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The dispersion characteristics of surface waves for transverse electric and magnetic polarization modes of photonic hypercrystals
(PHC) are theoretically explored. PHC are composed of a dielectric and hyperbolic metamaterial (HMM) with thin layers of both
metal and dielectric surface waves that decay inside red-shifted gaps have a negative group velocity, whereas surface waves that
decay inside traditional blue-shifted gaps have more typical characteristics. Curve plotting is used to elucidate on how these surface
waves depend on several other structural properties such as filling factor, widths of HMM and dielectric, frequency range and angle
of incidence etc.

1. Introduction

In recent years, the periodic multilayer structures have
attracted great interest of researchers. The theoretical exis-
tence of new materials that can change the collaboration
between light and matter has been anticipated, one of such
is the photonic hypercrystal (PHC) [1]. It is the artificial
optical media that consolidates the properties of photonic
crystals (PC) [2] and hyperbolic metamaterials (HMMs)
[3]. PC is a periodic structure in an optical medium showing
bands and gaps [4]. These have captured considerations
because of control on the flow of light on a very small length
scale but have bandwidth constraints. One-dimensional peri-
odic structures in the form of thin film stacks have been
studied for many years, however three-dimensional photonic
crystal was first proposed by Yablonovitch [5] and John [6]
in 1987. Comparably, metamaterials (MM) [7] are artificial
materials that have superior and surprising properties, yet
have poor light emission rate. HMM named so due to its
isofrequency hyperboloidal dispersion in wavevector space,
is a hybrid material that behaves as a metal for wave propa-
gation from one side and as a dielectric from the perpendic-
ular side. The field of HMM started from hypothetical
instincts that found in plasmonics [8], interesting features

such as a tunable and broadband response makes such media
a remarkable tool of nanophotonics, and can accelerate the
progress from electronic to optical correspondences, both on
a classical and on a quantum level [9]. The dielectric func-
tions for HMM are described by tensor in terms of parallel ετ
and perpendicular εn to the interface. These uniaxial crystals
represent a dielectric media when εn>0;ð ετ>0Þ, metal
εn<0;ð ετ<0Þ and HMM εn ×ð ετ<0Þ. HMMs have interest-
ing and unique properties and applications due to its dielec-
tric function variations in quantum nanophotonics [10],
Dyakonov plasmonics [11], and super-Planckian emission
control [12]. When PC and HMM are combined into PHC,
the emission rate and bandwidth become higher, hence novel
attributes can be promised. PHC is designed by the introduc-
tion of a systematic varieties in HMMs [13], by setting the
size of such crystals lesser than the wavelength of free space
Λ≪ λ0ð Þ not too smaller than the unit size of HMM
Λ≫ dHð Þ, required intermittent variety may be accom-
plished by the addition of a second medium having different
permittivity values due their nature like dielectric, metal, or
HMMs in its composition [14]. The study of PHCs includes
both theoretical and experimental details [15, 16]. Studies in
this area have also shown that, in contrast to HMMs, PHC
structures exhibit a great potential for spontaneous emission
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enhancement and efficient light outcoupling [17]. A surface
electromagnetic wave (SEW) [18] is a type of electromag-
netic wave that propagates along the surface of a material,
rather than through the bulk of the material. SEWs are also
sometimes referred to as surface plasmons or surface plas-
mon polaritons (SPP), depending on the nature of the wave
[19]. Overall, the field of plasmonics and SPPs is rapidly
evolving and expanding, with researchers continuing to
develop new and innovative materials and devices with
unique and exotic properties. As the field continues to
mature, plasmonics and SPPs are likely to find new applica-
tions in a wide range of industries, from healthcare and
energy to telecommunications and information technology.
Theoretical study work by Ali [20–22] has examined the
dispersion relations and wave propagation for TM nonlinear
surface waves [23] and plasmon polariton gaps [24] in PHC.
It has been shown that surface waves in a hypercrystal com-
bine the characteristics of SPP at the metal–dielectric inter-
face and Tamm states in the photonic crystal. As HMM
exhibits various sorts of dispersion zones [25] in various
frequency ranges, the resulting bands also display certain
distinctive characteristics if the conditions of photonic gaps
are met in these ranges. It has been demonstrated that the
gaps in the frequency range where the PHC’s HMM layer
exhibits Type I behavior are red shifted, as opposed to the
blue-shifted gaps of traditional PCs, meaning that they move
to a lower frequency with increasing incidence angle. Here, we
looked at how surface waves behaved inside these red-shifted
gaps and compared it to how surface waves behaved inside
blue-shifted gaps. Here, different PHCs are taken into account,
and the characteristics of these surface waves as well as their
reliance on certain structural elements are investigated.

2. Mathematical Formulism

Here we consider a PHC as shown schematically in Figure 1.
It consists of a periodic dielectric layer of width dd , permit-
tivity εd , and a HMM layer of width dH and dielectric per-

mittivity tensor εH ¼
εd 0 0

0 εd 0

0 0 εd

2
4

3
5, Λ is the period of PHC

as Λ¼ dH þ dd .
According to the effective medium theory, the normal

and transverse components of the HMM layer are as follows:

ετ ¼ pεm þ 1 − pð Þεd; ð1Þ

εn ¼
1

p
εm
þ 1−p

εd

; ð2Þ

where εm; εd; p represent, respectively, the permittivity of the
metal layer, dielectric layer, and the filling factor of HMM
defined as ¼ dm= dm þ ddð Þð Þ. Rigorous coupled-wave anal-
ysis (RCWA) [26] is a semi-analytical method in computa-
tional electromagnetics that is most typically applied to solve
scattering from the periodic dielectric structures. It is a
Fourier-space method so devices and fields are represented
as a sum of spatial harmonics. The field phasors in the region

occupied by either partnering material are expressed as Four-
ier series with respect to x, just like the reflected and trans-
mitted field phasors, q being the wave vector of the surface
waves:

E rð Þ ¼ ex zð Þux þ ey zð Þuy þ ez zð Þuz
È É

eiqx; ð3Þ

H rð Þ ¼ hx zð Þux þ hy zð Þuy þ hz zð Þuz
È É

eiqx: ð4Þ

The Maxwell curl postulates r×ð E rð Þ¼ iωμoH rð Þ;r×
H rð Þ¼ − iωεε0E rð ÞÞ leads to a system of four ordinary differ-
ential equations that can be grouped into two cases: ex, ez , and
hy only for p-polarization (TM) and the other ey , hx, and hz for
s-polarization (TE), by eliminated ez zð Þ and hz zð Þ and com-
bining them as a single matrix [27] equation given as follows:

d
dz

ex zð Þ
ey zð Þ
hx zð Þ
hy zð Þ

2
66664

3
77775¼ i

ωμ0 −
q2

ωετε0

� �
hy zð Þ

−ωμ0ð Þhx zð Þ
q2

ωμ0
− ωεnε0

� �
ey zð Þ

−ωεnε0ð Þex zð Þ

2
666666664

3
777777775
: ð5Þ

Therefore, we can define for TE state f sð Þ zð ÞÂ Ã¼
ey zð Þηohx zð ÞÂ Ã

T and TM state f pð Þ zð ÞÂ Ã¼ ex zð Þηohy zð ÞÂ Ã
T

using ηo ¼
ffiffiffiffiffiffiffiffiffiffiffi
μ0=ε0

p
, ω¼ ko=

ffiffiffiffiffiffiffiffiffi
μ0ε0

p
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μ0ε0
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FIGURE 1: The schematic diagram of the photonic hypercrystal is
ended with air. The surface wave propagates to x− axis in xy plane
while the structure is designed along z− axis.
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matrix differential equation is d=dz f s; pð Þ zð ÞÂ Ã¼ i P s; pð Þ β;ð
h

zÞ�
f s; pð Þ zð ÞÂ Ã

for PHC where z2 0;ð ΛÞ.

QPHC
s;pð Þ

h i
¼ WHMM

s;pð Þ
h i

: Wd
s;pð Þ

h i
¼ X11 X12

X21 X22

" #
;

ð6Þ

Where

W
HMM

pð Þ
h i

¼ exp i2πW 0 1 −
Q2

εn

� �
ετð Þ 0

2
4

3
5D1

8<
:

9=
;,

W
d
pð Þ

h i
¼ exp i2πW 0 1 −

Q2

εd

� �
εdð Þ 0

2
4

3
5D2

8<
:

9=
; and

WHMM
sð Þ

h i
¼ exp i2πW

0 − 1ð Þ
Q2

− ε?ð Þ 0

� �
D1

� �
, Wd

sð Þ
h i

¼ exp i2πW
0 − 1ð Þ

Q2
− εdð Þ 0

� �
D2

� �
. The electromagnetic

field of the surface waves must diminish in magnitude as

z À!Æ1. Let V s; pð Þ
PHC;a

h i
be the general eigen vector for both

s and p polarized states corresponding to a general eigen

value α s; pð Þ
PHC;a. V s; pð Þ

PHC;a

h i
be the eigen vector for PHC having

eigen value α s; pð Þ
PHC;a ¼ g such that g>0.

V s;pð Þ
PHC;a

h i
¼ −

X12

X11 − g
1

2
4

3
5: ð7Þ

For air eigen value α s; pð Þ
a <0 thus α s; pð Þ

a ¼ −

k0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εa − Q2ð Þ

p
and eigen vectors are, respectively, as follows:

Va
sð ÞÂ Ã¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εa − Q2

p
1

2
4

3
5; ð8Þ

Va
pð ÞÂ Ã¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εa − Q2

p
εa
1

2
64

3
75: ð9Þ

The continuity of the field phasors required that
f s; pð Þ 0−ð ÞÂ Ã¼ f s; pð Þ 0þð ÞÂ Ã

where f s; pð Þ 0−ð ÞÂ Ã¼ Va
s; pð ÞÂ Ã

A s; pð Þ
a and f s; pð Þ 0þð ÞÂ Ã¼ V s; pð Þ

PHC

h i
A s; pð Þ
Λ , A s; pð Þ

a , and A s; pð Þ
Λ are

dimensionless scalars rearranged into the matrix equation as

Y s; pð Þ
h i

¼ À V s; pð Þ
PHC

h i
Va

s; pð ÞÂ Ãh i
and for nontrivial solutions,

the 2× 2 matrices Y s; pð Þ
h i

must be singular, so that

det Y s; pð Þ
h i

¼ 0.

1þ X11 − g
X12

� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εa − Q2
p

 !
¼ 0 TE statesð Þ; ð10Þ

1 −
X11 − g
X12

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εa − Q2

p
εa

 !
¼ 0 TM statesð Þ: ð11Þ

These are the dispersion relations for TE and TM polari-
zation. The dispersion curves for the above surface states are
obtained numerically and analyzed for different values of
parameters as discussed below.

3. Results and Discussions

Now we apply our mathematical formulism to some specific
set of parameters. we consider Si=In :CdO as HMM and Si as
dielectric material [28], here dD and εd represent the width
and permittivity of the dielectric layer and dH represents the
width of HMM layer consisting of Si and In :CdO with layer
width dm and dd , respectively. The electric permittivity of In :
CdO for lossless limit is εm ¼ ε1 þω2=ω2

p where ε1 is high-
frequency relative permittivity and ωp is the plasma fre-
quency. The de-dimensionalized parameters are defined as:
width of HMM is D1 ¼ dH=Λ and that of dielectric layer is
D1 ¼ dD=Λ, angular frequency W¼Λ=λ0, and wave vector
Q¼ q=k0. The parameters and values used for the program-
ing are as dD ¼ 116:3 nm width of silicon and dH ¼ 252 nm
width of HMM, this HMM consists of four alternating layers
of Si and In :CdO mentioned as each of width dd ¼ 44:1 nm
and dm ¼ 18:9 nm thus dH ¼ 4× dd þð dmÞ¼ 252 nm. The
PHC consist of HMM and dielectric medium having period
Λ¼ dH þ dd ¼ 368:3 nm, also the plasma wavelength λp ¼
899:34 nm, plasma frequency ωp ¼ 2πc=λp ¼ 2:09× 1016s−1,
εm ¼ ε1 þω2=ω2

p, ε1 ¼ 5:5, εd ¼ 14:98; εa ¼ 1; p¼ 0:3;
D1 ¼ 0:685, and D2 ¼ 0:315. The dispersion curves of paral-
lel ετð Þ and perpendicular εnð Þ components of the HMM
layer are shown in Figure 2.

Hence, there are four regions of interest on the frequency
axis for HMM depending upon the different types of disper-
sion. For frequencies range W>0:01 and W<0:4 the values
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FIGURE 2: The plot of tangential ετ (blue) and normal εn (brown)
components of dielectric constant for HMM versus de-dimensional
frequency W.
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of normal and transverse components of the permittivity
tensor are as ετ<0; εn>0 so that HMM is of Type II, and
for frequencies W>0:4 and W<0:8 both dielectric compo-
nents are positive ετ>0; εn>0 showing the anisotropric
nature of HMM material, whereas for frequencies range
W>0:8 and W<1:1ετ>0; εn<0 the HMM is of Type I,
and for frequencies W>0:8 again both dielectric compo-
nents are positive ετ>0; εn>0 showing anisotropic nature
of HMM material. In the frequency region where the
HMM shows Type II behavior, all the conditions to excite
the surface plasmon polariton (SPP) for TM incident radia-
tion are met. Figure 3 shows the corresponding dispersion
curves for different interface dielectric media. With increas-
ing values of the permittivity of the interface medium, the
wavevectors of the SPP shift toward higher values implying
more subwavelength confinement and tend to approach the
same SPP resonance frequency. This is the same behavior as
in the case of SPP at metal–dielectric interface. The advan-
tage here is that the SPP resonance frequency can be engi-
neered as desired by the choice of the filling factor of the
HMM layer and other parameters of the PHC [28].

When we consider the wave propagation through a finite
periodic structure (the PHC under consideration for the
given parameters) and the conditions for a Bragg gap in
Type I region are satisfied, this gap shows a red shift in
frequency as the angle of incidence is increased for θ¼ 0π;
π=6ð Þ; and π=3ð Þ; as shown in Figure 4(a). For TE polarized

incident light, the gap shows the normal blue shift of fre-
quency with increasing angle of incidence (Figure 4(b)), as
the structure behaves as a regular photonic crystal rather
than a PHC.

The red shift and blue shift of the gaps in the Type I
dispersion region of HMM are already well explained in
the literature by Xia et al [16] and can be summarized in
the following way: the existence of the Bragg gap implies the
satisfaction of the following condition on the phase

φ¼ kHð ÞzdH þ kDð ÞzdD ¼ nπ; ð12Þ

dφ
dkx

¼ d kHð Þz
dkx

dH þ dy
dkx

dD: ð13Þ

In conventional PCs, both layers of the periodic structure are
dielectric with iso-frequency curves in thewavevector space being
spheres for which dkz=dkx<0 are shown in Figure 5(a), where
kx ¼ k sinθ, so with increasing incident angle the gap is blue
shifted on the frequency axis. In the structure considered here,
the HMM layer shows (Figure 5(b)) the hyperbolic dispersion of
iso-frequency curves in thewavevector space for Type I region for
which dkz=dkx>0, so that it may happen that dφ=dkx>0, and
gap becomes red shifted with the frequency axis [28]. Here, these
gaps are located merely by numerical exploration.

This polarization-dependent shifting of the gap on the
frequency axis effects the nature of the surface waves that
decay inside this gap. Figure 6(a) shows the dispersion plot of
the surface waves when the periodic structure is a PHC,
i.e., the incident light is p-polarised. The vertical axis repre-
sents the dimensionless frequencyW, whereas the horizontal
axis represents the dimensionless wave vector Q. The nega-
tive slope [29] of the dispersion curve represents the group
velocity dW=dQ being negative. The surface waves are left-
handed. This is in fact the direct consequence of the red shift
of the gap inside which the SW is decaying. The increasing
the value of Q on the horizontal axis represents the increas-
ing value of the incidence angle for a given value of the
incident frequency. As the gap is shifted, so is the frequency.
It means an increase in Q value is accompanied by a decrease
in W value in the dispersion curve of the surface waves.
Figure 6(b) shows the dependence of these dispersion curves
on the dielectric constant of the interface medium. As the
dielectric constant increases, shown in Figure 6(b) (b1, b2,
and b3), i.e., εd ¼ 1; 1:5; and 2, the wave vector Q is shifted
higher on the frequency axis above 0.94, and the group veloc-
ity is positive but decreasing. It is significant to keep in mind
that the group velocity is distinct from the phase velocity,
which is the rate of a wave’s phase propagation. The group
velocity, which determines how quickly the wave’s energy
spreads, depends on a number of variables, including
the properties of the medium the wave travels through. The
refractive index of the medium at the interface between the
two materials will vary when two different dielectric materi-
als are brought into contact with one another. As a result, the
SW group velocity changes, varying the SW speed and direc-
tion. When dielectric materials with increasing dielectric
constants are in contact with PHC, the group velocity
decreases as the εd values rise because for εd ¼ 1 more refrac-
tion and less time to pass the interface increase the group
velocity, whereas for εd ¼ 1:5 or 2 less refraction results in
more time to pass the interface, which causes the group
velocity to fall. The behavior is just opposite in the cases of
Figures 7(a) and 7(b) for the interface of PHC with air and
then with different dielectric materials with increasing
dielectric constants, i.e., εd ¼ 1; 1:5, and 2, when the incident
light polarization is TE and the periodic structure is just a
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1.0 1.5 2.0 2.5 3.0
Q

εd = 1
εd = 1.5

εd = 2
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FIGURE 3: The dispersion curves of SPP for different interface dielec-
tric materials in the Type II region of HMM.
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conventional photonic crystal. An increase in Q value can be
treated as an increase in the incident angle for a fixed inci-
dent frequency that is blue shifted in this case and hence
accompanied by the increase in frequency. Resultantly, the
dispersion curve shows right-handedness in the group
velocity.

The group velocity for TE mode is shown by the disper-
sion plots to be positively increasing for air; however, as the
dielectric constant increases at the interface of PHC and
dielectric materials, the slope indicates that the group veloc-
ity is decreasing. Higher dielectric constants result in

materials taking longer to pass through the interface, reduc-
ing refraction. For TM polarization, the plots reveal that the
group velocity of SPP waves for HMM of Type I is positive
and negative but decreasing for PHC, the propagating light
may be “backward propagating” if the dispersion curve has a
negative slope. We show that depending on the configurations,
the same photonic (plasmonic) system can support both posi-
tive and negative group velocities. The highly active field of
“negative index” metamaterials, in which the pulse group and
power propagate in the same direction while the phase velocity
is antiparallel, frequently asserts that the negative group
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FIGURE 4: (a) The plot of transmittance T and de-dimensional frequencyW, shows red shift with increasing angle of incident in Type I HMM
for TM polarization. (b) The plot of transmittance T and de-dimensional frequencyW, shows blue shift with increasing angle of incident in
Type I HMM for TE polarization.
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FIGURE 5: (a) The plot shows iso-frequency curves in wavevector kz and kx for Regions II and IV of HMM. (b) The plot of wavevector kz and
kx for Region III shows Type I HMM.
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velocity suggests negative refraction. The corresponding SPP
are characterized by the wave vectors, group velocity, and a
very small decay length. The frequency depends essentially
on the permittivity of the dielectric, and the plasma frequency
of the metal. Further investigation may be done by including
the nonlinearities in this problem and their dispersion plots
which can explain their propagation for SPP.

4. Concluding Remarks

The dispersion relation of linear surface waves in PHC is
explored, and the results are extended using Mathematica
and RCWA. We observed that SPP are red shifted and blue
shifted for TM and TE waves as the incident angle increases
for Type I HMM, also SW are left-handed with decreasing
positive and negative group velocity for TM mode and right-
handed with increasing positive group velocity for TE mode.
Further, the combined effect of anisotropic material and the
PHC can also be examined for understanding more about
how surface waves propagate. There are several limitations
and challenges associated with SPP waves in PHCs such as
dispersion and band gap engineering, losses and damping,
fabrication challenges, coupling efficiency, limited tunability,
and polarization sensitivity. The decay of surface red shifts
and blue shifts band gaps for PHC is discussed here for the
first time. Furthermore, nonlinear effects of these PHC for
red-shifted and blue-shifted band gaps can be discussed,
and gap solitons can also be explored. Additionally, the non-
linearity prevents infinite wavevector divergence for such
PHC surface waves. It is anticipated that this early research
will serve as the foundation for PHC in the future, allowing
nonlinearity to be used to investigate more unique properties
of these structures.
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