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The absence of Raman and unique pressure-tunable dispersion is the characteristic feature of gas-filled photonic crystal fiber (PCF),
and its zero dispersion points can be extended to the near-infrared by increasing gas pressure. The generation of dispersive wave
(DW) in the normal group velocity dispersion (GVD) region of PCF is investigated. It is demonstrated that considering the selfsteepening (SS) and introducing the chirp of the initial input pulse are two suitable means to control the DW generation. The SS
enhances the relative average intensity of blue-shift DW while weakening that of red-shift DW. The required propagation distance
of DW emission is markedly varied by introducing the frequency chirp. Manipulating DW generation in gas-filled PCF by the
combined effects of either SS or chirp and three-order dispersion (TOD) provides a method for a concentrated transfer of energy
into the targeted wavelengths.

1. Introduction
The high design flexibility of photonic crystal fibers has
attracted the attention of many researchers in recent decade
[1]. Kagomé-lattice hollow-core PCF reported in 2002 represents a milestone in the development of microstructured
fibers [2]. It demonstrates numerous additional significance
properties by filling its hollow core with gas [3]. The nonlinearity and the GVD can be remarkably controlled by
adjusting gas pressure or replacing of gas species [3, 4]. The
Raman-related effect disappears when the hollow core is filled
with high pressure monatomic gases such as Ar, also the
zero GVD point of fiber can be artificially adjusted from
the ultraviolet to the near-infrared [4]. These features highly
increase the versatility of hollow-core PCF, which make it
an ideal platform to investigate different nonlinear optical
effects.
As we all know, optical spectrum broadening and broadband frequency conversion are inherent features for nonlinear optical processes [5]. Dispersive wave (DW), also called
nonsolitonic radiation or Cherenkov radiation [6], is particularly important for supercontinuum generation, broadband

light sources, and broadband frequency conversion in fiber
optics, and manipulating DW generation is a technique with
a concentrated transfer of energy into a narrow spectral band.
The generation of DW by intense optical pulses propagating,
in particular, in photonic crystal fibers has been extensively
studied in the past 30 years [6–9]. However, it has been
originally presented at the background of the propagation of
higher-order soliton. In that situation, higher-order soliton
was propagated in the anomalous GVD regime which is
generally perturbed by the third- and higher-order dispersion
[10–13]. In our previous work, the roles of the self-steepening
(SS) effect in the generation and controlling of DW in
metamaterials are disclosed [14], and in photonic crystal fiber,
the manipulation of DW by the frequency chirped is unfolded
[15, 16].
In the time-domain, DW emission is described as the
resonant amplification of a linear wave propagating with the
same phase velocity as that of the soliton [17]. Recently, in
the frequency-domain, phase-matched cascaded four-wave
mixing (CFWM) is identified as the nonlinear origins of the
DW generation process [18–20]. It was demonstrated that
the DW emission is no longer thought to be the exclusive
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of solitons because the dispersive wave can be emitted even
when pumping in the normal dispersion regime in the
presence of a zero GVD wavelength [21]. In this regime,
the physical origin of DW emission, which is perturbed by
high-order dispersion, is intimately related to the dispersive
shock waves resulting from the nonlinearity overbalancing
a weak second-order dispersion [22]. The expression of the
detuned frequency of dispersive waves can be accurately
determined by the phase-matching selection rules, which
involve the velocity of the dispersive shock waves due to
emerging from a gradient catastrophe [22–24]. The roles of
high-order dispersions in the generation and controlling of
DW are also exposed [24–26]. However, to the best of our
knowledge, so far the effect of the self-steepening and initial
frequency chirp on DW generation with pumping in normal
dispersion regime has not been discussed yet.
In the present paper, we demonstrate that the controllable generation of DW with pumping in the normal GVD
dispersion can be realized by two means: either considering
the SS effect of fiber or introducing the frequency chirp of
the initial input pulse. The paper is organized as follows. In
the second section, the defocusing nonlinear Schrödinger
equation (dNLSE) for ultrashort pulse propagation in gasfilled photonic crystal fibers with TOD and SS effect is
introduced. In the third section, we discuss the controllable
DW generation and reveal the roles of the SS effect in the
red-shifted and blue-shifted DW generation. In the fourth
section, the impact on the DW generation on the basis of
the different frequency chirp of the initial input pulse is
investigated. Finally, we summarize our results.

2. Numerical Model
To technically elucidate the mechanism of resonant dispersive wave emission, our numerical model is based on
the following normalized form of the defocusing nonlinear
Schrödinger equation with the Raman term removed [27]:
𝜕𝑈 𝑖 𝜕2 𝑈 𝛿3 𝜕3 𝑈
𝜕
−
= 𝑖𝑁2 (1 + 𝑖𝑠 ) (|𝑈|2 𝑈) .
+
𝜕𝜉 2 𝜕𝜏2
6 𝜕𝜏3
𝜕𝜏

(1)

Note that the Raman scattering effect is absent in the
noble gas-filled PCF such as Ar considered here. We have
introduced the normalized variables 𝜏 = (𝑡 − 𝑧 ⋅ V𝑔−1 )/𝑇0 , 𝜉 =
𝑧/𝐿 𝑑2 , and 𝑈 = 𝐴/√𝑃0 , where 𝑇0 is the duration of the
launched pulse, 𝑃0 is the power of the input field, V𝑔−1 is
the group velocity at the central frequency 𝜔0 , and 𝐿 𝑑𝑚 =
𝑇0𝑚 /𝛽𝑚 is the 𝑚th-order dispersion length and 𝐿 𝑛𝑙 = (𝛾𝑃0 )−1
is the nonlinear length. Note that the defocusing feature
arises from the assumption of the normal group velocity
dispersion and nonlinear coefficient 𝛾 > 0. 𝑁2 = 𝐿 𝑑2 /𝐿 𝑛𝑙
and 𝛿3 = 𝐿 𝑑2 /𝐿 𝑑3 represent the normalized nonlinear
coefficient and the normalized three-order dispersion coefficient, respectively. The nonlinear term in the right-hand
side of (1) consists of the Kerr effect term 𝑁2 |𝑈|2 𝑈 and
the shock derivative term 𝑠𝑁2 𝜕(|𝑈|2 𝑈)/𝜕𝜏, which gives rise
to a frequency-dependent nonlinear coefficient. However, in
our numerical simulation, the dispersion expansion can be
truncated to the first correction to GVD, that is, third-order

dispersion, whereas all the higher-order dispersive terms can
be safely neglected.
To quantify ensemble frequency changes of the DW during propagation process, we introduce the intensity-weighted
central frequency of the DW as a function of propagation
distance 𝑧 [28]:
𝜔


∫𝜔 𝑏 𝜔 𝐴 DW (𝜔, 𝑧) 𝑑𝜔
𝑎
.
⟨𝜔DW (𝑧)⟩ = 𝜔𝑏 

∫𝜔 𝐴 DW (𝜔, 𝑧) 𝑑𝜔
𝑎

(2)

Dispersion effects are described by the first term on the righthand side of (1), where the range of integration (from 𝜔𝑎
to 𝜔𝑏 ) is selected to be no more than −30 dB compared to
the maximum intensity of the DW and |𝐴 DW |2 represents a
function of the spectral intensity of the DW with propagation
distance.
In order to obtain more intuitive information of the intensity distribution of DW, the performance of the continuum
spectral distribution is characterized by the decibel scale of
the relative intensity [29]
𝐼 (𝜔, 𝑧) = 10 lg (

|𝐴 (𝜔, 𝑧)|2
)
max |𝐴 (𝜔, 𝑧)|2

(3)

and the relative average intensity of DW
𝜔

𝜂 (𝑧) = 10 lg (

∫𝜔 𝑏 |𝐴 (𝜔, 𝑧)|2 𝑑𝜔
𝑎

∞

∫−∞ |𝐴 (𝜔, 𝑧)|2 𝑑𝜔

).

(4)

The decibel scale used here permits us to clearly show the
low-intensity radiation. However, if the intensity spectrum is
presented in the form |𝐴(𝜔, 𝑧)|2 / max |𝐴(𝜔, 𝑧)|2 , its value is
so small that can be submerged with the background of the
strong pulse.

3. Manipulating the Dispersive Wave
Generation by Self-Steepening Effect
It was well-known that the SS effect in gas-filled photonic
crystal fiber can not be ignored in practice [4]. The pulse
propagating in the normal dispersion regime is also affected
by the higher-order dispersion and nonlinear terms. Thus, the
combined effects of the SS and TOD on the DW generation
should be discussed.
To discuss the DW generation in the fiber, we employ
the standard split step Fourier method to solve the dNLSE
numerically. In the numerical simulation, the normalized
input pulse 𝑈(0, 𝜏) = sech(𝜏) is employed. For convenience,
we only consider the DW generation under the condition of
𝑁2 = 200. The reason for the selection can be that efficient
generation of DWs from a pump in the normal GVD region
typically requires the nonlinear length of the pump to be
much shorter than the dispersion length of the pump. To gain
a physical understanding of the effects, the loss of fiber is
neglected. If not otherwise specified, only the normal GVD
is considered.
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Figure 1: Simulate spectrum of a hyperbolic secant pulse propagating in the normal dispersion regime at the different SS coefficients, (a)
𝑠 = 0, (b) 𝑠 = 0.004, where 𝛿3 = 0.0267, 𝑁2 = 200. Central frequency (c) and relative average intensity (d) of the red-shift DW as a function
of normalized propagation distance, where 𝑠 = 0 (red dashed curve) and 𝑠 = 0.004 (dark solid curve).

3.1. Dispersive Wave Generation for Positive Dispersion Slope.
In the normal GVD of gas-filled PCF, DW emitted by
dispersive chock waves owing to the positive dispersion slope
(i.e., the positive TOD) will be frequency downshifted with
respect to the pump. Therefore, it is called red-shift DW.
Figure 1 shows how the self-steepening effect influences
the red-shift DW generation; here the positive TOD (𝛿3 =
0.0267) is considered. In Figures 1(a) and 1(b), we plot the
spectral evolution of the pulse as a function of normalized propagation distance when the self-steepening effect is
switched off (i.e., set 𝑠 = 0) and included (i.e., set 𝑠 = 0.004),
respectively. Obviously, in the initial stages of propagation,
the spectrum of the pump pulse displays strong and symmetrical broadening due to self-phase-modulation-induced

pulse compresses in the presence of weak normal dispersion,
but as the spectral tail of the broadened pulse overlaps with
the phase-matched frequency, the occurrence of resonant
energy transfer process can be seen. As the propagating
distance increases, the DW emitted by dispersive shock waves
begins to emerge in the red-shifted band. As can be seen
by comparing Figure 1(a) with Figure 1(b), the SS effect is
important for red-shift DW generation. For the two cases
that the SS effect is excluded/included, the evolutions of the
output spectra have the following characteristics: to begin
with, the pulse spectra become narrow. When the SS effect
is included, the spectrum narrowing is obvious. Therefore,
this is a disadvantage to the supercontinuum generation.
Secondly, the central frequency of the red-shift DW moves
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Figure 2: Central frequency (a) and relative average intensity (b) of the red-shift DW plotted as a function of TOD coefficient 𝛿3 , where 𝑠 = 0
(blue filled circles lines) and 𝑠 = 0.004 (red dashed circles lines).

away from the spectral body of the residual pump pulse.
In other words, the SS effect leads to the increase of the
frequency detuning ΔV from the pump. The cause of this
result is that the frequency of DW is determined by the
phase-matched condition associated with the nature group
velocity, but SS increases the group velocity at resonant
frequency eventually because it affects the group velocity in
an intensity dependent fashion [30]. As can be seen from
Figure 1(c), the shifting is not remarkable, which indicates
that the influences of the SS effect on the frequency shifts
of red-shift DW are less important than TOD. Finally, one
conspicuous observation is that the relative average intensity
of red-shift DW is weakened. The spectral intensity of the DW
is related to the strength of the pump spectrum at the phasematched frequency [31, 32]. Since the SS effect asymmetrically
weakens the spectrum toward the red, the efficiency of DW
generation dropped. As shown in Figure 1(d), the relative
average intensity of red-shift DW is −56 dB when the SS effect
set 𝑠 = 0 and drops to −75 dB when the SS effect set 𝑠 = 0.004.
To fully understand the impact of the SS effect on the
red-shift DW generation, we will consider the manipulatable
generation of red-shift DW by the self-steepening effect
switched off or included under the different positive TOD
coefficient. Next, we discuss the weighted central frequency
and relative average intensity as the function of the TOD
coefficient, as shown in Figure 2. We see that for the red-shift
DW the frequency detuning ΔV from the pump decreases and
the average intensity enhances as 𝛿3 increases. In Figure 2, it
also shows the influence of SS coefficient on DWs. For 𝛿3 <
0.024 or 𝛿3 > 0.028, the influence of the SS coefficient on the
frequency detuning can be neglected; however, in the range
0.024 < 𝛿3 < 0.028, the influence of the SS coefficient on the
frequency detuning ΔV is significant. The average intensity
of DWs is influenced by the SS effect distinctly; however, in

contrast to the case of without SS effect, the average intensity
of DWs reduces to over 20 dB when the SS effect is included.
Based on these analysis results, we reach the conclusion
that the SS effect weakens the red-shift DW generation. For
instance, when 𝛿3 = 0.032, the average intensity is about
−40 dB if SS effect is switched off; however, it can be weakened
by the SS coefficient to −55 dB at 𝑠 = 0.004.
3.2. Dispersive Wave Generation for Negative Dispersion Slope.
The former section just considers the role of the positive TOD
parameter in the DW generation. Indeed, we can also obtain
the negative value of TOD parameter by varying either the
pressure or temperature of the filling gas in the photonic
crystal fibers. The case is that the dispersive wave appears to
be located at higher frequencies compared with our pump
pulse; therefore, it is the so-called the blue-shift DW. Next,
we turn to the discussion about the role of the negative TOD
combined with SS effect in the blue-shift DW generation.
For 𝛿3 = −0.0267, Figures 3(a) and 3(b) show the contour
of the injected pulse when the SS effect is switched off and
included, respectively. In stark contrast to the result of the
positive TOD, the evolutions of the output spectra based on
whether the SS effect is included or not have the distinct
feature as follows: firstly, the pulse spectra become narrow.
When the SS effect is included, the spectrum broadening is
obvious. Therefore, this is favorable to the supercontinuum
generation. Next, the central frequency of blue-shift DW
moves toward the spectral body of the residual pump pulse.
In other words, for blue-shift DW, the frequency detuning ΔV
from the pump pulse is decreased. Reasonable explanation
is that the SS effect alters the group velocity associated with
the expression of the phase-matching condition. As can be
seen from Figure 3(c), at 𝜉 = 1, the average location of
blue-shift DW when the SS effect is ignored is 0.3 above that
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Figure 3: Simulate spectrum of a hyperbolic secant pulse propagating in the normal dispersion regime at the different SS coefficients, (a)
𝑠 = 0 and (b) 𝑠 = 0.004, where 𝛿3 = −0.0267 and 𝑁2 = 200. Central frequency (c) and the relative average intensity (d) of the blue-shift DW
as a function of normalized propagation distance, where 𝑠 = 0 (red dashed curve) and 𝑠 = 0.004 (dark solid curve).

of blue-shift DW when it is taken into account. Ultimately,
the relative average intensity of blue-shift DW is enhanced.
Since the effect of SS asymmetrically enhances the spectrum
toward the blue, it is improving the efficiency of blue-shift
DW generation. As shown in Figure 3(d), the relative average
intensity of blue-shift DW is −67 dB when the SS effect is
switched off, while it increases to −49 dB when it is included.
To further get a thorough understanding of the influence
of the SS effect on the blue-shift DW generation, Figure 4
indicates, on the basis of the two cases of the SS effect
are included or not, the frequency detuning and relative
average intensity of the blue-shift DW plotted as a function
of negative TOD coefficient. In both cases, as can be seen
from Figure 4(a), the blue-shift DW shifts to lower frequency

with the increasing |𝛿3 |. However, note that the frequency
detuning ΔV of the blue-shift DW in the presence of the
SS effect is lower than that of the DW neglecting the SS
effect, especially when |𝛿3 | is placed in the range 0.022 <
|𝛿3 | < 0.027. As shown in Figure 4(b), the relative average
intensity of DWs enhanced as TOD coefficient |𝛿3 | increases;
nonetheless, it is noted that the amount of relative average
intensity of the DW when the SS effect is neglected is about
20 dB below that of the DW when it is included. These
results indicate that the relative average intensity of blue-shift
DW is enhanced, rather weakened, and the average position
of blue-shift DW can be shifted slightly to the spectral
body of the residual pump pulse via considering the SS
effect.

6

Advances in Condensed Matter Physics
22
−30

−60

18

DW power (dB)

Normalized frequency

20

16
14

−90

−120

12
−150
10

−0.030

−0.027

−0.024
3

−0.021

−0.018

s=0
s = 0.004

−0.030

−0.027

−0.024
3

−0.021

−0.018

s=0
s = 0.004
(a)

(b)

Figure 4: Central frequency (a) and relative average intensity (b) of the blue-shift DW plotted as a function of TOD coefficient 𝛿3 , where
𝑠 = 0 (blue filled circles lines) and 𝑠 = 0.004 (red dashed circles lines).

4. Manipulating the Dispersive Wave
Generation by Frequency Chirp
From the realistic perspective, pulses emitted from laser
sources are often chirped [33]. Therefore, apart from the
self-steepening effect of dispersive waves emission discussed
above, good understanding of the frequency chirp influence
on dispersive waves emission is of great importance. In the
section, we consider in detail the effect of initial frequency
chirp on DW generation. In order to understand the pulse
evolution, that is, the spectral expansion and DW generation,
under the influence of pulse chirp we numerically simulated
the pulse amplitude propagation using a split step Fourier
simulation tool, as well. In order to highlight the role of
frequency chirp on the DW generation, the SS effect in the
next discussion is switched off. In our simulation, the initial
incident pulse is assumed to have a normalized form of
hyperbolic secant field profile:
𝑈 (0, 𝜏) = sech (𝜏) exp (−

𝑖𝐶𝜏2
),
2

(5)

where 𝐶 is the parameter representing the initial linear
frequency chirp. We started our simulations to verify this
qualitative behavior.
4.1. Dispersive Wave Generation for Positive Dispersion Slope.
For the sake of convenience, we supposed that the positive
TOD coefficient is fixed at 𝛿3 = 0.0267, that is, set 𝛿3 =
0.0267. To better understand the effects of initial chirps,
a series of spectral evolutions for different input chirps
is displayed in Figure 5. Comparing Figures 5(a)–5(c), it
is observed that the frequency chirp is vital to the DW
generation. With the frequency chirp changing from negative

to positive, the evolutions of the output spectra have the
following characteristics: firstly, the distance at which the
spectral broaden to its maximum value is modified. In
other words, the propagation distance which DW generation
required is changed. If no chirp is applied, the initial pulse
spectrum can be seen to approach a maximum spectrum
width within the first 0.15𝐿 𝑑2 of propagation distance (see
Figure 5(b)). If a negative input chirp is applied, the needed
distance at which the DW generated is earlier compare to that
of unchirped pulse [see black dash line in Figure 5(a)]. More
interesting, Figure 5(c) shows that the initial pulse spectrum
approach a maximum point is deferred when a positive input
chirp is applied. The reason for this is that, for positive chirp
coefficient, the pulse duration increases with distance due to
𝛽2 𝐶 > 0. The decrease in intensity then lessens the nonlinear
effects, leading to slow the rate of bandwidth broadening,
whereas for a negative chirp coefficient, the pulse duration
first decreases until it reaches minimum value at a distance
due to 𝛽2 𝐶 < 0. Such, the increase in intensity then enhances
the nonlinear effects further, resulting in speed up the rate
of bandwidth broadening. This consideration explains why
the positive chirped pulse emits the DW later, or the negative
chirped pulse emits the DW earlier compare to the case of
unchirped pulse.
Secondly, the frequency centre of DW during the propagation is markedly changed. As can be seen from Figure 6(a),
in the initial stage of the DW generation, the frequency
detuning between the DW and the pump pulse gradually
decrease when the parameter values 𝐶 of the initial input
chirp increased from −2 to 2 (note that we only draw
the evolution of centre frequency of DW with propagation
distance beyond 0.2𝐿 𝑑2 because of no DW generation in
the earlier propagation). With the further increase of the
propagation distance, the central frequency of DW becomes
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saturated quickly when a positive input chirp is applied;
however, for a negative input chirp, the central frequency of
DW can be seen to shift gradually toward the spectral body
of residual pump, and eventually, the frequency detuning ΔV
from the pump pulse will be less than the case in the absence
of the initial frequency chirp.
Finally, the relative average intensity of DW can be either
enhanced or reduced. The dependence of relative average
power on propagation distance is displayed in Figure 6(b)
for a set of input pulse chirp parameters. From the figure, it
is apparent that, in contrast to that of the unchirped input
pulse, the positive chirp enhance the average intensity of
the DW while the negative chirp weakens that of the DW.
However, regardless of the sign of the initial input chirps,
the average intensity of DW becomes saturated rapidly along
fiber propagation.

4.2. Dispersive Wave Generation for Negative Dispersion Slope.
For completeness, in the following sections we considered
the case of negative dispersion slope, that is, negative TOD.
In order to better compare with the case of positive TOD
discussed above, we will continue to the fixed TOD coefficient
and set 𝛿3 = −0.0267. The simulated optical spectral
evolution of the pulse with three different chirp parameters
is shown in Figures 7(a)–7(c). The required distance at which
the DW emitted, the central frequency of DW and the
relative average intensity of the DW are obviously altered
as the frequency chirp is applied. More interesting, the
transformation law plotted in Figure 8 is almost the same as
the case of positive dispersion slope. This indicates that the
effect of frequency chirp to blue-shift DW will be the same as
that of red-shift DW. This provides a means to tune the DW
emission by varying the initial chirp of the input pulse.
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the DW generated.
16

Normalized frequency

DW power (dB)

−50

−75

−100
0.0

0.2

0.4

0.6

0.8

1.0

14

12

10
0.2

0.4

0.6

C = −2
C = −1
C=0

0.8

1.0




C=1
C=2

C = −2
C = −1
C=0

(a)

C=1
C=2
(b)

Figure 8: Evolution of the blue-shift DW of central frequency (a) and relative average intensity (b) along the propagation distance, with
different chirp but the sign of TOD is negative: dark solid curves 𝐶 = −2; red solid curves 𝐶 = −1; blue solid curves 𝐶 = 0; magenta solid
curves 𝐶 = 1; olive solid curves 𝐶 = 2.

5. Conclusions
In summary, we have presented numerical results describing
the nonlinear propagation of the ultrashort pulse in normal
dispersion region in gas-filled photonic crystal fiber. When it
satisfies the phase-matching condition at the different signs
of dispersion slope, it will produce red-shift or blue-shift DW
relative to the input pump pulse. Our results suggest that the
properties of red-shifted or blue-shifted DW can be markedly
manipulated by the SS effect. For the red-shifted DW, the
relative average intensity of DW decreases rapidly and the
central frequency of DW downshifts slightly when the SS
effect is considered. However, the results are diametrically
opposite to the case of blue-shifted DW. The effect of initial

chirp on the DW generation is also studied. Regardless of
the red-shifted or blue-shifted DW, the negative chirp can
speed up the DW generation while the positive chirp will slow
it down. Meanwhile, the frequency chirp leads to marked
changing of the relative average power and central frequency
of DW, as well. Manipulating DW generation in gas-filled
PCF by the combined effects of either SS or chirp and threeorder dispersion provides an alternative route for an efficient
and concentrated transfer of energy into the desired spectral
bands.
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