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Fully relativistic full-potential density functional calculations with an all-electron linearized augmented plane waves plus local
orbitals method were carried out to perform a comparative study on the structural and electronic properties of the cubic oxide
𝛿-Bi2 O3 phase, which is considered as one of the most promising materials in a variety of applications including fuel cells, sensors,
and catalysts. Three different density functionals were used in our calculations, LDA, the GGA scheme in the parametrization of
Perdew, Burke, and Ernzerhof (PBE96), and the hybrid scheme of Perdew-Wang B3PW91. The examined properties include lattice
parameter, band structure and density of states, and charge density profiles. For this modification the three functionals reveal the
characteristics of a metal and the existence of minigaps at high symmetry points of the band structure when spin-orbit coupling
is taken into account. Density of states exhibits hybridization of Bi 6s and O 2p orbitals and the calculated charge density profiles
exhibit the ionic character in the chemical bonding of this compound. The B3PW91 hybrid functional provided a better agreement
with the experimental result for the lattice parameter, revealing the importance of Hartree-Fock exchange in this compound.

1. Introduction
The VI-bismuth compounds Bi2 O3 , Bi2 S3 , and Bi2 Te3 comprise a family of technological semiconductors [1] employed
in diverse areas of industry. Bi2 O3 has been used as an
effective cocatalyst for oxidation of ammonia since the
beginning of the last century; also it has been used as the
precursor for the production of Bi2 MoO6 , a catalyst popularly
used in the selective oxidation of propylene into acrolein [2].
Galván et al. [3] showed that, using the same compound
in CO to CO2 conversion, a significant improvement in the
oxidation process could be obtained, while it is likely to be
used as a catalyst in catalytic converters to clean the exhaust
discharge. Moreover, metal oxides, bismuth oxides, and rareearth oxides form the basis for some of the ceramic high 𝑇𝑐 superconductors [4].

Bismuth oxide is a polymorphic material that crystallizes
in five modifications [5]. 𝛿-Bi2 O3 is formed from heating
monoclinic 𝛼-Bi2 O3 at 730∘ C and it is stable up to the
melting point of 824∘ C. Tetragonal (𝛽-Bi2 O3 ) and bodycentered cubic (𝛾-Bi2 O3 ) modifications have been obtained
below 650∘ C as metastable phases [6]. The hydrothermal
method was used to obtain 𝜀-Bi2 O3 phase [7]. It is currently
accepted that the cubic oxide 𝛿-Bi2 O3 is one of the most
promising materials which can be used as solid electrolyte [8]
in high technology equipment such as fuel cells, sensors, and
membrane devices which utilize the unusual high oxide ion
conductivity of this compound, a conductivity which exceeds
that of stabilized zirconia [9, 10]. Several structural models
for 𝛿-Bi2 O3 have been proposed [8, 11–13]. According to a
model by Sillen [12], six possible oxygen sites of the fluorite
unit cell are occupied and two others are empty and ordered

2

Advances in Condensed Matter Physics

Bi
Bi

c∗

Bi
Bi

O

O

O
Bi
B

Bi
Bi

Bi

Bi

a∗

O
O

O

b∗

Bi
Bi

Bi
Bi

Figure 1: Unit cell for 𝛿-Bi2 O3 , with distinct atomic species explicitly indicated. In the inset we show the associated Brillouin zone and the
followed path in the energy bands calculation.

in the ⟨1 1 1⟩ direction. However, the large magnitude of
the conductivity suggests that a high disorder on the oxygen
sublattice might exist which led other researchers [13] to
propose a model of statistically average occupation of all eight
oxygen positions.
A number of theoretical studies have been carried out
in order to understand the basic properties of metal oxide
systems. For example, using the LMTO method, Medvedeva
et al. [14] calculated electronic properties of 𝛿-Bi2 O3 with
several oxygen vacancy configurations to find out the role
of Bi-O and Bi-Bi bonding in the stabilization of such
derived structures. Several reports have been published
concerning 𝐸𝑔 (width of the forbidden gap between VB
and CB) values for similar oxides. Gubanov and Medvedeva
[15] performed an LMTO-ASA calculation, obtaining values
ranging from 1.75 to 5.24 eV, respectively, for SnO2 and ZrO2 .
Different phases of Bi2 O3 like 𝛼-Bi2 O3 , 𝛽-Bi2 O3 , and 𝛿Bi2 O3 were calculated by Evarestov et al. [16] performing
a SC-CNDO (Complete Neglect of Differential Overlap)
calculation obtaining values ranging from 4.8 to 6.2 eV for
the different phases. Reyes [17] using extended Hückel type
calculations obtained 3.48 eV in the theoretical study of 𝛼Bi2 O3 . Walsh et al. [18] reported a theoretical and experimental investigation of the electronic properties of 𝛿-Bi2 O3
using a combination of gradient corrected density functional
theory along with X-ray photoemission and O-K shell X-ray
absorption and emission spectroscopy. They reported that
vacancies along ⟨1 0 0⟩ result in the most energetically stable
configuration of 𝛿 phase.
Despite the existence of an important number of theoretical studies using DFT, a systematic study to determine
what is the most suitable exchange-correlation (XC) potential
for this type of metal oxides has not yet been reported.
The best performance of GGA schemes over the LDA one
is usually claimed, attributing discrepancies to the analytic
form of functionals. The aim of this work is to make a

detailed comparative study of the structural and electronic
properties of 𝛿-Bi2 O3 in order to assess to what extent the
density functional differences are important in the qualitative
analysis of theoretical results under the DFT scheme. Besides
the XC potential analysis for this bismuth oxide phase, the
spin-orbit (SO) interaction effect on electronic properties
is also analyzed. We explore distinctive minigaps obtained
in our calculations of electronic band structure which are
essentially attributed to the SO effect. Conventional density
functional calculations were implemented using the APW +
lo method based WIEN2k program package, paying careful
attention to the lattice parameter, band structure, and density
of states as well as charge density profiles. In our calculations
it is apparent that the SO effect is not large enough to modify
the metallic nature of 𝛿-Bi2 O3 ; however, the opening of
minigaps distributed along the conduction band is due to
this effect. Specific calculation details are given in Section 2;
results and discussion are shown in Section 3. In Section 4 we
give our conclusions.

2. Structural and Computational Details
The structure of 𝛿-Bi2 O3 used in the present work is that
reported by Sillen [12], which is similar to the cubic fluorite
structure space group Pn-3m (group 224) with four Bi atoms
in the following positions: 4(c): 3/4 3/4 3/4; 3/4 1/4 1/4; 1/4 3/4
1/4; 1/4 1/4 3/4 and six O atoms located at the following: 6(d):
0 1/2 1/2; 1/2 0 1/2; 1/2 1/2 0; 1/2 0 0; 0 1/2 0; 0 1/2 1/2, with the
lattice parameter 𝑎 = 5.525 Å (see Figure 1).
We performed self-consistent calculation of the electronic
and atomic structure for 𝛿-Bi2 O3 using a relativistic fullpotential method based on the augmented plane waves plus
local orbitals (APW + lo) [19] as implemented in the WIEN2k
code [20], within the framework of DFT [21–23]. The LDA
[21, 22], PBE96 [23], and B3PW91 [24–26] energy functionals
were used. The nonequivalency of PW91 and PBE functionals
[27] was recently reported, which makes us cautious in the
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Figure 2: 𝐸tot versus volume curve for 𝛿-Bi2 O3 , obtained with the functionals (a) LDA, (b) B3PW91, and (c) PBE96.

calculation of electronic properties of solid materials even
though PBE is yet considered the standard approach to determine structural properties in solid state physics [28–30]. A
comparison of results using LDA, PBE96, and B3PW91 functionals provides a broader insight into the use of density functionals for the prediction of physical and chemical properties
in different bismuth oxide phases. It is worth mentioning that
the hybrid B3PW91 functional includes 20% of Hartree-Fock
exchange, which is not considered in LDA or PBE96.
In our calculations, the muffin-tin sphere radii were fixed
at 𝑅mt = 1.8 a.u. for oxygen atoms and 𝑅mt = 2.3 a.u. for
bismuth atoms. The maximum 𝑙 value for partial waves used
inside atomic spheres was 𝑙max = 10, while the magnitude
of the largest vector in charge density Fourier expansion is
fixed at 𝐺max = 14. The basis set includes 2s2 2p4 of oxygen
and 5d10 6s2 6p3 of bismuth as valence states, because the
electronic charge of these states is not contained completely
within the muffin-tin spheres. In this computational code,
the relativistic effects for core states are taken into account
using a scalar-relativistic basis, while the spin-orbit coupling
is calculated using the second-variation method [31–33].

The band structure of 𝛿-Bi2 O3 is calculated using 10 × 10 ×
10 𝑘-point mesh in the first Brillouin zone (FBZ) for the SCF
cycle, plotting the energy versus 𝑘-point values following high
symmetry points from (1/2, 1/2, 1/2) to (0, 0, 0) to (1/2, 0, 0)
to (1/2, 1/2, 0) to (0, 0, 0) of the value of 𝜋/𝑎 to span the threedimensional 𝑘 space (see inset in Figure 1). The density of
states was computed using 20 × 20 × 20 𝑘-point mesh while
the Fermi energy (𝐸𝐹 ) and the weights of each energy band
were calculated using a temperature broadening scheme with
a value of 0.005. For both structural and electronic properties
calculation we used a plane wave cut-off of 𝑅mt 𝐾max = 7.5.

3. Results and Discussion
3.1. Structural Properties. Structural properties were calculated from the ground state as a function of volume. A
uniform compression and expansion of the lattice with the
relative atomic positions within the unit cell held constant
were performed to make an isotropic variation of the cell
volume, thus searching for the stable crystalline structure.
The calculated total energy for 𝛿-Bi2 O3 is displayed as a
function of the cell volume in Figures 2(a)–2(c). The total
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Figure 3: Calculated energy bands for 𝛿-Bi2 O3 considering spin-orbit interaction and using density functionals (a) LDA, (b) B3PW91, and
(c) PBE96. Fermi energy (𝐸𝐹 ) is located at 0.0 eV.

energy values were used to fit the Murnaghan [34] equation of
state from which we obtained the optimized lattice parameter
and the bulk modulus. Notice that an exceptional fit was
achieved for the cell expansion in the three studied cases.
To obtain the equilibrium unit cell, total energy versus
volume (see Figure 2) was calculated without the spin-orbit
interaction using the following parameters: 𝑅mt 𝐾max = 7.5,
initial experimental parameter 𝑎 = 5.525 Å, and 10 × 10
× 10 𝑘-points sampling the first Brillouin zone (FBZ). This
procedure yielded the equilibrium lattice parameters showed
in Table 1. Unit cell optimization taking into account the spinorbit interaction was also performed using the PBE96 functional, through the same procedure to understand whether
it is significant or instead it is irrelevant in the calculation
of the lattice parameter. The difference between both values

is of the order of 0.01 Å; that is, there is a very small effect
due to spin-orbit (SO) interaction, and thus the calculations
of the electronic properties were made using the calculated
equilibrium lattice parameters without SO effect. The lattice
parameter calculated using the B3PW91 hybrid functional is
in better agreement with the experimental value 𝑎 = 5.525 Å.
3.2. Electronic Properties. Figures 3(a)–3(c) display energy
bands versus 𝑘-points for 𝛿-Bi2 O3 , considering spin-orbit
interaction. By examining the electronic band structure, we
notice that the band shape is similar and that the Fermi
level (𝐸𝐹 ) is crossed by multiple degenerate bands indicating
a metallic behavior, regardless of the XC functional. On
the other hand, the addition of SO coupling splits orbital
degeneracies into some high symmetry points in the FBZ.
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Figure 4: Continued.
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Figure 4: Total and projected density of states (DOS) for 𝛿-Bi2 O3 for the case when spin-orbit interaction is considered and using functionals
(a) LDA, (b) B3PW91, and (c) PBE96.
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Table 1: Lattice parameters for 𝛿-Bi2 O3 calculated in this work. The
experimental valuea is 5.525 Å.
XC functional
LDA
B3PW91
PBE96
a

𝑎 (Å) without SO
5.4742
5.5389
5.5946

[15].

Figure 3 exhibits three distinctive groups of energy bands
showing a band gap between them. The first group is below
−7.5 eV, a second group is between −5.6 and 2.9 eV, crossing
the Fermi level, and the third group is above 3.6 eV.
The total and projected density of states (DOS) for 𝛿Bi2 O3 , Bi, and O atoms, considering spin-orbit interaction,
are provided in Figures 4(a)–4(c) where energy versus DOS
is plotted. Notice that the d and f contributions for Bi are not
present in the DOS graphs but are taken into account on its
shape because they are included in the relativistic approach.
Analysis of the band structure and partial DOS permits us
to gain insight into their electronic (orbital) origin. The main
contribution to the band from −8.0 to −10.0 eV comes from
Bi 6s, identified as the bulk response given by the electrons
closer to the nucleus. The following band −6.0 to +3.0 eV is
formed by Bi 6s (0.4 states/eV) and Bi 6p (0.2–0.4 states/eV)
orbitals, while O 2p orbital contributes with 1.4 states/eV. The
Fermi level was shifted to 0.0 eV to perform an analysis of the
contributions from each atom in the vicinity of 𝐸𝐹 . According
to the orbital analysis, it is mainly formed by hybridized Bi 6s
(0.4 states/eV) and O 2p (1.4 states/eV) orbitals. Finally, the
conduction bands from +3.5 to 6.0 eV are mainly formed by
Bi 6p (0.2–1.0 states/eV) contribution.
To test the degree of covalency or ionicity in Bi2 O3 ,
electronegativity values (in the Pauling scale) of Bi (2.02)
and O (3.44) give us a clue on the bonding character.
Thus, based on the Pauling electronegativity scale [35], the
electronegativity difference is about 1.42 which indicates to us
that the amount of ionic character is ∼40%. This suggests that
the ionic character is significant in the bond between Bi and O
but the covalent character is greater, and therefore we expect
to find a fraction of electron density shared in-between. In
order to verify the predicted ionic contribution on bonding
type we carried out valence charge density calculations whose
contours for 𝛿-Bi2 O3 are plotted in (100) and (110) planes,
depicted in Figures 5(a)–5(f), where each atom has been
labeled by its chemical symbol. These figures exhibit a similar
charge distribution for the different XC potentials used and
the existence of almost uniform charge distribution between
Bi and O, which provides additional evidence of the ionic
bonding feature of this compound. A quantitative analysis of
the charge density between Bi and O atoms shows that the
3
charge density is, at least, of 0.2 e/Å . All calculations were
carried out considering spin-orbit interaction effects.

4. Concluding Remarks
The structural and electronic properties of 𝛿-Bi2 O3 were calculated using WIEN2K employing relativistic considerations

for Bi and O atoms and the exchange-correlation functionals
LDA, PBE96, and the hybrid B3PW91. Structural optimization yielded an equilibrium lattice parameter of 𝑎LDA =
5.4742 Å, 𝑎B3PW91 = 5.5389 Å, and 𝑎PBE96 = 5.5946 Å.
The overestimation using PBE96 and underestimation using
LDA with regard to the experimental value (𝑎 = 5.525 Å)
are within the expected on a GGA and LDA approach,
respectively. A meticulous analysis of electronic properties
was also performed. The energy bands were identified to
have s and p character. Our results also provide evidence
that the system behaves like a metal, considering the spinorbit interaction. The major contributions to each band were
identified from the projected DOS. The bands closer to 𝐸𝐹
(0 to −1.0 eV) are formed mainly from O 2p (1.4 states/eV)
and Bi 6s (1.5 states/eV) hybridized orbitals. Finally, the
charge density profiles exhibit the partial ionic chemical
bonding features of this compound, with a small amount
of charge between Bi and O atoms as a consequence of the
partial covalent bonding. Even though most of the electronic
properties describe similar behavior for each of the XC functionals used, the lattice parameter obtained with the B3PW91
functional is in better agreement with the experimental value,
probably due to the existence of Hartree-Fock exchange in
this functional.
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