as in the absence of a magnetic field. It is also confirmed that a finite size dot cannot
be a model of a reservoir even if it is chaotic.

1. Introduction

In the present paper, we consider electron transport in two-
dimensional (2D) electron systems. Especially, we attempt
to investigate a reservoir, that is, an electron source in
quantum theory. In theoretical and numerical treatment of
2D electron transport, a billiard ball model is useful and has
often been applied. In a billiard ball model, reservoirs are
taken into consideration, and a reservoir is modeled by an
infinitely large cavity. For electrons in the reservoir, uniform
spatial distribution and random motion are assumed. When
electrons go into a waveguide from such a reservoir, the
angular distribution, namely, the probability of incidence at
an angle of θ is given by P(θ) = (1/2) cos θ [1].

In quantum theory, on the other hand, usually reservoirs
are basically left out of consideration. When multiple modes
propagate in a waveguide, a wavefunction in the waveguide
is expressed by a superposition of eigenfunctions of the
propagating modes. The coefficients for the superposition
are usually assumed to have the same phase and the same
amplitude. Actually, the properties of the coefficients are
determined by the reservoir, so that we need to consider a
reservoir also in quantum theory. This problem was pointed
out and discussed by Kawamura et al. [2] for the first time. In

the reference, however, no solution was presented and it had
been an open question.

Several researchers consider that a reservoir does not
need to be taken into consideration even in quantum-
mechanics since quantum mechanical description of trans-
port problems has been very successful. Surely, so long as
we deal with transport properties of conductors, such as
calculation of conductance, it is true. However, the reservoir
constitutes a part of the physical system under consideration,
and we cannot avoid dealing with it quantum-mechanically.
When we calculate a wave function in a conductor, especially
like a diffraction pattern, the details of a reservoir is
indispensable. Actually, in many cases, in order to calculate
the wavefunction in a system, the eigenfunctions in a lead
are superposed with the same phase and the same amplitude
[3]. However, it must be said that this is without foundation.

It is impossible to treat an infinite system like a classical
model of a reservoir, so I proposed a finite size model
of a reservoir. In the author’s previous work [4, 5], the
transport properties of a random-shaped circular quantum
dot connected to two waveguides have been analyzed
quantum mechanically and classically. Actually, the analysis
of eigenstates and transport properties of an electron wave
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Figure 1: An example of a random-shaped quantum dot with two
waveguides and the definition of the coordinate system.
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Figure 2: Schematic description of the quantized billiard model.
The quantization of momentum of electrons and the quantum-
mechanical probability distribution within the emitter are assumed.
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Figure 3: A sample trajectory from the emitter to the collector.
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Figure 4: Angular distributions P(θ) of the electrons transmitted
to the collector for the injection of each three propagating modes.
Kd = 10, rmax = 4, amax = 1.5.
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Figure 5: Spatial distributions f (x) of the transmitted electrons for
the incidence of each three propagating modes.

within a deformed circular quantum dot has been studied
from a viewpoint of quantum chaos [6–8].

By taking the statistical average with respect to shape, the
effect of the degree of randomness of shape on the transport
properties has been studied [4, 5]. The fraction of the current
carried by each propagating mode in the waveguide has been
derived for transmission and reflection currents when each
propagating mode is incident. It has been shown that a
universal frequency distribution

f
(
p
) = (N − 1)

(
1− p

)N−2,

N = number of propagating modes,
(1)
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Figure 6: Angular distributions Q(θ) of the reflected electrons for
the injection of each three propagating modes; Kd = 10, rmax = 4,
amax = 1.5.
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Figure 7: Spatial distributions g(y) of the reflected electrons for the
injection of each three propagating modes.

is obtained if the randomness of the shape exceeds a certain
value. In a sufficiently random system, the transmission cur-
rents are randomly distributed over all propagating modes.
However, on average, each propagating mode carries the
same current. This result, considered as a particle reservoir
model, is compared with the characteristics of the classical
reservoir model.

This result demonstrates universal conductance fluctua-
tion (UCF) by a concrete calculation from a certain point of
view [9–17]. Furthermore, this result shows that for universal

Figure 8: A contour plot of an electron density in a sample dot for
Kd = √32π, B̃ = 4, and the fundamental mode incidence.

conduction, scattering on a rough boundary is sufficient and
that scatterers are not necessary within a system.

In the presence of a magnetic field, on the other hand,
disturbance and dephasing of a wavefunction may not be
enough, since the diffraction of an electron wave is sup-
pressed and it forms the edge state and propagates along the
boundary of the system. Therefore, it is unclear whether the
universal transport properties through a quantum dot are
realized.

It is often expected that an electron wave is sufficiently
dephased within a chaotic quantum dot of finite size and
that the transport properties through it agree with those pro-
posed in this paper [18–27]. Even within a chaotic quantum
dot at least of finite size, as shown in the last section, the
universal distribution characteristics of current never appear.
Thus, I emphasize here that even a chaotic quantum dot
cannot become a model of a reservoir if it is finite.

2. Reservoir Model

We take an analogy from Planck’s blackbody radiation [28].
A reservoir is defined as a cavity in which an incident
wave is sufficiently dephased. It is different from blackbody
radiation in that the energy of electrons is restricted to Fermi
energy, since we consider a 2D electron system formed within
a semiconductor at low temperatures. Here, we introduce
statistics of random-shaped quantum dots as the mechanism
of dephasing [4].

A random-shaped quantum dot is defined as a randomly
deformed circular dot (Figure 1) according to [8]. The shape
is expressed in the polar coordinates as

r(θ) = rmax +
N∑

n=1

an
amax

2
cos(nθ + πδn), (2)

where rmax and amax are the radius of the original circular
dot and the parameter for the degree of deformation, respec-
tively. Both an and δn are independent uniform random
numbers in the range from 0 to 1. In the present paper, we
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Figure 9: Frequency distributions for the fraction pαμ of each propagating mode in the transmission current carried by each propagating

mode when each of three propagating modes is incident for Kd = √32π, B̃ = 4.

set N = 9 and rmax = 4. An emitter of width d parallel to
the x-axis and a collector with the same width are attached
to the dot defined in this manner parallel to the y-axis. The
number of samples to take statistics is 1000.

3. Classical Analysis

3.1. Quantized Billiard Model. I have already reported in
[5] that our model can reproduce the properties of the
infinitely large classical model of a reservoir in the absence of
a magnetic field. It is, however, published only Japanese, so I
would like to review the results here, briefly. It is an essential
and necessary condition for our model to be acceptable as a

model of a reservoir. For the purpose, we employ a quantized
billiard model (QBM) [29], since it makes it easy to compare
the results with those of quantum theory.

In QBM, electrons in a dot are assumed to obey New-
tonian equations of motion as a usual billiard model. The
initial condition at the orifice of the emitter is, however, given
according to quantum theory, so that quantized transverse
and longitudinal momenta,

� ky,n ≡ ±�

(
nπ

d

)
,

� kx,n = �

√
K2 − k2

y,n,

(3)
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Figure 10: A contour plot of an electron density in a sample dot for Kd = √32π, B̃ = 9, and the fundamental mode incidence.

are assumed when the incident wave belongs to the nth trans-
verse mode. Here, K is the total wavenumber of an electron,
that is, the Fermi wavenumber. The spatial distribution of
electrons within the emitter is given quantum mechanically
as follows:

ρ
(
y
) = 2

d
sin2

(
ky,n

(
y +

d

2

))
,

(
− d

2
≤ y ≤ d

2

)
. (4)

The case of n = 1 is illustrated in Figure 2. Figure 3 shows
an example of trajectory from the emitter to the collector.

3.2. Numerical Results. The numerical simulations are per-
formed for Kd = 10 and amax = 1.5. In Figure 4, angular
distributions of electrons in the collector are P(θ) shown for
each propagating mode incidence. The angular distribution
for the second mode incidence has two spikes at θ ∼
±0.283π. These are attributed to electrons belonging to the
second mode in the emitter that go into the collector directly
without colliding with the wall of the dot.

Whether this phenomenon occurs depends on the shape
of the system and on the initial position on the orifice
of the emitter. In fact, the incident angle φ2 of electrons
belonging to the second mode within the emitter is given
by |φ2| = sin−1(2π/Kd) ∼ 0.2163π, so that electrons with
φ2 ∼ −0.2163π directly go into the collector and then the
angle of incidence to the collector is φ2 + π/2 ∼ 0.2837π,
since the collector is placed at right angles to the emitter.
The angle certainly agrees with that of one spike at θ ∼
0.283π. The reason why the other spike also appears at
a negative angle θ ∼ −0.283π is that electrons incident
to the collector may collide on the right-side wall of the
collector before electrons go across the counting line. For the
fundamental and third mode incidence, no spike appears,
since the angle of incidence is different by the incident
mode. Except the spikes, the angular distribution functions
for any incidence agree with that of the infinitely large
classical model of a reservoir, that is, P(θ) = (1/2) cos θ.
The spatial distributions f (x) of electrons at the orifice of
the collector are plotted in Figure 5. We see that electrons are
uniformly distributed within the collector for any incidence.

The angular distributions of the electrons returned to the
emitter again, the so-called reflected electrons, Q(θ) are
shown in Figure 6 for the same value of parameters as the
case of the transmitted electrons. In this case, we see the
distribution for any incident mode has two broad spikes
whose positions are symmetric with respect to the origin.
The angle where the twin spikes are located varies with the
incident mode.

The incident angles of electrons belonging to the funda-
mental, second, and third mode within the emitter are

∣∣φ1
∣∣ = sin−1

(
π

Kd

)
∼ 0.1017π,

∣
∣φ2

∣
∣ = sin−1

(
2π
Kd

)
∼ 0.2163π,

∣
∣φ3

∣
∣ = sin−1

(
3π
Kd

)
∼ 0.3915π,

(5)

respectively. These agree with the angles where the twin
spikes occur for respective incident modes in Figure 6. This
fact implies that these spikes are caused by reentrant of
the emitted electrons to the emitter after the first and
almost perpendicular collision with the wall of the dot. Each
angular distribution except the twin spikes shows remarkable
agreement with 0.8 × (1/2) cos θ. Hence, we see that about
10% of the reflected electrons form one of the twin spikes
for any incident mode. The remainder, namely, 80% of the
reflected electrons, are diffusive and sufficiently disturbed.
The spatial distributions g(y) of the reflected electrons
are plotted in Figure 7 for incidence of each propagating
mode. They are also uniformly distributed within the emitter
for any incident mode. Therefore, our random-shaped dot
model is acceptable as a model of a reservoir, at least,
classically and in the absence of a magnetic field.

4. Quantum-Mechanical Analysis in
Magnetic Fields

In the present study, we consider the case in the presence of a
uniform magnetic field quantum mechanically.
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Figure 11: Frequency distributions for the fraction pαμ of each propagating mode in the transmission current carried by each propagating

mode when each of three propagating modes is incident for Kd = √32π, B̃ = 9.

4.1. Formulation. The x- and y-axes are defined in the plane
as shown in Figure 1, and the vector potential A(r) which
generates a uniform magnetic field perpendicular to the
plane B = (0, 0,−B) is assumed.

The Schrödinger equation of an electron in the presence
of a magnetic field is generally written as

1
2

[−i∇− A(r)]2ψ(r) = εψ(r) (6)

in a dimensionless form. Here length and energy are scaled

by the magnetic length 
B ≡
√

� /|qB| and by the cyclotron
energy �ωc, respectively. The cyclotron frequency ωc is

defined by ωc = |qB|/m∗ with effective mass of conducting
electron m∗. The vector potential multiplied by the electron
charge q is scaled by � /
B. The scaled total wavenumber is
defined by K ≡ √2ε.

Let us introduce Green’s function [30, 31]

G(r, r′; ε) = exp
[
i
∫ r

r′
↗ A(s) · ds

]
G0(z; ε),

G0(z; ε) ≡ 1
4π

Γ
(

1
2
− ε

)
U
(

1
2
− ε, 1, z

)
e−z/2,

(7)
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Figure 12: A contour plot of an electron density in a sample dot for
Kd = √32π, B̃ = 16, and the fundamental mode incidence.

which satisfies

1
2

[i∇′ − A(r′)]2G(r, r′; ε) = εG(r, r′; ε) + δ(r− r′), (8)

for any gauge, where z = (r − r′)2/2. The function U(1/2 −
ε, 1, z) is a logarithmic solution of the Kummer’s equation
[32].

Then, the wavefunction within the region enclosed by
the boundary S can be expressed as follows in terms of the
contour integral along the boundary:

ψ(r) =
∮
[
G(r, r′; ε)∇′ψ(r′)− ψ(r′)∇′G(r, r′; ε)

] · n′ dS′

− 2i
∮

G(r, r′; ε)ψ(r′)A(r′) · n′ dS′,

(9)

where n′ denotes the outward unit normal vector from the
region.

When a point r in the region moves toward the boundary
S, the following integral equation can be obtained:

c(r)ψ(r) = ℘
∮

dS′
(

G(r, r′)
∂ψ(r′)
∂n′

− ψ(r′)
∂G(r, r′)
∂n′

−2iG(r, r′)ψ(r′)A(r′) · n′
)

,

(10)

where the notations℘ and ∂/∂n′ denote the Cauchy principal
value integral and the outward normal derivative. The
coefficient c(r) is defined by c(r) ≡ θ(r)/2π when the inner
angle formed by the boundary at the point r on the boundary
is θ(r). If the boundary is smooth at point r, then c(r) = 1/2.

This integral equation is discretized and solved by means
of the boundary element method following [33, 34].

4.2. Boundary Conditions and Numerical Implementation. It
is assumed that the dot is formed by an infinitely high
potential. On the boundary, the wavefunction ψ(r′) is 0 and

only the first term on the right-hand side of (10) remains.
The boundary of the dot is discretized in steps of 1/6 the
incident wavelength. The boundary integral is evaluated
in terms of linear interpolation of the normal derivative
of the wavefunction. The normal derivative ∂ψ/∂n′ of the
wavefunction at each node becomes the unknown.

Edge states are formed when electrons are confined in
a waveguide subjected to magnetic fields [35]. Although
wavefunctions at the orifice should be expanded in terms
of the edge states, the influence of magnetic fields will
be small when the cyclotron diameter is sufficiently larger
than the width of the waveguides. In usual experiments,
in addition, the incident waves were injected not through
a long waveguide surrounded by rigidly confined potential
barrier but through a point contact. Then, electrons will not
spend a long enough time to form edge states on passing
through the constrictions. The penetration of electrons into
the constrictions also prevents electrons from forming edge
states. If the width of the waveguide is determined as an
effective width of the incident beam, it will be justified
to ignore the magnetic field in the emitter. In this paper,
further, we are going to show that the statistical transmission
probability never depends on the state of the incident wave.
So that, in this case, the incident wave may be expressed
in terms of any complete sets. Therefore, we put A(r) =
(0, xmin, 0) within the emitter, that is, in the region of x <
xmin. It is, then, convenient to employ the Landau gauge
A = (0, x, 0) in the region of x ≥ xmin since the vector
potential must be continuous even on the y-axis.

When an electron wave belonging to the transverse mode
α is injected, the total wave function in the emitter of width
d is written as

ψα(r) = e−iyxmin

⎛

⎝u∗α (r) +
∑

β

rαβuβ(r)

⎞

⎠,

uα(r) ≡ exp(−ikαx)

√
2
d

sin
(
απ

d

(
y +

d

2

))
,

kα ≡
√

K2 −
(
απ

d

)2

,
(
α,β = 1, 2, . . .

)
.

(11)

On the orifice of the emitter, the reflection coefficients rαβ are
unknown variables.

Similarly, the wave function at the collector is expanded
in terms of the edge states χ(r, κμ) [35] as

ψα(r) =
∑

μ

tαμχ
(

r, κμ
)
. (12)

The edge states, namely, eigenfunctions χ(r, κμ) are defined
by

χ(r, κ) ≡ exp
(
iκy

)
ϕ(x, κ), (13)

where ϕ(x, κ)’s are eigenstates of the differential equation

[

− d2

dx2
+ (κ + x)2

]

ϕ(x, κ) = 2εϕ(x, κ), (14)
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Figure 13: Frequency distributions for the fraction pαμ of each propagating mode in the transmission current carried by each propagating

mode when each of three propagating modes is incident for Kd = √32π, B̃ = 16.

Figure 14: A contour plot of an electron density in a sample dot for
Kd = √20π, B̃ = 4, and the fundamental mode incidence.

with boundary conditions ϕ(x = ±d/2, κ) = 0 on the walls
of the collector. The wavenumber κμ is selected so that (12)
expresses an outgoing wave at the collector. The transmission
coefficients tαμ are unknowns to be determined. Here, note
that the eigenwavevector κ has complex values for sufficiently
large ε as Schultz et al. pointed out.

The specific discretization procedure for (10) follows
the general method using first-order elements. I shall not
mention this here since there exist many references which
deal with this topic in detail [33, 34]. The simultaneous
equations obtained by discretization are solved for ∂ψi/∂n′,
rαβ, and tαμ.

4.3. Evaluation of Physical Quantities. The βth propagating
mode component of the reflection current at the emitter and
the μth propagating mode component of the transmission
current at the collector are expressed as

jRαβ = kβ
∣
∣
∣rαβ

∣
∣
∣

2
, (15)

jTαμ =
∣
∣∣tαμ

∣
∣∣

2
vμ, (16)

vμ ≡
∫ d/2

−d/2

(
κμ + x

)∣∣
∣ϕ
(
x, κμ

)∣∣
∣

2
dx, (17)

respectively. Here, vμ is the group velocity of the μth edge
state in the collector. The total reflection current and the total
transmission current are given by

jTα =
∑

μ

jTαμ, (18)

where the sums over β and μ are taken only over the prop-
agating modes.

When the αth mode is incident from the emitter, the
fraction of the transmission current carried by the μth
propagating mode to the total transmission current within
the collector is given by

pαμ ≡
jTαμ
jTα
. (19)

5. Numerical Results

In general, once the shape of the dot is specified, the
transmission and reflection coefficients are uniquely deter-
mined for an incident wave. The fractions of the current
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Figure 15: The frequency distribution for the fraction of each propagating mode in the transmission current for the fundamental mode
incidence; Kd = √20π, B̃ = 4.

Figure 16: A contour plot of an electron density in a sample dot for
Kd = √150π, B̃ = 9, and the fundamental mode incidence.

carried by each propagating mode in the transmitted and
reflected waves depend on the incident mode. As the
roughness is increased, however, the wave within the dot
is substantially disturbed by scattering in the dot and the
statistical characteristics will finally become universal. That
has already been confirmed in the absence of a magnetic field.

Hereafter, we employ the dimensionless parameter B̃ ≡
B/B0 for the magnetic field, where B0 is defined by � /qd2.
When the width d of the waveguide is, for example, 250 nm,
the magnetic field corresponding to B̃ is about 0.01 T. The
parameter of deformation amax is set as amax = 1, for which
an incident wave is sufficiently disturbed and the frequency

distribution function of the fraction of the current carried by
each propagating mode in the emitter does never depend on
the incident mode in the absence of a magnetic field.

At first, we consider the case of Kd = √
32π. In this

case, three propagating modes exist in the emitter. Numerical
results for B̃ = 4 are shown in Figures 8 and 9. Then, the
number of the propagating modes is three, the same as that
of for B̃ = 0.

Figure 8 is a contour plot of an electron density in a
certain sample dot for the fundamental mode incidence. In
this figure, we see that the electron wave spreads within the
whole dot, and it is disturbed enough, the influence of the
magnetic field being not so strong. Figure 9 shows frequency
distributions for the fraction of the transmission current
carried by each propagating mode when each of the three
propagating modes is incident. The abscissa represents pαμ
(α, μ = 1, 2, 3). These distributions are found to converge
to a certain identical distribution. The distribution function
never depends on the incident mode, that is universal even
in a magnetic field. This fact means that the electron wave
is sufficiently disturbed within the dot even in this case. For
any incident mode, the probability distribution function for
the fraction of the transmission current is f (p) = 2(1 − p),
which is completely in agreement with (1).

Next, results in case of a rather stronger magnetic field
B̃ = 9 are shown in Figures 10 and 11.

Even in this case, the number of the propagating modes
in the collector is still 3. However, it is found that the
cyclotron radius becomes smaller and an electron wave
cannot reach around the central part of a dot from the
density plot of an electron probability density (Figure 10).
In spite of expecting that such change of the quantum state
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Figure 17: The frequency distribution for the fraction of each propagating mode in the transmission current for the fundamental and third
mode incidence, respectively; Kd = √150π, B̃ = 9.

has big influence on disturbance of an electron wave, the
frequency distribution (Figure 11) follows (1) very well.

The results in the case of a further stronger magnetic field
are shown in Figures 12 and 13.

Now, the number of the propagating modes in the
collector is 2. The density plot of electron probability density,
Figure 12, shows that the electron wave propagates along the
wall of the dot forming an edge state. In this situation, the
disturbance of an electron wave by scattering on the wall
of a randomly deformed dot is not expectable any longer.
Nevertheless, the frequency distributions shown in Figure 13
obey (1) for N = 2.

In order to study variation of Kd, we show results for
Kd = √

20π and B̃ = 4 in Figures 14 and 15. As shown
in Figure 14, the electron wave spreads within the whole
dot whereas the number of the propagating modes in the
collector is 2, namely, N = 2. The frequency distribution
function shown in Figure 15 obeys (1) for N = 2 also in this
case.

Results for Kd = √150π and B̃ = 4 are shown in Figures
16 and 17. The wavefunction is distributed all over the dot,
and a very fine interference pattern is found in Figure 16.
Figure 17 shows that the frequency distribution function
satisfies (1) for N = 6.

The occupation probability refers only to the absolute
value of the transmission coefficients, |tαμ|, not to the
phase of them. Now, we pay our attention to phase of tαμ
[36]. In Figure 18, the transmission coefficients t1μ of the

fundamental, 2nd, and 3rd modes for Kd = √
32π, B̃ = 9

and fundamental mode incidence are plotted for all samples
of shape in the complex plane. We find that sample points

for any mode are isotropically distributed around the origin.
This fact implies that the phase of tαμ are random.

We also see that the distribution spreads as the mode
number. In fact, the variance in the radial direction of each
distribution is inverse to the group velocity vμ, so that

〈∣∣
∣tαμ

∣∣
∣

2
�

shape
∝ 1

vμ
, (20)

with the accuracy better than 1%. This reflects that the mean
value 〈 jTαμ〉shape of the current of each propagating mode μ is
independent of the belonging mode μ. This is consistent with
(23).

6. Discussions and Conclusions

By means of a classical model, that is, quantized billiard
model, it is shown that the statistical properties of the
transmission current out of a randomly deformed quantum
dot are equivalent to the properties of infinitely large
reservoir model. Thus, in the present paper, I have proposed
this model as a model of an electron reservoir in quantum
mechanics.

On the basis of the reservoir model, the statistical prop-
erties of the transmission current are quantum-mechanically
computed. Then, the frequency distribution for the fraction
of the transmission current carried by each propagating
mode in a collector obeys (1) for any wavenumber Kd and
any magnetic field B̃. This rule is namely universal.

Here, let us consider physical explanation of this rule.
Suppose, for example, that three propagating modes exist in
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Figure 18: Plots of transmission coefficients t1μ of the fundamental, 2nd, and 3rd modes for all samples of shape in the complex plane. The

incident wave belongs to the fundamental mode; Kd = √32π and B̃ = 9.

the collector. The reason of this distribution function can be
interpreted as follows. Let p1, p2, and p3 be the fractions of
the current carried by the fundamental, the second, and the
third mode, respectively. A certain sample is represented by
one point on the first quadrant of a plane

3∑

μ=1

pμ = 1, 0 ≤ pμ ≤ 1,
(
μ = 1, 2, 3

)
, (21)

in the three-dimensional space spanned by the p1, p2 and p3

axes (see Figure 19).

If the point (p1, p2, p3) is randomly (uniformly) dis-
tributed within the equilateral triangle equation (21), then
the frequency f (p) with the value of one axis such as p1

fixed at p1 = p is proportional to the length of the line
segment formed by the intersection of plane p1 = p and the
equilateral triangle. Hence, f (p) is proportional to (1 − p).
Substituting it into the normalization condition

∫ 1

0
f
(
p
)
dp = 1, (22)
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Figure 20: A stadium-shaped quantum dot with an emitter and a
collector.

we obtain f (p) = 2(1− p).
The fact that the frequency distribution function has

this form reveals that the transmission current is randomly
distributed over all propagation modes. In addition, we have

∫ 1

0
p f
(
p
)
dp = 1

3
, (23)

so that all modes carry equal currents on average.
If the current is assumed to be distributed randomly

over the propagating modes when N propagating modes
exist, the distribution function can be derived by extending
the considerations for the case of three propagating modes
to N-dimensional space [37]. The normalized distribution
function is obtained as

f
(
p
) = (N − 1)

(
1− p

)N−2, (N ≥ 1). (24)

Then, the average and the variance of p are given by

〈
p
〉 =

∫ 1

0
p f
(
p
)
dp =

∫ 1

0
p(N − 1)

(
1− p

)N−2
dp = 1

N
,

〈
p2〉− 〈p〉2 = 2

N(N + 1)
−
(

1
N

)2

= 1
N2

N − 1
N + 1

,

(25)

respectively. The variance is 0 for N = 1, it takes the
maximum value, 1/12 for N = 2 and for N ≥ 2, it decreases
in monotone and approaches 0 asN becomes large. The ratio
of the standard deviation and the average, however, is given
by

√
〈p2〉 − 〈p〉2

〈p〉 =
√
N − 1
N + 1

, (26)

it increases monotonously with N , and approaches 1 on the
limit of N → ∞.

For N = 1, (24) becomes f (p) = 0 for p /= 1, and f (p)
diverges for p = 1. Further, f (p) satisfies (22) and is certainly
f (p) = δ(p−1). Namely, only one propagating mode carries
all of the current.

Thus, this distribution function reflects the law of equip-
artition of current.

The key point of the model of a reservoir is sufficient
disturbance of the electron wave within a quantum dot. Not a
few researchers often expect that an electron wave is enough
dephased within a chaos quantum dot and that it can become
a model of a reservoir.

I have already confirmed the transport properties of
a stadium-shaped dot with an emitter and a collector
as an example of a chaotic dot, quantum mechanically
and classically [18–21]. Both cases in the absence and the
presence of a magnetic field have been analyzed whereas
I restrict myself to showing only the results of quantum-
mechanical analysis for zero magnetic field.

Now, we consider a stadium-shaped quantum dot shown
in Figure 20.

The wavenumber dependence of the fraction of the cur-
rent pαμ carried by each propagating mode μ in the collector
is shown in Figure 21 for cases that each propagating mode
α in the emitter is injected. Here, the size of the dot is
set as r/d = 10. From Figure 21, we see that the fraction
of the current carried by each propagating mode strongly
depends on the incident mode and changes rapidly to the
wavenumber.

Figure 22 shows the size r/d dependence of the fraction
of the current pαμ carried by each propagating mode μ in the
collector for each incident mode α. The wavenumber Kd is
set to 10. It is shown that the fraction of the current carried
by each propagating mode strongly is also dependent on the
size of the dot.

The electron density for Kd = 7, r/d = 10, and the
fundamental mode incidence is plotted in Figure 23. We see
that in this case an eigen mode of high symmetry is excited in
the dot. When the wavenumber or the size of a dot changes,
space variation of a wavefunction of an excited eigen mode
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Figure 21: Wavenumber dependence of the fraction pαμ in the transmission current carried by each propagating mode μ when each
propagating mode α is injected. The size of the dot is set as r/d = 10.
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Figure 22: Size r/d dependence of the fraction pαμ in the transmission current carried by each propagating mode μ when each propagating
mode α is injected. The wavenumber is set as Kd = 10.
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Figure 23: A contour plot of an electron density for Kd = 7, r/d =
10, and the fundamental mode incidence.

also changes. Then, coupling of a wave function in a collector
with that in a dot also changes. Therefore, universal transport
property is never realized at least in a finite dot.

Even if we interchange the emitter with the collector or
introduce a magnetic field, the tendency of the property does
not change at all. Thus, it is confirmed that a finite size dot
cannot be a model of a reservoir even if it is chaotic.
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