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Here we briefly discuss the Einstein-Aether gravity theory by modification of Einstein-Hilbert action. We find the modified
Friedmann equations and then from the equationswefind the effective density andpressure for Einstein-Aether gravity sector.These
can be treated as if dark energy provided some restrictions on the free function 𝐹(𝐾), where 𝐾 is proportional to 𝐻2. Assuming
two types of the power law solutions of the scale factor, we have reconstructed the unknown function 𝐹(𝐾) from HDE and NADE
and their entropy-corrected versions (ECHDE and ECNADE). We also obtain the EoS parameter for Einstein-Aether gravity dark
energy. For HDE and NADE, we have shown that the type I scale factor generates the quintessence scenario only and type II scale
factor generates phantom scenario. But for ECHDE and ECNADE, both types of scale factors can accommodate the transition
from quintessence to phantom stages; that is, phantom crossing is possible for entropy-corrected terms of HDE andNADEmodels.
Finally, we show that the models are classically unstable.

1. Introduction

The type I a Supernovae and CosmicMicrowave Background
(CMB) [1, 2] observations indicate that our universe is
presently accelerating. This acceleration is caused by some
unknown matter which has the property that positive energy
density and negative pressure are dubbed as “dark energy”
(DE). Observations indicate that dark energy occupies about
70% of the total energy of the universe, and the contribution
of dark matter is ∼26%. Recent WMAP data analysis [3, 4]
also give us the confirmation of this acceleration. Although
a long-time debate has been done on this well-reputed and
interesting issue of modern cosmology, we still have little
knowledge about DE. The most appealing and simplest can-
didate for DE is the cosmological constant Λ. Over the past
decade there have been many theoretical models for mim-
icking the dark energy behaviors, such as ΛCDM, contain-
ing a mixture of cosmological constant Λ and cold dark mat-
ter (CDM). However, two problems arise from this scenario,

namely, “fine-tuning” and the “cosmic coincidence” prob-
lems. In order to solve these two problems, many dynamical
DE theoretical models have been proposed [5–9]. The scalar
field or quintessence [10, 11] is one of the most favored can-
didate of DE which produces sufficient negative pressure to
drive acceleration.

In recent times, considerable interest has been stimulated
in explaining the observed dark energy by the holographic
dark energy (HDE) model [12–14]. An approach to the prob-
lem of this dark energy arises from the holographic principle
[15]. For an effective field theory in a box size𝐿withUVcutoff
Λ
𝑐
, the entropy is given by 𝐿3Λ3

𝑐
. Taking the whole universe

into account the largest IR cutoff 𝐿 is chosen by saturating the
inequality so that we get the holographic dark energy density
as [13, 16] in the form 𝜌

Λ
= 3𝑐
2
𝑀
2

𝑝
𝐿
−2 where 𝑐 is a numerical

constant and𝑀
𝑝
≡ 1/√8𝜋𝐺 is the reduced Planck mass. The

most natural choice of 𝐿 is theHubble horizon𝐻−1. However,
Hsu [17] and Li [16] pointed out that in this case the EoS
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of holographic dark energy is zero and the expansion of the
universe cannot be accelerated. The next choice of 𝐿 is the
particle horizon. Unfortunately, in this case, the EoS of HDE
is always larger than −1/3 and the expansion of the universe
also cannot be accelerated. Finally, Li [16] found out that 𝐿
might be the future event horizon of the universe. On the
basis of the holographic principle, several others have studied
holographic model for dark energy [18–20]. Obviously, in the
derivation of HDE, the black hole (BH) entropy 𝑆BH plays
an important role. Usually, we know that 𝑆BH = 𝐴/4𝐺,
where 𝐴(∼ 𝐿

2
) is the area of BH horizon. Due to thermal

equilibrium fluctuation, quantum fluctuation, or mass and
charge fluctuations, the BH entropy-area relation has been
modified in loop quantum gravity (LQG) in the form [21, 22]
𝑆BH = 𝐴/4𝐺+𝜉 ln(𝐴/4𝐺)+𝜁, where 𝜉 and 𝜁 are dimensionless
constants of order unity. Recently,motivated by this corrected
entropy-area relation in the setup of LQG, the energy density
of the entropy-corrected HDE (ECHDE) was proposed by
Wei [23] and also details were discussed in [24].

Based on principle of quantum gravity, Cai [25] proposed
a new dark energy model based on the energy density. The
energy density of metric fluctuations of Minkowski-space-
time is given by 𝜌

Λ
∼ 𝑀
2

𝑝
/𝑡̃
2 [26, 27]. As the most natural

choice, the time scale 𝑡̃ is chosen to be the age of our universe,
𝑇 = ∫

𝑎

0
(𝑑𝑎/𝑎𝐻), where 𝑎 is the scale factor of our universe

and𝐻 is the Hubble parameter. Therefore, the dark energy is
called agegraphic dark energy (ADE) [25].The energy density
of agegraphic dark energy is given by 𝜌

Λ
= 3𝛼
2
𝑀
2

𝑝
𝑇
−2, where

the numerical factor 3𝛼2 is introduced to parameterize some
uncertainties, such as the species of quantum fields in the
universe. Since the original ADE model suffers from the
difficulty to describe thematter-dominated epoch, soWei and
Cai [28] have chosen the time scale 𝑡̃ to be the conformal
time 𝜂 instead of 𝑇, which is defined by 𝑑𝑡 = 𝑎𝑑𝜂 (where
𝑡 is the cosmic time); the energy density is obtained as
𝜌
Λ
= 3𝛼
2
𝑀
2

𝑝
𝜂
−2, which is called new agegraphic dark energy

(NADE) model [28]. It was found that the coincidence prob-
lem could be solved naturally in the NADE model. The ADE
models have given rise to a lot of interest recently and have
been examined and studied in details in [28, 29]. Recently,
very similar to the ECHDE model, the energy density of the
entropy-corrected NADE (ECNADE) was proposed by Wei
[23] and investigated in details for acceleration of the universe
[30].

Another approach to explore the accelerated expansion
of the universe is the modified theories of gravity. In this case
cosmic acceleration would arise not from dark energy as a
substance but rather from the dynamics of modified gravity
[31]. Modified gravity constitutes an interesting dynamical
alternative to ΛCDM cosmology. The simplest modified
gravity is DGP brane-world model [32].The other alternative
is 𝑓(𝑅) gravity [33] where the Einstein-Hilbert action has
been modified. Other modified gravity includes 𝑓(𝑇) gravity,
𝑓(𝐺) gravity, Gauss-Bonnet gravity, Horava-Lifshitz gravity,
Brans-Dicke gravity, and so forth, [34–40].

Here we have assumed another type of modified gravity
developed by Jacobson and Mattingly [41, 42], known as

Einstein-Aether theory. Zlosnik et al. [43, 44] has proposed
the generalization of Einstein-Aether theory.These years a lot
of work has been done in generalized Einstein-aether theories
[45–51]. In the generalized Einstein-Aether theories by taking
a special form of the Lagrangian density of Aether field,
the possibility of Einstein-Aether theory as an alternative to
dark energy model is discussed in detail, that is, taking a
special Aether field as a dark energy candidate and it has been
investigated the observational constraints for Aether field
[52, 53]. Meng et al. [52, 53] have shown that only Einstein-
Aether gravity may be generating dark energy, which caused
the acceleration of the universe.

Recently the reconstruction procedure or correspon-
dences between various dark energy models became a very
challenging subject in cosmological phenomena. Corre-
spondence between different DE models, reconstruction of
DE/gravity, and their cosmological implications have been
discussed by several authors [54–62]. We shall reconstruct
Einstein-Aether gravity model with HDE and NADE sepa-
rately. For this purpose, we first briefly discuss the Einstein-
Aether gravity theory by modification of Einstein-Hilbert
action in Section 2. We find the modified Friedmann equa-
tions and then from the equationswe find the effective density
and pressure for Einstein-Aether gravity sector. These can be
treated as if dark energy provided some restrictions on the
free function 𝐹(𝐾). Assuming two types of the power law
solutions of the scale factor, we can reconstruct the unknown
function 𝐹(𝐾) from HDE and NADE and their entropy-
corrected versions (ECHDE and ECNADE) in Section 3.
Finally, we give some cosmological implications of the recon-
structed models in Section 4.

2. Einstein-Aether Gravity Theory and
Modified Friedmann Equations

Einstein-Aether theory is the extension of general relativity
(GR) that couples with the metric and incorporates a dynam-
ical unit timelike vector field (i.e., Aether). The action of
the Einstein-Aether gravity theory with the normal Einstein-
Hilbert part action can be written in the form [43, 52]

𝑆 = ∫𝑑
4
𝑥√−𝑔 [

𝑅

16𝜋𝐺
+LEA +L

𝑚
] , (1)

where LEA is the Lagrangian density for vector field and
L
𝑚

denotes the Lagrangian density for matter field. The
Lagrangian density for the vector field [43, 52] is given by

LEA =
𝑀
2

16𝜋𝐺
𝐹 (𝐾) +

1

16𝜋𝐺
𝜆 (𝐴
𝑎
𝐴
𝑎
+ 1) , (2)

𝐾 = 𝑀
−2
𝐾
𝑎𝑏

𝑐𝑑
∇
𝑎
𝐴
𝑐
∇
𝑏
𝐴
𝑑
, (3)

𝐾
𝑎𝑏

𝑐𝑑
= 𝑐
1
𝑔
𝑎𝑏
𝑔
𝑐𝑑
+ 𝑐
2
𝛿
𝑎

𝑐
𝛿
𝑏

𝑑
+ 𝑐
3
𝛿
𝑎

𝑑
𝛿
𝑏

𝑐
, (4)

where 𝑐
𝑖
are dimensionless constants, 𝑀 is the coupling

constant, 𝜆 is a Lagrangian multiplier, 𝐴𝑎 is a contravariant
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vector, and 𝐹(𝐾) is an arbitrary function of 𝐾. From (1), we
get the Einstein’s field equations

𝐺
𝑎𝑏
= 𝑇

EA
𝑎𝑏

+ 8𝜋𝐺𝑇
𝑚

𝑎𝑏
, (5)

∇
𝑎
(𝐹
󸀠
𝐽
𝑎

𝑏
) = 2𝜆𝐴

𝑏
, (6)

where

𝐹
󸀠
=
𝑑𝐹

𝑑𝐾
, 𝐽

𝑎

𝑏
= 2𝐾
𝑎𝑑

𝑏𝑐
∇
𝑑
𝐴
𝑐
. (7)

Here 𝑇𝑚
𝑎𝑏
is the energy momentum tensor for matter and 𝑇EA

𝑎𝑏

is the energy momentum tensor for the vector field given as
follows:

𝑇
𝑚

𝑎𝑏
= (𝜌 + 𝑝) 𝑢

𝑎
𝑢
𝑏
+ 𝑝𝑔
𝑎𝑏
, (8)

where 𝜌 and 𝑝 are, respectively, the energy density and
pressure of matter and 𝑢

𝑎
= (1, 0, 0, 0) is the fluid 4-velocity

vector and

𝑇
EA
𝑎𝑏

=
1

2
∇
𝑑
[(𝐽
(𝑎

𝑑
𝐴
𝑏)
− 𝐽
𝑑

(𝑎
𝐴
𝑏)
− 𝐽
(𝑎𝑏)

𝐴
𝑑
) 𝐹
󸀠
]

− 𝑌
(𝑎𝑏)

𝐹
󸀠
+
1

2
𝑔
𝑎𝑏
𝑀
2
𝐹 + 𝜆𝐴

𝑎
𝐴
𝑏

(9)

with

𝑌
𝑎𝑏
= −𝑐
1
[(∇
𝑑
𝐴
𝑎
) (∇
𝑑
𝐴
𝑏
) − (∇

𝑎
𝐴
𝑑
) (∇
𝑏
𝐴
𝑑
)] , (10)

where the subscript (𝑎𝑏)means symmetric with respect to the
indices and 𝐴𝑎 = (1, 0, 0, 0) is time-like unit vector.

We consider the Friedmann-Robertson-Walker (FRW)
metric of the universe as

𝑑𝑠
2
= −𝑑𝑡

2
+ 𝑎
2
(𝑡) [

𝑑𝑟
2

1 − 𝑘𝑟2
+ 𝑟
2
(𝑑𝜃
2
+ sin2𝜃𝑑𝜙2)] ,

(11)

where 𝑘 (= 0, ±1) is the curvature scalar and 𝑎(𝑡) is the scale
factor. From (3) and (4), we get

𝐾 =
3𝛽𝐻
2

𝑀2
, (12)

where𝛽 is constant. From (5), we get themodified Friedmann
equation for Einstein-Aether gravity as follows:

𝛽(−𝐹
󸀠
+

𝐹

2𝐾
)𝐻
2
+ (𝐻

2
+
𝑘

𝑎2
) =

8𝜋𝐺

3
𝜌,

𝛽
𝑑

𝑑𝑡
(𝐻𝐹
󸀠
) + (−2𝐻̇ +

2𝑘

𝑎2
) = 8𝜋𝐺 (𝜌 + 𝑝) ,

(13)

where𝐻 (= ̇𝑎/𝑎) is Hubble parameter. Also the conservation
equation is given by

̇𝜌 + 3
̇𝑎

𝑎
(𝜌 + 𝑝) = 0. (14)

Let 𝜌EA and 𝑝EA be the effective energy density and pres-
sure governed by the Einstein-Aether gravity; then we may
write (13) in the following form:

(𝐻
2
+
𝑘

𝑎2
) =

8𝜋𝐺

3
𝜌 +

1

3
𝜌EA,

(−2𝐻̇ +
2𝑘

𝑎2
) = 8𝜋𝐺 (𝜌 + 𝑝) + (𝜌EA + 𝑝EA) ,

(15)

and hence we obtain

𝜌EA = 3𝛽𝐻
2
(𝐹
󸀠
−

𝐹

2𝐾
) ,

𝑝EA = −3𝛽𝐻
2
(𝐹
󸀠
−

𝐹

2𝐾
) − 𝛽 (𝐻̇𝐹

󸀠
+ 𝐻𝐹̇

󸀠
) .

(16)

The equation of state (EoS) parameter due to the Einstein-
Aether contribution is given by

𝑤EA =
𝑝EA
𝜌EA

= −1 −

(𝐻̇𝐹
󸀠
+ 𝐻𝐹̇

󸀠
)

3𝐻2 (𝐹󸀠 − 𝐹/2𝐾)
. (17)

Since density is always positive, so 𝜌EA > 0 implies 𝐹󸀠 >
𝐹/2𝐾, where we assume 𝛽 > 0. The effective density and
pressure governed by Einstein-Aether gravity generate dark
energy if 𝜌EA + 3𝑝EA < 0, which provides the condition
2𝐻
2
(𝐹
󸀠
− 𝐹/2𝐾) > −(𝐻̇𝐹

󸀠
+ 𝐻𝐹̇

󸀠
).

3. Reconstruction of Einstein-Aether
Gravity Model

Since Einstein-Aether theory is the modified gravity theory
and this may generate dark energy. So this gravity can be
corresponding with other well-known dark energy models.
For this purpose, we consider the dark energy models which
are holographic dark energy (HDE) and new agegraphic
dark energy (NADE) and their entropy-corrected versions
(ECHDE and ECNADE). The Einstein-Aether gravity sector
contains a function 𝐹(𝐾); so equating the density with the
dark energy models, we can find 𝐹(𝐾), so 𝐹(𝐾) can be con-
structed from the dark energy models. For reconstruction of
𝐹(𝐾) in terms of𝐾, we need to know the form of scale factor
𝑎(𝑡). For this purpose, we assume two types of power law
forms of 𝑎(𝑡) for providing the acceleration of the universe
and we reconstruct the Einstein-Aether gravity according to
the HDE, ECHDE, NADE, and ECNADE models.

(i) Type I. Consider 𝑎(𝑡) = 𝑎
0
𝑡
𝑚, 𝑚 > 0, where the constant

𝑎
0
represents the present-day value of the scale factor [63].

With this choice of scale factor we obtain𝐻, 𝐻̇, and𝐾 in the
following form:

𝐻 =
𝑚

𝑡
, 𝐻̇ = −

𝑚

𝑡2
, 𝐾 =

3𝛽𝑚
2

𝑀2𝑡2
. (18)
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Figure 1: ((a) and (b))The variations of𝐹(𝐾) against𝐾 forHDE and ECHDEmodels. Blue line represents type Imodel and red line represents
type II model.

We see that 𝐻̇ < 0, so this model corresponds to only
quintessence dominated universe (not phantom) and hence
the scale factor may be called the quintessence scale factor.

(ii) Type II. Consider 𝑎(𝑡) = 𝑎
0
(𝑡
𝑠
− 𝑡)
−𝑛, 𝑡 < 𝑡

𝑠
, 𝑛 > 0, where

the constant 𝑎
0
represents the present-day value of the scale

factor and 𝑡
𝑠
is the probable future singularity finite time [63]:

𝐻 =
𝑛

𝑡
𝑠
− 𝑡

, 𝐻̇ =
𝑛

(𝑡
𝑠
− 𝑡)
2
, 𝐾 =

3𝛽𝑛
2

𝑀2(𝑡
𝑠
− 𝑡)
2
.

(19)

We see that 𝐻̇ > 0, so this model corresponds to only phan-
tom dominated universe (not quintessence) and hence the
scale factor may be called the phantom scale factor.

3.1. Reconstruction from Holographic Dark Energy (HDE)
Model. Wenow suggest the correspondence between the hol-
ographic dark energy scenario and Einstein-Aether dark
energy model. The holographic dark energy (HDE) density
can be written as [55, 64, 65]

𝜌
Λ
= 3𝑐
2
𝐿
−2
, 𝐿 = 𝑅

ℎ
, (20)

where 𝑐 is a constant and 𝑅
ℎ
represents the future event hori-

zon. Fromobservation, the best fit value of 𝑐 is 0.818+0.113
−0.097

. For
type I scale factor, 𝑅

ℎ
is defined as

𝑅
ℎ
= 𝑎∫

∞

𝑡

𝑑𝑡

𝑎
=

𝑡

𝑚 − 1
, 𝑚 > 1. (21)

For type II scale factor, 𝑅
ℎ
is defined as

𝑅
ℎ
= 𝑎∫

𝑡
𝑠

𝑡

𝑑𝑡

𝑎
=
𝑡
𝑠
− 𝑡

𝑛 + 1
. (22)

For type I scale factor, equating the energy densities (i.e.,
𝜌EA = 𝜌

Λ
), we get the reconstructed equation

𝑑𝐹

𝑑𝐾
−

𝐹

2𝐾
=
𝑐
2
(𝑚 − 1)

2

𝛽𝑚2
, (23)

which immediately gives the solution

𝐹 (𝐾) =
2𝑐
2
(𝑚 − 1)

2

𝛽𝑚2
𝐾 + 𝐴

1
√𝐾. (24)

For type II scale factor, we also get similar solution

𝐹 (𝐾) =
2𝑐
2
(𝑛 + 1)

2

𝛽𝑛2
𝐾 + 𝐴

2
√𝐾. (25)

Here 𝐴
1
and 𝐴

2
are integration constants. For these

solutions, the EoS for Einstein-Aether gravity can be obtained
as 𝑤EA = −1 + 2/3𝑚 for type I model and 𝑤EA = −1 − 2/3𝑛

for type II model. We see that −1 < 𝑤EA < −1/3 (i.e.,
quintessence) if𝑚 > 1 for type I model and for 𝑛 > 0, 𝑤EA <

−1 (phantom), for type II model. The graphs of 𝐹(𝐾) with
respect to𝐾 has been drawn in Figure 1(a) for both type I and
type IImodels. From the figure, we see that the reconstruction
function 𝐹(𝐾) increases as 𝐾 increases for HDE model.

3.2. Reconstruction from Entropy-Corrected Holographic Dark
Energy (ECHDE) Model. Using the corrected entropy-area
relation, the energy density of the ECHDE can be written as
[23]

𝜌
Λ
=
3𝑐
2

𝑅
2

ℎ

+
𝜉

𝑅
4

ℎ

ln (𝑅2
ℎ
) +

𝜁

𝑅
4

ℎ

, (26)

where 𝜉 and 𝜁 are constants. For type I scale factor, equating
the energy densities (i.e., 𝜌EA = 𝜌

Λ
), we get the reconstructed

equation

𝑑𝐹

𝑑𝐾
−

𝐹

2𝐾
=
𝑐
2
(𝑚 − 1)

2

𝛽𝑚2

+
(𝑚 − 1)

4
𝑀
2

(3𝛽𝑚2)
2

𝐾[𝜁 + 𝜉 ln(
3𝛽𝑚
2

𝑀2(𝑚 − 1)
2
𝐾
)] ,

(27)
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which immediately gives the solution

𝐹 (𝐾) =
2𝑐
2
(𝑚 − 1)

2

𝛽𝑚2
𝐾 +

(𝑚 − 1)
4
𝑀
2

9(3𝛽𝑚2)
2
𝐾
2

× [3𝜁 + 2𝜉 + 2𝜉 ln(
3𝛽𝑚
2

𝑀2(𝑚 − 1)
2
𝐾
)] + 𝐵

1
√𝐾.

(28)

Here 𝐵
1
is integration constant. In this case, using (17), the

EoS parameter for Einstein-Aether gravity can be written as

𝑤EA = −1 +
4

3𝑚

× [(27𝑐
2
𝑡
2
+ (𝑚 − 1)

2

× {9𝜁 − 𝜉 + 12𝜉 ln( 𝑡

𝑚 − 1
)})

× (54𝑐
2
𝑡
2
+ (𝑚 − 1)

2

× {9𝜁 + 2𝜉 + 12𝜉 ln( 𝑡

𝑚 − 1
)})

−1

] ,

𝑚 > 1.

(29)

For type II scale factor, we also get the similar solution

𝐹 (𝐾) =
2𝑐
2
(𝑛 + 1)

2

𝛽𝑛2
𝐾 +

(𝑛 + 1)
4
𝑀
2

9(3𝛽𝑛2)
2
𝐾
2

× [3𝜁 + 2𝜉 + 2𝜉 ln(
3𝛽𝑛
2

𝑀2(𝑛 + 1)
2
𝐾
)] + 𝐵

2
√𝐾.

(30)

Here 𝐵
2
is integration constant. In this case, using (17), the

EoS parameter for Einstein-Aether gravity can be written as

𝑤EA = −1 −
4

3𝑛

× [(27𝑐
2
(𝑡
𝑠
− 𝑡)
2

+ (𝑛 + 1)
2

× {9𝜁 − 𝜉 + 12𝜉 ln(
(𝑡
𝑠
− 𝑡)

𝑛 + 1
)})

× (54𝑐
2
(𝑡
𝑠
− 𝑡)
2

+ (𝑛 + 1)
2

× {9𝜁 + 2𝜉 + 12𝜉 ln(
(𝑡
𝑠
− 𝑡)

𝑛 + 1
)})

−1

] .

(31)

The graphs of 𝐹(𝐾) with respect to 𝐾 has been drawn
in Figure 1(b) for both type I and type II models. From the

figure, we see that the reconstruction function𝐹(𝐾) increases
as 𝐾 increases for ECHDE model. The EoS parameter 𝑤EA
against time 𝑡 has been drawn in Figure 3(a) for both type
I and type II models. We see that Einstein-Aether EoS
parameter 𝑤EA gives the transition from 𝑤EA > −1 to 𝑤EA <

−1 stages for both type I and type II models. So for type I
and type II models, when we assume ECHDE, the Einstein-
Aether DE interpolates from quintessence era to phantom
stage. So phantom crossing is possible for these models.Thus
we conclude that for both type I and type II models, entropy-
corrected terms (𝜉 ̸= 0, 𝜁 ̸= 0) generate the phantom crossing.

3.3. Reconstruction fromNewAgegraphicDark Energy (NADE)
Model. Theenergy density of the new agegraphic dark energy
(NADE) model is given by [28]

𝜌
Λ
=
3𝛼
2

𝜂2
, (32)

where 𝜂 = ∫(𝑑𝑡/𝑎(𝑡)) is the conformal time and the numerical
factor 3𝛼2 serves to parameterize some uncertainties, which
include the effect of curved spacetime, some species of quan-
tumfields in the universe, and so forth. Fromobservation, the
best fit value of 𝛼 is 2.716+0.111

−0.109
.

For type I model, the conformal time is

𝜂 = ∫

𝑡

0

𝑑𝑡

𝑎
=

𝑡
1−𝑚

𝑎
0
(1 − 𝑚)

, 𝑚 < 1. (33)

For type II model, the conformal time is

𝜂 = ∫

𝑡
𝑠

𝑡

𝑑𝑡

𝑎
=
(𝑡
𝑠
− 𝑡)
𝑛+1

𝑎
0
(𝑛 + 1)

. (34)

For type Imodel, equating the energy densities (i.e., 𝜌EA =

𝜌
Λ
), we get the reconstructed equation

𝑑𝐹

𝑑𝐾
−

𝐹

2𝐾
=
𝑎
2

0
𝛼
2
(1 − 𝑚)

2

𝛽𝑚2
(
3𝛽𝑚
2

𝑀2
)

𝑚

1

𝐾𝑚
, (35)

which immediately gives the solution

𝐹 (𝐾) =
2𝑎
2

0
𝛼
2
(1 − 𝑚)

2

𝛽𝑚2 (1 − 2𝑚)
(
3𝛽𝑚
2

𝑀2
)

𝑚

𝐾
1−𝑚

+ 𝐶
1
√𝐾. (36)

For type II model, we get the similar reconstructed equation,
which gives the similar solution

𝐹 (𝐾) =
2𝑎
2

0
𝛼
2
(𝑛 + 1)

2

𝛽𝑛2 (2𝑛 + 1)
(
3𝛽𝑛
2

𝑀2
)

−𝑛

𝐾
𝑛+1

+ 𝐶
2
√𝐾, (37)

where 𝐶
1
and 𝐶

2
are integration constants. For these solu-

tions, the EoS for Einstein-Aether gravity can be obtained as
𝑤EA = −5/3 + 2/3𝑚 for type I model and 𝑤EA = −5/3 − 2/3𝑛

for type II model. We see that for 1/2 < 𝑚 < 1, we have
−1 < 𝑤EA < −1/3, that is, quintessence model for type I
model and 𝑤EA < −5/3 < −1 (phantom divide) for all 𝑛 > 0

for type II model. The graphs of 𝐹(𝐾) with respect to 𝐾 has
been drawn in Figure 2(a) for both type I and type II models.
From the figure, we see that the reconstruction function𝐹(𝐾)
increases as 𝐾 increases for NADE model.
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Figure 2: ((a) and (b)) The variations of 𝐹(𝐾) against 𝐾 for NADE and ECNADE models. Blue line represents type I model and red line
represents type II model.

3.4. Reconstruction from Entropy-Corrected New Agegraphic
Dark Energy (ECNADE)Model. Using the corrected entropy-
area relation, the energy density of the ECNADE can be writ-
ten as [23]

𝜌
Λ
=
3𝛼
2

𝜂2
+

𝜉

𝜂4
ln (𝜂2) + 𝜁

𝜂4
, (38)

where 𝜉 and 𝜁 are constants. Here we have replaced 𝑅
ℎ
by

conformal time 𝜂 in (26). For type I model, equating the
energy densities (i.e., 𝜌EA = 𝜌

Λ
), we get the reconstructed

equation

𝑑𝐹

𝑑𝐾
−

𝐹

2𝐾
=
𝑎
2

0
𝛼
2
(1 − 𝑚)

2

𝛽𝑚2
(
3𝛽𝑚
2

𝑀2
)

𝑚

𝐾
−𝑚

+
𝑎
4

0
(1 − 𝑚)

4

3𝛽𝑚2
(
3𝛽𝑚
2

𝑀2
)

2𝑚−1

𝐾
1−2𝑚

× [𝜁 + 𝜉 ln{(
3𝛽𝑚
2

𝑀2
)

1−𝑚

𝐾
𝑚−1

𝑎
2

0
(1 − 𝑚)

2
}] ,

(39)

which immediately gives the solution

𝐹 (𝐾) =
2𝑎
2

0
𝛼
2
(1 − 𝑚)

2

𝛽𝑚2 (1 − 2𝑚)
(
3𝛽𝑚
2

𝑀2
)

𝑚

𝐾
1−𝑚

+ 𝐷
1
√𝐾 +

2𝑎
4

0
(1 − 𝑚)

4

3𝛽𝑚2(3 − 4𝑚)
2
(
3𝛽𝑚
2

𝑀2
)

2𝑚−1

𝐾
2−2𝑚

× [ (3 − 4𝑚) 𝜁 + 2 (1 − 𝑚) 𝜉

+ (3 − 4𝑚) 𝜉 ln{(
3𝛽𝑚
2

𝑀2
)

1−𝑚

𝐾
𝑚−1

𝑎
2

0
(1 − 𝑚)

2
}] .

(40)

Here 𝐷
1
is integration constant. In this case, using (17), the

EoS parameter for Einstein-Aether gravity can be written as

𝑤EA = −1 +
2 (1 − 𝑚)

3𝑚

× [

[

(𝑎
2

0
𝛽𝑚
2
(2𝜁 − 𝜉) + 𝛼

2
𝑀
2
(
3𝛽𝑚
2

𝑀2
)

𝑚

𝑡
2−2𝑚

+ 4𝑎
2

0
𝛽𝑚
2
𝜉 ln( 𝑡

1−𝑚

𝑎
0
(1 − 𝑚)

))

× (𝑎
2

0
𝛽𝑚
2
𝜁 + 𝛼
2
𝑀
2
(
3𝛽𝑚
2

𝑀2
)

𝑚

𝑡
2−2𝑚

+ 2𝑎
2

0
𝛽𝑚
2
𝜉 ln( 𝑡

1−𝑚

𝑎
0
(1 − 𝑚)

))

−1

]

]

,

𝑚 < 1.

(41)

For type II model, we get the similar reconstructed equa-
tion, which gives the similar solution

𝐹 (𝐾) =
2𝑎
2

0
𝛼
2
(1 + 𝑛)

2

𝛽𝑛2 (1 + 2𝑛)
(
3𝛽𝑛
2

𝑀2
)

−𝑛

𝐾
1+𝑛

+ 𝐷
2
√𝐾 +

2𝑎
4

0
(1 + 𝑛)

4

3𝛽𝑛2(3 + 4𝑛)
2
(
3𝛽𝑛
2

𝑀2
)

−2𝑛−1

𝐾
2+2𝑛

× [ (3 + 4𝑛) 𝜁 + 2 (1 + 𝑛) 𝜉

+ (3 + 4𝑛) 𝜉 ln{(
3𝛽𝑛
2

𝑀2
)

1+𝑛

𝐾
−𝑛−1

𝑎
2

0
(1 + 𝑛)

2
}] .

(42)
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Figure 3: ((a) and (b)) The variations of 𝑤EA against 𝑡 for ECHDE and ECNADE models. Blue line represents type I model and red line
represents type II model.

Here 𝐷
2
is integration constant. In this case, using (17), the

EoS parameter for Einstein-Aether gravity can be written
as

𝑤EA = −1 −
2 (1 + 𝑛)

3𝑛

× [

[

(𝑎
2

0
𝛽𝑛
2
(2𝜁 − 𝜉) + 𝛼

2
𝑀
2
(
3𝛽𝑛
2

𝑀2
)

−𝑛

𝑡
2+2𝑛

+4𝑎
2

0
𝛽𝑛
2
𝜉 ln (

𝑡
1+𝑛

𝑎
0
(1 + 𝑛)

))

× (𝑎
2

0
𝛽𝑛
2
𝜁 + 𝛼
2
𝑀
2
(
3𝛽𝑛
2

𝑀2
)

−𝑛

𝑡
2+2𝑛

+ 2𝑎
2

0
𝛽𝑛
2
𝜉 ln( 𝑡

1+𝑛

𝑎
0
(1 + 𝑛)

))

−1

]

]

.

(43)

The graphs of 𝐹(𝐾) with respect to 𝐾 has been drawn in
Figure 2(b) for both type I and type II models. From the
figure, we see that the reconstruction function𝐹(𝐾) increases
as 𝐾 increases for type I model for ECNADE. But for type
II model, 𝐹(𝐾) first increases with positive value up to a
certain value of𝐾 and then it sharply decreases from positive
value to negative value for increasing 𝐾. The EoS parameter
𝑤EA against time 𝑡 has been drawn in Figure 3(b) for both
type I and type II models. We see that Einstein-Aether EoS
parameter 𝑤EA gives the transition from 𝑤EA > −1 to 𝑤EA <

−1 stages for both type I and type II models. So for type I
and type II models, when we assume ECNADE, the Einstein-
Aether DE interpolates from quintessence era to phantom
stage. So phantom crossing is possible for these models.Thus
we conclude that for both type I and type II models, entropy-
corrected terms (𝜉 ̸= 0, 𝜁 ̸= 0) generate the phantom crossing.

4. Discussions and Concluding Remarks

In this work, we have assumed the Einstein-Aether gravity
theory by modification of Einstein-Hilbert action in FRW
universe. We find the modified Friedmann equations and
then from the equations we find the effective density and
pressure for Einstein-Aether gravity sector. These can be
treated as if dark energy provided some restrictions on the
free function 𝐹(𝐾), where𝐾 is proportional to𝐻2. Assuming
two types of the power law forms of the scale factor, we
have reconstructed the unknown function 𝐹(𝐾) from HDE
and NADE and their entropy-corrected versions (ECHDE
and ECNADE). From Figures 1 and 2, we observed that the
function 𝐹(𝐾) increases with positive sign for increasing
𝐾 for type I and type II models when we assumed HDE,
ECHDE, andNADE. But for type IImodel in ECNADE,𝐹(𝐾)
first increases with positive value up to a certain value of 𝐾
and then it sharply decreases from positive value to negative
value for increasing 𝐾. From the reconstructions of all the
models, we obtain 𝐹(𝐾) → 0 as 𝐾 → 0. We also obtain
the EoS parameter for Einstein-Aether gravity dark energy.
For HDE and NADE, we have shown that the type I scale
factor generates the quintessence scenario (𝑚 > 1 for HDE
and 1/2 < 𝑚 < 1 for NADE) only and type II scale factor
generates phantom scenario (𝑛 > 0). So these models cannot
generate phantom crossing. But for ECHDE and ECNADE,
the EoS parameter 𝑤EA in terms of time 𝑡 has been drawn
in Figures 3(a) and 3(b). For ECHDE and ECNADE, both
types of scale factors can accommodate the transition from
quintessence to phantom stages; that is, phantom crossing is
possible for these models. Hence we conclude that phantom
crossing happens for entropy-corrected terms (𝜉 ̸= 0, 𝜁 ̸=

0) of HDE and NADE models. Also we have observed that
the forms of the constructed function 𝐹(𝐾) and the EoS
parameter 𝑤EA are similar for type I and type II models of
the scale factor.

We may also assume the scale factor in de Sitter space
time as in the form 𝑎(𝑡) = 𝑎

0
𝑒
𝐻𝑡, where𝐻 is constant, which

can describe the early-time inflation of the universe. In this
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Figure 4: ((a) and (b)) The variations of V2
𝑠
against 𝑡 for ECHDE and ECNADE models. Blue line represents type I model and red line

represents type II model.

case we shall get𝐾 = 3𝛽𝐻
2
/𝑀
2, which is constant and hence

𝐹(𝐾) must be a constant function. So the reconstruction is
not possible for de Sitter space. For this choice of scale factor,
we must have 𝐻̇ = 0 and from (17), we get 𝑤EA = −1,
which behaves like the cosmological constant. For de Sitter
space 𝐻 = constant implies the Ricci scalar 𝑅 = constant
which also implies𝑓(𝑅)must be a constant function. But they
have obtained 𝑓(𝑅) in terms of 𝑅, so the right-hand side of
𝑓(𝑅) must be constant. So for HDE, NADE, ECHDE, and
ECNADEmodels, the𝑓(𝑅) cannot be reconstructed in terms
of 𝑅. So their reconstruction analysis in de Sitter space is not
correct.

Next we want to examine the stability of the Einstein-
Aether gravity model. For this purpose we need to verify
the sign of the square speed of sound which is defined by
V2
𝑠
= 𝜕𝑝EA/𝜌EA = 𝑝̇EA/ ̇𝜌EA. If V

2

𝑠
> 0, the model is stable

and V2
𝑠
< 0 implies the model is classically unstable. Some

authors [61, 62, 66–69] have shown that HDE, ADE, NADE,
Chaplygin gas, holographic Chaplygin, holographic 𝑓(𝑇),
holographic 𝑓(𝐺), new agegraphic 𝑓(𝑇), and new agegraphic
𝑓(𝐺)models are classically unstable because square speed of
sound is negative throughout the evolution of the universe.
In our reconstructing Einstein-Aether gravity model from
HDE, NADE, ECHDE, and ECNADE, we have to examine
the signs of V2

𝑠
. For HDE model, we find V2

𝑠
= −1 + 2/3𝑚 for

type I model and V2
𝑠
= −1 − 2/3𝑛 for type II model. Since

𝑚 > 1 and 𝑛 > 0, so we obtain V2
𝑠
< 0 for type I and type II

models. Also For NADEmodel, we find V2
𝑠
= −5/3+2/3𝑚 for

type I model and V2
𝑠
= −5/3 − 2/3𝑛 for type II model. Since

1/2 < 𝑚 < 1 and 𝑛 > 0, so we get V2
𝑠
< 0 for type I and

type II models. Hence we conclude that the Einstein-Aether
gravity for HDE and NADE models are classically unstable.
For ECHDE and ECNADE models, the expressions of 𝑝EA
and 𝜌EA are complicated, so we draw the graphs of V2

𝑠
for these

models in Figures 4(a) and 4(b), respectively, for type I and
type II models. From the figures, we observe that V2

𝑠
< 0 for

Einstein-Aether gravity in ECHDE and ECNADEmodels. So
all the models are classically unstable at present and future
stages of the FRW universe.
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