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The current-induced domain wall motion along thin ferromagnetic strips with high perpendicular magnetocrystalline anisotropy
is studied by means of full micromagnetic simulations and the extended one-dimensional model, taking into account thermal
eﬀects and edge roughness. A slow creep regime, where the motion is controlled by wall pinning and thermal activation, and a flow
regime with linear variation of the DW velocity, are observed. In asymmetric stacks, where the Rashba spin-orbit field stabilizes
the domain wall against turbulent transformations, the steady linear regime is extended to higher currents, leading to higher
velocities than in single-layer or symmetric stacks. The pinning and depinning at and from a local constriction were also studied.
The results indicate that engineering pinning sites in these strips provide an eﬃcient pathway to achieve both high stability against
thermal fluctuations and low-current depinning avoiding Joule heating. Finally, the current-driven dynamics of a pinned domain
wall is examined, and both the direct and the alternating contributions to the induced voltage signal induced are characterized.
It was confirmed that the direct contribution to the voltage signal can be linearly enhanced with the number of pinned walls, an
observation which could be useful to develop domain-wall-based nano-oscillators.

1. Introduction
A typical pattern of a ferromagnetic sample consist on a set
of domains and domain walls (DWs). The domains are uniformly magnetized regions, and DWs constitute the boundary between them. DWs have been intensively researched
in the past, both in bulk or continuous films [1]. However,
as many other areas of physics, the study of DWs has
been revitalized by the advent of nanotechnology, and at
the present, modern nanolithograpy techniques allow the
fabrication of suitable ultra-thin ferromagnetic strips where
DWs can be easily nucleated. The development of advance
microscopy methods has also permitted them to be imaged
and their dynamics to be explored. The traditional way to
promote the DW dynamics is done by applying magnetic
fields. Recently, a more promising alternative to drive DWs
has been proposed. It consists on flowing electrical currents
though ferromagnetic strip by using the novel physics of
spin-transfer torque. Electrical current passing through a
ferromagnetic strip becomes spin polarized along the local

magnetization direction. When the current crosses a DW,
spin angular momentum is transferred from the current to
the magnetization, thereby inducing a torque which leads to
DW motion. This spin-transfer torque phenomenon, which
was firstly predicted by Berger [2, 3], has adiabatic and
nonadiabatic contributions. The first one, which is expected
to be dominant in wide walls, acts as a hard-axis field perpendicular to the magnetization inside the DW and controls
the initial DW velocity. The nonadiabatic torque, which is
expected to be dominant in thin wall, mimics an easy axis
magnetic field and it is the responsible of the terminal DW
velocity [4–8]. Although several experimental [9–23] and
theoretical [24–29] studies have provided advances in the
understanding of current-driven DW dynamics, there are
many aspects of the underlying physical mechanism, such
as the origin (large gradient of the local magnetization [3],
spin-flip scattering [5, 8], or linear momentum transfer [6])
and the strength of the nonadiabatic contribution, which
remain still unclear [30].
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Apart from its intrinsic fundamental interest, the eﬃcient
control of the current-induced DW dynamics along thin
strips is nowadays a promising but a technological challenge.
Logic [31–33] and storage [34–36] devices based on DW
displacement along thin ferromagnetic strips have been
proposed during the last decade, where the DW position can
be manipulated by means of constrictions which act as local
pinning sites for the wall. These DW-based devices require
a high eﬃcient current-driven DW propagation, with high
velocity under low current. The high stability of a trapped
DW at a pinning site against thermal fluctuations, along
with a low current DW depinning are also mandatory for
recording applications. On the other hand, there exist other
potential applications exploiting the current-induced DW
dynamics, such as nano-oscillators [37–41] or nanosensors
and amplifiers [42].
Most of the experimental and theoretical studies have
been focused on soft Permalloy strips, which present several
drawbacks for applications. For instance, critical depinning
density currents around 1 A/μm2 are required to promote the
DW depinning from thermally stable pining notches [13, 14,
26], but these currents remain too high for applications due
to unwanted Joule heating eﬀects. On the other hand, DWs
in typical soft strips usually adopt wide (50–100 nm) and
complex out-of-plane vortex configurations with low mobility [14, 15]. The classical one-dimensional model (1 DM)
of DW propagation provides a approach to understand
experiments on soft strips, but its validity is rather limited
because it cannot capture the full complexity of the vortex
configuration nor its translational deformation, and timeconsuming micromagnetic simulations (μM) are needed to
interpret experimental measurements in the framework of
available theories.
Due to these limitations, the attention is recently shifting
to materials with high perpendicular magnetocrystalline
anisotropy (PMA) resulting in an out-of-plane easy axis [43–
72]. Thin strips made of high PMA ferromagnetic materials
are characterized by narrow DWs and combine several key
advantages over soft magnetic materials, such as high nonadiabatic eﬀects leading to lower critical current densities and
high DW velocities. A pinned DW at constrictions in these
high PMA strips also depicts high stability against thermal
fluctuations and low current-induced DW depinning against
Joule heating. All these observations make high PMA strips
very attractive, not only for technological applications, but
also as valuable systems to test the microscopic theories of the
spin-transfer torque by means of the simple one-dimensional
models. This work reviews recent theoretical and numerical
results in this class of high PMA materials, and it discusses
the relevant implications they entail for the nature of the
current-driven DW dynamics and its potential technological
applications. The paper is organized as follows. The typology
of the DWs in strips with high PMA of rectangular crosssection, along with a brief description of the micromagnetic
and the one dimensional models are described in Section 2.
The current-driven domain wall dynamics along both a freedefect strip and other with edge roughness is studied in
Section 3. Section 4 is dedicated to the analysis of pinning
of a DW in a geometrical constriction of the strip, and

Advances in Condensed Matter Physics
its depinning under both static fields and currents. The
pinned DW oscillations driven by static currents and the
possibility of developing DW-based oscillators are evaluated
in Section 5. Finally, the main conclusions of the study, along
with the theoretical open questions and future numerical
tasks are summarized in Section 6.

2. Geometry, Materials and Models
We focus our attention on thin strips of rectangular crossuK =
section L y × Lz with the easy axis along the z-axis (

uz , see Figure 1(a)). In order to mimic a material with
high perpendicular anisotropy, the following parameters
have been considered: saturation magnetization Ms = 3 ×
105 A/m, exchange constant A = 10−11 J/m, and anisotropy
constant K = 2 × 105 J/m3 . According to Weller et al. [73],
these parameters correspond to a typical CoPtCr alloy. The
dimensionless damping parameter was taken to be α = 0.2,
which is in the same order of magnitude as the materials
with high PMA analysed by Metaxas et al. [74]. A standard
finite-diﬀerence scheme with cubic computational cells of
Δx = 3 nm in side was considered.
Two equilibrium states can be found depending on the
width (L y ) and thickness (Lz ) of the strip: Bloch DW and
Neel DW, which are plotted in Figures 1(b) and 1(c), respectively. In both cases, the magnetization inside the DW rests
in the xy-plane, and it points along the y-axis and x-axis for
 DW ∝ ± 
 DW ∝ ± 
u y ) and Neel (m
ux ) configurations,
Bloch (m
respectively. These magnetic configurations were the initial
state of a minimization energy process in order to evaluate
which is the equilibrium state with minimum energy for
diﬀerent values of L y and Lz . Figure 1(d) shows the critical
value of L y as a function of Lz above which the Bloch
configuration has smaller energy than the Neel one. The
transition between Bloch and Neel configurations moves
toward smaller values of L y as the strip thickness Lz increases.
In order to analyse the DW dynamics from a full-micromagnetic model (μM) point of view, the strip is assumed
to be infinite along the x-axis, and a moving computational
region centered on the DW with Lx = 1.2 μm in length was
performed [26]. Starting from the corresponding equilibrium state at rest, either Bloch or Neel, the response to the
e = Be 
uz )
action of magnetic fields along the easy axis (B
and/or electrical density currents along the x-axis 
ja =
ux , both of them spatially uniform and instantaneously
ja 
applied at t = 0, is micromagnetically (μM) evaluated by
numerically solving the Langevin-Landau-Lifshitz-Gilbert
equation augmented by the adiabatic and nonadiabatic spinpolarized torques [5, 8, 26]:






dm
dm
th + α m
eﬀ + H
× H
×
= − γ0 m
dt
dt





 
μB P  
 − ξm
 ,
× 
+
ja · ∇ m
ja · ∇ m
eMs

(1)

 s is the normalized local magnetization,
 r , t) = M/M
where m(
eﬀ is the eﬀective
γ0 is the gyromagnetic ratio, and H
field, which includes exchange, self-magnetostatic, uniaxial
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Figure 1: (a) Scheme of the rectangular cross-section strip geometry. Equilibrium states for a DW in thin CoPtCr strips: (b) Bloch, (c) Neel.
(d) Phase diagram of the equilibrium state as a function of the width L y and the thickness Lz of the strip (from [41]).

uz is easy axis), and external field conanisotropy (
uK = 
th is the thermal field [26], which is a Gaustributions [26]. H
sian random process with the following statistical properties
[75, 76]:


r , t Hth, j 
r  , t
Hth,i 

r, t
Hth,i 

= 0,


(2)


r − r δ(t − t  ). (3)
= 2DμM δi j δ 

Equation (2) indicates that the average of the thermal
field taken over diﬀerent stochastic realizations vanishes in
th is assumed
each direction i : x, y, z. The thermal field H
to be uncorrelated in time (δ(t − t  )) and uncorrelated at
diﬀerent points δ(
r − r ) of the finite diﬀerence mesh, as
stated by (3). The strength of the thermal field, which follows
from the fluctuation-dissipation theorem [75, 76], is given by
DμM =

αKB T
,
γ0 μ0 Ms

(4)

where KB is the Boltzmann constant, and T represents the
temperature.
The last two terms on the right side of (1) represent
the adiabatic and the nonadiabatic spin-transfer torques,
respectively [5], where μB is the Bohr magneton, e < 0
the electron’s electric charge, and P is the spin polarization

factor of the current, which here is assumed to be P = 0.5.
The coeﬃcient ξ is a dimensionless constant describing the
degree of nonadiabaticity between the spin of conduction
electrons and the local magnetization [5]. Equation (1) is
numerically solved by means of a fourth-order Runge-Kutta
scheme. The micromagnetic results described hereafter were
obtained by using a time step of 0.15 ps, and it was verified in
several tested cases that a time step of 0.1 ps does not modify
the presented results. Although the following micromagnetic
results were computed with a cell size of Δx = 3 nm, it was
also checked that the results do not significantly change when
the cell size is reduced to half for several tested cases.
On the other hand, the DW dynamics has been also
analyzed from the one-dimensional model (1 DM) point of
view, which is described by the following equations [15, 29,
63]:
1 + α2



Ẋ
= αγ0 He + H p (X) + Hth (t)
Δ

1 μB P
1
+ γ0 HK sin(2Φ) − (1 + αξ)
ja ,
2
Δ eMs


(5)



1 + α2 Φ̇ = γ0 He + H p (X) + Hth (t)
1
2

− α γ0 HK sin(2Φ) − (ξ − α)

1 μB P
ja ,
Δ eMs

(6)
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Figure 2: Current driven DW dynamics along a perfect strip with L y × Lz = 120 ×
(a), (b), and (c) depict the micromagnetically
(μM) computed temporal evolution of the DW width Δ, the DW velocity v, and the DW position x under three diﬀerent density currents:
ja = 0.1 A/μm2 , ja = 0.2 A/μm2 , and ja = 0.5 A/μm2 for a nonadiabatic parameter of ξ = 0.4. (d)–(g) show typical micromagnetic states of
the propagating DW for currents larger than the Walker breakdown ( ja > jW (ξ)). (h) Time-averaged DW velocity as function of ja for three
diﬀerent values of the nonadiabatic parameter: ξ = 0, ξ = 0.2 and ξ = 0.4. Dots correspond to μM results, whereas lines are predictions from
the 1 DM with Δ = 8.325 nm and HK = 12533.5 A/m. (Reprinted with permission From [70, 72]. Copyright (2012), American Institute of
Physics).
3 nm2 .

where X = X(t) is the position of the DW centre, Φ = Φ(t)
is the tilt angle of the DW magnetization, Δ is the DW width,
and HK is the hard-axis anisotropy field of magnetostatic
origin. He = Be /μ0 is the applied field along the easy z-axis,
and H p (X) is the spatial dependent pinning field, which can
be expressed as H p (X) = −(1/2μ0 Ms L y Lz )(∂Vpin (X)/∂X),
where Vpin (X) is the local pinning potential. Hth (t) is a
stochastic random thermal field which describes the eﬀect
of thermal fluctuation in the 1 DM [24, 26, 27, 29]. The
thermal field is assumed to be a Gaussian-distributed
stochastic process with zero mean value (Hth (t) = 0) and
uncorrelated in time (Hth (t)Hth (t  ) = 2D1D δ(t − t  )). The
factor D1D represents the strength of the thermal field, which
can be obtained from the fluctuation-dissipation theorem
(D = (αKB T/μ0 VDW Ms γ0 )1/2 , where VDW = ΔL y Lz is the DW
volume).

3. Current-Driven DW Dynamics
The essential goal for designing recording and logic DWbased devices which can be competitive with nowadays

available technologies is to eﬃciently improve the velocity
of the propagating DW with low currents against unwanted
Joule heating eﬀects. This section is dedicated to describe
the DW dynamics along high PMA strips driven by spinpolarized current, from the ideal or perfect strips to the
realistic ones, where disorder and thermal eﬀects play a significant role.
3.1. Perfect Strips at Zero Temperature. The case of a perfect
strip with L y × Lz = 120 × 3 nm2 is firstly considered.
Figures 2(a), 2(b), and 2(c) depicts the micromagnetically
(μM) computed temporal evolution of the DW width Δ,
the DW velocity v and the DW position x under three
diﬀerent density currents: ja = 0.1 A/μm2 , ja = 0.2 A/μm2
and ja = 0.5 A/μm2 for a nonadiabatic parameter of ξ =
0.4. The instantaneous DW width was numerically evaluated
considering the Thiele’s definition [77], which is given by

2
 r , t)/∂x) dV . For ja = 0.1 A/μm2 ,
1/Δ(t) = (1/2L y Lz ) (∂m(
which is below than the Walker breakdown ( jW (ξ = 0.4) =
0.12 A/μm2 ), the DW moves by preserving its initial Bloch
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configuration and reaching a stationary linear behavior with
a steady DW velocity. In contrast, for ja = 0.2 A/μm2 >
jW (0.4), the DW does not reach a steady regime and its
internal magnetization precesses periodically around the
easy z-axis. Figures 2(d)–2(g) depict typical Bloch and Neel
configurations adopted by the DW during the turbulent
precessional regime.
The time-averaged DW velocity v as a function of
ja is shown in Figure 2(h) for three diﬀerent values of the
nonadiabatic parameter: ξ = 0 (perfect adiabatic case),
ξ = 0.2, and ξ = 0.4. Dots correspond to μM results and
lines to 1 DM predictions, where the value of DW width
Δ = 8.325 nm was obtained from the micromagnetic configuration of the DW at rest, and the hard axis anisotropy
field of magnetostatic origin HK = 12533.5 A/m was deduced
from the micromagnetically computed Walker field BW =
μ0 HW ≈ 1.575 mT (HK = 2HW /α). In the perfect adiabatic
case (ξ = 0), there is a threshold density current ( jW (ξ =
0)) below which the DW motion is not achieved. Above
jW (0), the motion takes place by means of DW precession
similarly to the field-driven case above the Walker breakdown
[66, 70]. In the 1 DM, the Walker field HW and the Walker
threshold current ( jW ) are related by jW (ξ) = (1/ |ξ − α|)
(|e|Ms /PμB )γ0 ΔHW , which yields jW (0) = 0.12 A/μm2 , in
good agreement with full micromagnetic results (μM). In
the nonadiabatic case (ξ > 0), the DW moves for any
positive current along the perfect strip, and it does it without
changing its initial structure if the nonadiabatic parameter
matches the damping parameter (ξ = α = 0.2). Note that
jW (ξ = α) = ∞. For any other case (0 < ξ =
/ α), there is
a Walker threshold density current jW (ξ) above which the
DW rotates around the z-axis similarly to the field-driven
case. The current DW mobility is defined as μ = dv/dja ,
and it is given by μst, j = (ξ/α)(μB P/ |e|Ms ) and μhf, j = ((1 +
ξα)/(1 + α2 ))(μB P/ |e|Ms ) for the steady ( ja < jW ) and the
jW ) linear regimes [25], respectively.
high-current ( ja
3.2. Rough Strips at Room Temperature. Former simulations
were conducted on a perfect strip, without any defect which
could prevent the free DW motion. However, due to the
nanolithography fabrication process, realistic strips have
defects and imperfections such as edge roughness [78] which
oppose to the free DW motion. Due to the electron beam,
the edge roughness in real samples can be characterized by an
average depth (along the y-axis) and an average length (along
the x-axis). In order to mimic the irregularities in the sample
geometry originating from electron beam lithography, natural edge roughness is modelled by independently deforming
the perfect finite diﬀerence mesh at both edges of the strip
[26]. Here, a random roughness pattern, where both the
depth and the length are assumed to be equal to the typical
grain size Dg = 3 nm, is considered, so each computational
cell at the edges of the strip is or not magnetic with 50%
of probability. A 6 μm-long strip pattern is generated at the
beginning of the simulation to be used by the moving 1.2 μmlong computational region.
Typical examples of the micromagnetic results for the
temporal evolution of the DW position along a rough strip
are depicted in Figure 3 for three diﬀerent currents: (a) ja =

5
0.04 A/μm2 , (b) ja = 0.1 A/μm2 , and (c) ja = 0.2 A/μm2 ,
considering a nonadiabatic parameter of ξ = 0.4 and
temporal window of tw = 50 ns. The deterministic trajectory
(T = 0, dashed lines) and ten diﬀerent stochastic realizations
at room temperature (T = 300 K, solid lines) are shown
for each current Computing ten stochastic realizations each
one of 50ns requires a enormous computational eﬀort in
the framework of the full micromagnetic model (μM), and
in every specific case we must wonder if this number is
suﬃcient to obtain statistically meaning results. In order to
justify this choice, the same problem was also analyzed in
the 1DM (see Figure 3(h)), where the number of stochastic
realizations and the temporal window can be increased by
one or two orders of magnitude with reduced computational
eﬀort. It was confirmed that results of extended 1 DM
simulations with tw = 500 ns and N = 100 are quite similar
to the ones obtained for tw = 50 ns and N = 10, and they are
also in quantitative agreement with the full micromagnetic
results. This observation allows us to justify that N = 10
is suﬃcient to obtain meaningful statistically results. The
deterministic threshold current jd , defined as the minimum
current required to promote the sustained DW propagation
at zero temperature, is around 0.1 A/μm2 for a L y × Lz =
120 × 3 nm2 strip with a typical roughness size of Dg = 3 nm.
For very low currents, the DW does not depart from
its initial position (see Figure 3(a)) because the force on
the DW due to the applied current ( ja = 0.04 A/μm2 ) is
still too low to overcome the energy barrier induced by the
roughness, even at room temperature. For larger currents
but smaller than the deterministic depinning threshold
(0.05 A/μm2 ≤ ja ≤ jd (ξ)), the DW also gets pinned due to
the roughness, but due to thermal fluctuations, it eventually
depins and propagates along the strip (see Figure 3(b)).
In this thermally activated field regime (0.05 A/μm2 ≤
ja ≤ jd (ξ)), the DW displaces several nanometers from its
initial position for some time before reaching a region of
higher surface roughness where it becomes pinned again
for some time up to thermal fluctuations assist again the
DW depinning and propagation. Similar to the field-driven
case, the DW follows a creep regime, where it can be seen
as a thermally activated interface that is creeping over local
pinning sites. For very high currents ( ja ≥ 0.2 A/μm2 ), the
DW position increases almost linearly as the time elapses
for all the stochastic realizations, and it reaches a quite
similar final position at the end of the evaluated temporal
window (tw = 50 ns, see Figure 3(c)). Therefore, in such a
high regime, the DW dynamics is governed by the current,
which is high enough to overcome the energy barrier of
the roughness independently on the thermal eﬀects. It is
worthy to note that, independently of the nonadiabatic
parameter, the thermally activated DW motion along the
rough strip takes place by precessing between Bloch and
Neel configurations. These characteristic configurations are
shown in Figures 3(d)–3(g). This observation is in contrast
to the DW propagation along a perfect strip, where DW
propagates rigidly for any finite current if the nonadiabatic
parameter is equal to the damping (ξ = α).
The statistically averaged DW velocity [v] as a function
of ja along a rough strip at room temperature (T = 300 K) is
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Figure 3: Current driven DW dynamics along a rough (Dg = 3 nm) strip with L y × Lz = 120 × 3 nm2 . Micromagnetically (μM) computed
temporal evolution of the DW position x under three diﬀerent density currents: (a) ja = 0.04 A/μm2 , (b) ja = 0.1 A/μm2 and (c) ja =
0.2 A/μm2 for a nonadiabatic parameter of ξ = 0.4. Blue-dashed lines correspond to the deterministic case (T = 0), whereas red-solid lines
correspond to ten stochastic realizations at room temperature (T = 300 K). (d)–(g) show typical micromagnetic states of the propagating
DW along a rough strip at room temperature. (h) Time-averaged DW velocity as function of ja for three diﬀerent values of the nonadiabatic
parameter: ξ = 0, ξ = 0.2, and ξ = 0.4. Open-dots correspond to μM results (with indication of the standard deviation), whereas solid
symbols are the predictions from the 1 DM with Δ = 8.325 nm, HK = 12533.5 A/m, and a periodic pinning potential given by Vpin (X) =
V0 sin2 (πX/ p) with V0 = 1.65 × 10−20 J and p = 30 nm. The inset shows the results around between ja = 0.05 A/μm2 and ja = 0.2 A/μm2
(Reprinted with permission From [70]. Copyright (2012), American Institute of Physics).

shown in Figure 3(h) for three diﬀerent values of the nonadiabatic parameter: ξ = 0, ξ = 0.2, and ξ = 0.4. This
statistically averaged DW velocity [v] was calculated by
firstly averaging over a temporal window of tw = 50 ns as
t
v i = (1/tw ) 0w v(t)dt, and then, averaging over ten (N =

10) stochastic realizations as [v] = (1/N) Ni=1 vi . Open
symbols correspond to μM simulations of a rough strip
with Dg = 3 nm, and full symbols were obtained in the
framework of the 1DM, where the local pinning landscape is
modeled by a periodic pinning potential given by Vpin (X) =
V0 sin2 (πX/ p). The values of the energy barrier V0 and the
spatial periodicity p were chosen to match a deterministic
depinning field similar to the micromagnetic value for Dg =
3 nm: V0 = 1.65 × 10−20 J, and p = 30 nm. Figure 3(h)
confirms that the velocity-current characteristic predicted by
the 1 DM is in good qualitative and quantitative agreement
with full μM results.
Analogously to the creep and flow regimes seen in
former numerical studies and other experimental studies of

field-driven motion, the DW mobility increases at low currents and saturates at higher values (see Figure 3(h)).
Therefore, the inclusion of surface roughness along with
thermal fluctuations in both μM and 1 DM simulations provides a proper explanation to understand experimental
observations. Apart from the qualitative agreement with
experiments [47, 55], micromagnetic simulations also provide information on the internal DW structure during
its motion. In the single layer rough strip, the thermally
activated DW translation occurs by DW precession around
the z-axis, even for the case of ξ = α = 0.2. In the
creep regime (0.05 A/μm2 < ja < 0.1 A/μm2 ), [v]
increases exponentially with ja , but it does not depend
significantly on nonadiabatic parameter (see Figure 3(h)), so
it is dominated by roughness and thermal fluctuations, and
ξ does not play a remarkable role. In the high-current flow
0.1 A/μm2 ), the DW mobility recovers the
regime ( ja
deterministic value for the perfect strip (μh f , j = ((1+ξα)/(1+
α2 ))(μB P/ |e|Ms )), both for ξ = 0 and ξ = 0.4 cases. However,
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as it is clear in Figure 3(h), the DW mobility in the highcurrent flow regime for ξ = α = 0.2 approaches to the one of
the perfect adiabatic case (μh f , j = (1/(1 + α2 ))(μB P/ |e|Ms )).
These numerical predictions point out that, in a single layer
strip, the surface roughness favors the turbulent motion with
DW precession between Bloch and Neel configurations. It
is also clear in Figure 3(h) that the standard deviation of
[v] versus ja is enlarged in the creep regime, whereas it
decreases significantly as ja increases in the high-current flow
regime. This fact indicates that at high currents, the DW
dynamics becomes insensitive to the roughness, being mainly
dominated by the current force.
3.3. Strips Sandwiched in Asymmetric Stacks: The Role of the
Spin-Orbit Interaction. Experimental measurements along
high PMA strips have been performed in several architectures, ranging from single layer [50, 53] to multilayer stacks
[47, 49, 51, 52, 54, 55]. Former section was dedicated to the
study of the current-driven DW dynamics along a single layer
PMA strip. However, the experiments on DW propagation
along a high PMA Cobalt strip sandwiched between two
dissimilar nonmagnetic layers (Pt/Co/AlO) are particularly
interesting because they have pointed out a high spin-torque
eﬃciency leading to very high DW velocities at reduced
currents [51, 55]. The suggested reason for this behavior is
the spin-orbit interaction (SOI) on the conduction electrons,
which originates from the structural inversion asymmetry
(SIA) of the multilayer stack. The SOI allows for the transfer
of orbital angular momentum from the crystal lattice to the
local magnetization [79], and it is mediated by an eﬀective
R ) which is given by [55, 80, 81]
Rashba magnetic field (H
R =
H


αR P 

uz × 
ja ,
μ0 μB Ms

(7)

where 
uz is the unit vector along the perpendicular axis (the
z direction) and αR is the Rashba parameter which describes
the strength of the SOI [81]. The aim of the present section
consists on analysing the current-driven DW propagation in
the presence of the Rashba field. This field is added as a new
contribution to the eﬀective field in (1) considering a Rashba
parameter of αR = 10−11 eVm, which is a typical value of a
two-dimensional electron gas with SIA [55, 80, 81]. The μM
results along a perfect strip are collected in Figure 4, which
depicts the temporal evolution of the DW width [77] Δ(t),
the DW velocity v(t), and the DW position x(t), respectively,
under three diﬀerent values of ja for the case of finite Rashba
field (αR = 10−11 eVm) with ξ = 0.4. Contrary to what happens in the absence of Rashba field for currents larger
than the Walker breakdown (see Figures 2(a)–2(c)), the DW
reaches a stationary behavior for all the studied currents
[0, 1 A/μm2 ], and it propagates rigidly with steady velocity.
Typical steady Bloch DW configurations reached under two
values of ja are depicted in Figures 4(d) and 4(e).
The time-averaged DW velocity v over a temporal window of tw = 50 ns is depicted as a function of ja in Figure
4(f) for several values of ξ in the case of a perfect strip
(Dg = 0) at zero temperature (T = 0). Open symbols

correspond to the case of finite Rashba field with αR =
10−11 eVm. The results corresponding to zero-Rashba field
(αR = 0, filled symbols) of former Figure 2(h) are also
included for comparison. In the perfect adiabatic case (ξ =
0), a minimum density current of jW (ξ = 0) ≈ 0.12 A/μm2
is required to promote self-sustained DW motion in absence
of Rashba field (αR = 0). Above this intrinsic critical current,
the DW moves turbulently by precessing clockwise around
the z-axis between Bloch and Néel configurations, and for
jW (ξ = 0)) the DW mobility,
very high currents ( ja
which is defined as μ = dv/dja , is μt (ξ = 0) = (1/(1 +
α2 ))(μB P/ |e|Ms ) [25], which tends to μt (ξ = 0) = μB P/ |e|Ms
for α
1. However, when a finite Rashba field with αR =
10−11 eVm is taken into account, no DW motion is achieved
in the perfect adiabatic case (ξ = 0) even for high currents
R increases the critical
such as ja = 1 A/μm2 . Therefore, H
intrinsic current in the perfect adiabatic case (ξ = 0). For ξ =
α = 0.2, the DW velocity increases linearly with ja for any
finite value, and the DW mobility is μs (ξ = α) = μB P/ |e|Ms
independently of the Rashba field. Note that this mobility
is similar to the one achieved in the high current turbulent
jW (ξ)) for zero-Rashba field independently
regime ( ja
on ξ. Finally, for ξ = 0.4, the DW precesses turbulently and
counter-clockwise between Bloch and Néel configurations
above the Walker threshold at zero Rashba field (αR = 0),
and under currents well above than this threshold the DW
mobility approaches again to one observed for both ξ = 0
1).
and ξ = 0.2 cases (μt (ξ) ≈ μB P/ |e|Ms , for α ∼
= ξ
However, there is no Walker breakdown in the presence of
the Rashba field (αR = 10−11 eVm) for ξ =
/ 0, and the DW
mobility maintains the value of the linear low-current steady
regime (μs (ξ > 0) = (ξ/α)(μB P/ |e|Ms )) in the whole analyzed
range of density currents.
The eﬀect of the Rashba field under positive current ( ja >
0) is equivalent to a homogeneous transverse field along
y > 0-axis, and both of them promote the stabilization of
the Bloch up DW configuration by raising the energy barrier
against transformations to Néel DW. If the current is reversed
( ja < 0), the Rashba field points along the negative transverse
direction (y < 0), and similarly to a negative transverse
magnetic field, it firstly promotes the transition from Bloch
up to Bloch down. Once this transition is completed,
the Bloch down DW moves rigidly in the opposite sense
(x < 0) [55]. These results indicate that due to the SOI
R =
in a asymmetric trilayer stack with SIA (H
/ 0), the linear
steady high mobility regime is extended to high currents,
and therefore, it allows to achieve rigid DW propagation with
higher DW velocities than the ones achieved in a single layer
or a symmetric multilayer stack, where the Rashba field due
R = 0) and the maximum velocity
to the SOI is negligible (H
is limited by the nonadiabatic parameter.
In order to get a more realistic description, and as it was
R = 0), the next step in
done for a single layer strip (H
the study is focused on describing the influence of the
edge roughness and thermal fluctuations when the finite
R with
Rashba field is taken into account. The eﬀect of H
−11
αR = 10 eVm on the temporal evolution of x(t) along the
rough strip (Dg = 3 nm) under diﬀerent ja is depicted in
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Figure 4: μM results of the current driven DW dynamics along a perfect strip with L y × Lz = 120 × 3 nm2 in the presence of SOI (αR =
10−11 eVm). (a), (b), and (c) depict the micromagnetically (μM) computed temporal evolution of the DW width Δ, the DW velocity v and
the DW position x under three diﬀerent density currents: ja = 0.1 A/μm2 , ja = 0.2 A/μm2 , and ja = 0.5 A/μm2 for a nonadiabatic parameter
of ξ = 0.4. (d)-(e) show typical micromagnetic states of the propagating DW in the presence of SOI. (f) Time-averaged DW velocity as
function of ja for three diﬀerent values of the nonadiabatic parameter: ξ = 0, ξ = 0.2, and ξ = 0.4. Filled and open symbols correspond to
the cases with αR = 0 and αR = 10−11 eVm, respectivelly (Reprinted with permission From [72]. Copyright (2012), American Institute of
Physics).

Figures 5(a)–5(c). A first quantitative diﬀerence with respect
to the zero-Rashba field case (αR = 0) studied in
Figure 3(h) is that the deterministic depinning threshold
current increases to jd = 0.6 A/μm2 in the presence of finite
Rashba field with αR = 10−11 eVm. At zero temperature
(T = 0, blue-dashed lines) two diﬀerent behaviors are
clearly observed. If ja is smaller than the deterministic
threshold current ( jd = 0.6 A/μm2 ), the DW eventually
departs from its initial position but after a few nanoseconds,
it becomes totally pinned after reaching a region with high
surface roughness (see Figures 5(a) and 5(b) for ja = 0.2 −
0.4 A/μm2 ). On the other hand, for ja ≥ jd , the DW position
increases linearly as the time elapses in the whole evaluate
temporal window (tw = 50 ns).
The DW dynamics is substantial diﬀerent at T = 300 K.
Ten stochastic realizations have been evaluated for each
ja . Even for very small currents (see red-solid lines in
Figure 5(a)) there is a no-null probability of DW propagation. If ja increases below the critical deterministic threshold
( ja < jd ), the DW propagates depicting a jerky motion as due
to thermal activation over the local energy barrier induced by

the roughness (see red-solid Figure 5(b)). The DW displaces
several nanometers from its initial position during some time
before reaching a region of high surface roughness, where it is
temporally pinned up to thermal fluctuations assist again the
DW depinning and its subsequent propagation. Similarly to
the deterministic case, if ja ≥ jd , the DW position increases
almost linearly as the time elapses for all the realizations
(see Figure 5(c)). Therefore, ja is high enough to overcome
the energy barrier of the roughness independently on the
thermal eﬀects in such a high current regime. As it is
depicted in Figures 5(d)–5(g), the DW Bloch structure is also
preserved for all ja in the presence of the Rashba field at
T = 300 K.
The DW velocity as a function of ja is shown in
Figure 5(h) for αR = 10−11 eVm. The time-averaged DW
velocity (v) along a rough strip (Dg = 3 nm) at zero
temperature (T = 0, blue-squares) are compared to the
statistically-averaged DW velocity ([v]) at room temperature (T = 300 K, red-circles), which was computed by
averaging the time-averaged velocity over ten stochastic
realizations for each ja . Error bars indicate the standard
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Figure 5: (a)–(c) x(t) versus t along a rough strip (Dg = 3 nm) for diﬀerent ja with αR = 10−11 eVm at zero (blue-dashed lines) and at room
temperature (red-solid lines). (d)–(g) Typical DW configurations under diﬀerent ja . (h) DW velocity as a function of ja . (Reprinted with
permission From [71]. Copyright (2012), American Institute of Physics).

deviation. The results for ξ = 0.4 of former Figure 4(f)
are also included for comparison. At T = 0, no sustained
DW motion is achieved up to ja overcomes the deterministic
depinning threshold jd = 0.6A/μm2 , and above it ( ja ≥ jd ),
the DW velocity increases linearly with ja . The curve of [v]
as a function of ja at T = 300 K is in good qualitative
agreement with recent experiments (see Figure 3 in [47]
and in [55]). One observes (i) a slow regime ( ja < jd )
controlled by thermal activation and local pinning, where
[v] increases exponentially, and (ii) a high-current flow
regime ( ja > jd ) with a linear variation of [v]. Note that the
DW mobility at the high-current regime ( ja > jd ) is larger
R = 0 because the transverse
than the one achieved for H
Rashba field SOI avoids the turbulent DW precession.
Due to the high computational eﬀort, these types of full
micromagnetic studies of realistic strips with edge roughness
at room temperature are very time-consuming, and in order
to describe experimental results, it is desirable to develop

the 1 DM given by (5) and (6) by including the eﬀect of
the Rashba field given by (7). The resulting 1 DM equations
are
1 + α2



Ẋ
= αγ0 He + H p (X) + Hth (t)
Δ

1
+ γ0 (HK sin(2Φ) − πHR sin(Φ))
2
− (1 + αξ)


1 μB P
ja
Δ eMs

1 + α Φ̇ = γ0 He + H p (X) + Hth (t)
2

1
2



− α γ0 (HK sin(2Φ) − πHR sin(Φ))
− (ξ − α)

1 μB P
ja ,
Δ eMs

(8)
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Figure 6: Comparison of the experimental results (see Figure 3 in
[55]) and 1DM predictions for the current-induced DW dynamics
along a Cobalt strip with high PMA sandwiched between two
dissimilar nonmagnetic strips (Pt/Co/AlO) at room temperature
(T = 300 K). All the 1 DM parameters are enumerated in the text.

R = HR 
u y with HR = αR P ja /μ0 μB Ms . Although it
where H
is not shown here for reasons of briefness, it was confirmed
that the μM results depicted in Figures 4(b), 4(c) and 4(f) are
very accurately reproduced by these 1 DM (8). Much more
interesting is to show how this simple 1 DM is able to reproduce the recent experimental results by Miron and coworkers
[55]. In their experimental study, a cobalt strip with a crosssection of L y × Lz = 500 nm × 0.6 nm is sandwiched between
two dissimilar nonmagnetic layers (Pt/Co/AlO). In order to
reproduce these experimental results by using the 1 DM (8),
the following material parameters for the sandwiched Cobalt
layer are considered: Ms = 1.09 × 106 A/m, A = 10−11 J/m,
K = 1.19 × 106 J/m3 , α = 0.2, P = 0.5, ξ = 1, and αR =
10−10 eVm. Note that these parameters are consistent with
the ones
√ which were used in [55, 79]. The DW width is
Δ = A/K = 3 nm, HK = 27852 A/m, and the eﬀect of
disorder is modeled by assuming a periodic pinning potential
Vpin (X) = V0 sin2 (πX/ p) with a characteristic energy barrier
of V0 = 1.8 × 10−19 J, and a periodicity of p = 30 nm.
The 1 DM results for the average DW velocity at room
temperature are compared to the experimental results (see
Figure 3 in [55]) in Figure 6. In the low current regime,
the DW exhibits a stochastic creep motion, and the DW
velocity can be described by v = v0 exp[−( jd / ja )μ (V0 /KB T)]
where v0 is a prefactor, ja is the applied current, and jd
is the critical depinning threshold. V0 is the characteristic
height of the pinning energy barrier induced by the surface
roughness, and μ is a universal dynamics exponent. As in
the field-driven case, the creep regime under current is
consistent with an exponent of μ = 1/4. When the driving
density current ja is well above the deterministic depinning
threshold, thermal perturbations and surface roughness have
a negligible eﬀect on the DW velocity, which is found to

increase linearly on ja similarly to the perfect strip case
at zero temperature. As it clearly shown in Figure 6, the
1 DM predictions are in very good agreement with the
experimental measurements. This is a noticeable result,
because a systematic experimental study of the DW velocity
as function of the applied current along diﬀerent strips
with diﬀerent materials, sizes, and configurations (single
layer or asymmetric multilayer stacks) could be accurately
reproduced by the 1 DM simulations including both disorder
and thermal eﬀects, with low computational eﬀort. By means
of direct comparison with experimental measurements, it
could be useful to gain information on the nonadiabatic
parameter, for instance, by simply comparing with the high
flow DW mobility. These type of comparative studies could
be also used to extract the value of the Rashba parameter
or the temperature dependence of the polarization factor.
From a technological point of view, the SOI mediated by
the Rashba field is a remarkable phenomenon because it
promotes the high velocity and rigid DW propagation at
relatively low current avoiding unwanted Joule heating.

4. DW Depinning from a Notch
The realization of DW-based devices for developing recording and logic technologies does not only require high velocity
propagation with low current, but also an eﬃcient control of
the DW position. This can be done by means of constrictions
or artificial notches which act as local pinning sites for the
DW. The success of the applications require high stability
against thermal fluctuations, and at the same time, lowcurrent DW depinning. This section is dedicated to the
analysis of the pinning potential due to artificial notches
intentionally designed to control the DW position in a strip
with high PMA, and to the study of the DW depinnnig
processes driven by both magnetic field and/or currents.
4.1. Describing the Pinning Potential. Figure 7(a) shows the
geometry of strip containing an artificial pinning site, which
consists on two rectangular notches, each one of dimensions
nx × n y and placed at both sides of the strip. In the rest of
this review, the parameters for a typical CoPtCr alloy are
considered: Ms = 3 × 105 A/m, A = 10−11 J/m, K = 2×
105 J/m3 , P = 0.5, α = 0.2, and αR = 0, and the crosssection of the strip is fixed to L y × Lz = 60 nm × 3 nm. Figure
7(b) depicts the pinned equilibrium state of a Bloch DW at
rest for a pinning site with nx = 15 nm and n y = 6 nm.
In order to describe the pinning potential Vpin induced by
the constriction, the temporal evolution of the DW position
e =
was micromagnetically computed under static fields B
uz along the easy z-axis for three diﬀerent widths (n y :
Be 
3 nm, 6 nm, 9 nm) and fixed length (nx = 15 nm). After a
few damped oscillations (not shown), the DW reaches final
equilibrium position Xeq if the applied field is smaller than
the depinning threshold (Be < Bd ), which depends on the
length (nx ) and the width (n y ) of the notch. Figure 7(c) indicates that, except for fields close to the de-pin-ning threshold,
the equilibrium DW position increases from the center of the
constriction almost linearly with the applied field. The slope
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Figure 7: (a) Scheme of a pinning site consisting on two rectangular notches at both edges of the strip. (b) Equilibrium state of a pinned
DW in a CoPtCr strip of L y × Lz = 60 nm × 3 nm with a constriction described by nx = 15 nm and n y = 6 nm. (c) Equilibrium DW position
as a function of the applied field Be in the pinned regime. (d) Pinning potential Vpin as a function of the DW position. Dots correspond
to micromagnetic results and the solid lines are the fittings to Vpin (X) = (1/2)KN X 2 . In these last graphs the length of the notch is fixed to
nx = 15 nm, and three diﬀerent widths are evaluated: n y : 3 nm, 6 nm, 9 nm.

of this increasing decreases with n y . The pinning potential
depicted in Figure 7(d) was computed from the total energy
by subtracting the Zeemann contribution for each state [29].
In this pinned regime, the pinning potential can be fitted
to a parabolic profile given by Vpin (X) = (1/2)KN X 2 for
|X | ≤ LN . KN is the elastic constant of the constriction,
and LN is the half length of the pinning potential. From μM
results of Figure 7(d), the following values are deduced for
a constriction with nx = 15 nm and n y = 6 nm: KN =
1.7 × 10−3 N/m and LN = 9.5 nm.
4.2. Field and Current-Driven DW Depinning. Once described the pinning potential, let us analyze the field and
current DW depinning, in particular for a strip with L y ×
Lz = 60 nm × 3 nm with a constriction characterized by

nx = 15 nm and n y = 6 nm. The goal is to evaluate how
the depinning field Bd depends on the applied current ja
for several values of the nonadiabatic parameter ξ, firstly
at zero temperature. The problem has been studied from
both micromagnetic simulations (μM) and one-dimensional
model (1 DM). In the case of the 1 DM, the DW width
was obtained from equilibrium state of the pinned DW
(Δ = 8.25 nm), and the hard-axis anisotropy field (HK ) of
magnetostatic origin was deduced from the micromagnetically computed Walker breakdown field (BW = μ0 HW ≈
0.33 mT), which results in HK = 2HW /α = 2626.06 A/m. The
pinning potential is given by Vpin (X) = (1/2)KN X 2 for |X | ≤
LN with KN = 1.7 × 10−3 N/m and LN = 9.5 nm (Vpin (X) =
0 for |X | ≥ LN ). The results are depicted in Figure 8(a)
for several values of the nonadiabatic parameter ξ. A good
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Figure 8: (a) Depinnig field Bd as a function of ja for several values of ξ for a CoPtCr strip with L y × Lz = 60 nm × 3 nm and nx = 15 nm and
n y = 6 nm. Dots correspond to μM results and lines correspond to the ones obtained from the 1 DM with Δ = 8.25 nm, HK = 2626.06 A/m,
and a pinning potential given by Vpin (X) = (1/2)KN X 2 for |X | ≤ LN with KN = 1.7 × 10−3 N/m and LN = 9.5 nm (Vpin (X) = 0 for |X | ≥ LN ).
(b) Probability of DW depinning (PD ) as a function of both (Be , ja ) obtained from 1 DM with ξ = 0 at T = 300 K. A temporal window of
tw = 500 ns was considered, and 100 stochastic realizations were evaluated. Open dots represent the deterministic (T = 0) depinning field
Bd ( ja ). (c) Examples of PD as a function of Be under three diﬀerent density currents: ja = 0 (squares), ja = 0.15 A/μm2 (circles) and
ja = 0.3 A/μm2 (triangles). Filled and open symbols correspond to 1 DM and μM results respectively (Reprinted with permission From [65].
Copyright (2012), American Institute of Physics).

quantitative agreement is observed between micromagnetic
results (dots) and 1 DM predictions (lines). The depinning
field Bd ( ja , ξ) decreases linearly with the applied current ja ,
and the diminution of Bd as a function of ja becomes slightly
stronger as the nonadiabatic parameter increases, but the
linear behavior is preserved for all analysed values.
The results of Figure 8(a) were obtained at zero temperature (T = 0). In order to determine whether thermal
fluctuations are likely to play an important role in the DW
depinning process, the probability of DW depinning (PD )

has been studied at T = 300 K by numerically solving the
1 DM (5) and (6). A temporal window of tw = 500 ns was
considered, and in order to present statistically meaningful
results, 100 stochastic realizations were evaluated for each
pair of (Be , ja ). The results for ξ = 0 are depicted in
Figure 8(b), where open dots correspond to the deterministic
(T = 0) depinning threshold. At T = 0, the DW
depinning only occurs if the current and the field are sufficiently large. On the contrary, at T = 300 K, the problem is
no longer deterministic, and there is a non-null probability
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of DW depinning for fields and currents smaller than the
deterministic threshold. As it is observed, thermal fluctuations significantly reduces the depinning field Bd under a
given current with respect to deterministic case. For instance,
under zero current ( ja = 0), the depinning field at T =
0 is ≈ 123 mT, whereas the probability of DW depinning
becomes 100% with a minimum field of 114 mT at room
temperature. As it is shown in both Figures 8(b) and 8(c), the
probability of DW depinning changes from 0% to 100% in a
reduced range of fields, for example, from 60 mT to 65 mT
under a current of ja = 0.15 A/μm2 (see filled red circles in
Figure 8(c)).
A similar analysis of thermal eﬀects at T = 300 K was
also carried by means of full micromagnetic modeling (μM,
(1)) in the perfect adiabatic case. The probability of DW
depinning (PD ) micromagnetically computed as a function
of Be is shown in Figure 8(c) by means of open symbols.
Similarly to one-dimensional results, the transition from
PD = 0 to PD = 1 is gradual and takes place in a narrow
range of fields, but it is slightly anticipated toward smaller
fields because the nonuniformities in the local magnetization
assist the thermal depinning.
In summary, as it is desirable for memory applications,
the field required to promote the DW depinning in absence
of current is very high because the energy barrier required
to overcome the pinning potential is around 19 times larger
than the thermal energy at room temperature for a typical
strip as the one studied here. The depinning field decreases
linearly as the current is raised, and the slope of this
declension slightly increases with the nonadiabaticity. Under
zero field in the perfect adiabatic limit, the critical depinning
density current is around 0.4 A/μm2 at zero temperature.
This corresponds to a threshold current of 72 μA, which is
small enough to minimize unwanted Joule heating eﬀects.
It was found that thermal fluctuations at room temperature
play a significant role on the DW depinning by reducing the
depinning field for a given current with respect to the deterministic case. These results are in good qualitative agreement
with the experimental measurements by Ravelosona el al.
μ0 HK /α),
[44] exploring the high pinning regime (Bd
and they explain the linear decreasing of the depinning
current with increasing field. In that experiment [44], the
depinning current at zero field was found around 0.1 A/μm2 ,
which, in spite of the diﬀerent materials and geometry,
is in the same order of magnitude than our results. The
Joule heating eﬀect was estimated less than 20 K at the
highest current densities applied, which is small enough to
justify a Lagenvin description with constant temperature.
By simulating the same geometry and materials than these
experiments, the stochastic one-dimensional model can be
directly adopted in order to gain a better description of the
experimental observations by taking into account the eﬀect
of the constant temperature of the sample, and, therefore, a
more accurate estimate of both the polarization factor and
the nonadiabatic parameter, along with their dependence on
the temperature could be addressed. On the other hand,
the presented analysis also shows that the probability of
the DW depinning under a given current changes abruptly
from 0% to 100% in a narrow range of fields. This result
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points out that the DW depinning is highly selective, which is
also relevant for further technological applications. All these
theoretical predictions indicate that engineering of pinning
sites in thin strips of high perpendicular anisotropy provides
an eﬃcient pathway to achieve both high stability against
thermal fluctuations, and at the same time, low-currentinduced domain wall depinning.

5. DW-Based Nano-Oscillators
The theoretical studies of the current-driven DW dynamics
along a strip with high PMA, and its pinning and depinning
driven by fields and/or current, are relevant for further
designing recording and logic devices based on DWs. However, these are not the only potential applications of DWs,
which could be also useful in other branches of the nanotechnology. This last section is dedicated to the numerical
study of the pinned DW oscillations driven by static currents,
which could find application to develop novel DW-based
nanoscillators.
5.1. Pinned DW Oscillations. Let us focus our attention on
a CoPtCr strip (Ms = 3 × 105 A/m, A = 10−11 J/m, K =
2 × 105 J/m3 , α = 0.2, and P = 0.4) with L y × Lz =
60 × 3 nm2 containing a single pinning site which consists
on two rectangular notches (nx = 15 nm long, n y = 6 nm
wide) symmetrically placed at both edges of the strip. The
micromagnetically computed temporal evolution of the DW
position X(t) in the pinned regime ( ja < jd (ξ = 0, Be = 0) =
0.4 A/μm2 ) is depicted in Figure 9(a) for three values of the
applied current ja in the perfect adiabatic case (ξ = 0). For
current smaller than Walker threshold ( ja < jW (0)), the DW
moves during the first nanoseconds, but after that it returns
to its initial state where it finally rests. If the applied current
surpasses the Walker value ( ja ≥ jW (0) = 0.025 A/μm2 ),
and at the same time, it remains smaller than the critical
depinning threshold ( ja < jd (ξ = 0, Be = 0) = 0.4 A/μm2 ),
the DW develops pinned oscillations periodically rotating
between Bloch and Neel configurations. Examples of these
DW configurations are depicted in Figures 9(b)–9(e) in
the adiabatic case for ja = 0.05 A/μm2 . Under such lowdensity currents in the pinned regime (see Figures 9(b)–
9(e)), the DW magnetization oscillates around the z-axis
symmetrically with respect to the center of the notch,
whereas under high density currents in the pinned regime
(not shown) the central position of DW oscillations is pushed
to the right-hand side due to the spin torque [40, 41]. The
DW position XμM has two contributions: a static one Xdc ,
which represents the central position around which the DW
oscillates, and a periodically oscillating contribution at a
frequency f with an amplitude Xac . The dependence of these
three variables on the applied density current ja is shown
Figures 9(f), 9(g), and 9(h), respectively, for several values
of the nonadiabatic parameter (0 ≤ ξ ≤ 2α). Both Xdc and f
increase almost linearly with ja , but the amplitude of the DW
oscillations Xac decreases from the maximum value reached
just above the Walker current. Except for a slight reduction of
the critical depinning current jdep (ξ, Be = 0), it is clear that
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Figure 9: μM results for the DW dynamics under dcs in the pinned regime. The cross-section is L y × Lz = 60 nm × 3 nm, and the dimensions
of each rectangular notch are nx = 15 nm and n y = 6 nm. (a) DW position X(t) as a function of time under dcs in the perfect adiabatic case
(ξ = 0). (b)–(e) depict the Bloch and Neel pinned DW configurations under ja = 0.05 A/μm2 . (f) Central DW position (Xdc ), (g) Amplitude
(Xac ), and (h) frequency f of DW oscillations as a function of ja in the pinned regime. (From [41]).

the results do not depend significantly on the nonadiabaticity
ξ. Although they are not shown here, it was also verified in
[41] that the 1 DM results for the pinned DW oscillations are
similar to the μM ones collected in Figures 9(a), 9(f)– 9(h).
It is worthy to note that the complete analysis of the
frequency of the localized DW oscillation requires either
perform full micromagnetic simulations (as in Figure 9) or
numerical solving the complete 1 DM (5) and (6) (as it was
done in [41]). For instance, note from Figures 9(f) and 9(g)
that although the time average of the DW velocity is zero,
its instantaneous value is not exactly null. However, it is also
possible to obtain some information from these 1 DM (5)
and (6), which can be simplified by assuming some justified
approximations. In particular, as the DW oscillations take
place in the absence of driving field (He = 0) when the shape
anisotropy is avoided (HK = 0), and as the DW velocity is
zero averaged over a period of the pinned oscillations (Ẋ ≈
Ẋ  = 0), it is possible to extract from (5) an expression
for the pinning field γ0 H p (X) = ((1 + ξα)/Δ)(μB P/eMs ) ja .
Introducing this result in (6), we reach to
Φ̇ = −

1 μB P
ja ,
αΔ eMs

(9)

so the frequency of the pinned DW oscillations is f = Φ̇/π
which is independent of the nonadiabatic parameter and
increases linearly with ja . This result is good quantitative
agreement with the full micromagnetic results of Figure 9(f).
Other 1 DM results and further micromagnetic details, such
as the dependence of the pinned regime with the dimensions
of the notches, can be seen in our former work [41].
5.2. Spin Pumping and Induced Voltage Signal. Results of
former Figure 9 indicate that it is possible to achieve pinned
DW oscillations just driven by dc via spin transfer torque.
As electrons flow through the ferromagnetic strip, their
spins tend to align with the magnetization. When they
pass into the nonuniform magnetization region occupied
by the DW, the electron spins rotate to stay aligned with
the local magnetization. A reaction torque on the changing
magnetization in the DW cause the pattern of magnetization
at the DW to move in the direction of the electron flow.
Considering perfect adiabatic conditions, the DW will move
along a perfect strip if the applied density current is larger
than the Walker breakdown ( ja > jW (0)), and in its
displacement, the DW experiences periodic transformations
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The first term at the right hand side of (10) is the perfect
adiabatic contribution to the electric field induced by a
time-dependent magnetization texture, which was derived by
considering that the exchange field provided by the localized
 is larger than the spin-diﬀusion
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between Bloch and Neel configurations. If the DW is trapped
at a constriction, the spin transfer torque can promote
pinned DW oscillations provided that the applied density
current is above the Walker breakdown and below the critical
depinning current ( jW (0) < ja < jd ). The complementary
eﬀect, spin pumping [82], occurs when the pinned DW
oscillation drives a spin current along the strip, which results
in an induced voltage diﬀerence between the ends of the strip.
The rest of this section is dedicated to the analysis of
the voltage signal produced by these pinned DW oscillations. It has been theoretically predicted that magnetization
dynamics induces an electromotive and spin-motive force
(emf/smf), which acts on the conduction electrons through
the spin Berry phase [39, 83–87], and, therefore, magnetization dynamics can be a source of voltage signal for external
circuits. Berger [39] provided the first theoretical prediction
of this eﬀect in terms of an analog of the Josephson eﬀect:
a static electric current larger than the Walker breakdown
threshold can promote the DW rotation at a given frequency
f = (1/π)Φ̇. He also predicted that the DW oscillation
gives rise to a voltage signal given by Vsmf = −(P/2e)Φ̇.
Barnes and Maekawa [85] analyzed the generation of spin
and charge current by a moving DW via electromotive forces
considering the case that the spin is fully conserved. More
recently, Duine [82, 88] pointed out that the voltage signal
will be augmented by a nonadiabatic contribution, so it
will be given by Vsmf = −(P/2e)(Φ̇ − ξ(Ẋ/Δ)) in the
1 DM approach. The first experimental observation of the
electromotive force induced by a moving DW was carried out
recently by Yang and coworkers [89], where external fields
larger than the Walker breakdown were used to drive a DW
along a soft Permalloy strip, and the averaged induced voltage
produced by its DW transformation between transverse and
vortex configurations was Vsmf = −(P/e)(γ0 He ), where
He > HW .
Early theoretical predictions [39, 82, 85, 86, 88] for the
voltage induced by DW oscillations considered an idealized
rigid DW, where the DW width Δ remains fixed. However, as
it was confirmed in Figure 2(a), the DW width changes above
the Walker breakdown (Δ = Δ(t)), and these changes could
play significant role in the induced voltage signal. Here, we
will focus on describing the induced voltage signal due to the
pinned DW oscillations driven by dc in a hard PMA strip
from a full micromagnetic point of view, which straightforwardly accounts for the internal complexities of the dynamics
changes of DW width. The eﬀective electric field induced by a
time-dependent magnetic texture is computed according to
the formalism developed by Tserkovnyak and Mecklenburg
[87]. The component of this field along the length of the strip
(x-axis) is given by [87]

0.3
0.2
0.1
0
ja (A/μm2 )
ξ=0
ξ = 0.2
ξ = 0.4

Figure 10: Voltage signal as due to the pinned DW oscillations
driven dcs as computed from μM simulations. Static (Vdc ) and
oscillating (Vac ) contributions of the voltage signal Vsmf (t) are
depicted in (top) and (bottom), respectively. (from [41]).

length, and, therefore, assumes that the spin of conductions
electrons perfectly align with local magnetization [39, 86].
It is equally direct to interpret the first contribution to
(10) in terms of the rate of the Berry-phase accumulation
by spins adiabatically following the steady exchange field
[85, 89]. The second term at the right hand side of
(10) is proportional to the nonadiabatic parameter ξ. This
correction is related to slight spin misalignment of electron
propagating through an inhomogeneous magnetic texture
with the local magnetization [87]. In the limit of infinite
exchange field this misalignment vanished (and so should
ξ), and only the adiabatic contributions would remain. The
nonadiabatic corrections to the induced electric field by a
time-dependent magnetic texture was firstly proposed by
Duine [82] for a rigid DW. This nonadiabatic contribution
can be viewed as a correction to the topological structure
of the electron transport rigidly projected on the local
magnetization texture. A more detailed description of the
microscopic origin of (10) is far from the scope of this work,
and they can be consulted in [39, 82, 85–88]. Once evaluated
(10), the induced voltage between the ends of the strip is
obtained by integrating over the strip length (Lx = 1.2 μm)
L
as Vsmf = − 0 x Esmf,x dx.
The μM results of the induced voltage signal Vsmf corresponding to the pinned DW oscillations described in former
Figure 9 are depicted in Figure 10. They show that the
induced voltage Vsmf (t) has also two contributions: a static
one Vdc which increases linearly with ja independently on the
nonadiabatic parameter ξ (Figure 9(a)), and a periodic contribution with amplitude Vac (see Figure 10(b)) oscillating
at the same frequency f as the DW position oscillations of
Figure 9(h). An interesting point from a fundamental point
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Figure 11: Equilibrium states with (a) one, (b) three, (c) five, and (d) seven Bloch DWs pinned at diﬀerent notches separated each other by
S = 138 nm. (e) Voltage signal as a function of time for a strip with diﬀerent number of pinned DWs. The applied current is ja = 0.05 A/μm2
and the perfect adiabatic case was considered. (f) Static (Vdc ) and oscillating (Vac ) contributions of the voltage signal Vsmf (t) as a function
of the number of pinned DWs. (from [41]).

of view is that, contrary to the Vdc case, the amplitude of
the oscillating contribution Vac shows a dependence on the
nonadiabatic parameter ξ, and therefore, if this signal can
be experimentally detected, it could give information on the
nonadiabaticity of system.
5.3. Enhancing the Induced Voltage Signal. From a technological point of view, the voltage signals induced by the pinned
DW oscillations might prove useful to design nanoscale
microwave oscillators and generators, which could find
application in several fields such as sensors, telecommunications, or rf assisted writing for memory devices. However,
for a given strip with a given constriction the amplitude of
the dc voltage signal Vdc is restricted to the values of the
dc applied current densities of the oscillating pinned regime
( jW < ja < jdep ). Moreover, the amplitude of the oscillating
contribution Vac decreases with ja from jW to jdep , and it
will be desirable to enhance and extend the operation regime
towards higher values of both Vdc and Vac with the aim of
fulfilling further technological requirements. In order to do
it, we proposed to introduce several pinned DWs along the
strip [41].

Figure 11 shows the equilibrium state of a CoPtCr strip
containing (a) one, (b) three, (c) five, and (d) seven Bloch
DWs separated each other from S = 138 nm. The length
and the cross-section of the strip, along with the shape
and dimensions of each constriction are the same than in
previous subsections: Lx = 1.2 μm, L y = 60 nm, Lz = 3 nm,
nx = 15 nm, and n y = 6 nm. Due to the magnetostatic
interaction, the alternative pinned DWs adopt Bloch up
 DW ∝ − 
 DW ∝ + 
u y ) magnetic
u y ) and Bloch down (m
(m
configurations. A current source could be used to provide
a fixed current along the strip. Under it, the central pinned
DW rotates coherently counterclockwise. In the strip with
three pinned DWs (Figure 11(b)), the ones at the left and at
the right sides rotate clockwise. The same occurs for the strip
containing five pinned DW (Figure 11(c)), where the ones at
the left and the right extrema rotate similarly to the central
one. Figure 11(e) depicts the temporal evolution of the
induced voltage signal Vsmf (t) (in units of the polarization
factor P) under a current density of ja = 0.05 A/μm2 for
strips with several pinned DWs in the perfect adiabatic
case. For this system, where all constrictions are equal, both
Vdc and Vac increase linearly with the number of pinned
DWs (see Figure 11(f)), and, therefore, if the voltage signal
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can be experimentally detected, this proposed system could
be useful to develop oscillators and/or amplifiers at the
nanoscale.
However, there are a few aspects which have to taken into
account and controlled before going to the real device. The
first one is the separation S between pinned DWs. When
the constriction are placed close to each other, the Bloch
configurations are not stable, and the DWs adopt Neel
configurations magnetized along the strip axis. This is what
happens for three DWs pinned at similar constrictions
separated S ≤ 45 nm, and due to the magnetostatic coupling,
a small current of ja = 0.05 A/μm2 is not high enough to
promote pinned DW oscillations. It was also verified that for
separations S ≥ 130 nm the induced voltage signal does not
change. Other important challenge is the limitation of the
available nanolithography techniques. Nowadays, fabricating
identical notches in a strip at the nanoscale is a very diﬃcult
art. Therefore, the influence of diﬀerent constrictions, with
diﬀerent shape and sizes, on the induced voltage signal has to
be analyzed. It was verified that the linear increasing of the
oscillating contribution to the induced voltage signal (Vac ) is
not preserved with the number of pinned DWs at irregular
constrictions, but the direct contribution (Vdc ) increases
almost linearly with the number of pinned DWs even in
the case of diﬀerent constrictions [41]. Thermal eﬀects are
also relevant. For instance, the coherent oscillation of the
internal DW magnetization can be only achieved at very low
temperatures (T ≈ 10 K) for the constrictions analysed here.
It was also confirmed, by means of preliminary simulations,
that the internal DW structure is also coherently oscillating
under injected static currents at room temperature if the
constriction is made deeper. The challenging point consists
on filtering the noise due to thermal fluctuations from the
induced voltage signal. All these numerical predictions claim
for a future experimental verification. Conceptually, it is
straightforward to detect the induced voltage due to these
pinned DW oscillations by simply measuring the voltage
diﬀerence between the ends of the strip. In practice, however,
this is not a trivial task, and nowadays only Yang et al. [89]
have reported experimental measures of this signal. Indeed,
the contribution of the spin-motive force to the voltage
signal due to the pinned DW oscillations is only one of
several voltages arising from diﬀerent eﬀects. For instance,
an experimental challenge is to sort out the Vsmf from
other signals such as the voltage induced by the changing
magnetic fluxes in the detection circuit as due to the classical
Faraday’s law. I hope that these theoretical predictions
motivate experimental progress in this direction.

6. Conclusions and Final Remarks
The static and dynamics of DWs along thin rectangular
cross-section strips with high PMA driven by spin-polarized
currents has been theoretically studied from both micromagnetic (μM) and one-dimensional (1 DM) models points
of view. These materials are especially relevant for further
technological applications because the intrinsic threshold
current for current-induced DW motion can be drastically
reduced with respect to soft materials such as Permalloy.
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Thermal fluctuations and disorder (in particular, edge
roughness) were both included in both models with the aim
of providing a much more realistic description of experimental measurements. The current-induced DW propagation
along a rough strip at room temperature was studied for
both single layer strips and asymmetric multilayers stacks.
In the former case, where the spin-orbit interaction (SOI)
is negligible, the DW velocity increases firstly exponentially
with current, following a creep regime which is governed
by the pinning and thermal fluctuations. For very high
currents, the DW mobility saturates reaching a value which
approaches to the case of a perfect strip. It is interesting
to note that, even when the nonadiabatic parameter is
equal to the damping (ξ = α), the DW propagates by
transforming its internal structure between Bloch and Neel
configurations in both the creep and high-current regimes.
When a ferromagnetic strip with high PMA is sandwiched
between two asymmetric nonmagnetic in a multilayer stack,
the SOI on the conductions electrons allows for the transfer
of orbital angular momentum from the crystal lattice to the
local magnetization, and it is mediated by a Rashba field. This
field is equivalent to a homogeneous transverse field, and for
positive and negative currents, promotes the stabilization of
one of the Bloch configurations, either up or down, by raising
the energy barrier against Neel transformation. Therefore,
in asymmetric stacks, the linear high mobility regime is
extended to higher currents, and consequently, it allows to
achieve rigid DW propagation with higher velocities than the
ones achieved in single layer strips. Moreover, the extended
1 DM including the Rashba field along with thermal eﬀects
and disorder allows us to describe very recent experimental
observations, not only qualitative but also quantitatively,
with reduced computational eﬀort. These architectures are
promising for DW-based applications.
The pinning and depinning of a initially trapped DW in
an artificial constrictions was also evaluated. Also in these
processes the PMA strips present technological advantages
over similar strips made of soft ferromagnetic materials.
For the analysed geometry, the field required to promote
the DW depinning in the absence of current is very high
because the energy barrier required to overcome the pinning
potential is around 19 times larger than the thermal energy at
room temperature. Therefore, in the absence of driving force,
the pinned DW remains stable against thermal fluctuations.
The depinning field decreases linearly as the current is
raised, and the slope of this declension slightly increases
with the nonadiabaticity. On the other hand, under zero
field in the perfect adiabatic limit, the critical depinning
density current is around 0.4 A/μm2 at zero temperature.
This corresponds to a threshold current of 72 μA, which is
small enough to minimize unwanted Joule heating eﬀects.
The study also indicates that the probability of the DW
depinning under a given current changes abruptly from 0%
to 100% in a narrow range of fields. This result points out
that the DW depinning is highly selective, which is also
relevant for further technological applications. These results
indicate that engineering of pinning sites in thin strips
of high PMA provides an eﬃcient pathway to achieve
both high stability against thermal fluctuations and low
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current-induced DW depinning and, therefore, it can find
application on designing memory devices driven by static
currents. Moreover, the theoretical formalism is also useful
to elucidate the magnitude of the nonadiabatic parameter.
In particular, our results are in good qualitative agreement
with the experimental measurements by Ravelosona et al.
μ0 HK /α: the
[44] exploring the high pinning regime Bd
experimentally observed linear decreasing of the depinning
current with increasing field is in good agreement with
our simulations. In that experiment, the depinning current
at zero field was found around 0.1 A/μm2 , which, in spite
of the diﬀerent materials and geometry, is in the same
order of magnitude than our results. By simulating the
same geometry and materials as these experiments, the
stochastic 1 DM can be directly adopted in order to gain
a better description of the experimental observations by
taking into account the eﬀect of the constant temperature
of the sample and, therefore, a more accurate estimate of
both the polarization factor and the nonadiabatic parameter,
along with their dependence on the temperature could be
addressed. Much more experimental and numerical studies
have to done to address this issue.
Finally, the possibility of engineering nano-oscillator
based on pinned DWs was explored from a theoretical point
of view. The pinned DW oscillations driven by direct current
were described. Both frequency and averaged DW position
increase with the applied current in the pinned oscillating regime. However, the DW position has also another
alternating contribution with an amplitude which decreases
with the applied current. The contribution due to the spinmotive force to the voltage signal induced by these pinned
DW oscillations has been also characterized. It consists of
both static and oscillating contributions. The first one
increases linearly with the applied current and it does not
depend on the nonadiabaticity. However, the oscillating
contribution depends on the nonadiabatic parameter, and,
therefore, information on the strength of the nonadiabaticity
could be obtained by means of experimental measurements
which could detect such an oscillating voltage signal. The
induced voltage signal due to the DW oscillations in a strip
with several pinned domain walls was also analysed. The
theoretical prediction that spin-motive force voltage signal
can be linearly enhanced with the number of walls could be
useful to develop DW-based nano-oscillators. Some of the
possible experimental challenges, such as the limitation in
the nanolithography and detection of the voltage signal, were
also discussed.
Before ending this review, it is worthy to enumerate the
limitations of the adopted theoretical formalism and numerical models, along with the future tasks to be performed in
the framework of the current-induced DW dynamics.
(i) The injected density current was assumed to be uniform along the strips. However, there must be an eﬀect due to the spatial dependence of the injected current, specially in the analysis of the current-induced
DW depinning from a constriction, where the current
has to flow more densely than in the unconstricted
zones. Taking into account the spatial dependence of

the injected current requires to numerically solve the
Laplace equation for the electrostatic potential with
the corresponding boundary conditions. This can be
done in a preliminary simulation, which them has to
be included in the full micromagnetic modeling in
order to elucidate its eﬀect for each specific case.
(ii) The Oersted field due to the injected current has
neither been taken into account. In the full micromagnetic model, this classical contribution can be
straightforwardly introduced by numerically solving
Biot-Savart’s Law. When a uniform current density
ux ) of an infinitely
is injected along the axis ( 
ja = ja 
long and perfect strip with thin rectangular crossL y ), the Oersted field can be analytisection (Lz
cally evaluated. In this specific case, the Oersted field
has a perpendicular z-component that is maximum
at the strip edges and almost proportional to the strip
thickness (Lz ). The y-component of this Oersted
field is slightly smaller, and changes sign across the
strip thickness so that for thin nanostrips this field
should have virtually no eﬀect. The x-component
field component is zero, so that it has no direct eﬀect
on the DW position. The influence of the Oersted
field for imperfect samples, for example, with an
edge roughness or even a notch that reduces locally
the nanostrip width, should be investigated in each
particular case. For this purpose, the current density
cannot be assumed as uniform, and it requires a
separate evaluation as it was already pointed out.
(iii) It is also well known that the passage of an electric
current through a conductor releases heat resulting in
a rise of the temperature of the conductor. However,
up to now this Joule heating as due to the injected
current has not included in the simulations because
it involves theoretical problems. From a numerical
point of view, it is needed to solve the heat diﬀusion
equation in order to deduce the local value of the
temperature as function of the space and the elapsed
time. This could be done straight forwardly, but
after that we will face a theoretical problem. On the
one hand, all micromagnetic parameters are temperature dependent (Ms (T), A(T), or P(T)). However, the micromagnetic approach assumes that
temperature is far from the Curie temperature, and
it considers constant material parameters. On the
other hand, thermal eﬀects are commonly included
in the micromagnetic formalism by adding a random
thermal field [75, 76], which is assumed to be a
Gaussian distributed and both spacial and temporal
uncorrelated white noise (see (2) and (3)). This
Langevin formalism assumes that the temperature of
the system is the same for all points in the sample.
Therefore, if the temperature depends on the position
along the strip, an alternative theoretical formalism
should be developed.
All these three phenomena (nonuniform current, the
Oersted field and the Joule heating) cannot be taken into
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account in the framework of the 1 DM, and, therefore, the
study of their role on the current-induced DW dynamics will require sophisticated and time-consuming micromagnetic simulations. Developing eﬃcient micromagnetic
tools including these fundamental eﬀects would provide
important steps towards the fully understanding of the DW
dynamics driven by spin-polarized currents.
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