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Mathematical models for the Shubnikov-de Haas oscillations in semiconductors are obtained at the microwave-radiation
absorption and its temperature dependence.Three-dimensional image ofmicrowavemagnetoabsorption oscillations in narrow-gap
semiconductors is established. Using a mathematical model, the oscillations of the microwave magnetoabsorption are considered
for different values of the electromagnetic field. The results of calculations are compared with experimental data. The proposed
model explains the experimental results in HgSe at different temperatures.

1. Introduction

In recent years, quantum oscillation phenomena in the
presence of a strong electromagnetic field and temperature
have become a subject of intense experimental [1–5] and
theoretical research [6–8].With the help of such phenomena,
some basic physical quantities can be determined (effective
mass of charge carriers, magnetoresistance, magnetic suscep-
tibility, etc.) and the band energy spectra of electrons in new
semiconductor materials can be studied.

The Shubnikov-de Haas and de Haas-van Alphen oscil-
lations and the quantumHall effect were detected at ultralow
temperatures and ultrastrongmagnetic fields [9]. In this case,
oscillation phenomena were observed in massive semicon-
ductors and metals.

Currently, interest in the oscillation of Shubnikov-de
Haas in semiconductors is increased at the microwave-
radiation absorption. In particular, the work in [10] con-
sidered Shubnikov-de Haas oscillations in HgSe samples
with different concentrations of impurities of Fe at low
temperatures and strong microwave fields. In this work,
dependence oscillations of the derivative power microwave-
radiation absorption P by the magnetic field strength H

(𝑑𝑃/𝑑𝐻) on the reverse magnetic field 1/𝐻 in narrow-gap
semiconductors were observed at values of the impurity
concentrations.

As is known, all quantumoscillation phenomena strongly
depended on the spectral density of states in semiconductors.
In [11–13], temperature dependence of the spectral density of
energy states in narrow-gap semiconductors was investigated
in the quantizing magnetic fields. But, in these works, the
influences of absorption of microwave on quantum oscilla-
tions phenomena in semiconductors are not considered.

The aim of the present article is to develop mathematical
modeling of the temperature dependence of magnetoab-
sorption microwave oscillations in semiconductors and into
the influence temperature of a sample on the results of
experimental data processing.

2. The Theoretical Part

2.1. Calculation of Temperature Dependence of the Spectral
Density of States Oscillations with the Help of Gaussian Distri-
bution. In [14], spectral density of energy states oscillations
in narrow-gap semiconductors is investigated. The following
expression is received for the density of states:
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𝑁𝑘 (𝐸,𝐻) = (𝑚)3/2
(2)1/2 𝜋2ℏ3

ℏ𝑒𝐻2𝑚𝑐
⋅ 𝑁max∑
𝑁=0

2𝐸/𝐸𝑔 + 1
√𝐸2/𝐸𝑔 + 𝐸 − (𝑁 + 1/2) (ℏ𝑒𝐻/𝑚𝑐)

(1)

Here, 𝑁𝑘(𝐸,𝐻) is spectral density of states for the
conduction band with the Kane dispersion law, H is magnetic
field strength, @ is energy of a free electron and hole in a
quantizing magnetic field, N is number of Landau levels, and𝐸𝑔 is band gap of semiconductor. This formula is applicable
only for narrow-gap (𝐸𝑔 < 0.6 𝑒𝑉) materials.

If the energy spectrum of electrons is discrete, then the
density of energy states is equal to the sum of 𝛿-functions,
concentrated at the points of the spectrum @N (N is number
of discrete levels) [15–17]:

𝑁𝑆 (𝐸) = ∑
𝑁

𝑁S𝛿 (𝐸 − 𝐸𝑁) (2)

In the general case, the energy density of states is a set of𝛿-functional peaks, located at ℏ𝜔𝑐 from each other in a quan-
tizingmagnetic field [16]. In this expression, the temperature-
induced broadening of the energy levels is disregarded. In
order to take into account the temperature dependence of the
density of states, we expandNs(E,T) into serieswith respect to
Gauss functions. We then obtain the density of energy states
depending on temperature.The Gaussian distribution for the
energy levels EN is determined by the following expression
[9]:

Gauss (𝐸, 𝑇) = 1𝑘𝑇 ⋅ exp(−(𝐸 − 𝐸𝑁)2(𝑘𝑇)2 ) (3)

Here, 𝐺𝑎𝑢𝑠𝑠(𝐸, 𝑇) is Gaussian distribution function.
At low temperatures (𝑇 → 0), the Gauss function will

turn into a delta Dirac function. Thermal broadening of the
levels in a magnetic field gives rise to the smoothing of dis-
crete levels. Thermal broadening is to be taken into account
using a Gauss function. The density of states depends on
temperature; as in [11–14], we expandNs(E,T) into series with
respect to Gauss functions. Using expressions (1), (2), and
(3), we obtain the following expressions for the temperature
dependence of the spectral density of states in narrow-gap
semiconductors:

𝑁𝑘 (𝐸,𝐻, 𝑇) = (𝑚)3/2
(2)1/2 𝜋2ℏ3

ℏ𝑒𝐻2𝑚𝑐
⋅ 𝑁max∑
𝑁=0

2𝐸/𝐸𝑔 + 1
√𝐸2/𝐸𝑔 + 𝐸 − (𝑁 + 1/2) (ℏ𝑒𝐻/𝑚𝑐)

⋅ 𝐺𝑎𝑢𝑠𝑠 (𝐸, 𝐸𝑁, 𝑇)

(4)

Making a summation using formula (4), we obtain
Ns(E,H,T) depending on temperature. For narrow-gap semi-
conductors, this expression at 𝑇 → 0 turns into (1).
In this case, Landau levels appear sharply. With increasing

temperature, sudden bursts begin to smooth out. At high
temperatures, the density of states turns into a continuous
spectrum and the influence of amagnetic field will not be felt.
This allows us to obtain a density of states, which depends on
temperature.

Using this formula, the temperature dependence of the
quantum oscillations phenomena in narrow-gap semicon-
ductors can be explained.

2.2. Mathematical Modeling of Shubnikov-de Haas Oscilla-
tions in Narrow-Gap Semiconductors at the Temperature and
Microwave-Radiation Absorption. Consider the Shubnikov-
de Haas oscillations in narrow-gap semiconductors at the
temperature and a strong electromagnetic field. Per unit
volume, the power of microwave field is determined by the
following expression [18]:

𝑃 = 𝜎 ⋅ 𝐸2𝐸 (5)

Here, 𝜎 is conductivity of semiconductor; 𝐸𝐸 is electric
field strength of a wave.

Consider the dependence of the longitudinal resistance
on the magnetic field and temperature in semiconductors.
In this case, for each Landau level, you can enter your
Boltzmann distribution function and your relaxation time 𝜏N.
The distribution function satisfies the kinetic equation [19]:

𝜕𝑓𝑁𝜕𝑡 + 𝑒𝐸𝑧ℏ 𝜕𝑓𝑁𝜕𝑘𝑧 = −𝑓𝑁 − 𝑓0𝑁𝜏𝑁 . (6)

The current associated with the Nth quantum level can be
calculated in the usual way:

𝑗𝑧𝑁 = −𝑒2𝐸𝑧𝜋𝑚 ∫𝑘𝑧𝜏𝑁𝜕𝑓0𝑁𝜕𝑘𝑧 𝑑𝑘𝑧.
𝜎𝑧𝑧 = −(2𝑚)1/2 𝑒2𝜋2ℏ3

⋅ ℏ𝜔𝑐 ∫∞
ℏ𝜔
𝑐
/2
∑
𝑁

𝜏 (𝐸)𝑁𝑠 (𝐸, 𝐸𝑁, 𝐻) 𝜕𝑓0 (𝐸)𝜕𝐸 𝑑𝐸.
(7)

Here, 𝜏(𝐸) is transport relaxation time. The transport
relaxation time is taken as follows: 𝜏 = 𝜏0𝐸𝑟. The exponent𝑟 has different values for different scattering mechanisms.
For example, in the case of scattering on acoustic vibrations
and impurity ions, the exponent is -1/2 and 3/2 [20]. 𝜏0-
is not dependent on the electron energy. To study the
temperature dependence of the Shubnikov-de Haas oscilla-
tions, 𝜕𝑓0(𝐸)/𝜕𝐸 can be replaced by a Gaussian distribution
function. From here, we determine the temperature depen-
dence of the Shubnikov-de Haas oscillations in a quantizing
magnetic field:

𝜎𝑧𝑧 (𝐸, 𝐸𝑁, 𝐻, 𝑇)
= −(2𝑚)1/2 𝑒2𝜋2ℏ3 ℏ𝜔𝑐 ∫∞

ℏ𝜔
𝑐
/2
∑
𝑁

𝜏 (𝐸)𝑁𝑠 (𝐸, 𝐸𝑁, 𝐻, 𝑇) 𝑑𝐸 (8)

For unit volume of semiconductors the following condi-
tion is performed: 𝜌𝑧𝑧 ≈ 𝑅𝑧𝑧 = 1/𝜎𝑧𝑧. Here, 𝜌𝑧𝑧 is specific
longitudinal magnetoresistance.
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Substituting expressions (4) and (8) in (5), we obtain the
following expression:

𝑃 (𝐸, 𝐸𝑁, 𝐻, 𝑇, 𝐸𝐸) = 𝜎𝑧𝑧 (𝐸, 𝐸𝑁, 𝐻, 𝑇) ⋅ 𝐸2𝐸 (9)

Differentiating (9) byH, that is,𝑑𝑃𝑘(𝐻, 𝑇, 𝐸, 𝐸𝑁, 𝐸𝐸)/𝑑𝐻,
we obtain expressions for the dependence of the Shubnikov-
de Haas oscillations on the microwave-radiation absorption
and temperature in narrow-band semiconductors:

𝑑𝑃𝑘 (𝐻, 𝑇, 𝐸, 𝐸𝑁, 𝐸𝐸)𝑑𝐻
= 𝐶max∑
𝑁=0

2𝐸/𝐸𝑔 + 1
√𝐸2/𝐸𝑔 + 𝐸 − (𝑁 + 1/2)𝐴𝐻

⋅ (1 + 𝐴𝐻 (𝑁 + 1/2)
2 (𝐸2/𝐸𝑔 + 𝐸 − (𝑁 + 1/2) 𝐴𝐻))

⋅ 𝐺𝑎𝑢𝑠𝑠 (𝐸, 𝐸𝑁, 𝑇) ⋅ 𝜏 (𝐸) ⋅ 𝐸2𝐸
𝐴 = ℏ𝑒𝑚𝑐 ;
𝐶 = (𝑚)3/2

(2)3/2 𝜋2ℏ3

(10)

Here, 𝑃𝑘 is power of microwave field for the model of
Kane.

Thus, we have the opportunity calculation oscillations𝑑𝑃𝑘(𝐻, 𝑇, 𝐸, 𝐸𝑁, 𝐸𝐸)/𝑑𝐻 at the strong electromagnetic field
and at different temperatures, with the help of formula (10).

Let us consider the analysis of quantum oscillation phe-
nomena in semiconductors, with the help of reduced model.
In particular, we obtain the graph 𝑑𝑃𝑘(𝐻, 𝑇, 𝐸, 𝐸𝑁, 𝐸𝐸)/𝑑𝐻
oscillations for InSb, using formula (10). In Figure 1, depen-
dence of 𝑑𝑃/𝑑𝐻 on the magnetic field strength H in InSb
(𝐸𝑔(0) = 0.234) [21] at f=3P K 𝐸𝐸 = 103(𝑉/𝑠𝑚) is
shown. In this case, 𝐸𝐸 = 𝑐𝑜𝑛𝑠𝑡. At the increased power
of electromagnetic wave amplitude 𝑑𝑃/𝑑𝐻 oscillation is
increased.

This is evident from Figure 2, where 𝑑𝑃/𝑑𝐻 oscillations
are given for two different values power of the absorbed
electromagnetic wave. In Figure 2, the microwave-radiation
absorption oscillations at different electromagnetic field
strengths and constant low temperatures are shown, where𝐸𝐸1 = 103(𝑉/𝑠𝑚) and 𝐸𝐸2 = √2 ⋅ 103(𝑉/𝑠𝑚). As seen in
Figure 2, amplitude of quantum phenomena oscillations can
be controlled, with the help of power of electromagneticwave.

Now, consider the microwave-radiation absorption oscil-
lations in InSb at different temperatures.Thermal broadening
of oscillations will be taken into account using the Gaussian
distribution function. We investigated spectral density of
states with the help of expansion in a series of Gauss func-
tions.Then temperature dependence of microwave-radiation
absorption oscillations in semiconductors at the constant
electromagnetic field strength can be explained. In Figure 3,
temperature dependence of microwave-radiation absorption
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Figure 1: Microwave-radiation absorption oscillations (𝑑𝑃/𝑑𝐻) in
InSb at the temperature T = 3K and electromagnetic field strength𝐸𝐸 = 103(𝑉/𝑠𝑚), with the help of formula (10) being calculated.
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Figure 2: Microwave-radiation absorption oscillations (𝑑𝑃/𝑑𝐻)
in InSb at different electromagnetic field strengths. 1 − 𝐸𝐸1 =103(𝑉/𝑠𝑚); 2 − 𝐸𝐸2 = √2 ⋅ 103(𝑉/𝑠𝑚).

oscillations in semiconductors at constant electromagnetic
field strength is given.As can be seen from these figures, at T=
3K, with increasing magnetic field, oscillations amplitude of
the microwave-radiation absorption is increased. Therefore,
in this case, thermal broadening is very weak; that is, 𝑘𝑇 <<ℏ𝜔𝑐 (𝜔𝑐 is cyclotron frequency). Every peak of oscillations
corresponds to one discrete Landau level. With increas-
ing temperature, the amplitude oscillation is decreased; at
sufficiently high temperatures, discrete energy spectrum of
the zone becomes continuous (Figure 3). This leads to the
smoothing of oscillations 𝑑𝑃/𝑑𝐻.

In Figure 4, dependence of microwave-radiation absorp-
tion oscillations on the temperature and magnetic field is
given. This three-dimensional image is obtained in semicon-
ductors with the Kane dispersion law. Using formula (10),
we can obtain the same three-dimensional graphics for the
narrow band gap semiconductors. As can be seen from these
figures, with increasing temperature, oscillation amplitude is
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Figure 3: The temperature dependence of microwave-radiation
absorption oscillations in semiconductors. 1- T = 3K; 2- T = 25K;
3- T = 77K.

80

60
T

40

20
0,5

1,5

1 1,5 2 2,5 3
B

2

2,5

3

3,5

Figure 4: Oscillations 𝑑𝑃/𝑑𝐻 dependence on the magnetic field
and temperature in semiconductors with the Kane dispersion law.

gradually smoothed. At temperature T = 77K, microwave-
radiation absorption oscillation amplitudes become virtually
invisible and coincide with oscillations in the absence of a
magnetic field at the interval H = 10 ÷ 25 kOe.

3. Comparison of Theory with
Experimental Results

Let us analyze the microwave-radiation absorption oscil-
lations in semiconductors at the temperature and external
fields. In [10], microwave magnetoabsorption oscillations in
semiconductors are observed. In Figure 5, microwave mag-
netoabsorption oscillations in samples HgSe at a temperature
T = 2.7 K and constant power of electromagnetic wave over
the entire measurement range are shown [10]. Here, the
dependence of 𝑑𝑃/𝑑𝐻 oscillations on the inverse magnetic
field at low temperatures is shown. In this work, oscillations
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Figure 5: Shubnikov-de Haas oscillations in samples HgSe at T =
2.7 K [10].
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Figure 6: Shubnikov-de Haas oscillations in samples HgSe at T =
2.7 K, calculated using formula (10).

were obtained for a narrow-gap semiconductor. From here,
using formula (10), we determine 𝑑𝑃/𝑑𝐻 oscillations at a
temperature T = 2.7 K (Figure 6).

In Figure 6,microwavemagnetoabsorption oscillations in
HgSe are shown. In this case, quantum oscillations amplitude
begins abruptly. Using formula (10), experimental results can
be explained at different temperatures (Figure 7). In Figure 7,
the dependence of 𝑑𝑃/𝑑𝐻 on 1/𝐻 for temperatures of 2.7 K,
50K, and 100K is shown. With increasing temperature,𝑑𝑃/𝑑𝐻 oscillation amplitudes are decreased and at values
of H in the interval 10/𝐻 = 1,5 ÷ 2,5 𝑘𝑂𝑒−1 effects of
magnetic field are not felt. As can be seen from this figure,
at temperature T = 100K, 𝑑𝑃/𝑑𝐻 oscillations are smoothed
out.

4. Conclusion

Based on the study, the following conclusion can be made:
model of determination of microwave magnetoabsorption
oscillations in semiconductors is developed at different elec-
tromagnetic fields and temperatures. Formula for the depen-
dence of 𝑑𝑃/𝑑𝐻 oscillations on the electric field strength of
an electromagnetic wave and temperature is obtained with
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Figure 7: Influence of temperature on microwave magnetoabsorp-
tion oscillations in HgSe. 1- T = 2.7 K, 2- T = 20K, and 3- T = 100K.

the parabolic and Kane dispersion law. Using the proposed
model, the experimental results of HgSe were investigated.
Using formula (10), experimental oscillations 𝑑𝑃/𝑑𝐻 in the
narrow-gap semiconductor HgSe are explained at different
temperatures.
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