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A scaling relation between mass and minimal information of a given system is inferred from primordial black holes. Extending its
validity, it is possible to describe different stages of the universe evolution. Particularly, the broad interest on matching the scaling
law, from early to late redshift regimes, may suggest the mechanism to relate quantum and classical aspects of gravity. Under this
hypothesis, the scaling relation is interpreted as a thermodynamic modification able to describe the cosmological dynamics at late
times. In this scheme, dark energy emerges, as a consequence of assuming the validity of our scale relation. The corresponding
equation of state reduces to a cosmological constant at early times and evolves in terms of the apparent horizon at late times.

1. Introduction

The challenge of reproducing the observed scales, from
small to high structures, has been extensively investigated
in the last decades [1]. It follows from the particular idea
that self-gravitating aggregated structures may be predicted
from prime principles [2]. This leads to intrinsic connections
between quantummechanics and gravity, providing a unified
scheme for quantum gravity. A similar approach has been
already employed several decades ago. In particular, it was
found a possible correspondence between proton and higher
sizes structure masses [3–5]. Even though this fact may
represent a first step for obtaining a self-comprehensive
theory, including quantum effects in gravitation, the strange
correspondence between proton and heaviermasses is not yet
clarified [6]. The corresponding problem is known in the lit-
erature as coincidence problem [7–10]. All the suggestions and
attempts spent to describe the latter coincidence appeared to
be nonconclusive in the framework of astrophysics. However,
more recently, an accurate explanation has been proposed,
dealing with a possible quantization relation for physical sys-
tems [11, 12]. If one assumes black holes as physical systems,
it follows that the main interest of the coincidence problem

lies on the possible connection of macroscopic scales to the
Planck constant ℎ [13]. In doing so, under the hypothesis
that the early time phases of the universe evolution could be
characterized by primordial black holes, one may infer the
observed structures as determined from a self comprehensive
common origin, depending on quantum fluctuations [14].
The importance of investigating the consequences of a new
quantization rule is to frame the large scale structures into
a unifying theory. To this end, it has been shown [15,
16] that it is possible to get a quantization relation which
has the meaning of scaling relation between mass and the
quantization number.

In this work, by supposing its validity, we describe the
consequences of it, at higher and smaller sizes, showing the
role played by quantum fluctuations and the corresponding
consequences at late time epochs. The observed dynamics
today could be influenced by such conditions. We there-
fore show that it is possible to get a characteristic length
of gravitational interaction, showing dark energy effects
from prime principles [17]. Moreover, we describe in detail
some thermodynamic consequences of our quantization
rule, showing that both entropy and temperature become
functions of the quantizing number, hereafter 𝑛. In doing so, it
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becomes evident that our scaling relation, although derived at
Planck scales, can be used for all self-gravitating astrophysical
systems, including the whole universe.

Thepaper is organized as follows. In Section 2we describe
in detail the main features of the quantization relation. In
Section 3 we extend the quantization law from minimal
physical regions to higher ones and we give emphasis to the
form of entropy and temperature. In Section 4 we highlight
a corresponding cosmological application of our framework,
which is able to predict the dark energy effects at late times,
without the need of introducing any further cosmological
fluid. Finally, Section 5 is devoted to conclusions and perspec-
tives of our work.

2. The Quantization Relation

In this section, we describe the main steps leading to the
quantization relation, derived from a black hole effective
potential, of the early phases of the universe evolution. In
this picture, one may assume that primordial black holes
dominated the whole universe dynamics [18, 19]. In doing so,
the corresponding scalar potential is
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respectively. The so-called dilaton field is defined by the
function 𝜙, while the axion field is here represented by 𝑎.

This framework is restricted to the so-called extremal
black holes, in which the event horizons degenerate. It is
worth noticing to focus on this case, following the work of
[11, 12]. Let us consider
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where 𝑅
𝑐
is the compactification radius of the so-called

Fubini scalar field. Once the effective potential is defined, it
is easy to get the following identifications:

𝑅
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,
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= 𝑎. (3)

Having considered one component charge in (1), stability
requirements lead to 𝑎 = 𝜃/2𝜋 = 0, which describes the case
in which only the dilaton field is present, giving as the black
hole potential the following simplified expression [20]:
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Furthermore, by considering 𝜙 as a constant field the follow-
ing relation between black hole mass and effective potential
gets implemented [21]:

𝐺𝑀
2
= 𝑉BH. (5)

By imposing the stability 𝜕𝑉BH/𝜕𝜙 = 0, one gets
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with 𝜙
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referring to as their values at the horizon of

the black hole. By recasting the mass in terms of the product
of the two charges, that is, 𝐺𝑀2 = 2𝑄
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, and assuming the

Dirac quantization condition 2𝑄
𝑒
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integer, we finally get

𝐺𝑀
2
= 𝑛ℎ𝑐. (7)

For 𝑛 = 1, we obtain the lowest mass allowed for a quantum
black hole (primordial black hole)𝑀BH ≡ 𝑀Planck.

Here, our main purpose is to relate thermodynamics to
(7). In doing so, we show that the physical meaning of 𝑛, if it
becomes a function of the size of the system, that is, R =

R(𝑡), becomes that of an information parameter. In other
words, by employing 𝑛 = 𝑛(R), as the minimal information
of a given space time region, it is possible to recover the
holographic principle and the Verlinde’s recipe [22–26]. This
will be highlighted in the next sections.

3. Extending the Quantization Law to
Minimal Physical Regions

By following the pioneering work of [11, 12], we extend
the quantizing relation, proposed for primordial black hole
dominated era, to different epochs along the universe evo-
lution. In particular, we find that one possibility to relate
our formula to higher radii, is to consider a continuous 𝑛,
function of the Hubble radius R = R(𝑡), with 𝑡 the cosmic
time. After cumbersome algebra, one is able to depict a
model which shows a redshift evolution that predicts, at late
time, an accelerating universe under some conditions. The
holographic principle could be recovered if 𝑛 is reviewed as
the functional termwhich describes theminimal information
of the space time region under exam.

3.1.The Entropy Representation. Theconcept of entropy turns
out to be very useful to describe the thermodynamical pro-
cesses which imply an increasing disorder. In astrophysics,
all the processes are expected to occur only if the entropy
increases as the universe expands. However, that is mainly
true for all astrophysical systems. It follows that the use
of entropy leads to numerous applications, spanning from
virialized systems, to black hole physics. It is commonly
believed that the black hole entropy depends on its area,
rather than its volume, as in standard thermodynamics. In
the context of black hole physics, this turns out to be a natural
consequence of the macroscopic horizon, associated to every
black hole. The net energy content is assumed to be confined
within the horizon itself, and then the corresponding first and
second laws of thermodynamics can be easily inferred if one
considers the area as 𝐴bh = 4𝜋𝑅

2

bh, with 𝑅bh the black hole
radius (In this section, we omit the units ℎ, 𝑐, and 𝐺 for the
sake of clearness. In the incoming sections we will restore
their use.).

It is easy to show that the totalmass contained into a black
hole is𝑑𝑀 = (𝜅/8𝜋)𝑑𝐴bh, where 𝜅 is the surface gravity of the
black hole which can be computed in a model independent
way, showing that it is not necessary to fix a priori the black
hole mass through a ruler constant. For our purposes, the
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first law of thermodynamics reads 𝑑𝐸 = 𝑇𝑑𝑆, which naturally
defines a corresponding black hole temperature

𝑇bh =
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(

ℎ𝑐
3
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𝐵

) (8)

that can be recasted as
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, (9)

showing a simple connection between the black hole surface
gravity and its temperature. After cumbersome algebra, it is
possible to define a net entropy of the form 𝑆bh = (1/4)𝐴bh,
which provides a second law

𝑑𝑆bh ≥ −𝑑𝑆matter, (10)

commonly called the generalized second law. In the next
subsection, we adopt the validity of (9) and (10) to relate 𝑛 to
current observable universe, with particular attention to the
validity of (10), studying the consequences of introducing an
incoming particle into the physical system under interest.

3.2. The Generalized Scaling Relation. To get a scaling inde-
pendent relation, applicable in modern cosmology, we must
fulfill the conditions on entropy, emphasized in the above
sections. Particularly, we can assume

𝐺𝑀
2
= 𝑛 (R) ℎ𝑐, (11)

where a functional dependence of 𝑛 on the radius of black
holes has been introduced. Under this hypothesis, we get

2𝐺𝑀𝑑𝑀 = 𝑑𝑛ℎ𝑐, (12)

so, recalling (7), we infer the density 𝜌 ≡ 𝑑𝑀/𝑑𝑉, given by
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where we made use of the fact that 𝜌 ≈ 𝑀/𝑉. Equation
(13) differs from the approaches proposed in [27, 28], since
our relation has been obtained in terms of a generic black
hole radius, R. In other words, since the validity of (11) is
general, as one can see in [11, 12], our relation corresponds to
a quantization rule valid for gravitational quantum systems.
For these reasons, we want to demonstrate, in what follows,
that the use of our quantization relation, in observational
cosmology, may lead to accelerate the universe today, without
invoking a priori a dark energy term, as responsible for the
cosmic speed up.

Together with (13) we are able to assume that
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in which we used the definitions of Compton length and
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Equation (14) can be rewritten as
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and together with the quantization relation, we have
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and then one infers
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The entropy of a given region of space time is therefore
associated to 𝑛(R). By combining𝑁 = 4𝜋𝑛 and (17) with the
expression for the degrees of freedom, one gets
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, (18)

which relates the temperature to the mass of the universe.
Since the Unruh temperature is recovered under our picture,
it is easy to notice that our quantized rule appears to satisfy
the basic demands of thermodynamics.

3.3. Information of Incoming Particles. From another point
of view, one can wonder whether the information due to the
introduction of 𝑛(R) allows us to recover the first principle of
thermodynamics, if one adds energy to the system. As a toy
model, let us assume the simplest case of one black hole. By
assuming that 𝑛 scales with respect to the radius of our black
hole we get
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which represents the first principle in terms of the entropy 𝑆.
Easily we have 𝑑𝑛 = 2(𝐺𝑀𝑑𝑀/ℎ𝑐). So that, by substituting
the definition of 𝑛 into (19)
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we define 𝐹
𝑁
as the standard Newtonian law. Equation (20)

is compatible with the Newtonian dependence on the radius
R, because it reproduces the Uhruh law without corrections;
that is,
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which is compatible with (17) for the definition, 𝑅𝑀
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On the other side, for an incoming particle, assuming that the
volume of a BH is fixed,
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therefore, noticing that
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that reproduces the first principle 𝑑𝑈 = 𝑇𝑑𝑆 when one
takes the fixed volume evolution.Moreover, the identity holds
𝐹
𝑁
𝑅
𝑆
= 𝑈/2 = (1/2)𝑀𝑐

2. The origin of the factor 1/2 arises
because we are considering a fixed mass𝑀.

In other words, by evaluating the integral
−∫
0

𝑅𝑆

(𝐺𝑀(R)𝑑𝑀/R2)𝑑R, with 𝑀 = 𝜌 ⋅ (4/3)𝜋R3, we
cannot reproduce the exact expression for the Newtonian
law, which is instead recovered if

𝑀(R) = 𝜌 ⋅ 4𝜋R
2
, (25)

showing that the internal density scales as R−2. Relating
𝑀(R) to the 𝑛 term, it is easy to show that 𝑛 contains the
physical information of a certain system, in analogy with the
minimal size identified in the holographic principle.

In other words, by considering the quantizing relation
and the fact that one adds physical information to the system,
it is possible to reobtain the Newtonian law, if 𝑛 is associated
to the total energy budget.

4. Connection with Cosmology

An important consequence arises by assuming that the scale
relation could be associated to the net energy budget of
the whole universe. In other words, one may consider the
universe, as the physical system under exam. So that, by
keeping in mind the validity of the anthropic principle,
in a Friedmann-Robertson-Walker metric, we consider the
apparent horizon, that is, R ∝ H−1 [29, 30], as physical
radius. Hence, for reproducing the corresponding expression
for the entropy 𝑆, we notice that

𝑛 ∝ R
2
, (26)

which reproduces the form of the holographic principle in
the limiting case in which the apparent horizon corresponds
to the universe size, and 𝑛 to the minimal energy. This
represents an important result of ourmodel, since holography
seems to be recovered in a simple and concise way, by only
postulating the validity of (13), for the whole universe, in
whichwe considered the temperature as given by the standard
Hawking radiation, in terms of the apparent horizon.Thus, by
assuming that the volume of the universe scales as 𝑉 ∝ R3

[31, 32], we obtain

𝑛 ∝
1

H2
, (27)

in which we considered the fact that the apparent horizon
is proportional to the inverse square of the Hubble rate. By
considering the Friedmann equations,
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where 𝜌
𝑡
and 𝑃 are, respectively, the total energy budget and

pressure of the universe, through the use of the continuity
equation: that is,
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We are able to infer the conditions that relate𝜌with 𝑛 and𝑉. If
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3
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3 the standard pressureless
matter term, by postulating that 𝜌 represents the dark energy
counterpart and assuming the standard definition of energy
in thermodynamics [33], that is, 𝜌 ≡ 𝑛/𝑉, we find

𝜌 ∝ 𝑛
−1/2

, (30)

which is equivalent to require 𝜌 ∝ H. The corresponding
equation of state of the dark species associated to 𝑛 reads

𝜔 ≡
𝑃

𝜌
, (31)

and we can rewrite it, as follows:

𝜔 = −[1 +
(1 + 𝑧)

6

𝑑 ln 𝑛
𝑑𝑧

] , (32)

which is actually negative, mimicking the dark energy effects,
when the first derivative of 𝑛 with respect to the redshift 𝑧

is positive. If 𝑑𝑛/𝑑𝑧 > 0, the 𝑛 parameter should increase
as the universe expands, in agreement with the hypothesis
that at early times a significative contribution due to 𝑛

is significative, and the universe is black hole dominated.
Moreover, (32) provides a dark energy term, reproducing a
late time acceleration, which can be matched with current
observations; that is, −1 ≤ 𝜔 < 0, when 1 + 𝜔 ∝

𝑑 ln𝑉/𝑑𝑧. In addition, if the volume is negligibly small, at
early times, we have 𝜔 ≈ −1. This turns out to give us an
early time cosmological constant contribution. Nevertheless,
as 𝑧 → ∞, a cosmological constant term does not influence
the early pressure perturbations, that is, 𝛿𝑃 ≈ 0, since
matter dominates over dark energy. However, at late times,
an evolving dark energy term is expected, since 𝜔 strongly
depends on the form of 𝑉 in terms of H. Hence, our model
reduces to a cosmological constant dark energy at early times,
and to a late time evolving dark energy.

5. Conclusions and Perspectives

In this work, we propose a quantum scaling relation, derived
fromblack hole physics.Wepostulate that our scaling relation
is able to describe the universe dynamics, by considering
prime principles only. In particular, it is possible to show that,
under the hypothesis that 𝑛 is not a integer number, but a
function of the apparent horizon of the universe, one infers
the Newtonian law, in agreement with the first principle of
thermodynamics. This is analogous to the Verlinde’s recipe
in which gravity appears as a derived effect. So that, by
extending this result to cosmological scales, one finds the
interesting fact that dark energy arises as an emerging
effect due to our scaling relation. In other words, from our
basic demands, it is easy to show that volume, force, and
thermodynamics functions can be reobtained in a simple
and compact picture. Our goal is to recover the holographic
principle, by postulating that 𝑛 ∝ R2, where R represents
the apparent horizon of the universe.The corresponding dark
energy model predicts an evolving equation of state at late
times, reducing to a cosmological constant at early times.
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Future efforts will be devoted to constrain the cosmological
model with current data and to extend the validity of our
scaling relation to different cosmological scales.
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