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Spin and pseudospin symmetries of the Dirac equation for a Hulthén potential with a novel tensor interaction, that is, a combination
of the Coulomb and Yukawa potentials, are investigated using the Nikiforov-Uvarov method. The bound-state energy spectra and
the radial wave functions are approximately obtained in the case of spin and pseudospin symmetries. The tensor interactions and

the degeneracy-removing role are presented in details.

1. Introduction

The exact solutions of wave equations are still an interesting
problem in fundamental quantum mechanics. Unfortunately,
there are only a few potentials for which the Schrodinger,
Dirac, Klein-Gordon, and Duffin-Kemmer-Petiau (DKP)
equations can be exactly solved. Several potential models
have been introduced to explore the relativistic and nonrela-
tivistic energy spectra and the corresponding wave functions
[1-5]. Jia et al. [6] have derived the bound-state solution of
the Klein-Gordon equation under unequal scalar and vector
kink-like potentials. By using the series expansion method,
the authors in [7] have obtained the analytical solutions of
the two-dimensional Schrodinger equation with the Morse
potential. Pseudospin symmetry solution of Dirac equation
for the modified Rosen-Morse potential is investigated in
[8]. The DKP equation under a scalar Coulomb interaction
is solved in [9] where the authors have used the ansatz
approach. Ginocchio et al. [10-14] established the relation-
ship between the pseudospin and the Dirac equation by
recognizing that pseudo-orbital angular momentum 7 = [ + 1
is nothing but the usual orbital angular momentum [ of the
lower component of the Dirac spinor. They went further to
show that, within the framework of the Dirac theory, the
spin symmetry occurs when the difference of the potential

between the repulsive Lorentz vector potential V(r) and the
attractive Lorentz scalar potential S(r) is a constant; that is,
A(r) = V(r)=S(r) = const. On the other hand, the pseudospin
symmetry arises when the sum of the potentials is a constant;
that is, £(r) = V(r) + S(r) = const. Many researchers in
the field have investigated the symmetries in the presence
of various interactions. The list includes Manning-Rosen
(15], Eckart [16], Hyllerass [17], Deng-Fan [18], Mobious
square [19], Tietz [20], and Hyperbolical potentials [21].
The analysis of the symmetries has been done by using
various methods such as Nikiforov-Uvarov (NU) technique
[22], supersymmetric quantum mechanics (SUSYQM) [23],
and many others [24, and references therein]. Due to the
mathematical structure of the problem, the tensor interaction
is often considered as a Coulomb or Cornell interaction
[25]. Hassanabadi et al. were the first who introduced the
Yukawa tensor interaction [26] besides the Coulomb-like
term.

Here, we intend to report the solution of Dirac equation
for the Hulthén potential under the generalized Coulomb-
like and Yukawa-like potentials as tensor interactions. The
Hulthén potential is defined as [27, 28]
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FIGURE 1: 1/r* and its approximations for & = 0.05 fm.

where V,, a are two positive real parameters and represent the
strength and the screening range of the potential, respectively.

2. Dirac Equation with a Tensor Interaction

The Dirac equation under an attractive scalar potential S(r),
a repulsive vector potential V(r), and a tensor potential U(r)
in the relativistic unit (7 = ¢ = 1) is [13, 14]

[@-p+B(M+S(r)—ifa-7U (r)]w(r)

2)

=[E-V{]y(),
where E is the relativistic energy of the system, p = —iV
denotes the three-dimensional momentum operator, and M
stands for the mass of the fermionic particle. &, S are the 4 x 4

Dirac matrices given as
I 0
=5 %), ®

_._06’1
“=\s o)

where I is 2x2 unitary matrix and &; are the Pauli three-vector

matrices as follows:
01 0 —i 1 0
a-(lo) @(G3) @) @
The eigenvalues of the spin-orbit coupling operator are x =
(j+(1/2)) > 0,k = =(j + (1/2)) < 0 for unaligned j =
I-(1/2) and the aligned spinj = I+(1/2), respectively. The set
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(H,K,J?],) forms a complete set of conserved quantities.
Thus, we can write the spinors as

_ 1 ch (1") ij (9’ (P)
P75 (iGm (7},(6.9))° ¥

where F,, (1), G, (r) represent the upper and lower compo-
nents of the Dirac spinors. Y]l.m(e, ), Y]l.m(e, @) are the spin
and pseudospin spherical harmonics and m is the projection
on the z-axis. With other known identities,
(3-4)(¢-B)=A-B+ig-(AxB),

5 o s A<A > .c?-i) (6)
o-p=0-7(7-p+i

r

as well as
(L)Y}, (6.9) = (c - DY}, (6,9),
(-1)Y,,(6:9) =+ 1Y}, (6,9),
(@-7)Y,, (6,9) = —Yfm 0.9),
3 7)Y, (6.9) =Y, (6.9).

we find the following two coupled first-order Dirac equations:

7)

(i + 5 —U(")>ch (r) = (M + E,\c = A(r) G, (1),
dr r

dr r
(8)
where
A(r)=V(r)-S(r),
)
S(r)=V(r)+S(r).

Decoupling the components, we obtain the second-order
Schrodinger-like equation as

& kk+1) 2U() dU(r)
dr? r? r dr

~(M+E, —A(r))(M-E,, +2(r))
dA(r) (d « -1
+< = <E+;—U(r)>>(M+EnK—A(r)) }

-U*(r)

xF,. (r)=0,
(10)
2
{% B K(Krz— 1) . ZKIi(r) N d[;':r) _U ()
~(M+E, —A(r))(M-E,, +2(r))
dx(r) (d « -1
_< - (E—;+U(r)>>(M—EnK+E(r)) }
x G, (r)=0,
(11)

where x(x = 1) =10+ 1), k(k + 1) = I(I + 1).
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TaBLE 1: Bound state for the pseudospin symmetry & = 0.05 fm, M = 5fm™", V, = 4fm™", and Cp=-5 fm ™"

_ Ps -1y _ N -1 Ps -1y _ ps -1
Tnx<0 (&) EP* (fm™) = Ref. [27] EP (fm™) n-1Lx>0 (€+2,j+1) EP* (fm™) = Ref. [27] EP* (fm™)
(V;=0, H=0) (V; =0.5, H=0.5) (V;=0,H=0) (V; =0.5, H=0.5)
—-0.00862755, —0.00255933, —-0.00862755, —-0.01389734,
1 L-1 1S, 0,2 0ds,
—-0.05738712 —-0.02961889 —-0.05738712 —0.10389112
—-0.01538462, -0.00721029, —-0.01538462, —-0.02260173,
2 L,-2 1P, 0,3 0fsn
~0.10000000 ~0.06124936 ~0.10000000 ~0.15622180
~0.02413384, ~0.01389734, ~0.02413384, -0.03335506,
3 L3 1dy, 0,4 095/
—-0.15233675 —-0.10389112 —-0.15233675 —-0.21664494
—0.03492388, -0.02260173, —-0.03492388, —-0.04621304,
4 1,-4 1f,, 0,5 0hg),
~0.21278254 ~0.15622180 ~0.21278254 ~0.28340834
~0.01538462, ~0.00721029, ~0.01538462, -0.02260173,
1 2,-1 25, 1d,),
—-0.10000000 —-0.06124936 —-0.10000000 —-0.15622180
—-0.02413384, —-0.01389734, —-0.02413384, —-0.03335506,
2 2,-2 2Py, 1fs)2
—-0.15233675 —0.10389112 —-0.15233675 —0.21664494
—0.03492388, —-0.02260173, —0.03492388, —-0.04621304,
32,-3 2dy, 1,4 19,),
—-0.21278254 —-0.15622180 —-0.21278254 —-0.28340834
—-0.04781723, —-0.03335506, h —-0.04781723, -0.06125073,
4 2,-4 2f7/2 1lhy,,
—-0.27957698 —-0.21664494 —-0.27957698 —0.35469754
TABLE 2: Bound state for the spin symmetry & = 0.05fm, M = 5fm™", V, = 4fm™", and C, = 5fm™".
N E_(fm™) = Ref. [27] E_(fm™) ~  E_(fm™) = Ref. [27] E_(fm™)
¢ nk<0 (¢ i nre nx>0 (6 nic g
&7 (V, =0,H = 0) (V, = 0.5, H = 0.5) &7 (V, =0,H = 0) (V, = 0.5, H = 0.5)
0.06784763, 0.01709159, 0.06784763, 0.15074992,
1 0,-2 0Py, 0,1 0P,
0.00145930 0.00036476 0.00145930 0.00328431
0.15074992, 0.06784763, 0.15074992, 0.26338976,
2 0,-3  0ds, 0,2 0dy,
0.00328431 0.00145929 0.00328431 0.00584101
0.26338976, 0.15074992, 0.26338976, 0.40263365,
30,4 0f, 0,3 0fy,
0.00584101 0.00328431 0.00584101 0.00913106
0.40263365, 0.26338976, 0.40263365, 0.56482502,
4 0,-5 09s/, 0,4 09,/
0.00913106 0.00584101 0.00913106 0.01315663
0.15074992, 0.06784763, 0.15074992, 0.26338976,
1 1,-2 1Py, L1 1Py,
0.00328431 0.00145929 0.00328431 0.00584101
0.26338976, 0.15074992, 0.26338976, 0.40263365,
2 L3 1ds, L2 1ldy,
0.00584101 0.00328431 0.00584101 0.00913106
0.40263365, 0.26338976, 0.40263365, 0.56482502,
3 L4 1fy, L3 1fsp,
0.00913106 0.00584101 0.00913106 0.01315663
0.56482502, 0.40263365, 0.56482502, 0.74599944,
4 1L,-5 gy, L4 197,
0.01315663 0.00913106 0.01315663 0.01792038

3. Pseudospin Symmetry Limit

The pseudospin symmetry limit occurs in Dirac equation
when dX(r)/dr = 0 or 2(r) = C,s = const. In this limit,
we take A(r) as the Hulthén potential:

—2ar
A(r) = -V, (:7) (12)

In addition, we propose a novel generalized tensor interaction
of the form

U(r)=Ug(r) +Uy (r), (13)

where U (r) and Uy(r) are the Coulomb-like and Yukawa-
like potentials defined as

H
UC (T) = _7)
(14)
e—OC‘f
Uy (r) ==V,
with
z,z,,e*
H = 2e%b” (15)
47te)

where R, is the Coulomb radius and z, and z;, denote the
charges of the projectile a and the target nuclei b, respectively.
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FIGURE 2: PSS: energy versus « for pseudospin symmetry limit for V, = 4fm™, V, = 0.5fm™, H = 0.5, M = 5fm™", and Cps =5 fm™". SS:

energy versus « for spin symmetry limit for V, = 4 fm™!, V, =05 fm™', H=0.5M = 5fm ", and C,=5 fm™.

Also, V; is the depth of the potential. Substituting (14) into
(13), we can write the tensor potential as

1 _
U(r) = —;(H+Vle ). (16)
Substitution of (16) and (29) into (9) gives
> kx-1 2«H+Vie™) H aVie™
dr? r? r? r2 r
Vie™ H? 2HVe™ Vi
+ -— - - - (M +E”
r? r? r? r? ( )
e—Zar
ps ps
x (M- EX +C,) - (M- EE +Cy )V, o) }
xGh (r) = 0.
(17)

It is well known that the above equation cannot be exactly
solved due to the centrifugal term 2. In order to get rid of the
centrifugal term, we make use of the following approximation
[27, 29] (see Figure 1):

2 _2ar

4x°e 1
2

= (1 _ e—Z(XT)z, r

1
)

where x = —€ and k = £ + 1 for k < 0 and > 0, respectively.
Using a new variable of the form s = ¢7>*" and introducing

2
&s B 1
ps ps ps
P gt vi(ves):
262 B 3
ps _ _ps _ Fps _ 2\ _ 19
2 T ar 1 V1(2H+2K 2) (.- 1), (19)
2
ps _ Eps
3 4o’
where
2 _ ps ps
e, = (M +ER) (M-EP +Cp,), (20)
'BPS = (M - EEZ + Cps) Vo, (21)
k(k-1)+2kH-H+H*=k+H)(k+H-1)
(22)
=1 (1 = 1) — 1 = (k + H),
(17) is transformed to
defusc ]'dGEi B lp552 + ZPSS B 3PS ps _
o+ = + 5 Gr=0. (23
ds s ds s*(1-5)
Comparing (23) with (A.1), we find
(xlz(xzzas:l) EfS: IPS,
(24)
g = P ps _ ¢Pbs
2 20 3 3 -
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From (A.4) one can determine the rest of coefficients as

0 L 1+ bs
o, =0, o = ——, o = — ,
4 5 5 67 4 1
_ _ b _ ¢ps _1 ps ps ps
a==J3> & =J3» 0‘9—Z+1+3_2’
a =1+2Vf3
1 ps ps ps ps
o, =2+2 4_1+ Lt ,
_ .| ¢ps
X = >
1 1 ps ps ps [ rps
0613=—§—(\/1+ 1 + 3 — I + .
(25)

Substitution of the values of the parameters given by (25)
into (A.2) and (A.3) gives us the following relations for the
eigenfunctions and energy eigenvalues:

= s - 1/2)+~)(1/4)+ f2o+ f2 - f2°
Gl:’i (r) =e 204 f3 r(l e Zocr)( 12+ D+ 7+ f5 -1,
Ps ps PS _ ¢PS
X P,EZ SN S )(1 - 26_2‘”) , (26)

s B
ps p_
PP+/\P 3 +m—0,

where

1
ppzn2+n+5+(2n+1)

X\/}L+(K+V1+H)(K+VI+H—1)
3 (27)
+17K(’71<_1)+V1<2H+2K_5>’

1
AP=2n+1+2\/1+(K+V1+H)(K+VI+H—1),

On the other hand, the upper component can be found by
using the following relation:

PS (1) = 1 <i _K > ps
Fo (r)= M_E s Cps i +U((r) )G, (r). (28)
4. Spin Symmetry Limit

In this section, we consider the spin symmetry limit where
dA(r)/dr = 0 or A(r) = C,s = const. As in the previous
section, we consider

e—2ar
2(r) = -V, (—1 — ) ,

U(r) = —% (H+Vie™).

(29)

5
Substitution of (16) and (22) into (10) gives
d? _k(k+1) 2xH H? _H 2«Vie or
dr? r2 r2 r2  r? r2
aVie™ Vie™ 2HVe™ V12 e 2T (30)
oy r2 2
ﬁse—Zar

2
—g s = ]» F, (r) =0,

S (1

with &l = (E5, + M - C)(M - E.,), B = (E,. + M — C,)V,,
andk = fand k = —€ — 1 for k < 0 and k > 0, respectively.
Substituting (18) into (30), we have

d 4A (A -1)e™  8a’kVie ™  2a°Vie ™
drz (1 _ e_zar)z (1 _ 6—2067)2 (1 _ e—2¢xr)

2y, -2 2 -2 21,2 4
40°Vie™ ™ 8a’HVie *™  4a”Vie ™™

(1 _ e—Zacr)z (1 _ e—Zar)z (1 _ e—2rxr)2
—2ar
2 ﬁse s
-& +—>—tF (r)=0,
s (l_e—thr)} “K( )
(3D
where
K (k + 1)+2;<H+H+H2 =k+H+1)(x+H)
(32)
=A(A-1) > A, =k+H+1).
Introducing a new transformation of the form y = e ", we
arrive at the Schrédinger-like equation:
d2 1 d _fS 2 + S, _ S
{—2 P M} L ()=0. (3
ot oydy y(1-y)
where
2
S € ﬁs 1
F= i T TN <Vl _E>’
26, 3
fi= 15+ s Ac(h-1)- (2K+2H+ 5>Vl, (34)
2
S SS
fa= 40’

Using the same approach we used to solve (23), the energy
equation is obtained as

oot A - {i ~o, (35)

4, 2
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and the corresponding upper and lower radial wave functions

where
are
=’ +n+ ! +(2n+1)
ps - n Py S S 'S
. 2 F:,)k (r) = e—Za\/Er(l _ e—Zocr)(l/z)+\(1/4)+f1+f3_f2
X\/—+(K+V1+H+1)(K+V1+H) (37)

4 s s s S

(36) x Pr(lz\/Z’z (1/4)+f1 +f3_f2) (1 _ 26—200‘) ,

+A (A, -1)+V <2H+2K+§),

1 d «
G (N=—(Z+E_Uum)FE. (). @8
AS=21’l+1+2\]}1+(K+V1+H+1)(K+V1+H), e 1) M+E;K—Cs<dr r (r)) we (7). (38)



Advances in High Energy Physics

PSS M

4.80 4.85 4.90 4.95

-0.05

-0.20

_— 1d5/2

ToT 1f7/2

4.92 4.94 4.96 4.98 5

M
""" 1p3), — 1fy,
--- lds), == 1lgg)y

FIGURE 5: PSS: energy versus M for pseudospin symmetry limit for V, = 4fm™, V, = 0.5, H = 0.5, a = 0.05fm, and Cps = -5 fm™". SS:

energy versus M for spin symmetry limit for V, = 4fm™", V; = 0.5, H = 0.5, « = 0.05fm, and C, = 5fm™".

PSS

"L 0.08
L 0.06
L 0.04
- 0.02

0.00

- —0.02

EP) (1/fm)

- —0.04

- —0.06

- —0.08

- —0.10

F—0.12

SS

0.05

0.04

0.03

0.02

0.01

ES, (1/fm)

-0.01

-0.02

-0.03

—-0.04

FIGURE 6: PSS: energy versus C,,, for pseudospin symmetry limit for V;, = 4fm™,V, =0.5,H = 0.5,a = 0.05fm,and M = 5fm™". SS: energy
versus C, for spin symmetry limit for V; = 4fm™, V, =0.5,H =0.5,a =0.05fm,and M =5 fm™.

5. Discussion and Numerical Results

We obtained the energy eigenvalues in the absence (H = 0,
V, = 0) and the presence (H = 0.5, V; = 0.5) of the Coulomb-
like plus Yukawa tensor interaction for various values of
the quantum numbers n and «. The results are reported in
Tables 1 and 2 under the condition of the pseudospin and

spin symmetries, respectively, where we can see the way the
tensor interaction affects the degeneracy of the system. If we
set H = V; = 0, the potential reduces into the Hulthén
potential and our result is consistent with that of Aydogdua
et al. [27]. In Tables 1 and 2, we have compared our results
with [27]. We represent the effects of the a-parameter on the
bound states for H = V; = 0.5 in Figure 2. It is seen that if
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the a-parameter increases, the bound states become more
bounded in both for symmetry limits. Figures 3 and 4
present the effect of the tensor interaction on the bound
states. We have plotted the energy versus M in Figure 5.
Figure 6 shows the effects of C,; and C, on the bound-
states. In Figures 7 and 8, the wave functions are plotted for
pseudospin and spin symmetry limits with and without a
tensor interaction, respectively. It is seen in Figures 7 and
8 that the tensor interaction affects only the shape of the
wave functions and does not change the node structure
of the radial upper and lower components of the Dirac

spinors.

6. Conclusion

In this paper, we obtained the approximate analytical solu-
tions of the Dirac equation for the Hulthén potential with
a novel generalized tensor interaction consisting of the

Coulomb and Yukawa interactions within the framework
of pseudospin and spin symmetry limits using the NU
technique. We have obtained the energy levels in a closed
form and the corresponding wave functions in terms of
the Jacobi polynomials. We also included some numerical
results to investigate the way the combination of Coulomb
and Yukawa potentials. Finally, the results of our work find
many applications in both nuclear and Hadron physics and
therefore provide more general solutions compared to other
previous works performed in [30, 31].

Appendix

The NU method solves many linear second-order differential
equations by reducing them to a generalized equation of
hypergeometric type. Here, instead of the original formu-
lation, we use the parametric version which enables us
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to solve a second-order differential equation of the form
(22, 32]

d_2 L s da
ds?  s(1-ays)ds
(A1)

1 2
—— | &5 t 8- & =0.
T ]}‘”

According to the NU method, the eigenfunction is

l//(S) — Salz(l _ a3s)‘“12—(“13/a3)
(A.2)

x P}E“lo_ly(“u/‘xs)_“lo_l) (1 _ 2“35)

and the energy of the system satisfies

oan—(2n+ 1) as+ (2n+ 1) (1o + az+/og)

+n(n—1)a; + o, + 20305 + 2/ogotg = 0,

(A3)

where

0‘4:‘(1_“1)>
“6=“§+El’

og :“i +&,

1 1
2 “5:5(“2_2“3)’

oy = 2005 — &5,

_ 2
Oy = 0300, + 050 + g,

Qg = 0 + 2004 + 24/,

o = & = 205 + 2 (Vo + as/ag) s

Ky = 0y + 4/0g,

PP (x) =

a = o5 — (Vg + o 1/)
la+n+1)
nl(a+p+n+1)

<32 (m)

T(a+B+n+m+1)/x—1\"
IF(a+m+1) < 2 ) '
(A.4)

And PP is Jacobi polynomial.
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