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This work performed Preisach modeling on hysteresis loops, where the contributions of Preisach density characteristics on
hysteresis reversals were investigated. Specifically, the three-dimensional Gaussian-distribution function was used to construct the
Preisach densities for extracting the associated hysteresis loops. In particular, the influences of three key Gaussian Preisach density
characteristics (i.e., density sharpness, density center, and splitting densities) on hysteresis behavior were examined. It was found
that sharper density induces more harmonized domain switching, so polarization derivative is enhanced at the coercivity, while
the density center indicates the range of external field at which most switching occurs. Moreover, the splitting of the density was
found to represent pinching in hysteresis loops, where material tends to actively respond in two different ranges of external field.
Consequently, based on these results, significant hysteresis behavior can be revealed using minimal parameters via appropriate
mathematical function; that is, another step enhances the fundamental understanding in the hysteresis topic using the Preisach
framework.

1. Introduction

The hysteresis loop (HL) has long been known to be one of
the key characteristics specifying how materials respond to
dynamic external perturbations (e.g., electric field, magnetic
field, or stress). As a result, the HL has been intensively stud-
ied, particularly in ferroelectric and ferromagnetic materials.
This is for enhancing functionalities of electronic devices, for
example, ferroelectric relaxors [1] and ferroelectric random
access memory (FeRAM) [2]. Therefore, being a supportive
ground for experiments in enhancing the technological
development, efficient theoretical tools are crucial. One of
these theoretical tools in the understanding of hysteresis
phenomena is the Preisach model (PM) [3], which has been
employed to investigate key characteristics of HL, for exam-
ple, contributions of reversible and irreversible polarization
[4] and pinching effect [5].

One of the well-known schemes for investigating hystere-
sis is the first-order reversal curves (FORC) [6, 7]. Recently,
the FORC studies gain success in presenting influences
of experimental factors to the hysteresis phenomena. For
instance, the effect of grain-size variation in BaTiO

3
ceramics

was encoded on the FORC distribution, where two narrow
and strong peaks on the distribution represent pinching in
large-grained samples [8].

Although the compatibility between the FORC distribu-
tion and the classical PM is still ambiguous, the HLmodeling
based on the conventional PMconcept can help shadingmore
light on macroscopic properties of the FORC. Recently, there
were attempts to reveal the fundamental principles behind
the FORC distributions by studying ferromagnetic nanowire
arrays [9, 10]. For instance, the hysteresis characteristic was
investigated where different roles between the classical PM
and the FORC distribution on describingmagnetic switching
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Figure 1: Illustrations of (a) relay operator as a hysteron operating in the Preisach model and (b) Preisach plane where all hysterons are
plotted on the 𝐸

𝛽
≥ 𝐸
𝛼
area (labeled in gray).

were pointed out [10]. Specifically, the FORC concentrates on
the evolution of the hysteresis switching of domains over time
via two important field components, that is, the interaction
field distribution and the coercive field distribution. On
the other hand, the classical PM focuses on the global
hysteresis behavior at steady state. Therefore, with different
origins, to directly represent/relate the FORC in terms of
classical hysteron is not trivial. Consequently, there are still
areas for enhancing fundamental hysteresis understanding by
merging main features of FORC distribution with classical
PM principle to explain switching phenomena in major
fractions of complex inhomogeneousmaterials with dynamic
signatures.

Therefore, with a concentration on the Preisach density
(PD) in classical PM, this work aims to illustrate the relation-
ships between the features of the PD and the reversal behavior
of hysteresis signals. The Gaussian distribution was chosen
to model the PD. This is as the Gaussian function can be
fine tuning using only a few parameters, that is, the position
of the peak and the peak height and width (the standard
deviation). These distribution functions can then shape the
PD and the associated HL. Further, with the established
correlations between themain characteristic between the PDs
and the HLs, one can model or reconstruct the experimental
hysteresis loops with further understanding in structure-
property relationship as well as providing relevant supports
for experiments.

It is also important to note that there might be some lim-
itations on implementing the classical PM to describe some
physical systems. For example, as the classical PM is designed
for modeling counterclockwise HL, some modifications on
Preisach plane are therefore needed to model clockwise HL,
for example, the capacitance-voltage HL of PZT-ZnO [11].
For instance, for each hysteron with switching-up field 𝐸

𝛽

and switching-down field 𝐸
𝛼
(e.g., see Figure 1(a)) located on

the Preisach plane (e.g., see Figure 1(b)), the plane has to be

redefined from having 𝐸
𝛽
≥ 𝐸
𝛼
to 𝐸
𝛽
≤ 𝐸
𝛼
in order to

model the clockwise HL signals. However, this classical PM
is still very useful as it reduces degrees of freedom (on the
Preisach plane) in the modeling and has been proved to yield
macroscopic hysteresis reversal properties. Further, as typical
experimental hysteresis is counterclockwise, by focusing on
counterclockwise HL in this work, we can therefore take
the advantages of the classical PM principles to describe the
majority of hysteresis behaviors.

To outline, this paper is divided into 5 sections. Section 1
introduces motivation of this work and backgrounds of PM,
PD, and the use of Gaussian function. Section 2 is devoted to
principles of the PM. Later in Section 3, the modification of
the PDwithGaussian distribution is presented.Then, how the
Gaussian-defined PD governs hysteresis features is discussed
in Section 4. Finally, all the results are concluded in the con-
clusion, Section 5.Moreover, it should be noted that although
the terminologies used were from ferroelectric language, the
finding of this work is applicable to other systems where
hysteresis presents as ferromagnetic or ferroelastic materials.

2. Preisach Model

Preisach model (PM) [3] is one of the potential tools in
hysteresis modeling. For instance, it has been recognized as
a significant tool for examining nonlinear response [12] and
illustrating the states of ferroelectric system [6]. A major rea-
son that makes the PM-based approaches widely employed
is that the model is simple but effective in characterizing HL
signals.

The PM can be performed by integrating the contribution
of relay operators in a particular field interval. Each of the
operators is termed as “hysteron” (see Figure 1(a)) which
comprises bistable states at threshold fields of 𝐸

𝛽
and 𝐸

𝛼

for switching to upper and to lower states, respectively.
Based on a macroscopic counterclockwise reversal of HL,
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Figure 2: Illustrations of (a) Gaussian-defined Preisach density and (b) contour plot of the three-dimensional density in (a), where (𝑥
0
, 𝑦
0
)

indicates a center of the density.

all hysterons are defined on the so-called Preisach plane,
where the upswitching field happens at threshold larger
or equal to the downswitching field (i.e., 𝐸

𝛼
≤ 𝐸
𝛽
) as

shown in Figure 1(b). In addition, for the plane with discrete
hysterons scattered uniformly throughout the Preisach plane,
the difference between switching-up and switching-down
states can be denoted here as 𝜇 represents the contribution
of each hysteron on HL.

For a particular hysteresis loop, an increasing field drives
materials to the up-switching state, while a decreasing field
results in the opposite way.With the PM, the fields increasing
and decreasing in a hysteresis measurement are represented
by the increase in 𝐸

𝛽
-axis and the decrease in 𝐸

𝛼
-axis on

the Preisach plane, respectively. For a ferroelectric system,
the polarization at time 𝑡, that is, 𝑃(𝑡), can be expressed as
follows:

𝑃 (𝑡) = ∫∫𝜌 (𝐸𝛼, 𝐸𝛽) 𝜑𝐸
𝛼
,𝐸
𝛽

[𝐸 (𝑡)] 𝑑𝐸𝛼 𝑑𝐸𝛽. (1)

In (1), 𝐸(𝑡) represents a time-dependent electric field,
𝜑
𝐸
𝛼
,𝐸
𝛽

[𝐸(𝑡)] represents the Preisach operator, and 𝜌(𝐸
𝛼
, 𝐸
𝛽
)

represents the Preisach density. Also, the PD can be consid-
ered as a distribution of hysteresis coercivity as each hysteron
can be illustrated as a componentHLwith different coercivity
[13]. In this work, attention has been paid to the symmetric
hysteresis loops, where the hysteron weight distribution,
that is, 𝜇(𝐸

𝛼
, 𝐸
𝛽
), was considered as the PD. Then, the 𝑃-

𝐸 loops were calculated form the cumulative contribution
of 𝜇(𝐸

𝛼
, 𝐸
𝛽
) in 𝐸

𝛽
-axis and 𝐸

𝛼
-axis for increasing and

decreasing fields, respectively.

3. Modification of Preisach Density

In order to investigate the contributions of PD traits
on HL features, the PD in this work was defined from
the three-dimensional Gaussian distribution as (e.g., see
Figure 2(a))

𝜇 (𝐸
𝛼
, 𝐸
𝛽
) =
1

√2𝜋𝜎2
exp[(
𝐸
𝛼
− 𝑥
0

𝜎
)

2

+ (

𝐸
𝛽
− 𝑦
0

𝜎
)

2

] ,

(2)

where (𝑥
0
, 𝑦
0
) is the Gaussian peak position which is the

“center of mass” of all hysterons projected on the Preisach
plane (e.g., see Figure 2(b)) and 𝜎 is a standard deviation
governing the PD sharpness and broadness. As this work
aims to examine the relations between hysteresis reversals
and the PD characteristic, three scenarios of the PDhave been
considered: (1) variation of the PD sharpness/broadness (𝜎),
(2) location of the PD center (𝑥

0
, 𝑦
0
), and (3) splitting pattern

of the PD. Note that, with the Gaussian-PD shape considered,
this work focuses mainly on irreversible contributions of the
hysteron on hysteresis behavior.

4. Results and Discussions

4.1. Variation of the PD Sharpness. To investigate the contri-
butions of the PD sharpness/broadness, 𝜎 in (2) was varied as
shown, for example, in Figures 3(a)–3(c). It was found that an
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Figure 3: Gaussian-defined Preisach densities with centers located at (−0.1, 0.1) and width 𝜎 = (a) 0.10, (b) 0.30, and (c) 0.50.Their associated
hysteresis loops are shown in (d), (e), and (f), respectively.

increase in 𝜎 results in sharper PD (e.g., in Figure 3(a)), while
a decrease in 𝜎 results in broader PD (e.g., in Figure 3(c)).
Based on the normalized PD in Figures 3(a)–3(c), the
associated HL was drawn and shown in Figures 3(d)–
3(f), respectively. Note that the normalization of PD helps
conserving polarization saturation, which is useful when
investigating a series of HL with different saturation levels.

In addition, the spiky PD in Figure 3(a) indicates that
there is some particular field strength, that is, the coercive
field, where hysteresis switching response becomes very
strong. At this coercive point, the materials become more
homogeneous, so themajority of the domains response to the
switching field simultaneously. These pronounced responses
have also been observed in various materials [13–15]. For
instance, the peaked FORC distributions were shown to
be a result of the amalgamation of ferromagnetic clusters
and the dominance of wide-range ferromagnetic ordering in
La
1−𝑥

Sr
𝑥
CoO
3
[15]. As can be seen in Figure 3(d), the HL

constructed from the sharp PD shows rapid changes of polar-
ization around coercivity (high polarization derivatives).

On the other hand, the broader PD represents that
materials respond to awider range of external field.Therefore,
the broad PD in Figures 3(b) and 3(c) results in the HL
with gradual changes of polarization as seen in Figures 3(e)
and 3(f). These characteristics can be found in material
systems with less connected spins/system components or
with high thermal fluctuation. For example, the broad FORC
distributions, being found in porous Nb-PZT ceramics,
address inhomogeneous ferroelectric switching [13, 16, 17].
Note that the broad PD is also found in thin films [18]
or when frequencies of external field are very high [19].
In addition, this broad distribution can be used to indicate
fatigue behavior via the FORC distribution of the hysteresis
loops measured from PZT films [6]. This is as the fatigue
decreases a capability of ferroelectric switching where the HL
changes from a saturated loop to a minor loop (less saturated
loop).The broad distribution feature therefore represents the
loss of ferroelectric domain-wall mobility. Specifically, FORC
distribution peak was found to be sharp for fresh sample but
broad for fatigued sample.
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Figure 4: Hysteresis loops obtained from (a) normalized Preisach densities and (b) unnormalized Preisach densities for 𝜎 = 0.10–0.50.

Therefore, an increase in 𝜎 results in a more gradual
reversal in HLs as can be seen in Figure 4. In other words,
the increase in 𝜎 in the Gaussian-defined PD represents an
increase in switching availability in a wider range of external
field and then results in evenly increment/decrement loops
as seen in Figure 4(b). In similar, with the normalization of
polarization saturations, HLs in Figure 4(a) also show sudden
and slanted reversals at low and high 𝜎, respectively.

4.2. Variation of the PD Peak Center. While the PD sharpness
represents the dominance of switching responses around
the PD center, the different location of the PD center, for
example, (𝑥

0
, 𝑦
0
) in Figure 2(b), represents the different range

of external field in which materials are active in switching.
We investigated this by varying values of (𝑥

0
, 𝑦
0
) in (2) on the

Preisach plane. Furthermore, due to the symmetric behavior
of the HL, the PD center locates on the line 𝑥

0
= −𝑦
0
, which

yields a symmetric constrain between 𝐸
𝛽
(increasing field)

and 𝐸
𝛼
(decreasing field). Some of these PDs are shown in

Figures 5(a)–5(c), and their constructed HLs are illustrated
in Figures 5(d)–5(f).

It should be noted that, on the Preisach plane, the PD
can be generally considered as being dominant at low field
(low 𝐸

𝛼
and 𝐸

𝛽
) or at high field (high 𝐸

𝛼
and 𝐸

𝛽
) as

shown in Figures 5(a)–5(c), respectively. While the PD with
dominant switching at low field (e.g., Figure 5(a)) constructs
a narrow loop as shown in Figure 5(d), the PD with domi-
nant switching at the high field (e.g., Figure 5(c)) constructs

a broad loop with large coercivity as shown in Figure 5(f).
Similarly, the FORC distributions have been found to be
peaked at either low field [8, 13, 14, 18, 20, 21] or high field
[16, 17, 22] corresponding to material characteristics and
conditions of hysteresis measurement.

With 𝜎 being fixed at 0.20, the normalized PDs with
different (𝑥

0
, 𝑦
0
) (in Figures 5(a)–5(c)) result inHLs as shown

in Figures 5(d)–5(f) and 6(a). They show an increase in
coercivity with increasing𝑦

0
(or |𝑥
0
|). For instance, fromHLs

constructed from normalized PDs, an increase in coercivity
is obvious as shown in Figure 6(a). Therefore, the center
of the PD peak (𝑥

0
, 𝑦
0
) can be used to indicate the field

wherematerials tend to switch dominantly, that is, around the
coercivity.

Nevertheless, the unnormalized PDs show some inter-
esting behavior as HLs in Figure 6(b) show both increasing
and decreasing of polarization saturations with increasing
𝑦
0
. The reason for the increase in saturation is due to the

move of PD from the upper-left corner to the center of
the Preisach plane. The Gaussian PD surface then changes
from a partial to a full one, which increases total weights
of polarization switching included in the HL modeling. This
eventually results in the increase in polarization saturations.
On the opposite, the decrease in the saturation is caused
by the move of PD center to where 𝑥

0
= 𝑦
0
= 0 on the

Preisach plane, where the Gaussian PD surface changes from
a full to a partial Gaussian surface. Consequently, this results
in a decrease in total contribution of polarization switching
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Figure 5: Gaussian-defined Preisach densities with 𝜎 = 0.20 and centers located at (a) 𝑦
0
= 0.10, (b) 𝑦

0
= 0.50, and (c) 𝑦

0
= 0.90. Their

associated hysteresis loops are shown in (d), (e), and (f), respectively.

included on the plane. These changes suggest that materials
can be less responsive at very low and high fields. This is
in fact related to loss of material response at very low field
(where the field is too weak to drive the material) and at
very high field (where the material is already at saturated
state).

4.3. Splitting of the PD. Hysteresis loops with pinching
characteristic or distorted loop are another feature that has
been extensively investigated. Figure 7(a) shows PD with two
main density peaks and the generated HL with pinching
characteristic being plotted in Figure 7(b).The splitting peaks
in the PD show that the material actively responses to more
than one range of external fields. The consistency between
the splitting peaks and the pinching feature was also found
in various materials. For instance, in large-grained BaTiO

3

ceramics, the defect dipoles cause pinched loops, where the
dielectric loss was found to be contributed by peak separation

in FORC distributions [8]. Also, the separated peaks in
FORC distribution are found responsible for pinched HL in
nanomagnets [23, 24]. Consequently, the hysteresis pinching
effect can be concurrently modeled using both the classical
PM and the FORC distribution.

5. Conclusion

In this work, Preisach model was implemented to investigate
the contributions of Preisach density to hysteresis rever-
sals, where the Preisach densities were defined with three-
dimensional Gaussian distribution. The results show that the
density pattern designs how polarization switching occurs
in the hysteresis loop. Particularly, it was found that the
sharpness of the densities represents how strong the switching
is, while the density peak center represents a field range
at which materials would response most actively. Also, the
split of PD peaks details the pinching effect where material
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Figure 6: Hysteresis loops obtained from (a) normalized Preisach densities and (b) unnormalized Preisach densities for 𝑦
0
= 0.10–0.90.
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Figure 7: (a) Illustrations of two separate Preisach density peaks and (b) the associated pinched hysteresis loop.
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switching response is active in two separate ranges of the
external field.
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