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In this work, a theoretical study of the electronic and the optical properties of a new family of strain-free GaAs/AlGaAs quantum
dots (QDs) obtained by AlGaAs nanohole ﬁlling is presented. The considered model consists of solving the three-dimensional
eﬀective-mass Schrödinger equation, thus providing a complete description of the neutral and charged complex excitons’ ﬁne
structure. The QD size eﬀect on carrier conﬁnement energies, wave functions, and s-p splitting is studied. The direct Coulomb
interaction impact on the calculated s and p states’ transition energies is investigated. The behaviour of the binding energy of
neutral and charged excitons (X− and X+) and biexciton XX versus QD height is studied. The addition of the correlation eﬀect
allows to explain the nature of biexcitons often observed experimentally.

1. Introduction
Optimizing the optical qualities of quantum dots (QDs)
remains a challenge for researchers. For this purpose, new
GaAs/AlGaAs semiconductor QDs have been grown using a
new technique based on ﬁlling self-assembled nanoholes
obtained by local etching of droplets [1, 2]. This method
provides QDs with particular structural properties such as
unstrained, uniform, not very dense, with high symmetry,
and of diﬀerent shapes with reference to conventional
strained QDs. Due to these characteristics, the optical
properties of unstrained QDs are interesting for various
increasing high-performance applications in optoelectronic

devices, namely, lasers and solar cells [3, 4], in addition to
quantum cryptography [5].
In this context, we provide a modelling of the GaAs/
AlGaAs QDs’ shape reported by Heyn et al. [2], compatible
with available atomic force microscopy (AFM) images. The
theoretical study in this paper will focus on the dependence
of the conﬁnement energy of the carriers, for the ground
state s and state p, on the QD height (hQD). The calculations
are performed by adapting a simple conﬁguration based on
BenDaniel and Duke, Hamiltonian [6], which requires much
computation time. The obtained results will be compared to
the literature experimental results for validation. In addition,
our theoretical approach will be compared with Graf et al.’s
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[1] model. Thereby, we will then estimate the eﬀect of the
QDs’ size on the binding energy of the excitonic complexes
in terms of direct Coulomb interaction and correlation
eﬀects. Therefore, the ﬁnal alignment of excitonic states will
be explained.

2. Theoretical Model
The electronic states of a QD strongly depend on the shape
chosen for the dot and its symmetry. In the literature,
unstrained self-assembled QDs have been modelled by
diﬀerent shapes such as cone [7, 8], pyramid with a square
base [9, 10], and lens [11, 12]. The electronic structure of
QDs has been calculated by adopting various approaches
such as the pseudo-potential model proposed by Williamson
and Zunger [13, 14], the strong bond model suggested by Lee
et al. [15], and the formalism of the envelope function at
several bands by Stier et al. [16].
In this paper, calculations are limited to the formalism of
the envelope function with one band. This method consists
in choosing a large quantization box, containing the studied
physical system (QD), and having all the possible symmetries of the system (Figure 1). This quantization box is a
cylinder of radius R and height H. These dimensions are
chosen such as R � 4rnanohole and H � 4hnanohole to avoid side
eﬀects. The parameters r and h are, respectively, the radius
and height of the QD (Figure 1). The Hamiltonian of each
electron (e) or hole (h) is written in the form

Φnml � Rnm (r)Zl (z)θm (ϕ),
√�
2
Rnm (r) �
J k r, for 0 ≤ r ≤ R,
RJm+1 knm R m nm
��
2
1 z
H
H
sinlπ − , for −
≤z≤ ,
Zl (z) �
H
2 H
2
2
1
θm (ϕ) � √���eimϕ ,
2π

⎝−
Ηe(h) � ∇⎛

Z

2m∗e(h) re(h) 

⎠∇ + V r ,
⎞
e(h) e(h)

(1)

where m∗e(h) and Ve(h) are, respectively, the eﬀective mass of
the electron or hole and the potential for conduction and
valence oﬀset. re and rh are the position vectors of electrons
and holes inside the cylinder. The oﬀset potential depends on
the geometry of the QD; thus, we consider that the conﬁnement potential has a Gaussian shape, and we describe it
as follows:
Ve,h (r, z) � 

0

if r ≤ rQD and zinf (r) < z(r) < zsup (r),

Ve,h ,

elsewhere,
(2)

������������������
and
with
zinf,sup (r) � H2inf,sup [1 − (r/rQD )2 ]
hQD � Hsup − Hinf .
To access the energy levels of QDs, we used the matrix
method initially proposed by Marzin and Bastard [8]. Due to
the cylindrical symmetry of the QDs, the wave function is
expressed as a Fourier–Bessel series written as
ψ �  Anml Φnml ,

(3)

nml

where Anml are the coeﬃcients to be determined and Φnml
are periodic and orthogonal functions which are given by

for 0 ≤ ϕ ≤ 2π,

where n, m, and l are integers and Jm is the Bessel function of
order m and knm r is its nth root.
The matrix element is deﬁned as
Hnml,n′ m′ l′ �  Φ∗nml ∇−
Ω

Z2
∇ + VΦn′ m′ l′ dΩ,
2m∗

(5)

with Ω being the cylinder volume. The energy levels and
wave functions are calculated using the parameters listed in
Table 1.
The AlGaAs nanoholes are modelled by holes of the same
shape and dimensions as those of [1]. Nanoholes of radius
rnanohole � 30 nm and depth hnanohole � 16 nm have been
considered in our calculations.
The excitonic energies of ground state s and excited state
p
p are, respectively, denoted by EsX and EX . Their expressions
are given by
s(p)

EX
2

(4)

s(p)

� Eg + E1(2) + HH1(2) + Jeh ,

(6)

where Eg is the GaAs QD band gap energy. Ei and HHi are
the conﬁnement energies of the electron and hole (i � 1 for
ground state s and i � 2, 3, 4, ..., for exited states p, d, f, . . .,
s(p)
respectively). Jeh is the electron-hole Coulomb energy, in
the s or p state, treated in the perturbative approach, and it is
written as
s(p)

Jeh � −

2 1  s(p)2 

e2
 
dΩ dΩ ,
 Ψ
  Ψs(p)
 e h
e  
4πεo εr Ωe Ωh
re − rh  h
(7)

with εr being the relative dielectric constant of GaAs [17] and
Ωe and Ωh representing the volume of the cylinder associated with electrons and holes, respectively.
The recombination energies of the neutral exciton (EX ),
charged excitons (EX+ , EX− ), and biexciton (EXX ) are calculated as follows [18]:
 
EX � Eg + E1 + HH1 − Jseh ,
 
EX+ � Eg + E1 + HH1 − 2Jseh  + Jshh ,
(8)
 
EX− � Eg + E1 + HH1 − 2Jseh  + Jsee ,
 
EXX � Eg + E1 + HH1 − 3Jseh  + Jsee + Jshh .
The binding energies of the trions ΔX+ , ΔX− and the
biexciton ΔXX , without correlation eﬀects, are estimated
within the framework of the Hartree–Fock approximation
and deﬁned by
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Figure 1: Schematic illustration of the shape modelling of the GaAs QD obtained by ﬁlling the AlGaAs nanohole.
Table 1: Numerical values of the input parameters of the Al0.36Ga0.44As barrier layer used in our calculations.
m∗w

Electron
m∗b

0.067

0.093

Ve (meV)

m∗w

313.20

0.51

Heavy hole
m∗b

Vh (meV)

0.60

205.20

mw and mb are the eﬀective masses, respectively, in the quantum well material (GaAs) and in the barrier material (AlGaAs) given in free electron mass unit
(me) and the oﬀset of the conduction (valence) band Ve(h). The energy band gap of GaAs at low temperature is Eg (GaAs) � 1519 meV.

 
ΔX+ � EX+ − EX � Jshh − Jseh ,
 
ΔX− � EX− − EX � Js − Js ,
ΔXX � EXX − EX �

ee
Jsee

+

eh
Jshh

j

 
− 2Jseh .

(9)

3. Modelling Results and Discussion

The new binding energies of the trions ΔcX+ , ΔcX− and
the biexciton ΔcXX , with correlation eﬀects, are deﬁned as
follows [18]:
ΔcX+ � ΔX+ + δcX+ − δcX ,
ΔcX− � ΔX− + δcX− − δcX ,

(10)

ΔcXX � ΔXX + δcXX − 2δcX ,
with δcX , δcX+ , δcX− , and δcXX being the correlation energies
which are written in terms of Wij in the following form:
δcX � Weh ,
δcX+ � 2Weh + Whh ,

(11)

δcX− � 2Weh + Wee ,

single particle (i or j) of the ground state. Eini and Emj are the
energies of the excited states deﬁned by the indices ni and mj.

3.1. Conﬁnement Energy and Wave Function. In Figure 2, we
have presented the ﬁrst ﬁve calculated squared electron wave
functions for a GaAs QD of 12.9 nm height. The plots show
that the electron and hole wave functions are highly localized
inside the GaAs QD. In Figure 3, we have represented the
variation of electron (En) and heavy hole (HHn) conﬁnement
energies for the states s (n � 1) and p (n � 2) as functions of
the QD height hQD . From Figure 3, the conﬁnement energies
are very sensitive to the QD height. We observe a progressive
decrease of these energies when hQD increases. This behaviour is also observed for high excited states (n > 2) of the
GaAs QD (Table 2). The electrons’ conﬁnement energies are
higher than those of heavy holes due to their lower eﬀective
mass compared to that of holes.

δcXX � δcX+ + δcX− ,
with
Wij �

n mj ,00

where Uiji
m



i
ni ,mj ≠(0,0) E0

 n m ,00 2
U i j 

 ij
j

+ E0  − Eini + Ejmj 

,

(12)

n

� 1 /4πεo εr Ω Ω ψ i i (ri )ψ 0i (ri ) (1/|re − rh |)
e

h

j

ψ j j (rj )ψ 0j (rj )dre drh and Ei0 and E0 are the energies of a

3.2. Excitonic Energies. It is known that exciton formation in
a QD is diﬀerent than in a bulk crystal. By comparing the QD
size to the Bohr radius, it is possible to deﬁne three regimes:
strong conﬁnement regime, weak conﬁnement regime, and
intermediate conﬁnement regime. In our calculations, we will
employ the strong conﬁnement approximation, where the
electron-hole Coulomb interaction is considered as a small
perturbation against the single-particle terms in the
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Figure 2: Top and side views of the probability densities of singleelectron states in a GaAs QD with 12.9 nm height.

Hamiltonian [9]. In our case, the nanoholes have a lateral
shape with a Gaussian proﬁle, their depth is typically 16 nm,
and their radius is around 30 nm. The GaAs QDs have a lateral
size similar to that of the nanoholes, but their height can vary
between 3 and 12 nm. Therefore, in view of the 15 nm exciton
Bohr radius in GaAs, the conﬁnement along the growth axis
(z-axis) is stronger than the lateral conﬁnement in the (xy)
plane. Yet, the wave function spatial dependence in the
growth direction and lateral direction is only slight, but it is
signiﬁcantly aﬀected by the Coulomb interaction. Thus, Jeh
can be considered as a disturbance [9, 19].
s(p)
In Table 3, the calculated values of |Jeh | are given as a
function of QD height hQD . We note that, for hQD ≥ 6.4 nm,
s(p)
|Jeh | increases as the height of the QDs decreases. This

behaviour is similar to that observed by Abbarchi et al. [20].
The impact of the direct Coulomb interaction is more
pronounced for state s than for state p because of the small
spatial extension of the wave function of state s compared to
that of state p. From Table 3, we attribute the decrease of
s(p)
|Jeh |, for hQD < 6.4 nm, to the overlapping integrals of the
wave functions associated with the electrons and holes of
states s and p. The minimum recovery is obtained for
hQD � 6.4 nm. Similar behaviour has been observed in selfassembled InAs/GaAs QDs [20, 21].
To investigate the accuracy of the numerical approach,
the emission energies of states s and p are compared to those
calculated by Graf et al. [1] and experimental data reported
by Heyn et al. [2]. In Figure 4, we have represented the
theoretical and experimental variations of the neutral exciton transition energies for the ground (E1X ) and ﬁrst excited (E2X ) states as a function of hQD . In our approach, we
neglected the N body eﬀects. This choice is justiﬁed based on
the results of Heyn et al. [2], who showed that photoluminescence (PL) peaks shift slightly towards red by about
2 meV when the excitation power was increased. This value
remains very low compared to the conﬁnement and Coulomb energies. Graf et al. [1] theoretically studied the optical
properties of GaAs QDs. Their approach is based on the
eight-band k.p model, considering N body eﬀects. Although
their model is sophisticated, they neglected the band curvature of the top surface of the QD and considered it ﬂat.
This has a direct impact on the conﬁnement energies of the
carriers. However, an agreement is obtained between our
theoretical results and experimental data reported by Heyn
et al. as shown in Figure 4. This agreement demonstrates the
suitability of our modelling approach.
3.3. Excitonic Complexes. The binding energies of the excitonic complexes in this type of QDs have been calculated.
Thereby, more particular interest is given to the neutral
exciton X, the biexciton XX, and the positively X+ and
negatively X− charged excitons. These excitons have been the
subject of several theoretical and experimental studies for
diﬀerent types of self-assembled QDs such as InGaAs/GaAs
[21, 22] and InAs/InP [23]. In these high-conﬁnement
systems, the bond energies can be determined via micro-PL
spectroscopy on single dots to study the eﬀect of size and
shape on the bond energies. Unlike self-assembled InAs
QDs, the addition of correlation eﬀect, in strain-free GaAs
QDs, helps to explain the binding nature of the biexciton,
often observed.
Figure 5 shows the variations of the correlation energies
and the bond energies of the complex excitons, with and
without correlation eﬀect, as a function of QD height hQD .
The degree of correlation is speciﬁc to excitonic complexes
and is sensitive to the variation of hQD . The correlation eﬀect
for a biexciton is larger due to the higher number of charge
carriers
involved.
We
also
obtain
|δc (X)| < |δc (X− )| < |δc (X+ )| < |δc (XX)|, in agreement with
the prediction established by Schliwa et al. [22]. By comparing the bond energies without and with correlation eﬀect,
we observe the formation of bound excitonic states. Indeed,
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Figure 3: Electron (En) and hole (HHn) conﬁnement energies for the fundamental s (n � 1) and the ﬁrst excited p (n � 2) states as a function
of the QD height hQD .

Table 2: Energies of the ground state E1 (HH1) and the two excited states E2 (HH2) and E3 (HH3) for electrons (holes).
hQD (nm)
4.3
6.4
8.6
10.7
12.9

E1 (meV)

HH1 (meV)

E2 (meV)

HH2 (meV)

E3 (meV)

HH3 (meV)

150.8
87.7
56.8
42.7
33.6

71.5
30.9
12.9
7.9
5.6

167.0
102.3
70.0
54.3
44.0

77.5
34.4
15.9
10.2
7.3

184.4
119.0
85.1
67.4
56.0

83.9
39.4
20.1
13.1
9.3

s(p)

Table 3: Variation of the Coulomb interaction term |Jeh | and the overlapping integrals |〈Se |Sh 〉| and |〈Pe |Ph 〉| as a function of the QD
height hQD .
hQD (nm)
4.4
6.4
8.7
10.5
12.9

p

Jseh (meV)

Jeh (meV)

|〈Se |Sh 〉|

|〈Pe |Ph 〉|

14.94
15.58
14.34
12.86
11.54

− 12.26
− 12.35
− 11.27
− 10.43
− 9.78

0.947
0.928
0.930
0.956
0.979

0.896
0.864
0.874
0.935
0.965

−
−
−
−
−

we underline a transition from an unbound state to a bound
state for the biexciton and for the negatively charged exciton
when the correlation eﬀect is introduced. The binding energies of the biexciton obtained via our model are between
− 2.78 and − 5.01 meV. These values are higher in magnitude
than the experimental values (− 1.3 to − 2 meV) available in
the literature [6, 24] for GaAs QDs based on nanoholes’
shape and size. However, our results agree with those of self-

assembled III–V QDs, where it is well known that the
binding energy of the biexciton varies between 1 and 6 meV
[25, 26]. The comparison between experimental and theoretical data is complex given the lack of atomic force microscopy data for the studied GaAs QDs. Our study provides
a comprehensive understanding of the correlation and size
eﬀects on the ﬁnal alignment of excitonic states in strain-free
GaAs QDs.
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Figure 5: Variation of correlation energies (δ) of X, X+, and X− excitons and biexciton XX as a function of hQD (a). Bond energies of excitons
X, X+, and X− and biexciton XX as a function of hQD (b) without correlation eﬀect and (c) with correlation eﬀect.

4. Conclusion
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