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The appearance of the quantum gravitational effects in a very high energy regime necessitates some corrections to the thermodynamics of Friedmann-Robertson-Walker (FRW) universe. The modified dispersion relation (MDR) as a phenomenological
approach to investigate the high energy physics provides a perturbation framework upon which the FRW universe thermodynamics
can be corrected. In this letter, we obtain the corrected entropy-area relation of the apparent horizon of FRW universe by utilizing
the extra dimensional form of MDR, leading to the modification of Friedmann equations. The influence of MDR on the Friedmann
equations provides a good insight into the understanding of the FRW universe dynamics in the final quantum gravity theory.

1. Introduction
Nowadays a black hole is known as a thermodynamical object
which obeys the four laws of thermodynamics. Using the
entropy-area relation and the temperature relation of the
black hole, the first law of thermodynamics can reproduce
the gravitational field equations [1]. On the other hand, the
Hawking radiation at the event horizon of the black hole, as
a feature of Einstein gravity, is a quantum mechanics effect
[2–5]. Hence one may find a deep connection between three
seemingly different branches of science: thermodynamics,
gravity, and quantum mechanics in the black holes. Recently,
this connection has also been investigated extensively for
FRW universe [6]. After replacing the event horizon of a
black hole by the apparent horizon of FRW universe, one may
attribute an associated entropy, 𝑆 = 𝐴/4𝐺, and temperature,
𝑇 = 1/2𝜋̃𝑟𝐴 , to FRW spacetimes. Note that 𝐴, 𝐺, and
𝑟̃𝐴 are the area of the apparent horizon, the gravitational
constant, and the radius of the apparent horizon, respectively.
If one applies the first law of thermodynamics to the apparent
horizon of any finite dimensional FRW universe with any
spatial curvature, the Friedmann equations can be derived
[6]. In addition, one may see the effects of quantum gravity
in the process of Hawking radiation at the apparent horizon
of the FRW universe. Therefore, the FRW spacetimes are

suitable examples of extreme quantum gravity regimes as well
as the black holes and a complete quantum theory of gravity
is needed to describe them.
Since a common feature of all promising candidates for
quantum theory of gravity is the existence of a minimal
observable length [7–13], the modified dispersion relation is
particularly suitable for incorporating such a finite resolution
of the spacetime in the theoretical framework of the standard
model [14]. In other words, MDR is a suitable phenomenological approach to study the physics of quantum gravity. The
modifications of the energy-momentum dispersion relation
are particularly so interesting in the study of loop quantum
gravity and models based on noncommutative geometry
[14]. The MDR affects the physical systems in a very high
energy regime by incorporating the quantum gravitational
effects. Since MDR can yield to a deeper understanding of
the ultimate quantum gravity proposal, we have investigated
the 4-dimensional form of MDR in the context of the black
holes thermodynamics in [15]. There, we have compared
the results obtained from MDR with ones obtained from
some other more reliable approaches such as string theory
and loop quantum gravity. Demanding the same results in
all approaches leads to imposing some constraints on the
form of MDR. Moreover, one may be interested in the extra
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dimensional form of the modified dispersion relation introduced in [16] with the aim of furthering our understanding
of the properties and structure of MDR. In this letter, we
use the extra dimensional form of MDR obtained in the
abovementioned studies where terms proportional to odd
powers of energy are not present [14–16] and concentrate
on the (𝑛 + 1)-dimensional FRW universe. MDR may affect
the thermodynamics of FRW universe and then lead to the
modification of the Friedmann equations.
Previously, FRW universe had been considered to modify
the Friedmann equations from the generalized uncertainty
principle (GUP) in 4 dimensions [17] and higher dimensions
[2]. Although the extra dimensional form of the generalized
uncertainty principle as an equivalence face of the modified
dispersion relation has been used frequently in the past [18–
20], the modified dispersion relation in extra dimensions is a
new subject worth discussing [14, 16]. In this work, we start
by introducing the extra dimensional form of MDR used
by us. Then we apply MDR to obtain the corrections to the
entropy-area relation of FRW universe. Using the corrected
entropy-area relation of the apparent horizon, the first law
of thermodynamics may be cast to the modified Friedmann
equations. The modified Friedmann equations can certainly
result in a better understanding of FRW universe dynamics.

2. The Modified Dispersion Relation in
Extra Dimensions
The modified dispersion relation in 4 dimensions can be
written as [21]
2

(𝑝)⃗ = 𝑓 (𝐸, 𝑚; 𝐿 𝑝 ) ≃ 𝐸2 − 𝜇2 + 𝛼1 𝐿 𝑝 𝐸3
+ 𝛼2 𝐿2𝑝 𝐸4 + O (𝐿3𝑝 𝐸5 ) ,

(1)

where the function 𝑓 gives the exact dispersion relation and
𝐿 𝑝 is the Planck length. The applicability of a Taylor-series
expansion for 𝐸 ≪ 1/𝐿 𝑝 has been assumed on the righthand side. The values of coefficients 𝛼𝑖 may be different in
different proposals of quantum gravity. The parameter 𝑚 is
the rest energy of the particle and the parameter 𝜇 on the
right-hand side is directly related to the rest energy, but 𝜇 ≠ 𝑚
if 𝛼𝑖 ’s do not all vanish. In the context of black holes studies,
incorporating quantum gravitational effects forces us to modify the Bekenstein-Hawking formalism. Of course, MDR can
provide a perturbation framework for such modifications. On
the other hand, string theory and loop quantum gravity give
the entropy-area relation of black holes as
2

𝑆=

𝐿𝑝
𝐴
𝐴
+ 𝜌 ln 2 + O ( ) ,
2
4𝐿 𝑝
𝐿𝑝
𝐴

(2)

where the assumption 𝐴 ≫ 𝐿2𝑝 has been considered and 𝜌
may have different values in string theory and in loop quantum gravity [21–26]. Since the black hole thermodynamical
solutions obtained by using string theory and loop quantum
gravity are expected to be more reliable, these solutions
could be considered as a test bed against which other

solutions including the ones obtained via MDR should be
compared [15]. With that in mind, the entropy of a black hole
obtained using (1) is functionally different from (2) obtained
within string theory and loop quantum gravity. To obtain a
consistent black hole thermodynamics in both approaches, it
is necessary to introduce constraints on the usual form of the
MDR. As a result, the terms proportional to odd powers of
energy should be ignored in the MDR formula [15]. Consequently, the 4-dimensional form of MDR can be considered
as
2

(𝑝)⃗ = 𝑓 (𝐸, 𝑚; 𝐿 𝑝 ) ≃ 𝐸2 − 𝜇2 + 𝛼𝐿2𝑝 𝐸4 + O (𝐿4𝑝 𝐸6 ) . (3)
Of course, the thermodynamics of black holes obtained via
(3) is now consistent with the result given by (2).
Alternatively, one may be interested in using the extra
dimensional form of MDR which is not studied enough yet.
We have investigated the modified dispersion relation in
theories with extra dimensions in our previous work [16].
We know that the generalized uncertainty principle plays the
same role as MDR in quantum theories of gravity. In other
words, the generalized uncertainty principle is an appropriate
approach to investigate quantum gravity and implies the
concept of the minimal observable length in the same way
as MDR. In fact, there is a phenomenologically close relation
between GUP and MDR. It seems that GUP and MDR are
phenomenologically two (though seemingly different) faces
of an underlying quantum gravity proposal. Because of that
one may find the extra dimensional form of MDR by using
the extra dimensional form of GUP which is known in
literatures. In 4 dimensions, GUP and MDR both provide a
framework to modify the quantities in the realm of quantum
gravity and yield to the same functional modifications.
Consequently, one may expect that they can also yield to
the equivalent results in extra dimensions. Utilizing the
extra dimensional form of GUP and insisting to derive the
equivalent results from GUP and MDR, one may introduce
the extra dimensional form of MDR [16]. According to [16],
the extra dimensional form of MDR is functionally the same
as the 4-dimensional one in (3). However, it is important to
point that the Planck length in the extra dimensional form
of MDR depends on the dimensionality of the spacetime to
incorporate the effects of the existence of the extra dimensions.
As another point, we have shown in [14, 16, 27] that the
parameter 𝛼 is a negative quantity of order one. There, a
comparison was made between the results of two approaches,
GUP and MDR, within the context of the black hole thermodynamics with that of string theory and loop quantum
gravity. Demanding the same results in all approaches and
considering the string theory and loop quantum gravity as
more comprehensive and needing to have the positive minimal observable length lead to the negativity of the parameter
𝛼. The sign of the parameter 𝛼 may play an important role in
the interpretation of the correction terms coming from MDR.
In this work, we utilize the extra dimensional form of MDR to
modify the thermodynamics of the (𝑛 + 1)-dimensional FRW
universe.
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3. The FRW Universe Thermodynamics
We consider an (𝑛 + 1)-dimensional FRW universe, whose
line element is given by
𝑑𝑠2 = −𝑑𝑡2 + 𝑎2 (𝑡) (

𝑑𝑟
+ 𝑟2 𝑑Ω2𝑛−1 ) ,
1 − 𝑘𝑟2

(4)

1
,
√𝐻2 + 𝑘/𝑎2

(5)

̇ = (𝑑𝑎/𝑑𝑡)/𝑎 is the Hubble parameter. The
where 𝐻 = 𝑎/𝑎
apparent horizon is a marginally trapped surface with vanishing expansion. We assume that the apparent horizon has an
associated entropy and temperature as
𝑆=

𝐴
,
4𝐺

𝑑𝐸 ≥

2

where 𝑑Ω2𝑛−1 denotes the line element of an (𝑛 − 1)-dimensional unit radius sphere, 𝑎(𝑡) is the scale factor, and 𝑘 defines
the curvature of the spatial section. Using the notation 𝑟̃ = 𝑎𝑟,
one can find the radius of the apparent horizon as
𝑟̃𝐴 =

of the other terms refers to the effects of MDR. One may write
(11) as

𝑇=

1
,
2𝜋̃𝑟𝐴

(6)

where 𝐴 = 𝑛Ω𝑛 𝑟̃𝐴𝑛−1 is the apparent horizon area and Ω𝑛 =
𝜋𝑛/2 /Γ(𝑛/2+1) is the volume of an 𝑛-dimensional unit sphere.
Then it can be shown that the first law of thermodynamics
𝑑𝐸 = 𝑇𝑑𝑆,

(7)

reproduces the Friedmann equations [6].
In this work, we are interested in finding the modified
Friedmann equations in a very high energy regime. To obtain
the modified Friedmann equations, we start by deriving the
corrections to the entropy of FRW universe via MDR. Let us
consider the extra dimensional form of MDR as

1
Φ (𝛿𝑥2 ) ,
𝛿𝑥

where
1
1
3
5
23
Φ (𝛿𝑥2 ) = [1 − 𝛼𝐿2𝑝 2 + (− 𝛼 + 𝛼2 ) 𝐿4𝑝 4 ] .
2
𝛿𝑥
2
8
𝛿𝑥
(13)
Let us now consider that a particle with energy 𝑑𝐸 is
absorbed or radiated via the apparent horizon. In the realm
of the standard model where the effects of quantum gravity
can be ignored, the energy of this particle may be identified
by 𝑑𝐸 ≃ 𝛿𝑝 (with 𝑐 = 1) [28]. Using the standard uncertainty
principle, 𝛿𝑝 ≥ 1/𝛿𝑥, one may find from (6) and (7) that
𝑑𝐴 =

4𝐺 1
4𝐺
𝑑𝐸 ≃
.
𝑇
𝑇 𝛿𝑥

+ 𝛼 𝐿4𝑝 𝐸6 + O (𝐿6𝑝 𝐸8 ) .

(8)

Differentiating (8) yields
3
5
5
𝑑𝑝 ≃ 𝑑𝐸 [1 + 𝛼𝐿2𝑝 𝐸2 + ( 𝛼 − 𝛼2 ) 𝐿4𝑝 𝐸4 ] ,
2
2
8

(9)

where the rest mass has been neglected. Here we have considered only the terms up to the forth power of the Planck
length, without loss of generality in conclusion. Some manipulations will then lead to
5
23
3
𝑑𝐸 ≃ 𝑑𝑝 [1 − 𝛼𝐿2𝑝 𝐸2 + (− 𝛼 + 𝛼2 ) 𝐿4𝑝 𝐸4 ] .
2
2
8

(10)

To first order corrections, assuming 𝐸 ≃ 𝛿𝐸, we may apply the
standard uncertainty formulae, 𝛿𝐸 ≥ 1/𝛿𝑥 and 𝛿𝑝 ≥ 1/𝛿𝑥, to
obtain [14–16, 27]
𝑑𝐸 ≥

1
1
5
23
3
1
[1 − 𝛼𝐿2𝑝 2 + (− 𝛼 + 𝛼2 ) 𝐿4𝑝 4 ] . (11)
𝛿𝑥
2
𝛿𝑥
2
8
𝛿𝑥

Within the standard model, one may only see the first term
on the right-hand side of the above formula. The emergence

(14)

One may obviously conclude that incorporating the effects of
MDR via the inclusion of Φ yields
𝑑𝐴 MDR =

4𝐺
4𝐺 1
𝑑𝐸 ≃
Φ (𝛿𝑥2 ) .
𝑇
𝑇 𝛿𝑥

(15)

Using (14), we can write
𝑑𝐴 MDR ≃ Φ (𝛿𝑥2 ) 𝑑𝐴.

(16)

The position uncertainty of the particle which is crossing
through the apparent horizon can be chosen as its Compton
wavelength which has the order of the inverse of the Hawking
temperature. Thus one can write [29–32]

2

(𝑝)⃗ = 𝑓 (𝐸, 𝑚; 𝐿 𝑝 ) ≃ 𝐸2 − 𝜇2 + 𝛼𝐿2𝑝 𝐸4

(12)

𝛿𝑥 ≃ 2̃𝑟𝐴 = 2(

𝐴 1/(𝑛−1)
)
,
𝑛Ω𝑛

(17)

where Ω𝑛 is the volume of an 𝑛-dimensional unit sphere. Now
it is possible to write Φ(𝛿𝑥2 ) as a function of the area of the
apparent horizon as follows:
𝑛Ω 2/(𝑛−1)
3
Φ (𝐴) = 1 − 𝛼𝐿2𝑝 ( 𝑛 )
8
𝐴
5
23 2 4 𝑛Ω𝑛 4/(𝑛−1)
+ (− 𝛼 +
.
𝛼 ) 𝐿 𝑝(
)
32
128
𝐴

(18)

Substituting (18) into (16), one may find the area of the
apparent horizon as
𝐴 MDR = ∫ Φ (𝐴) 𝑑𝐴.

(19)

As a result, the corrected entropy of FRW universe can be
derived as
𝑆MDR =

𝐴 MDR
.
4𝐺

(20)

4
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For 𝑛 = 3, the MDR-corrected entropy of the FRW universe
will be
𝑆MDR =

3Ω
𝐴
3
𝐴
− 𝛼𝐿2 ( 3 ) ln
4𝐺 8 𝑝 4𝐺
4𝐺
23 2 4 3Ω3 2 4𝐺
5
− (− 𝛼 +
𝛼 ) 𝐿 𝑝(
)
.
32
128
4𝐺
𝐴

(21)

4. The Modified Friedmann Equations

For 𝑛 = 4, the corrected entropy is
𝑆MDR =

4Ω 2/3 𝐴 1/3
𝐴
9
− 𝛼𝐿2𝑝 ( 4 ) ( )
4𝐺 2
4𝐺
4𝐺
− 3 (−

time. In addition, one may be interested in finding the modified Friedmann equations within MDR. Using the MDRcorrected entropy of FRW universe, the first law of thermodynamics can reproduce the modified Friedmann equations.

5  23 2 4 4Ω4 4/3 4𝐺 1/3
𝛼 +
𝛼 ) 𝐿 𝑝(
) ( ) ,
32
128
4𝐺
𝐴
(22)

In an (𝑛+1)-dimensional FRW universe with the line element
given by (4), we may suppose that the apparent horizon has an
associated entropy, 𝑆 = 𝐴/4𝐺, and temperature, 𝑇 = 1/2𝜋̃𝑟𝐴 .
It has been confirmed that the first law of thermodynamics,
𝑑𝐸 = 𝑇𝑑𝑆 can reproduce the Friedmann equations [6]
𝑘
8𝜋𝐺
𝐻̇ − 2 = −
(𝜌 + 𝑃) ,
𝑎
𝑛−1

and for 𝑛 = 5, the MDR-corrected entropy is
𝑆MDR =

5Ω 1/2 𝐴 1/2
𝐴
6
− 𝛼𝐿2𝑝 ( 5 ) ( )
4𝐺 8
4𝐺
4𝐺
5
23 2 4 5Ω5
𝐴
+ (− 𝛼 +
𝛼 ) 𝐿𝑝 (
) ln
.
32
128
4𝐺
4𝐺

𝑘
16𝜋𝐺
𝜌,
𝐻 + 2 =
𝑎
𝑛 (𝑛 − 1)

(24)

2

(23)

The entropy-area relation of FRW universe can be similarly
derived for another dimensionality. Without loss of generality, we have considered the influence of the MDR on the
entropy-area relation of the FRW universe only up to the forth
power of the Planck length. The existence of the logarithmic
correction term in the entropy-area relation of a FRW universe or a black hole has been so controversial in literatures
[2, 14–17, 33]. In this work, it has been shown that the logarithmic correction term has appeared only for odd 𝑛 (even spacetime dimensions). In other words, if one tries to obtain the
entropy-area relation for other dimensions, the emergence of
the logarithmic correction term is certainly restricted to even
dimensional universe. Moreover, one may see that the leading
logarithmic correction term gives a positive contribution
to the entropy of the 4-dimensional spacetime since the
parameter 𝛼 is a negative quantity of order one [14, 16, 27].
Since this particular term may be useful as a discriminator of
the prospective fundamental theories, fixing it independent
of the specific elements of any particular model of quantum
gravity seems to be of importance. Therefore, MDR as a
model independent concept is a convenient approach to provide the corrections to FRW universe entropy.
As another point, we can refer to the absence of the
fractional powers of 𝐴 and 𝐴−1 in the entropy-area relation
of the 4-dimensional FRW universe in our approach. In
4 dimensions, the entropy-area relation obtained here is
functionally consistent with the results coming from the GUP
in [2], whereas it is different from the results coming from the
GUP in [17]. It seems that the MDR which is applied by us
may be another face of the GUP version without the linear
term of the Planck length in [2].
Anyway, the quantum gravity effects are so important in
the early universe. The appearance of the correction terms
in the entropy-area relation, coming from MDR, plays an
important role in studying the FRW universe in the Planck

where 𝜌 and 𝑃 are the energy density and pressure of the
cosmic fluid, respectively. 𝑑𝐸 = 𝑑(𝜌𝑉) is the energy flow
pass through the apparent horizon. To derive the Friedmann
equations, the continuity equation has been used.
It is important to point that the modification to the
entropy-area relation leads to the modification to Friedmann
equations [2, 17, 34]. In this work, we have applied MDR to
correct the entropy-area relation of FRW universe. Now we
can write the first law of thermodynamics as
𝑑𝐸 = 𝑇𝑑𝑆MDR ,

(25)

where 𝑇 = 1/2𝜋̃𝑟𝐴 and 𝑑𝐸 = 𝐴(𝜌 + 𝑃)𝐻̃𝑟𝐴 𝑑𝑡. By some manipulations, the modified Friedmann equations can be written
as [2]
8𝜋𝐺
𝑘
(𝜌 + 𝑃) ,
(𝐻̇ − 2 ) Φ (𝐴) = −
𝑎
𝑛−1
8𝜋𝐺
𝐴 −2/(𝑛−1) 𝑑𝐴
)
𝜌 = − ∫ Φ (𝐴) (
.
𝑛
𝑛Ω𝑛
𝐴

(26)

The function Φ(𝐴) has been introduced in the previous
section and shows the effects of MDR. Finding Φ(𝐴) from
(18) and substituting the result into (26) lead to the corrected
Friedmann equations.
For 𝑛 = 3, the modified Friedmann equations can be
derived as
−

𝑘
8𝜋𝐺
(𝜌 + 𝑃) = (𝐻̇ − 2 )
2
𝑎
3Ω
3
× [1 − 𝛼𝐿2𝑝 ( 3 )
8
𝐴
+ (−

5  23 2 4 3Ω3 2
𝛼 +
𝛼 ) 𝐿 𝑝(
) ],
32
128
𝐴
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3Ω3
3Ω 2
8𝜋𝐺
3
𝜌=
− 𝛼𝐿2𝑝 ( 3 )
3
𝐴
16
𝐴
+ (−

5  23 2 4 3Ω3 3
𝛼 +
𝛼 ) 𝐿 𝑝(
).
96
384
𝐴
(27)

For 𝑛 = 4, we may have
−

8𝜋𝐺
𝑘
(𝜌 + 𝑃) = (𝐻̇ − 2 )
3
𝑎
4Ω 2/3
3
× [1 − 𝛼𝐿2𝑝 ( 4 )
8
𝐴
+ (−

5  23 2 4 4Ω4 4/3
𝛼 +
𝛼 ) 𝐿 𝑝(
) ],
32
128
𝐴

4Ω 4/3
8𝜋𝐺
3 4Ω 2/3 9
𝜌 = ( 4 ) − 𝛼𝐿2𝑝 ( 4 )
4
2 𝐴
32
𝐴
+ (−

5  23 2 4 4Ω4 2
𝛼 +
𝛼 ) 𝐿 𝑝(
).
64
256
𝐴

(28)

For 𝑛 = 5, we have
−

Conflict of Interests

8𝜋𝐺
𝑘
(𝜌 + 𝑃) = (𝐻̇ − 2 )
4
𝑎
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5Ω 1/2
3
× [1 − 𝛼𝐿2𝑝 ( 5 )
8
𝐴
+ (−
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5  23 2 4 5Ω5
𝛼 +
𝛼 ) 𝐿𝑝 (
)],
32
128
𝐴

5Ω
5Ω 1/2 3
8𝜋𝐺
𝜌 = 2( 5 ) − 𝛼𝐿2𝑝 ( 5 )
5
𝐴
8
𝐴
+ (−

10  46 2 4 5Ω5 3/2
𝛼 +
𝛼 ) 𝐿 𝑝(
) .
96
384
𝐴

of this history. Since the early universe experiences a very
high energy regime, the effects of quantum gravity should
not be forgotten there. In this letter, the modified dispersion
relation as an appropriate phenomenological approach to
study the quantum gravitational effects has been used to
study the FRW universe. We have obtained the corrections
to the entropy of a FRW universe via the extra dimensional
form of MDR. We have found that the logarithmic correction
term, whose existence is still somewhat mysterious, may only
emerge in a FRW universe with even dimensions (odd 𝑛’s). In
other words, the existence of the logarithmic correction term
depends on the spacetime dimensions. Insisting on the existence of the logarithmic correction term in the entropy of a
FRW universe restricts the spacetime dimensions to be even.
This fact can provide a constraint on the ultimate quantum
gravity theory. As another point, according to the negativity
of parameter 𝛼, one can conclude that the leading logarithmic
correction term has a positive contribution to the entropy of
the apparent horizon of the 4-dimensional FRW universe.
Utilizing the corrected entropy-area relation, the first law
of thermodynamics can reproduce the modified Friedmann
equations. The corrections to the Friedmann equations can
certainly lead to a more accurate dynamics and hence a better
understanding of the evolution history of the FRW universe.

(29)

Here we have kept only the terms up to the forth power
of the Planck length. The Friedmann equations for another
dimensionality can be derived in a similar way. Here MDR
has provided a useful framework to incorporate the quantum
gravitational effects in a very high energy regime. Of course,
understanding more about Friedmann equations leads to
more accurate dynamics for the universe. Realizing the
dynamics of the FRW universe in the era of Planck time can
be helpful in paving the way for studying the whole evolutionary history of the universe.

5. Conclusions
Finding the whole evolution history of the FRW universe is
one of the most important goals in cosmology. To reach this
goal, one may be interested in finding the dynamics of the
FRW universe in the era of Planck time as an important part
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