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Economic processes are naturally characterized by imprecise and uncertain relevant information. One of the main reasons is
existence of an underground economy. However, in existing works, real-world imprecision and uncertainty of economic conditions
are not taken into account. In this paper we consider a problem of calculation of a taxation base to assess tax burden for
proportionally growing economy under uncertainty. In order to account for imprecision and uncertainty of economic processes, we
use the theory of fuzzy sets. A fuzzy integral equation is used to identify an integral tax burden taking into account the contribution
of the underground economy for a certain financial (tax) year. It is also assumed that dynamics of gross domestic product are
modeled by fuzzy linear differential equation. An optimal value of tax burden is determined as a solution to the considered fuzzy
integral equation. An example is provided to illustrate validity of the proposed study.

1. Introduction
The current stage of economic development is characterized
by the influence of several fundamental factors. In scientific
literature these factors are divided into clusters according to
their nature, stages, coverage, and so on.
According to Balatsky [1] these factors split into three
groups: generality, uncertainty, and economic impact. It has
been noted that they have formed new producing capacity by
influencing the structure of the economic system, the norms,
and trends in the economy.
One of the important factors of economic development is
the tax burden of the economy. Economic entities transmit a
portion of their income to state or local self-governing bodies
in the form of taxes. This transfer of financial resources limits
the ability of consumers to choose between products and
ability of producers to choose between production factors,
thus creating additional burden on economic entities.
Determining the tax burden in line with the reality
formed by the economic system is one of the most difficult
problems. It is connected with the fact that the tax system

should cover the public needs and on the other hand stimulate
the interests of taxpayers in entrepreneurial activity.
In this sense, the tax burden is considered as the quality
of the country’s tax system and the overall business environment.
The study of the impact of the tax burden on economic
activity and the state’s financial strength remains the most
pressing issue of economics and economic policy. In ages of
globalization, this problem attracts attention of economics
experts as well as institutions of different countries.
Public administration and legislation system also have a
significant impact on economic growth due to share of overall
consumption in gross domestic product (GDP), aggregate
investment, public spending, and net exports. For example,
the introduction of a new taxation regime to fixed capital
investment and repatriation of income in tax legislation can
affect transfer of new technologies, research, and development works as well as import-export processes.
It is well known that the tax burden of economy is
expressed in terms of separate taxes established by tax
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legislation and at the same time as an integral quantitative
expression of the cumulative effects of these taxes (integral
tax).
In modern economic literature, depending on the purpose of the research, the tax burden is differentiated by
the maximum, average, actual, effective consumption, public
expenditure, and the increase in tax rates. There are various
approaches to calculating the tax burden. In practice, the
most commonly used approach by the public tax policy
institutions is to set the tax burden as a ratio of aggregated
tax revenues to GDP.
Generally, these approaches are described in various
scientific bibliographies. For example, in [2] the tax rates
are described as marginal rate, final tax rate, and economic
(effective) tax rate.
At the microlevel, the tax burden of an economic entity is
determined as the rate of paid taxes to the total income gains
arising from product produced and the service rendered. It is
also possible that the tax burden is determined as the ratio of
the amount of taxes paid to the tax base.
The literature review allows coming to conclusion that all
above-mentioned approaches are far from a universal one. In
this regard, identification of this particular economic factor
remains an important issue of modern economic research.
Looking at the economic growth theories in the historical
context, the first remembering theory is of mercantilism
(15th–17th centuries). The theory of mercantilism shows the
accumulation of wealth (gold and other precious metals) as
the main source of economic growth [3]. In the following
period, neoclassical economists criticized the New Keynesians, argued that the cause of economic growth was not just
in the frame of unused production factors, but also technological advances, and increased productivity through innovations in production management. Neoclassical economists
believed that economic growth would be achieved in a free
market economy. The theory proposed by the Nobel Prize
winner Robert Solow based on the Cobb-Douglas production function also linked three main sources of economic
growth: investments, workforce, and technological progress
[4]. Along with this model, saving rate plays a key role in
forming capital reserves and increasing production.
In the 1980–1990s, significant progress was observed in
economic growth theories. This trend was announced as a
“new economic theory.” Economists have examined some
weaknesses of the neoclassical economists, in particular the
Solow model, and made proposals to increase the impact of
the government to long-term economic growth. According to
the Solow model, the impact of the government on economic
growth is considered as very insignificant. However, adherers
of the endogenous economic growth theory suppose that
scientific and technological progress plays a crucial role
for economic growth as endogenous factors. Romer [5, 6]
and Lucas Jr. [7] argue that technological innovations are
primarily due to technology development and human capital
investment. Technological progress in endogenous growth
theories is considered as the only viable cause of economic
growth in the long-term perspective. Similar reasons were
raised in theories of Grossman and Helpman [8] and Aghion
and Howitt [9].
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In [10] the tax burden and economic development in case
of the EU countries are discussed. There are different methods
for evaluation tax burden and economic development. These
include such research methods as systematic, logical, and
comparative analysis. Statistical methods are also used in
including descriptive statistics, hierarchical cluster analysis,
and correlation analysis. Empirical analysis is based on the
data of the EU countries. It is shown that the tax burden on
capital and consumption is higher in the very high economic
development countries, but implicit tax rate on capital is
higher in the case of countries with lower GDP growth.
It is known that the excess burden of taxation shows
efficiency cost associated with taxation. In [11] excess burden
is measured by the area of the associated Harberger triangle
[12]. Excess burden task is discussed in Arnold Harberger’s
pioneering work in the 1960s which measured the costs of
tax distortions to labor supply, saving, and other economic
decisions [13, 14].
Using a simple input-output model, in [15] the author
estimates the revenue impact, US tax burden, state-by-state
impact of this proposal on tax burdens, employment, and
economic output. Also authors show that elimination of the
deduction for the oil and gas industry would result in higher
corporate tax burdens for domestic oil and gas companies
compared to other US manufacturing industries. In reality,
US oil and gas companies could not hope to keep pace
with competitors in countries with lower tax rates. Moreover,
increasing corporate taxes on the US energy sector increase
the costs of production and may reduce the resources.
Determination of the optimal size of tax burden is very
important and difficult scientific and practical problem. The
main goal of [16] is to determine the optimal of tax burden
for the economy of Georgia. Optimally determined taxes can
play very important role for sustainable development of economics. For this reason author used qualitative, quantitative,
correlation/regression analysis. Tax burden for the economy
of Georgia depends on size and type of activities of enterprises
and should range from 13.6% to 17.6%
The influence of optimal tax burden on economic activity
and production capacity is discussed in [17]. In this paper the
tax policy and an optimal tax burden are described.
Let us mention that information related to economic processes is naturally characterized by uncertainty and imprecision due to a series of reasons one of which is existence
of an underground economy. In this paper we consider a
problem of calculation of a taxation base to assess tax burden
for proportionally growing economy under uncertainty. In
order to account for imprecision and uncertainty of economic
processes, we use the theory of fuzzy sets. A fuzzy integral
equation is used to identify an integral tax burden taking into
account the impact of the underground economy for a certain
financial (tax) year. An example is provided to prove validity
of the proposed study.
The paper is organized as follows. In Section 2 we provide
a preliminary material to be used in the study including
a definition of a fuzzy number-valued function, integral of
a fuzzy number-valued function, and other concepts. In
Section 3 we describe the proposed fuzzy approach to identify
an integral tax burden taking into account the contribution
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of the underground economy. A method to assess impact of
underground economy is described in Section 4. An example
illustrating the proposed fuzzy approach is considered in
Section 5. Section 6 concludes.

2. Preliminaries
Denote 𝐸1 is the set of fuzzy numbers defined over the real
line R.
Definition 1 (a fuzzy number-valued function [18, 19]). A
mapping 𝑓̃ : 𝑇 → 𝐸1 is referred to as a fuzzy number-valued
function of a real variable.
Definition 2 (see [18, 19]). A function 𝑓̃ : 𝑇 → 𝐸1 is
referred to as integrably bounded if there exists such real̃
valued function ℎ that ‖𝑥‖ ≤ ℎ(𝑡), ∀𝑥 ∈ supp𝑓(𝑡).
A definition of measurability of a fuzzy number-valued
function of a real variable is given in [18]. In [18] it is
shown that strongly measurable and integrably bounded
fuzzy number-valued function is integrable.
Definition 3 (an integral of a fuzzy number-valued function
[18]). Let 𝑓̃ : 𝑇 → 𝐸1 . An integral of 𝑓̃ on 𝑇 = [𝑎, 𝑏]
𝑏
̃
̃
denoted as ∫ 𝑓(𝑡)𝑑𝑡
or ∫ 𝑓(𝑡)𝑑𝑡
is defined in terms of 𝛼-cuts
as follows:

𝑇

Definition 5 (possibility measure [21, 22]). Given two fuzzy
sets defined in the same universe of discourse 𝑋, a fundamental question arises as to their similarity or proximity.
There are several well-documented approaches covered in the
literature. One of them concerns a possibility measure. The
̃ 𝑋),
̃ describes a level
possibility measure, denoted by Poss(𝐴,
of overlap between two fuzzy sets and is expressed in the form
̃ 𝑋)
̃ = sup [𝐴 (𝑥) ∧ 𝑋 (𝑥)] ,
Poss (𝐴,
𝑥∈𝑋

where ∧ is a 𝑡-norm. Computationally, we note that the
possibility measure is concerned with the determination
̃ and 𝑋,
̃ that is followed by
of the intersection between 𝐴
the optimistic assessment of this intersection. It is done by
picking up the highest values among the intersection grades
̃ and 𝑋
̃ that are taken over all elements of the universe of
of 𝐴
discourse 𝑋.

3. Fuzzy Model of a Tax Burden
First, let us provide an explanation of important economic
indicators considered in the paper.
As a rule, a tax burden 𝑢 is defined as the following ratio:
𝑢=

𝑎

𝛼

[∫ 𝑓̃ (𝑡) 𝑑𝑡] = ∫ 𝑓 (𝑡) 𝑑𝑡 = {∫ 𝜑 (𝑡) 𝑑𝑡, 𝜑 : 𝑇
𝑇

𝛼

𝑇

𝑇

𝑛

(1)
𝛼

→ 𝑅 − measurable choice for 𝑓 } ,

∀𝛼 ∈ (0, 1] .

Definition 4 (strongly generalized differentiability [20]). Let
𝑓̃ : (𝑎, 𝑏) → 𝐸1 and 𝑡0 ∈ (𝑎, 𝑏). We say that 𝑓̃ is strongly
generalized differentiable at 𝑡0 if there exists an element
𝑓̃ (𝑡0 ) ∈ 𝐸1 ; such that,
̃ + Δ𝑡) − 𝑓(𝑡
̃ ),
(i) for all Δ𝑡 > 0 sufficiently small, ∃𝑓(𝑡
0
ℎ
0
𝛼
̃
̃
𝑓(𝑡0 ) −ℎ 𝑓(𝑡0 −Δ𝑡) (i.e., the length of diam((𝑓(𝑡)) ) increases),
and the limits (in the supremum metric [18, 19])
𝑓̃ (𝑡0 + Δ𝑡) −ℎ 𝑓̃ (𝑡0 )
𝑓̃ (𝑡0 ) −ℎ 𝑓̃ (𝑡0 − Δ𝑡)
= lim+
Δ𝑡→0
Δ𝑡→0
Δ𝑡
Δ𝑡
(2)

̃
= 𝑓 (𝑡 )
or
̃ +
̃ ) − 𝑓(𝑡
(ii) for all Δ𝑡 > 0 sufficiently small, ∃𝑓(𝑡
0
ℎ
0
̃
̃
Δ𝑡), 𝑓(𝑡0 − Δ𝑡) −ℎ 𝑓(𝑡0 ) (i.e., the length of diam((𝑓(𝑡))𝛼 )
decreases), and the limits (in the supremum metric [18, 19])
lim+

Δ𝑡→0

𝑓̃ (𝑡0 ) −ℎ 𝑓̃ (𝑡0 + Δ𝑡)
𝑓̃ (𝑡0 − Δ𝑡) −ℎ 𝑓̃ (𝑡0 )
= lim+
Δ𝑡→0
(−Δ𝑡)
(−Δ𝑡)
(3)

= 𝑓̃ (𝑡0 ) .
−ℎ denotes Hukuhara difference.

𝑇
,
𝜉𝐾

(5)

where 𝑇 is tax revenue and 𝜉𝐾 is equity capital load taking
into account taxes.
A tax burden leads to an economic system transition from
𝑦(𝑡) state to 𝑦1 (𝑡) state. Assume that, at the beginning of a
considered year, GDP depends on a value of a fixed capital:
𝐾𝑖𝑝(𝑡) = 𝑃(𝑡−1) (𝐾𝑖𝑝(𝑡−1) − 𝑅𝑖𝑝(𝑡−1) − 𝐴 (𝑡−1) ) ,

(6)

where 𝑅𝑖𝑝 is investment; 𝐴 = 𝜃𝐾 depreciation-amortization
of 𝐾 value loaded share of core capital; 𝜃 is amortization rate;
𝑃 is deflator.
It is obvious that information related to some parameters
of underground economy and economic growth in general is
imprecise. Thus, it is more adequately to use fuzzy models for
describing tax burden in such conditions.
A tax burden 𝑢(𝑡) leads to an economic system transition
̃ to fuzzy state 𝑦̃1 (𝑡)
from fuzzy state 𝑦(𝑡)

lim+

0

(4)

𝑦̃1 (𝑡) = 𝑢 (𝑡) 𝑦̃ (𝑡) .

(7)

Let us use the following terms and symbols: 𝑡 is financial
̃ is the income of the economic system
(taxation) year; 𝑦(𝑡)
from the production and service rendered by the business;
𝑦̃1 (𝑡) is posttax income of an economic entity; 𝑢(𝑡) is the
tax burden of the economic entity in the financial (tax) year;
̃ is
𝜉 is equity capital load taking into account the taxes; 𝜆
the fuzzy value of the growth rate of the economy; 𝜂̃ is the
fuzzy value of the underground economy weight; 𝜏 is period
for tax liabilities. The following fuzzy equation comes from
economic balance conditions:
𝜏

̃1 (𝑡)] 𝑑𝑡 = (1 + 𝜂̃) 𝜉
∫ [𝑦̃ (𝑡) − 𝑦
0

(8)
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or
𝜏

∫ [𝑦̃ (𝑡) − 𝑢 (𝑡) 𝑦̃ (𝑡)] 𝑑𝑡 = (1 + 𝜂̃) 𝜉.
0

(9)

̃ As we consider
Now we need to analyze the form of 𝑦(𝑡).
proportional economic growth model under fuzzy environment, dynamics of 𝑦̃ can be adequately described by the
following fuzzy differential equation [18–20] under (ii) type
of strongly generalized differentiability (Definition 4) [20]
𝑑𝑦̃ ̃
̃
= 𝜆𝑦.
𝑑𝑡

(10)

̃

𝑦1𝛼 = 𝑦0 𝛼1 𝑒
𝑦2𝛼

=

,

𝛼
𝑦0 𝛼2 𝑒𝜆 2 𝑡 .

(12)

Thus, given solution (11) we can transform (9) into the
following integral equation:
𝜏

̃

∫ (1 − 𝑢 (𝑡)) 𝑒𝜆𝑡 𝑑𝑡 = 𝜉 (1 + 𝜂̃) .
0

(13)

Given the obtained fuzzy model of tax burden, we need to
consider a problem of determination of 𝑢(𝑡) that solves (13).
We will consider determination of 𝑢(𝑡) in the class of constant
functions 𝑢(𝑡) = 𝑢, 𝑢 = const. As (13) is fuzzy, the equality of
the left and the right hand sides should be considered in terms
of a degree. As a measure of a degree of equality, we will use
the possibility measure. Then the considered problem can be
formulated as follows:
𝜏

̃
𝜆𝑡

𝑃 (∫ (1 − 𝑢 (𝑡)) 𝑒 𝑑𝑡, 𝜉 (1 + 𝜂̃)) → max
0

s.t.

𝑢 (𝑡) = 𝑢,
𝑢 = const,

0.94

0.97

1

1.03

1.06

1.09

1.12

(11)

which can be described in 𝛼-cuts as follows:
𝜆𝛼1 𝑡

0.91

Figure 1: The fuzzy values of the left hand side (dashed curve) and
the right hand sides (solid curve) of (14).

It is known that the solution of (10) is
𝑦̃ = 𝑦̃0 𝑒𝜆𝑡

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0.88

In [23] the theoretical approaches to the definition of the
hidden economy taxation base are widely analyzed, specified
into three groups, and recommended to use the volume of
GDP as the tax base. However, there is no comment on how
to determine the specific weight of the hidden economy.
Obviously, the problem of determining both the specific
weight of hidden economy and tax base comprised its tax
burden is one of the pending problems.
In this study, the load factor of the main capital, determining the loaded part of the fixed capital 𝜉, is specified
by the quantity 𝜂̃. As an underground economy is of latent
character, an adequate estimation of its impact 𝜂̃ can be
based on experts’ opinions described in natural language and
formalized by using fuzzy sets.
The opinion of expert group on the impact of changes in
tax legislation on tax revenue is computed by using a weighted
average based aggregation:
𝜂̃ =

(14)

(15)

where 𝑃 is the possibility measure. In other words, it is needed
to find such a value of 𝑢 = const for which the possibility
measure of equality of the left and the right hand sides is
maximal.

4. Experts’ Group Opinion Based Estimation
of the Impact of Underground Economy on
Tax Burden
Experience has shown that comprehensive indicators of an
economy system are not quite precise due to uncertainty of
major factors. One of the most important of these factors is
the weight of the underground economy. It is of particular
importance if one takes into account comprehensive burden
for the economy. No wonder assessing of this factor is in focus
of major modern surveys.

̃𝑖
∑𝑛𝑖=1 𝑞̃𝑖 ⋅ 𝑤
, 𝑖 = 1, . . . , 𝑛,
𝑛
̃𝑖
∑𝑖=1 𝑤

(16)

where 𝑞̃𝑖 is a fuzzy evaluation of 𝜂̃ provided by 𝑖th expert and
̃𝑖 is a fuzzy confidence degree of 𝑖th expert.
𝑤

5. An Example
̃ = (1.0; 3.0; 5.0)
Consider the following example. Let and 𝜆
be a triangular fuzzy number (TFN) describing fuzzy
value of the growth rate of hypothetic economy, let 𝜂̃ =
(0.32; 0.34; 0.35) be a TFN describing expert group-based
computed by using (16), and 𝜉 = 0.737; 𝜏 = 1 in
(13). It can be shown that the left hand side of (13) is an
integrable fuzzy number-valued function of a real variable.
Thus, we can consider a problem (14) to determine 𝑢. By
using numerical techniques, we have found 𝑢 = 0.15 as the
𝜏
̃
𝜂)) =
solution of (14) which provides 𝑃(∫0 (1−𝑢(𝑡))𝑒𝜆𝑡 𝑑𝑡, 𝜉(1+̃
0.96. This value of possibility measure can be considered
as sufficiently suitable from practical point of view. The left
𝜏
̃
part of (13) approximated by TFN ∫0 (1 − 𝑢(𝑡))𝑒𝜆𝑡 𝑑𝑡 =
(0.89, 0.99, 1.1) and the right part described by TFN 𝜉(1+ 𝜂̃) =
(0.9733; 0.9857; 0.9982) are shown in Figure 1.
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6. Conclusion
In this paper we use fuzzy integral equation to model the
way tax burden induces transition of state of economy. An
optimal value of tax burden is considered as a solution
to fuzzy integral equation. The use of fuzzy sets helps
to model imprecise information including experts’ opinion
based evaluation of an underground economy weight. An
example is used to illustrate the proposed approach. In the
example, a tax burden 𝑢 = 15 is found as a solution to
the fuzzy integral equation with possibility degree 0.96. The
obtained result shows validity of the proposed study.
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