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Based on the nonlocal thermodynamic equilibrium state and large optical thickness of plasma, we establish one-dimensional
nonequilibrium radiation-transport equation from diffusion approximation.Through finite volumemethod, the discrete scheme of
radiation-transport equation and the conditions for its definite solution are proposed.The reliability of radiation-transport equation
and its discrete scheme is validated.

1. Introduction

Radiation-transport equation is one of the key equations
which describe radiation and transport processes in plasma
[1–4]. It is also a hot topic in numerical calculation of high
energy density materials. Solving the radiation-transport
equation is easy for optically thin material but difficult for
optically thick material. In the latter case, most of studies
assume plasma in local thermodynamic equilibrium state
(LTE) and under nonequilibrium radiation field. Then the
multigroup radiation-transport theory or diffusion approx-
imation is employed using different radiation parameters
in plasma [5–8]. This method has acquired a great success
in ICF plasma and other fields; however, few theoretical
studies on the radiation and transport processes in NLTE
plasma have been reported so far [9, 10]. Generally, the
LTE assumption cannot always be met in plasma produced
by experiments or under other conditions, and it will be
more complex to solve the radiation-transport equation using
nonlocal thermodynamic equilibrium plasma theory. This is
because the induced radiation term appears in the equation.
To solve this problem, we must simplify the dependency
relationship between radiation and frequency or angle. The
simplest and the most commonly used method is diffusion

approximation, which is the lowest order approximation in
spherical harmonics method. This method is an accurate
description of the equationwhen plasma is optically thick and
the radiation intensity is nearly isotropic [9].

Based on the character of large optical thickness of
plasma under nonlocal thermodynamic equilibrium state,
we establish one-dimensional nonequilibrium radiation-
transport equation from diffusion approximation in this
work. Besides, the discrete scheme of radiation-transport
equation and the conditions for its definite solutions are
proposed through finite volume method. The reliability of
radiation-transport equation and its discrete scheme is also
validated.

2. Diffusion Approximation of Radiation-
Transport Equation

2.1. Radiation-Transport Equation under Diffusion Approxi-
mation. Generally, the radiation-transport equation can be
described as [11, 12]

1

𝑐

𝜕𝐼V

𝜕𝑡
+ Ω ⋅ ∇𝐼V = 𝑗V (1 +

𝑐
2

2ℎV3
𝐼V) − 𝑢V𝐼V. (1)
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In formula (1), 𝐼V is radiation intensity, 𝑗V = 𝑗
𝑏𝑏
+ 𝑗
𝑓𝑓

+ 𝑗
𝑓𝑏

is
the spontaneous emission coefficient, and 𝑢V = 𝑢

𝑏𝑏
+𝑢
𝑏𝑓
+𝑢
𝑓𝑓

is absorption coefficient in plasma.
The dependency relationship between radiation and fre-

quency or angle can be described as the preceding two items
of spherical harmonicswhen the radiation intensity of plasma
is nearly isotropic:

𝐼V =
1

4𝜋
𝐼
0
(V) +

3

4𝜋
Ω ∗ 𝐼
1
(V) , (2)

where 𝐼
0
(V) is the isotropic part and 𝐼

1
(V) is the anisotropic

part.
Combing (2) with (1) and integrating over angle, we can

obtain the equation containing the isotropic part 𝐼
0
(V):

1

𝑐

𝜕𝐼
0
(V)

𝜕𝑡
+ ∇𝐼
1
(V) = 4𝜋𝑗V (1 +

𝑐
2

8𝜋ℎV3
𝐼
0
(V)) − 𝑢V𝐼0 (V) .

(3)

Combing (2) with (1), multiplying both sides by Ω, and inte-
grating over angle, the equation containing the anisotropic
part 𝐼
1
(V) can also be obtained:

1

𝑐

𝜕𝐼
1
(V)

𝜕𝑡
+
1

3
∇𝐼
0
(V) = −

1

𝐿V
𝐼
1
(V) . (4)

The combination of (3) and (4) is the 𝑃
1
approximation. Basi-

cally, it is not easy to solve these two equations. Considering
that radiation intensity is nearly isotropic and 𝐼

1
(V) ∗ Ω is

much smaller than 𝐼
0
(V), 𝐼
1
(V) ∗ Ω can be neglected and the

problem will be further simplified.
Taking (4) into (3), we can obtain equation about 𝐼

0
(V)

finally:

1

𝑐

𝜕𝐼
0
(V)

𝜕𝑡
−
1

3
∇ ∗ 𝐿V∇𝐼0 (V)

= 4𝜋𝑗V (1 +
𝑐
2

8𝜋ℎV3
𝐼
0
(V)) − 𝑢V𝐼0 (V) .

(5)

Replacing 𝐼
0
(V) with 𝜀V (𝜀V = (1/𝑐) ∫

4𝜋
𝐼V𝑑Ω), the equa-

tion can be described as

𝜕𝜀V

𝜕𝑡
− ∇ ∗ (𝐷V∇𝜀V) = 4𝜋𝑗V (1 +

𝑐
3

8𝜋ℎV3
𝜀V) − 𝑐𝑢V𝜀V. (6)

Here, 𝐷V is the spectral diffusion coefficient. The radiation-
transport equation considering the electron scattering
progress is similar to (6) and only𝐷V is different.

Under one-dimensional circle model, the radiation-
transport equation can be described as

𝜕𝐸V

𝜕𝑡
=

𝜕

𝜕𝑟
(𝐷V

𝜕𝐸V

𝜕𝑟
) + [

4𝜋𝜂
0

V3
𝑗V − 𝑐𝑢V] ⋅ 𝐸V + 4𝜋𝑗V. (7)

2.2. The Conditions for Definite Solution to Radiation-
Transport Equation. To solve the established radiation-
transport equation, the initial and boundary conditions
are necessary. The initial condition is simple, which is the
radiation spectrum of plasma at centre and 𝑡 = 0.

The boundary conditions are very complex. The bound-
ary conditions can be described as

𝐸V = ΓV, 𝑛 ⋅ Ω < 0, (8)

where 𝑛 is the outer normal vector of unit on system surface.
Under diffusion approximation, the restrict boundary

conditions are not satisfied. A weighting function is defined
to solve this problem. The boundary conditions can be
described as [11, 13]

∫

𝑛⋅Ω<0

[
1

4𝜋
𝐼
0
(𝑟
𝑠
, V, Ω, 𝑡) +

3

4𝜋
Ω ∗ 𝐼
1
(𝑟
𝑠
, V, Ω, 𝑡)

−Γ (𝑟
𝑠
, V, Ω, 𝑡) ]𝑤 (Ω) 𝑑Ω.

(9)

Taking into account Marshak vacuum boundary condition,
that is, 𝑤(Ω) = 𝑛 ⋅ Ω, there is no photon coming into system
through surface.Thus, the following formula can be obtained:

𝐽
− 󵄨󵄨󵄨󵄨𝑟=𝑅 = [−

𝑐

4
𝐸V −

𝐷V

2

𝜕𝐸V

𝜕𝑥
]

𝑟=𝑅

= 0. (10)

The radiation intensity is nearly isotropic at the centre of the
system, and we obtain

[
𝐷V

2

𝜕𝐸V

𝜕𝑥
]

𝑟=𝑅

= 0. (11)

3. Conservation Finite Difference Scheme of
1D Unstable Radiation-Transport Equation

The radiation-transport equation belongs to variable coeffi-
cient parabolic equations with the third boundary conditions
in mathematics. We can acquire its conservation finite differ-
ence scheme through finite volume method [14]. According
to finite difference theory, the time and space can be divided
into meshes, where 𝑡

𝑛
= 𝑛𝑘 (𝑛 = 1, 2, . . . , [𝑇/𝑘]) and 𝑟

𝑗
=

𝑗ℎ (𝑗 = 1, 2, . . . , [𝑅/ℎ]). Using 𝐸V
𝑛

𝑗
to represent the exact

value of 𝐸V at mesh point (𝑥
𝑗
, 𝑡
𝑛
), defining𝐷V(𝑟, 𝑡)(𝜕𝐸V/𝜕𝑟) =

𝑍V(𝑟, 𝑡) and taking it into (7), we can get

𝜕𝑍V

𝜕𝑟
=
𝜕𝐸V

𝜕𝑡
+ [

4𝜋𝜂
0

V3
𝑗V − 𝑐𝑢V]𝐸V + 4𝜋𝑗V = 𝑘 (𝐸V, 𝑥, 𝑡) .

(12)

Integrating the above equation over (𝑟
𝑗
− (ℎ/2), 𝑟

𝑗
+ (ℎ/2))

region, we can obtain

𝑍(𝑟
𝑗
+
ℎ

2
, 𝑡) − 𝑍(𝑟

𝑗
−
ℎ

2
, 𝑡) = ∫

𝑟𝑗+ℎ/2

𝑟𝑗−ℎ/2

𝑘 (𝐸V; 𝜆, 𝑡) 𝑑𝜆. (13)

Integrating (13) over (𝑟
𝑗−1/2

, 𝑟) region, multiplying it by
1/𝐷V(𝑟, 𝑡), and integrating it over (𝑟𝑗−1, 𝑟𝑗) region, the follow-
ing equation can be obtained:

𝑍V (𝑟𝑗−1/2, 𝑡) =
𝐸V (𝑟𝑗,𝑡) − 𝐸V (𝑟𝑗−1,𝑡)

∫
𝑟𝑗

𝑟𝑗−1

(𝑑𝑟/𝐷V (𝑟, 𝑡))
−

1

∫
𝑟𝑗

𝑟𝑗−1

(𝑑𝑟/𝐷V (𝑥, 𝑡))

× ∫

𝑟𝑗

𝑟𝑗−1

𝑑𝑟

𝐷V (𝑟, 𝑡)
∫

𝑟

𝑟𝑗−1/2

𝑘 (𝐸V; 𝜆, 𝑡) 𝑑𝜆.

(14)
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Similarly, we can get

𝑍V (𝑟𝑗+1/2, 𝑡) =
𝐸V (𝑟𝑗+1,𝑡) − 𝐸V (𝑟𝑗,𝑡)

∫
𝑟𝑗+1

𝑟𝑗

(𝑑𝑟/𝐷V (𝑥, 𝑡))
−

1

∫
𝑟𝑗+1

𝑟𝑗

(𝑑𝑟/𝐷V (𝑟, 𝑡))

× ∫

𝑟𝑗+1

𝑟𝑗

𝑑𝑟

𝐷V (𝑟, 𝑡)
∫

𝑟

𝑟𝑗+1/2

𝑘 (𝐸V; 𝑠, 𝑡) 𝑑𝑠.

(15)

Combining (14) and (15) with (12), integrating it over (𝑡
𝑛
, 𝑡
𝑛+1

)

region, introducing a parameter 𝜃, and using some approx-
imate integral formula in (9), we can obtain the discrete
scheme of (7) that is compatible with the one-dimensional
radiation-transport equation:

𝐸V
𝑛+1

𝑗
− 𝐸V
𝑛

𝑗

𝑘

=
(1 − 𝜃)

ℎ
2

[𝐷V
𝑛+1

𝑗−(1/2)
𝐸
𝛾

𝑛+1
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+
𝜃

ℎ
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𝑛
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𝑛
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𝑛

𝑗
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𝑛

𝑗+1
]

+ (1 − 𝜃) (
4𝜋𝜂
0

V3
𝑗V
𝑛+1

𝑗
− 𝑐𝑢V
𝑛+1

𝑗
)𝐸V
𝑛+1

𝑗

+ 𝜃(
4𝜋𝜂
0

V3
𝑗V
𝑛

𝑗
− 𝑐𝑢V
𝑛

𝑗
)𝐸V
𝑛

𝑗

+ 4𝜋 (1 − 𝜃) 𝑗V
𝑛+1

𝑗
+ 4𝜋𝑗V

𝑛

𝑗
.

(16)

The truncation error for (16) is

𝑘
−1
𝑇
𝑛

𝑗
= −𝑘 (

1

2
− 𝜃)(

𝜕
2
𝐸V

𝜕𝑡
2
) + 𝑂(𝑘

2
+ ℎ
2
) . (17)

When the value of 𝜃 is 1, 0, and 1/2, the corresponding finite
difference scheme for formula (17) is explicit, implicit with an
accuracy of𝑂(𝑘 + ℎ

2
), and Crank-Nicholson scheme with an

accuracy of 𝑂(𝑘 + ℎ
2
), respectively.

Applying Taylor expansion to the boundary conditions,
the discrete scheme for the boundary conditions can be
provided. At point 𝑟 = 𝑅 and 𝑟 = 0, the following equations
can be obtained:

(𝐷V
𝑛+1

𝐽−(1/2)
+ 𝐷V
𝑛+1

𝐽−(3/2)
) 𝐸
𝑛+1

𝐽−1
= (2𝐷V

𝑛+1

𝐽
+ ℎ𝑐) 𝐸

𝛾

𝑛+1

𝐽
,

(𝐷V
𝑛+1

1/2
+ 𝐷V
𝑛+1

3/2
) 𝐸V
𝑛+1

1
− 2𝐷V

𝑛+1

0
𝐸V
𝑛+1

0
= 0.

(18)

Combining (17) and its boundary condition equations (18),
the radiation-transport equation can be solved by the chase
after method.

4. A Test Example

In this section, a radiation spectrum which is calculated by
NLTE model based on digital level model [15] is used to test
the reliability of radiation-transport equation under diffusion
approximation. In this example, variation of spectrum shape
and intensity with transition time and thickness of plasma is
analyzed. The electronic temperature 𝑇

𝑒
is taken as 450 eV,

and the electron density 𝑁
𝑒
is taken as 1 × 10

20 cm−3. The
effects of external radiation source are not taken into account.

Essentially, the radiation-transport process of photons
is the absorption of photons in plasma and superposition
with other photons radiated by plasma.The calculated results
for photon transport in plasma with a radius of 250 um
are shown in Figures 1 and 2. Figure 1 is the subset of
variation of spectrum shape with time for plasma radiation
at boundary points. Figure 2 shows the change of partial
transition intensity ratio as a function of time. Ly𝛼IC are
mainly composed of three spectrum lines coming from
2𝑝
2

→ 1𝑠
1
2𝑝
1 radioactive transition; He𝛼IC are mainly

comprised of spectrum lines coming from 1𝑠
1
2𝑝
2
→ 1𝑠
2
2𝑝
1

radioactive transitions; and He𝛼 + IC are mainly constituted
by spectrum lines from 1𝑠

1
2𝑝
2
→ 1𝑠
2
2𝑝
1 and 1𝑠

1
2𝑝
1
3𝑝
1
→

1𝑠
2
3𝑝
1 radioactive transitions.

As shown in Figures 1 and 2, the radiation spectrum lines
vary with time gradually and finally reach equilibrium states.
For plasma with a radius of 250 um, the intensity of radiation
spectrum increases gradually if transition time is smaller than
5 × 10

−3 ns. Different transition lines increase variously, and
the shape of radiation spectrum has an obvious change. With
the increase in transition time, theK shell resonance radiation
intensity achieves dynamic equilibrium and does not increase
anymore as the transition time is larger than 5 × 10

−3 ns.
The intensity of satellite lines increases continuously until the
transition time is larger than 1.0 × 10

−2 ns.
These results can be explained physically as follows. The

radiation at certain boundary points is only contributed by
self-radiation of plasma initially. Subsequently, the nearby
radiation arrives at the boundary points after absorption by
plasma. In this case, the radiation spectrum at boundary
points is the superposition of two parts. As the transition
time increases, more and more radiations arrive at the
boundary points after absorption by plasma and the total
radiation effects at boundary points are the superposition
of these radiations. Due to the different absorption coeffi-
cient of transition lines, the absorption extent of transition
lines through the same thickness of plasma is different,
and the shape of radiation spectrum at boundary points
changes obviously during transition process. With increas-
ing transition time, some transition lines with superior
absorption coefficient are absorbed completely before they
reach boundary points, while the radiations with minor
absorption coefficient can still arrive at boundary points. If
transition time is so large that all radiations arrive at the
boundary points after absorption or are absorbed completely,
the radiation spectrum will achieve dynamic equilibrium
states. Generally speaking, in the process reaches a dynamic
equilibrium state, the changement of relative strength for
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Figure 1: Subset of variation of radiation spectrum.
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Figure 2: Variation of some transition intensity ratio with time.

K shell resonan ceradiation in Al plasma is much larger
than their satellite lines because of their superior absorption
coefficient.

The transport time needed to achieve dynamic equi-
librium states is different for plasma with different radii.
The final radiation spectrum at boundary points is also
highly related to the radius of the plasma. Figures 3 and 4
present the radiation spectrum at boundary points and some
radiation intensity ratio for plasma with different radii. In the
calculations the transport time is large enough to ensure all
radiation reaching dynamic equilibrium states. Combining
Figures 1–4, it is found that the K shell resonance radiation
of Al plasma is sensitive to the absorption effects as 𝑇

𝑒
is

450 eV and 𝑁
𝑒
is 1 × 10

20 cm−3. When the transport time
and the radius of plasma change, the radiation intensity
ratios change obviously, while the satellite lines are not so
sensitive to the absorption effects. The radiation intensity
ratios nearly remain unchanged when the transport time and
plasma radius vary.

These results show that the radiation-transport equation
proposed in this study can be explained physically and is
consistent with the basic law of photon transport in plasma
with large optical thickness.

5. Conclusion

Based on the nonlocal thermodynamic equilibrium state and
large optical thickness of plasma, a simplification and discrete
method to radiation-transport equation is proposed in this
work. One-dimensional nonequilibrium radiation-transport
equation is deduced from diffusion approximation and the
conditions for its definite solution are proposed. The discrete
scheme of radiation-transport equation and the conditions
for its definite solution are obtained through finite volume
method. The reliability of radiation-transport equation and
its discrete scheme has been tested by NLTE model based
on digital level. The calculations show that the deductions
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Figure 3: Radiation spectrum of different plasma at boundary points.
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Figure 4: Radiation intensity ratio of different plasma at boundary points.

from the diffusion approximation and the discrete method
are reliable. Also, the calculated results are consistent with the
basic law of photon transport in optically thick plasma.

It should be pointed out that only the reliability of
radiation-transport equation under diffusion approximation
can be validated. When plasma is under NLTE state, besides
solving the equation itself, radiation parameters should also
be calculated, which is difficult in some cases. To validate
the reliability of calculations of radiation-transport process
in plasma, both the radiation-transport equation and related
population equation should be considered. The conclusion
will be more convincing only when the calculated results are
verified by experiments.
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