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We present an overview of recent progress in the theoretical and phenomenological studies of neutrino masses, lepton avor mixing,
and CP violation. Firstly, We discuss the status of neutrino mass with in the Standard Model (SM) of particle physics. Then the
possible ways in which neutrino mass terms can be included in the SM are discussed. The inclusion of new physics beyond the SM
inevitably brings new parameters which are not constrained by the present experimental data on neutrino masses and mixing angles
and, thus, are free parameters of the theory. We, also, discuss various theoretically motivated phenomenological approaches which
can be used to reduce the number of free parameters and, thus, provide an excellent tool to understand the underlying physics
of neutrino masses and mixings. Current experimental constraints on the neutrino mass spectrum and the lepton avor mixing
parameters, including the recent observation of nonzero 𝜃13 , have been summarized. Finally, We discuss the renewed interest in
the possible existence of one or more sterile neutrinos and their phenomenology.

1. Introduction
Neutrino physics dates back to early years of the twentieth
century when nuclear beta decay experiments [1, 2] discovered the continuous spectrum of beta rays which posed a
serious problem for theoretical interpretation. There were
two possible ways to justify the observed continuous beta
ray spectrum: (i) energy conservation does not hold in the
nucleus or, alternatively, (ii) a neutral particle that carries
missing energy is emitted together with electrons. The second
viewpoint was advocated by Pauli in a public letter to “Gruppe
der Radioaktiven” at the Gauvereins Tagung in Tubingen
written in December 1930 [3] as a “verzweifelter ausweg”
(desperate wayout) to save the law of conservation of energy
in nuclear beta decay process. According to Pauli’s conjecture,
the postulated particle should be electrically neutral with a
mass much smaller (0.01𝑚𝑝 at most) than the proton. The
particle was supposed to have spin 1/2 and to respect the
Pauli exclusion principle. A pioneering experiment by Ray
Davis and his team needed 30 years to catch 2000 solar
electron neutrinos in a mine in south Dakota. His count
was much lower than predicted by theoretical calculations.

The disappearance of neutrinos seems to be tied to a rather
mind boggling behavior of these elusive particles: neutrino
oscillations. As neutrinos travel through matter and space,
they transform from one type into another, either appearing
as electron neutrino, muon neutrino, or tau neutrino. It
took almost 26 years for the experimental detection of the
neutrinos and, thus, validate the Pauli neutrino hypothesis.
The nuclear beta decay experiments, thus, gave us glimpses
of the intricate working of nature. Since then, after decades
of painstaking experimental and theoretical work, neutrinos
have become an essential part of the quantum description of
the fundamental particles and forces, namely, the Standard
Model (SM) of particle physics.
Neutrino physics has played a crucial role in particle
physics since the birth of the theory of weak interaction. The
advances in the field requiring the detection of such an elusive
particle have been characterized by long time scales until the
observation of Super-Kamiokande (SK) experiment in 1998
which triggered an impressive acceleration and interest in
the field. Questions about neutrino oscillations and a fourth
neutrino are only some of many neutrino puzzles yet to be
solved. Exactly how heavy is a single neutrino? What do
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neutrinos tell us about the origin of mass? Are neutrinos connected to extra dimensions? Do neutrinos violate the matterantimatter symmetry or other fundamental symmetries of
the Universe? Are neutrinos Dirac or Majorana type?, are
some of the puzzles, yet to be answered, in neutrino physics.
There are various neutrino experiments primarily aiming to
confront these questions. Turning these theoretical ideas and
possibilities into reality will require years of research and
development to overcome technological challenges nothing
new for neutrino physicists, who have seen that the need for
patience when unraveling the mysteries of the Universe is
their goal. At present, neutrino physics is passing through
a phase of spectacular advancements on both theoretical
and experimental fronts [4, 5]. Various neutrino experiments
have conclusively demonstrated that neutrinos not only have
mass but they also mix and the observed pattern of masses
and mixings is quite different from that of the quark sector.

2. A Bird Eye View of the Standard Model of
Particle Physics
The Standard Model (SM) of particle physics is one of the
most successful models in modern physics. It is a mathematical description of interactions of the fundamental building
blocks of nature, that is, quarks and leptons. Moreover, it is
a quantum description of the three out of four fundamental
interactions (SM does not include gravity) mediated by the
exchange of particles: the electromagnetic (EM) interaction is
mediated by the exchange of photons, the strong interaction
by the exchange of gluons, and weak interaction by the
exchange of massive vector bosons.
In technical terms, the SM is based on the gauge group
𝐺SM = 𝑆𝑈 (3)𝐶 × 𝑆𝑈 (2)𝐿 × 𝑈 (1)𝑌

(1)

with three fermion generations. Each generation consists of
five different representations of this gauge group:
1
2
1
1
(1, 2, − ) , (3, 2, ) , (1, 1, −1) , (3, 1, ) , (3, 1, − ) , (2)
2
6
3
3
where the numbers in the parenthesis represent the corresponding charges under the gauge group. In this notation, the
electric charge is given by
𝑄EM = 𝑇𝐿3 + 𝑌.

(4)

Electroweak bosons
Gluons

(5)

Fields

𝑈(1)𝑌

𝐵𝜇

𝑆𝑈(2)𝐿

𝑊𝜇𝑖 (𝑖 = 1, 2, 3)

𝑆𝑈(3)𝐶

𝑉𝜇𝑗 (𝑗 = 1, . . . , 8)

This is the only piece of the SM which is not confirmed
experimentally. Indeed, the search for the Higgs boson
remains one of the premier challenges for the present and
future high energy experiments. It can be seen from Table 2
that neutrinos are fermions that have neither strong nor
electromagnetic interactions; that is, they are singlets under
the symmetry 𝑆𝑈(3)𝐶 × 𝑈(1)𝑌 . The SM has three active
neutrinos accompanying the charged leptons 𝑒, 𝜇, and 𝜏 and
there are weak charged current (CC) interactions between the
neutrinos and the corresponding charged leptons given by

−LCC =

𝑔
∑] 𝛾𝜇 𝑙− 𝑊+ + ℎ.𝑐. .
√2 𝑙 𝐿𝑙 𝐿 𝜇

(6)

In addition, SM neutrinos have, also, neutral current (NC)
interactions:
−LNC =

𝑔
∑] 𝛾𝜇 ] 𝑍𝑜 .
2 cos 2𝜃𝑊 𝑙 𝐿𝑙 𝐿𝑙 𝜇

(7)

Equations (6) and (7) describe, within the SM, all the neutrino
interactions. In the SM, fermion masses arise from the
Yukawa interactions which couple a right-handed fermion
with its left-handed doublet and the Higgs field in the
following manner:
̃ 𝑅𝑗 + 𝑌𝑙 𝑙𝐿𝑖 𝜙𝐸𝑅𝑗
−LYukawa = 𝑌𝑖𝑗𝑑 𝑄𝐿𝑖 𝜙𝐷𝑅𝑗 + 𝑌𝑖𝑗𝑢 𝑄𝐿𝑖 𝜙𝑈
𝑖𝑗
+ ℎ.𝑐.,

(8)

(where 𝜙̃ = 𝑖𝜏2 𝜙∗ ) which after spontaneous symmetry
breaking lead to charged fermion masses:
𝑓

𝑓

𝑚𝑖𝑗 = 𝑌𝑖𝑗

V
.
√2

(9)

In the SM neutrinos are massless. This is due to the fact that,
in the SM, neutrinos are described by left-handed chiral fields
]𝑒𝐿 , ]𝜇𝐿 , and ]𝜏𝐿 only. Since corresponding right-handed
fields ]𝑒𝑅 , ]𝜇𝑅 , and ]𝜏𝑅 do not exist in the SM, a Dirac mass
term
L𝐷 =

𝐷
]𝛽𝑅 + ℎ.𝑐.
∑ ]𝛼𝐿 𝑀𝛼𝛽

𝛼,𝛽=𝑒,𝜇,𝜏

breaks the gauge symmetry of the SM
𝑆𝑈 (3)𝐶 × 𝑆𝑈 (2)𝐿 × 𝑈 (1)𝑌 → 𝑆𝑈 (3)𝐶 × 𝑈 (1)𝑌 .

Related symmetry

(3)

The field and matter content of the SM required to describe
the observed elementary particle interactions are given in
Tables 1 and 2, respectively. In addition, the SM contains a
single Higgs boson doublet 𝜙 with charges (1, 2, 1/2) whose
vacuum expectation value (vev)
0
⟨𝜙⟩ = ( V )
√2

Table 1: The gauge field content of the SM.

(10)

is precluded. An important feature of the SM relevant for
neutrino mass is the fact that the SM with the gauge
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Table 2: Particle content of the SM.

𝑙𝐿 (1, 2, −1/2)
]𝑒
( )
𝑒 𝐿

𝑄𝐿 (3, 2, 1/6)
𝑢
( )
𝑑 𝐿

𝐸𝑅 (1, 1, −1)

𝑈𝑅 (3, 1, 2/3)

𝐷𝑅 (3, 1, −1/3)

𝑒𝑅

𝑢𝑅

𝑑𝑅

]𝜇
( )
𝜇 𝐿

𝑐
( )
𝑠 𝐿

𝜇𝑅

𝑐𝑅

𝑠𝑅

]𝜏
( )
𝜏 𝐿

𝑡
( )
𝑏 𝐿

𝜏𝑅

𝑡𝑅

𝑏𝑅

symmetry (equation (1)) and the particle content of Table 2
has an accidental global symmetry
global

𝐺SM

= 𝑈 (1)𝐵 × 𝑈 (1)𝐿 𝑒 × 𝑈 (1)𝐿 𝜇 × 𝑈 (1)𝐿 𝜏 ,

(11)

where 𝑈(1)𝐵 is the baryon number symmetry and 𝑈(1)𝐿 𝑒 ,𝐿 𝜇 ,𝐿 𝜏
are the three lepton flavor symmetries with total lepton
number given by 𝐿 = 𝐿 𝑒 + 𝐿 𝜇 + 𝐿 𝜏 . It is an accidental
symmetry in the sense that we do not impose it. It is a
consequence of the gauge symmetry and the representations
of the physical states. In principle, neutrino mass can arise
from loop corrections. In the SM, however, this cannot
happen because the only possible neutrino mass term that
can be constructed with the SM fields is the bilinear 𝑙𝐿 𝑙𝐿𝐶
which violates the total lepton number symmetry by two
units. But as mentioned above, total lepton number is a global
symmetry of the SM and therefore 𝐿-violating terms cannot
be induced by loop corrections. Thus, the field content and
the gauge symmetries of the SM preclude the existence of
neutrino mass. This prediction of the SM is in contradiction
with the experimental evidence for neutrino masses and
mixings [6–12]. Therefore, it is necessary to extend the SM
to accommodate nonzero neutrino masses.
The simplest possible extension of the SM is the introduction of the three right-handed neutrino fields ]𝑒𝑅 , ]𝜇𝑅 ,
and ]𝜏𝑅 which are singlets under the gauge symmetry of the
SM. In this way the neutrino fields become similar to the
other massive fermion fields which have both left-handed
and right-handed components. The Dirac mass term for the
neutrino fields can be generated in a manner similar to
Dirac masses for charged leptons and quarks. In addition, the
Majorana mass term for the right-handed neutrinos can be
written as
L𝑀
𝑅 =

1
∑ ]𝐶 (𝑀𝑅𝑀)𝛼𝛽 ]𝛽𝑅 + ℎ.𝑐.
2 𝛼,𝛽=𝑒,𝜇,𝜏 𝛼𝐿

units (|Δ𝐿| = 2). In general, in a model with left-handed and
right-handed neutrino fields, the neutrino mass term is given
by

(12)

which is invariant under the gauge symmetries of the SM
and is, hence, allowed. The fundamental difference between a
Majorana fermion and a Dirac fermion is that, for a Majorana
fermion, the particle and antiparticle states coincide. In other
words, charge conjugation does not have any effect on a
Majorana fermion field. So (]𝛼𝐿 )𝐶 = ]𝐶𝛼𝑅 for 𝛼 = 𝑒, 𝜇, 𝜏.
The introduction of right-handed neutrino fields leads to
new physics, that is, Majorana neutrino masses and the
existence of processes which violate lepton number by two

L𝐷+𝑀 = L𝐷 + L𝑀
𝑅
0
𝑀𝐷
]𝐶𝑅
1
𝐶
= (]𝐿 ]𝐿 ) (
) ( ) + ℎ.𝑐. .
𝑇
2
]𝑅
(𝑀𝐷) 𝑀𝑅𝑀

(13)

The Dirac mass matrix 𝑀𝐷 is generated by the Higgs
mechanism of the SM and its elements are proportional to
the VEV of the Higgs doublet VSM = (√2𝐺𝐹 )−1/2 = 246 GeV,
where 𝐺𝐹 is the Fermi constant. Thus, the magnitudes of the
elements of 𝑀𝐷 are protected by the gauge symmetries of
the SM. On the other hand, the Majorana mass term for the
neutrino fields is invariant under the gauge symmetries of
the SM; the elements of 𝑀𝑅𝑀 are not protected by the SM
gauge symmetries. In other words, the elements of 𝑀𝑅𝑀 can
have arbitrary large values. If 𝑀𝑅𝑀 is generated by the Higgs
mechanism at a high energy scale of new physics beyond the
SM, the elements of 𝑀𝑅𝑀 are expected to be of the order of
such high energy scale which could be as high as the grand
unification scale of about 1015 GeV. For 𝑀𝑅𝑀 ≫ 𝑀𝐷 the
neutrino mass matrix
𝑀=(

𝑀𝐷

0
𝑇

(𝑀𝐷)

𝑀𝑅𝑀

)

(14)

can be diagonalized to yield the effective light Majorana
neutrino mass matrix given by
−1

𝑇

𝑚eff = −𝑀𝐷 (𝑀𝑅𝑀) (𝑀𝐷)

(15)

and a heavy 3 × 3 mass matrix
𝑀heavy ≈ 𝑀𝑅𝑀.

(16)

Therefore, there are three heavy neutrinos decoupled from
the low energy physics and three light neutrinos whose
masses are suppressed with respect to the elements of Dirac
mass matrix 𝑀𝐷 by the small matrix factor (𝑀𝑅𝑀)−1 (𝑀𝐷)𝑇
which is known as seesaw mechanism [13–16].
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The lepton mixing matrix 𝑈PMNS is given by

3. The General Structure of
Lepton Mixing Matrix
In any gauge theory, in order to identify physical particles,
one must diagonalize all relevant mass matrices which typically result from gauge symmetry breaking. Mechanisms
giving mass to neutrinos generally imply the need for new
interactions whose Yukawa couplings will coexist with that
of the charged leptons. The lepton mixing matrix, 𝑈, follows
from a mismatch between the diagonalization of the charged
lepton mass matrix and that of the neutrino mass matrix.
This is similar to the way the Cabibbo-Kobayashi-Maskawa
(CKM) matrix arises in the quark sector from a mismatch
between up- and down-type Yukawa couplings. Hence, like
quarks, massive neutrinos will generally mix. The means that
the flavor states ]𝛼 , 𝛼 = 𝑒, 𝜇, 𝜏 do not coincide with the mass
eigenstates ]𝑖 , 𝑖 = 1, 2, 3. The flavor states are combinations of
the mass eigenstates
]𝛼 = 𝑈𝛼𝑖 ]𝑖 ,

(17)

where the mixing parameters 𝑈𝛼𝑖 form the PMNS mixing
matrix, 𝑈PMNS . In the mass basis, leptonic charged current
interaction is given by
−LCC

]1
𝑔
𝜇
(𝑒 𝜇 𝜏 ) 𝛾 𝑈 (]2 ) 𝑊𝜇− + ℎ.𝑐.,
=
√2 𝐿 𝐿 𝐿
]3

(18)

that ]𝐶𝐿 = −]𝑇𝐿𝐶−1 and ]𝐶𝑅 = −]𝑇𝑅𝐶−1 . Taking into account
that ]𝐶𝐿 is the right-handed component one can easily write
the mass term for neutrinos. In the basis where both charged
lepton and the neutrino mass matrices are nondiagonal, the
mass term for the leptons can be written as
(19)

The charged lepton mass matrix “𝑀𝑙 ” can be diagonalized by
the matrices 𝑉𝑙 and 𝑉𝑅𝑙 :
𝑚𝑒
𝑉

𝑙†

𝑀𝑙 𝑉𝑅𝑙

0

= ( 0 𝑚𝜇
0

0
0 ).

(20)

0 𝑚𝜏

The complex symmetric Majorana neutrino mass matrix 𝑀]
can be diagonalized by an orthogonal matrix 𝑉] :
]

𝑉 𝑀] 𝑉

]𝑇

𝑚]𝑒
=( 0
0

0
𝑚]𝜇
0

0
0 ).
𝑚]𝜏

(22)

For Majorana (Dirac) neutrinos 𝑈PMNS contains (for 𝑛 generations) a total of 6(𝑛 − 2) [5𝑛 − 11] real parameters out
of which 3(𝑛 − 2) are angles and 3(𝑛 − 2) [2𝑛 − 5] can be
interpreted as physical phases. In particular, if there are only
three Majorana neutrinos, 𝑈PMNS is a 3 × 3 unitary matrix
analogous to the CKM matrix for quarks [17] and depends
upon six real parameters which include three mixing angles
and three phases. It can be conveniently parameterized as
𝑈PMNS
𝑐12 𝑐13

𝑠12 𝑐13

= (−𝑠12 𝑐23 − 𝑐12 𝑠13 𝑠23 𝑒𝑖𝛿 𝑐12 𝑐23 − 𝑠12 𝑠13 𝑠23 𝑒𝑖𝛿

𝑠13 𝑒−𝑖𝛿
𝑐13 𝑠23 )

𝑠12 𝑠23 − 𝑐12 𝑠13 𝑐23 𝑒𝑖𝛿 −𝑐12 𝑠23 − 𝑠12 𝑠13 𝑐23 𝑒𝑖𝛿 𝑐13 𝑐23
1 0
𝑖𝛼

. (0 𝑒

0
0 ),

0 0 𝑒𝑖(𝛽+𝛿)
(23)

where (]1 , ]2 , ]3 ) and (𝑒, 𝜇, 𝜏) are neutrino mass eigenstates
and charged lepton mass eigenstates, respectively. 𝑈 is a 3 × 3
unitary lepton mixing matrix with 𝑈𝑈† = 1. The mass term is
a sum of Lorentz invariant products of left-handed and righthanded components of the fields. The charge conjugate fields
]𝐶𝐿 = 𝐶]𝐿 𝑇 and ]𝐶𝑅 = 𝐶]𝑅 𝑇 are right-handed and left-handed,
respectively. Here, 𝐶 is the unitary charge conjugation matrix
having 𝐶𝛾𝜇𝑇 𝐶−1 = −𝛾𝜇 , 𝐶𝑇 = −𝐶. Using these we can find

L𝑚 = []𝑇𝐿 𝐶−1 𝑀] ]𝐿 + 𝑙𝐿 𝑀𝑙 𝑙𝑅 + ℎ.𝑐.] .

(𝑈PMNS )𝑖𝑗 = 𝑉𝑖𝑘𝑙† 𝑉𝑘𝑗] .

(21)

where 𝑐𝑖𝑗 ≡ cos 𝜃𝑖𝑗 and 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 . The phases 𝛿 and (𝛼,
𝛽) are Dirac-type and Majorana-type 𝐶𝑃 violating phases,
respectively.

4. Neutrino Oscillations
Neutrino oscillations are a manifestation of leptonic mixing.
The first hint that neutrinos have mass came from the
pioneering Homestake experiment [18] performed by the
American scientist Raymond Davis Jr. for the detection of
solar neutrinos. In this experiment, it was found that only
about one-third of the number of neutrinos predicted by
standard solar model (SSM) were reaching the detector on
the earth. This result puzzled both the solar and neutrino
physicists. However, Mikheyev and Smirnov [19] put forward
the idea, proposed previously by Wolfenstein [20], that the
solar neutrinos might be changing into something else. Only
electron neutrinos are emitted by the Sun and they could
be converting into muon and tau neutrinos which were not
being detected by the experiment. This effect of neutrino
interconversion over time from one kind to another, namely,
“neutrino oscillations,” was first proposed by Gribov and
Pontecorvo [21]. The precise mechanism for “solar neutrino
oscillations” proposed by Mikheyev, Smirnov, and Wolfenstein (MSW) involved the resonant enhancement of neutrino
oscillations due to matter effects. Just as light passing through
the matter slows down, which is equivalent to the photon
gaining a small effective mass, neutrinos passing through
matter also get slowed down and gain a small effective mass.
The effective neutrino mass is largest when matter density is
highest which in the case of solar neutrinos is in the core
of the Sun. In particular, electron neutrinos generated in
the core of the Sun will be subject to such matter effects.
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This can result in a resonant enhancement of solar neutrino
oscillations which is known as the MSW effect [20].
The idea of neutrino oscillations gained support from the
Japanese experiment Super-Kamiokande [22, 23] in which
similar deficit was observed in the atmospheric neutrino
flux. The atmospheric neutrinos are produced when cosmic
rays, composed mainly of protons, interact with the upper
atmosphere. Most of the neutrinos pass through the earth
unhindered; Super-Kamiokande was able to detect muon
neutrinos coming from above as well as below and found
that while the expected number of muons was coming from
above only about a half of the expected number came from
below. These results were attributed to the muon neutrinos
coming from below having oscillated into tau neutrinos over
an oscillation length 𝐿 equal to the diameter of the earth.
However, a number of muon neutrinos coming from above
have negligible oscillation length and have no time to oscillate
yielding the expected number of muon neutrinos from above.
More recently, the Sudbury Neutrino Observatory (SNO) [24,
25] in Canada has confirmed the solar neutrino oscillations.
There are various other neutrino experiments which not only
have confirmed the neutrino oscillation phenomenon but
also have measured the neutrino oscillation parameters with
increased accuracies [26]. In fact, through neutrino oscillations, quantum mechanics allowed us to probe the smallest
masses measured so far. More importantly, the results of
neutrino experiments are, thus, providing the motivation for
probing physics beyond the SM.

For ultrarelativistic neutrinos, one can assume 𝑝𝑖 ≃ 𝑝𝑗 ≡ 𝑝 =
𝐸 so that

4.1. Neutrino Oscillations in Vacuum. Neutrino oscillations
are quantum mechanical phenomenon in which a neutrino
born with flavor 𝛼 changes to a different flavor 𝛽 while
propagating in vacuum or in matter. Observation of neutrino
oscillations in various neutrino experiments has shown that
there is a mismatch between the flavor and mass eigenstates
of neutrinos. Neutrinos are produced and detected via
weak interactions. The neutrino state created in the decay
𝑊+ → 𝑙𝛼+ + ] is given by

But from (28), we see that

𝑛


∗ 
]𝛼 ⟩ = ∑𝑈𝛼𝑖 ]𝑖 ⟩ .

(24)

𝑖=1

This superposition of neutrino mass eigenstates produced in
association with the charged lepton of flavor 𝛼 is the state
we refer to as the neutrino of flavor 𝛼. It is evident from (24)
that the probability of finding a neutrino created in a given
flavor to be in the same state (or any other state) oscillates
with time. The time evolution of a neutrino produced in a
given flavor at 𝑥 = 𝑡 = 0 is given by
𝑛

𝑛

𝑖=1

𝑖=1


∗ 
∗ −𝑖𝐸 𝑡 
]𝛼 (𝑡)⟩ = ∑𝑈𝛼𝑖 ]𝑖 (𝑡)⟩ = ∑𝑈𝛼𝑖 𝑒 𝑖 ]𝑖 (0)⟩ .

(25)

The neutrino oscillation probability that is, the probability
of transformation from one flavor eigenstate |]𝛼 ⟩ to another
flavor eigenstate |]𝛽 ⟩ is given by

2
𝑃 (]𝛼 → ]𝛽 ) = 𝑃𝛼𝛽 = ⟨]𝛽 | ]𝛼 (𝑡)⟩
2
 𝑛 𝑛
(26)



∗


= ∑ ∑𝑈𝛼𝑖 𝑈𝛽𝑗 ]𝑗 ⟩ ]𝑖 (𝑡) .

𝑖=1𝑗=1



𝐸𝑖 = √𝑝𝑖2 + 𝑚𝑖2 ≃ 𝑝 +

𝑚𝑖2
,
2𝐸

(27)

where 𝐸𝑖 and 𝑚𝑖 are the energy and mass of the neutrino mass
eigenstate ]𝑖 . Using (27) along with the orthogonality relation
⟨]𝑗 | ]𝑖 ⟩ = 𝛿𝑖𝑗 we obtain the transition probability 𝑃𝛼𝛽 given
by
𝐿
∗
∗
𝑈𝛽𝑖 𝑈𝛼𝑗 𝑈𝛽𝑗
) sin2 [1.27Δ𝑚𝑖𝑗2 ( )]
𝑃𝛼𝛽 = 𝛿𝛼𝛽 − 4∑R (𝑈𝛼𝑖
𝐸
𝑖>𝑗
𝐿
∗
∗
𝑈𝛽𝑖 𝑈𝛼𝑗 𝑈𝛽𝑗
) sin [2.54Δ𝑚𝑖𝑗2 ( )] ,
+ 2∑I (𝑈𝛼𝑖
𝐸
𝑖>𝑗
(28)
where Δ𝑚𝑖𝑗2 ≡ 𝑚𝑖2 − 𝑚𝑗2 is in eV2 , 𝐿 is in km, and 𝐸 is in
GeV. Thus, the essential ingredients for neutrino oscillations
to occur are twofold: one is that neutrinos must not only be
massive but also nondegenerate in mass and the second is that
mass eigenstates of the neutrinos must be different from the
flavor eigenstates. Assuming that 𝐶𝑃𝑇 invariance holds
𝑃 (]𝛼 → ]𝛽 ) = 𝑃 (]𝛽 → ]𝛼 ) .

𝑃 (]𝛽 → ]𝛼 ; 𝑈) = 𝑃 (]𝛼 → ]𝛽 ; 𝑈∗ ) .

(29)

(30)

Thus when 𝐶𝑃𝑇 holds,
𝑃 (]𝛼 → ]𝛽 ; 𝑈) = 𝑃 (]𝛼 → ]𝛽 ; 𝑈∗ ) ;

(31)

that is, the probability for oscillation of an antineutrino
is the same as that for a neutrino, but the mixing matrix
𝑈 is replaced by its complex conjugate. Thus, if 𝑈 is not
real, the neutrino and antineutrino oscillation probabilities
can differ by having opposite sign in the last term in (28).
When 𝐶𝑃𝑇 holds any difference in these probabilities, this
will indicate violation of 𝐶𝑃 invariance. For the case of two
generations of neutrinos, the above analysis becomes quite
simplified without any loss of physical understanding. The
mixing matrix depends only on one parameter 𝜃 (known as
mixing angle) and is given by
𝑈=(

cos 𝜃 sin 𝜃

)
− sin 𝜃 cos 𝜃

(32)

and there is a single mass-squared difference Δ𝑚2 . With this
form of 𝑈 (28) becomes
𝐿
𝑃𝛼𝛽 = sin2 2𝜃sin2 (1.27Δ𝑚2 ) .
𝐸

(33)
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4.2. Neutrino Oscillations in Matter. The propagation of
neutrinos becomes significantly modified in the presence of
matter due to their interactions with the matter composed
of electrons, protons, and neutrons. Moreover, the coherent
forward elastic scattering amplitudes are not the same for all
neutrino flavors, that is, ]𝑒 , ]𝜇 , and ]𝜏 . The electron neutrinos
]𝑒 have additional contribution due to their charged current
(CC) interactions with matter which are mediated by 𝑊±
bosons. On the basis of this fact, Mikheyev and Smirnov
[19], following the work of Wolfenstein [20], showed that an
exciting phenomenon occurs when neutrinos travel through
dense matter. In the two-flavor case, if neutrinos ]𝑒 and ]𝜇
travel through the Sun, the propagation of ]1 and ]2 will be
modified due to the different interactions of ]𝑒 and ]𝜇 with
electrons. The mixing angle in the presence of matter is given
by
sin2 2𝜃𝑚 =

sin2 2𝜃
2

(cos 2𝜃 − 𝐿/𝐿 𝑚 ) + sin2 2𝜃

,

(34)

where 𝐿 𝑚 , a length characteristic of motion in matter of
density 𝑁𝑒 , is given by
𝐿𝑚 =

2𝜋
,
√2𝐺𝐹 𝑁𝑒

(35)

where 𝐺𝐹 is the Fermi constant. Mikheyev and Smirnov [19]
pointed out that (34) has a resonant character. If the neutrinos
travel through a varying matter density, one may have
𝐿
= cos 2𝜃
𝐿𝑚

(36)

sin2 2𝜃𝑚 = 1,

(37)

so that
resulting in maximal mixing and the survival probability [27],
to a very good approximation, can be written as
𝑃𝛼𝛼 =

1 1
+ cos 2𝜃 cos 2𝜃𝑚 .
2 2

(38)

5. Recent Developments in Neutrino
Phenomenology and the Current Status
of Neutrino Masses and Mixings
Spectacular advancements on both the theoretical and the
experimental fronts have made possible the measurements
of neutrino oscillation parameters. Recent major progress
in neutrino physics, in particular and particle physics, in
general, is related to studies of the neutrino masses and
mixings. The first phase of these studies is essentially over
and the main results from this phase are summarized in the
following:
(1) discovery of nonzero neutrino mass;
(2) determination of the dominant structure of the lepton
mixing, that is, discovery of two large (solar mixing
angle 𝜃12 and atmospheric mixing angle 𝜃23 ) and one
small (reactor) mixing angles;
(3) establishing strong differences in the quark and lepton
mass spectra and their mixing patterns.

In a sense, we have now a “standard model of neutrinos” that
can be formulated in the following way:
(1) there are only three types of light neutrinos;
(2) their interactions are described by the standard electroweak theory;
(3) masses and mixings are generated in vacuum and
they originate from some high energy (short range)
physics at the electroweak and/or higher scales.
However, there exist many open questions about massive
neutrinos and lepton flavor mixing. The following are examples.
(1) Are massive neutrinos Dirac or Majorana particles?
If massive neutrinos are Dirac particles, they can be
distinguished from their antiparticles. By definition,
a Majorana neutrino is identical to its antiparticle. It
is possible to identify the Majorana nature of massive
neutrinos through the observation of the neutrinoless
double beta decay of some even-even nuclei in which
the total lepton number is not conserved.
(2) Why are neutrino masses so tiny? The fact that the
masses of neutrinos are considerably smaller than the
masses of charged leptons or quarks is a big puzzle in
particle physics. Although, a lot of theoretical models
about neutrino masses have been proposed at either
low or high energy scales, none of them has proved to
be very successful and conceivable.
(3) What is the absolute scale of neutrino masses? It
is very important to know the absolute values of
three neutrino masses because they are fundamental
parameters of flavor physics. The mass scale of neutrinos is likely to indicate the energy scale of new physics
responsible for the generation of neutrino masses and
lepton flavor mixing.
(4) Why are the mixing angles 𝜃12 and 𝜃23 so large while
𝜃13 is, relatively, small? The bilarge neutrino mixing
pattern is, also, a mystery to theorists because it is
“anomalously” different from the familiar trismall
quark mixing pattern.
(5) Is there leptonic 𝐶𝑃 violation? A necessary condition
for the existence of 𝐶𝑃 and 𝑇 violation in normal
neutrino oscillations is 𝜃13 ≠ 0. As 𝐶𝑃 violation has
been discovered in the quark sector there is no reason
why 𝐶𝑃 should be conserved in the lepton sector.
(6) Can the leptonic 𝐶𝑃 violating phases be determined?
If lepton flavor mixing is correlated with 𝐶𝑃 violation,
one has to determine the relevant 𝐶𝑃 violating phases
through various possible experiments. The neutrinoless double beta decay and long-baseline appearance
neutrino oscillations are expected to be sensitive to
the Majorana and Dirac-type 𝐶𝑃 violating phases,
respectively.
The immediate goal is to search for new physics beyond the
Standard Model. The next phase of studies will be associated
with new generation of neutrino experiments. The main
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Table 3: Global analysis of solar, atmospheric, reactor, and accelerator neutrino data in the framework of three-neutrino oscillations. Here,
2
2
for NH and Δ𝑚3𝑙2 ≡ Δ𝑚32
for IH.
Δ𝑚3𝑙2 ≡ Δ𝑚31
Parameter
sin2 𝜃12
sin2 𝜃23
sin2 𝜃13
2
Δ𝑚21
−5
10 𝑒𝑉2
Δ𝑚3𝑙2
10−3 𝑒𝑉2

Normal hierarchy (NH)
Best fit ± 1𝜎
3𝜎 range
+0.013
0.304−0.012
0.270–0.344
0.452+0.052
0.382–0.643
−0.028

Inverted hierarchy (IH)
Best fit ± 1𝜎
3𝜎 range
+0.013
0.304−0.012
0.270–0.344
+0.025
0.579−0.037
0.389–0.644

0.0218+0.0010
−0.0010

0.0186–0.0250

0.0218+0.0010
−0.0010

0.0188–0.0251

7.50+0.19
−0.17

7.02–8.09

7.50+0.19
−0.17

7.02–8.09

+0.047
+2.457−0.047

+2.317–+2.607

+0.048
−2.449−0.047

−2.590–−2.307

objectives of this new phase include the determination of the
absolute scale of neutrino mass and subdominant structures
of mixing matrix, namely, deviation of the 𝜃23 from maximal
value and the 𝐶𝑃 violation phase(s). The objectives, also,
include identification of neutrino mass hierarchy and precision measurements of already known parameters. For the
case of three generations, there are four mixing parameters,
namely, the three mixing angles and the Dirac-type phase
which will manifest in the neutrino oscillation experiments.
The neutrino oscillation experiments are sensitive to only
two mass squared differences, all the three mixing angles,
and the Dirac-type 𝐶𝑃 phase. We, already, have fairly good
knowledge of the two mass squared differences and all the
three mixing angles. Results from solar neutrino experiments
[28–32] which have been collecting data for more than
four decades have now culminated in choosing the large
mixing angle (LMA) solution as a solution of the solar
neutrino problem. The latest addition to this huge repertoire
of experimental data are the results from the Borexino
experiment [33] which are consistent with the LMA solution.
This conclusion from the solar neutrino experiments has
been investigated independently by the KamLAND reactor
antineutrino experiment [26, 34–36] and a combined analysis
2
= 7.6 ×
of the solar and KamLAND data gives Δ𝑚21
−5
2
2
10 eV and sin 2𝜃12 = 0.32 [12, 36–41]. The other mass2
and mixing angle 𝜃23 are now pretty
squared difference Δ𝑚32
well determined by the zenith angle dependent atmospheric
]𝜇 data from Super-Kamiokande [22, 23, 32, 42] and the
long baseline experiments K2K [43, 44] and MINOS [45].
The combined data from the atmospheric and long baseline
2
| = 2.4 × 10−3 eV2 and
experiments have pinned down |Δ𝑚32
2
sin 2𝜃23 = 1. With the observation of nonzero 𝜃13 [46–53],
we now have complete knowledge of all the three mixing
angles 𝜃12 , 𝜃23 , and 𝜃13 . However, we do not have any
information on Dirac-type 𝐶𝑃 violating phase 𝛿 and it is fully
unconstrained as yet. In Table 3, we have shown the present
status of the neutrino oscillation parameters [54].

6. Neutrino Physics and 𝐶𝑃 Violation
Symmetries play an important role in physics since they
describe the invariance of physical phenomena under fundamental transformations. The symmetries 𝑃, 𝐶, and 𝑇
correspond to the invariance of the Lagrangian of the field

theory under these discrete operations. Parity (𝑃) and time
reversal (𝑇) are space-time symmetries. The parity operation
reverses all spatial coordinates (𝑟 → −𝑟) and, in consequence,
the directions of all momentum vectors are reversed while
leaving spins and angular momenta unchanged. The time
reversal operation 𝑇 corresponds to the replacement of 𝑇 by
−𝑇 so that the directions of momenta and spins are reversed.
All complex numbers such as coupling constants are replaced
by their complex conjugates under the 𝑇 operation. The
operation of charge conjugation “𝐶” is to interchange the role
of the annihilation and creation operators of the particle with
those of the antiparticle. The 𝐶 operation flips the signs of
the internal charges such as baryon number, electric charge,
strangeness, and lepton number.
After observation of parity violation in weak interactions
in 1956, the discovery of 𝐶𝑃 violation in the decay of
neutral kaons in 1964 was the major breakthrough in our
understanding of the real world. Since then considerable
experimental and theoretical work has been devoted to
understanding its occurrence and origin. In the SM, the
possibility of 𝐶𝑃 violation arises from the presence, in the
Lagrangian, of complex Yukawa couplings between fermions
and the Higgs boson. In the quark sector, weak couplings
are described by the Cabibbo-Kobayashi-Maskawa (CKM)
mixing matrix [17, 55] given by
𝑉CKM
𝑞

𝑞

𝑞

𝑐12 𝑐13
𝑞 𝑞
𝑞 𝑞 𝑞
= (−𝑠12
𝑐23 − 𝑐12 𝑠23 𝑠13 𝑒𝑖𝛿
𝑞 𝑞
𝑠12 𝑠23

𝑞

−

𝑞
𝑞 𝑞 𝑞
𝑐12 𝑐23 𝑠13 𝑒𝑖𝛿

𝑞

𝑞

𝑞

𝑞

𝑞

𝑠12 𝑐13
𝑞

𝑞

𝑞

𝑞

𝑞

𝑐12 𝑐23 − 𝑠12 𝑠23 𝑠13 𝑒𝑖𝛿
𝑞 𝑞
−𝑐12 𝑠23

𝑞

𝑞

−

𝑞

𝑞
𝑞 𝑞 𝑞
𝑠12 𝑐23 𝑠13 𝑒𝑖𝛿

𝑠13 𝑒−𝑖𝛿

𝑞

𝑞 𝑞
𝑠23 𝑐13 ) ,
𝑞

𝑞

𝑐23 𝑐13

(39)

where 𝑐𝑖𝑗 = cos 𝜃𝑖𝑗 , 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 , 𝜃𝑖𝑗 are quark mixing angles
and 𝛿𝑞 is Dirac-type 𝐶𝑃 violating phase.
Neutrinos were introduced into the SM as massless
fermions for which no gauge invariant renormalizable mass
term can be constructed. Therefore, there is neither mixing
nor 𝐶𝑃 violation in the leptonic sector and 𝛿𝑞 is the only
source of 𝐶𝑃 violation in the SM. Moreover, the amount of
𝐶𝑃 violation predicted by the SM is far too small to yield the
observed ratio of baryons to photons in the Universe [56–58].
The experimental evidence for neutrino masses and mixings
provided an unambiguous signal of new physics where new
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sources of 𝐶𝑃 violation can be investigated. In the physical
basis the mass terms and the leptonic charged currents are
given by
phys

=

𝐿

]𝑇𝐿𝐶𝑑]𝐿

𝑔
+ 𝑙𝐿 𝑑𝑙 𝑙𝑅 +
𝑙 𝛾𝜇 (𝑈𝑖𝑗 )PMNS ]𝑗𝐿 𝑊𝜇−
√2 𝑖𝐿
(40)

+ ℎ.𝑐.,
where 𝑑 and 𝑑𝑙 are diagonal, real, and positive matrices. The
3 × 3 unitary matrix 𝑈PMNS is, in general, parameterized by
six phases and three mixing angles. Three of these phases can
be factored out and rotated away through the redefinition
of the charged leptons 𝑙𝐿 . These phases, thus, appearing in
𝑑𝑙 can be eliminated by the simultaneous redefinition of
fields 𝑙𝑅 . Another two of the six phases of 𝑈 can be factored
out to the right; however, in this case these two phases are
physical because rotating them away from 𝑈 corresponds to
transferring them to the mass term of the light neutrinos. This
is an important difference from the quark sector resulting
from the fact that in the seesaw framework neutrinos have
Majorana masses and are Majorana particles unlike quarks.
These factorizable phases which cannot be removed from the
theory are called Majorana phases. As a result, in the seesaw
framework, there are additional sources of 𝐶𝑃 violation
beyond the Kobayashi Maskawa mechanism of the quark
sector. In the leptonic sector, there is one Dirac-type 𝐶𝑃
violating phase 𝛿 and two Majorana-type 𝐶𝑃 violating phases
𝛼, 𝛽. The PMNS matrix can be parameterized as
𝑈PMNS
𝑐12 𝑐13

𝑠12 𝑐13

= (−𝑠12 𝑐23 − 𝑐12 𝑠13 𝑠23 𝑒𝑖𝛿 𝑐12 𝑐23 − 𝑠12 𝑠13 𝑠23 𝑒𝑖𝛿

𝑐13 𝑠23 )

0

⋅ (0 𝑒𝑖𝛼

0 ),
𝑖(𝛽+𝛿)

0 0 𝑒

(41)
where 𝑐𝑖𝑗 = cos 𝜃𝑖𝑗 , 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 , 𝜃𝑖𝑗 are neutrino mixing
angles. Leptonic 𝐶𝑃 violation at low energies can be observed
through neutrino oscillations which are sensitive to the
Dirac-type 𝐶𝑃 phase 𝛿 but insensitive to the Majorana-type
𝐶𝑃 violating phases. The Dirac-type 𝐶𝑃 violation can be
related to the low energy weak basis (WB) invariant [59]
3

𝐼1 = Tr [𝐻] , 𝐻𝑙 ] ,

(42)

where 𝐻] = 𝑀] 𝑀]† and 𝐻𝑙 = 𝑀𝑙 𝑀𝑙† with 𝑀] and 𝑀𝑙 being
neutrino and charged lepton mass matrices, respectively. In
the basis where charged lepton mass matrix is diagonal 𝐼1 can
be written as
𝐼1 = −6𝑖 (𝑚𝜇2 − 𝑚𝑒2 ) (𝑚𝜏2 − 𝑚𝜇2 ) (𝑚𝜏2 − 𝑚𝑒2 )
⋅ I [(𝐻] )12 (𝐻] )23 (𝐻] )31 ] .

𝐼1 = 6𝑖 (𝑚𝜇2 − 𝑚𝑒2 ) (𝑚𝜏2 − 𝑚𝜇2 ) (𝑚𝜏2 − 𝑚𝑒2 ) (𝑚32 − 𝑚12 )
⋅ (𝑚22 − 𝑚12 ) (𝑚32 − 𝑚22 ) 𝐽𝐶𝑃 ,

(44)

∗ ∗
where 𝐽𝐶𝑃 = I[𝑈11 𝑈22 𝑈12
𝑈21 ] determines the magnitude of
𝐶𝑃 violation in neutrino oscillations. Using (42)

𝐽𝐶𝑃 =

1
sin 2𝜃12 sin 2𝜃13 sin 2𝜃23 cos 𝜃13 sin 𝛿.
8

(45)

Thus, a nonzero value of 𝜃13 is an encouraging sign for the
prospects of measuring low energy leptonic 𝐶𝑃 violation
mediated through a Dirac-type 𝐶𝑃 violating phase. In the
quark sector, 𝐽𝐶𝑃 is of the order of 10−5 [60] whereas in the
leptonic sector, with 𝜃13 equal to the present experimental
value, 𝐽𝐶𝑃 can be of the order of 10−2 which is about three
orders of magnitude larger than that in the quark sector.
Apart from the WB invariant 𝐼1 there are two more WB
invariants 𝐼2 , 𝐼3 [61] related to the Majorana nature of
massive neutrinos which are sensitive to the Majorana-type
𝐶𝑃 violating phases 𝛼, 𝛽 and are given by
𝐼2 = I Tr [𝐻𝑙 𝑀] 𝑀]∗ 𝑀] 𝐻𝑙∗ 𝑀]∗ ] ,
𝐼3 = IDet [𝑀]∗ 𝐻𝑙 𝑀] , 𝐻𝑙∗ ] .

(46)

A necessary and sufficient condition for low energy 𝐶𝑃
invariance in the leptonic sector is that these three WB
invariants should be identically zero [62, 63].

7. Phenomenology of Neutrino Mass Matrix

𝑠13 𝑒−𝑖𝛿

𝑠12 𝑠23 − 𝑐12 𝑠13 𝑐23 𝑒𝑖𝛿 −𝑐12 𝑠23 − 𝑠12 𝑠13 𝑐23 𝑒𝑖𝛿 𝑐13 𝑐23
1 0

In terms of neutrino masses and mixings, 𝐼1 is given by

(43)

In view of the recent experimental and theoretical developments in neutrino physics, it is quite clear that there
exists physics beyond the SM. Almost every extension of
the SM has additional sources of 𝐶𝑃 violation. In addition,
there is a great puzzle in cosmology known as the baryon
symmetry of the Universe (BAU) [64]. 𝐶𝑃 violation has
been discussed phenomenologically since the sixties. Gauge
theories, naturally, account for its presence but leave its
ultimate origin unanswered. Understanding the origin of 𝐶𝑃
violation from first principles constitutes one of the central
challenges of theoretical elementary particle physics. With
the historic discovery of neutrino oscillations, the issue of
leptonic 𝐶𝑃 violation occupied the centre stage of the particle
and nuclear physics. The existence of 𝐶𝑃 violation in the
lepton sector is expected in gauge theories of neutrino mass.
The main difference with respect to 𝐶𝑃 violation in the quark
sector is the appearance of new phases associated with the
Majorana nature of neutrinos and/or with the admixture of
𝑆𝑈(3) × 𝑆𝑈(2) × 𝑈(1) singlet leptons in the charged-current
weak interaction. The latter also leads to the effective violation
of unitarity in the lepton mixing matrix describing neutrino
oscillations. Irrespective of the underlying origin of neutrino
mass, Majorana phases are a generic feature of gauge theories
that account for the smallness of neutrino mass through the
feebleness of lepton number violation.
Within the SM of particle physics, Yukawa couplings are
free parameters which must span several orders of magnitude
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to accommodate hierarchical spectrum of fermion masses
and mixings. The fermion masses and the mixings are derived
from these Yukawa couplings. Also, radiative corrections
can obscure the underlying structure. In the absence of
complete knowledge of parameters appearing in the fermion
mass matrices it is impossible, without some additional
assumptions, to determine all the elements of the Yukawa
coupling matrices for quarks and leptons. Therefore, without
a significant breakthrough in the theoretical understanding
of the fermion flavors, the phenomenological approaches are
bound to play a crucial role in interpreting new experimental
data on quark and lepton mixings. These approaches are
expected to provide useful hints towards unraveling the
dynamics of fermion mass generation, 𝐶𝑃 violation, and
identification of possible underlying symmetries of the lepton
flavors from which realistic models of lepton mass generation
and flavor mixing could, hopefully, be constructed. Even
though the grand unification on its own does not shed any
light on the flavor problem, the grand unified theories (GUTs)
provide the optimal framework in which possible solutions
to the flavor problem could be embedded. This is because the
GUTs predict definite group theoretical relations between the
fermion mass matrices. For this purpose, it is useful to find
out possible leading order forms of the neutrino mass matrix.
Such forms of neutrino mass matrix provide useful hints
for model building which will eventually shed important
light on the dynamics of lepton mass generation and flavor
mixing. The first step in this direction is the reconstruction
of the neutrino mass matrix in the flavor basis. However, the
reconstruction results in a large variety of possible structures
of mass matrices depending strongly on the mass scale, mass
hierarchy, and the Majorana phases. There are several classes
of models/Ansätze for Yukawa couplings. An incomplete list
is as follows:
(1) approximate flavor symmetries [65–68] in which the
entries in the Yukawa matrices are small parameters
by which the flavor symmetries are broken;
(2) Fritzsch Ansätze and/or GUT inspired models [69–
74] in which some entries in the Yukawa mass
matrices are assumed to be zero (e.g., by discrete
flavor symmetry) and others may be related by some
GUT relation;
(3) flavor democracy models [75, 76] in which all the
entries in the Yukawa matrices are equal (i.e., no flavor symmetry) and hierarchy comes from diagonalization and renormalization group equation (RGE)
running;
(4) string inspired models, composite models, and so
forth.
In the context of type-I seesaw mechanism with three
generations of right-handed neutrinos, which are singlets of
𝑆𝑈(2), after spontaneous symmetry breaking, the leptonic
mass terms are given by
0
0
0
L = − []0𝐿 𝑀𝐷]0𝑅 + ]0𝑇
𝑅 𝐶𝑀𝑅 ]𝑅 + 𝑙𝐿 𝑀𝑙 𝑙𝑅 ] + ℎ.𝑐.,

(47)

where 𝑀𝑅 , 𝑀𝐷, and 𝑀𝑙 are right-handed Majorana neutrino,
Dirac neutrino, and charged lepton mass matrices, respectively. The complex symmetric neutrino mass matrix, 𝑀] ,
is given by type I seesaw mechanism (equation (15)) [13–
16]. All the information about lepton masses and mixings is
encoded in the hermitian charged lepton mass matrix 𝑀𝑙 and
the complex symmetric neutrino mass matrix 𝑀] .
In the basis where charged lepton mass matrix “𝑀𝑙 ” is
diagonal, the neutrino mass matrix “𝑀] ” is diagonalized by
a complex unitary matrix 𝑉]
𝑀] = 𝑉] 𝑀]diag 𝑉]𝑇 ,

(48)

where
𝑚1 0
𝑀]diag

0

= ( 0 𝑚2 0 )
0

(49)

0 𝑚3

is the diagonal neutrino mass matrix. In the standard, Particle
Data Group (PDG), parameterization of the neutrino mixing
matrix, 𝑉] , is given by
𝑐12 𝑐13
𝑉] ≡ 𝑈𝑃 = (−𝑠12 𝑐23 − 𝑐12 𝑠13 𝑠23 𝑒𝑖𝛿
𝑠12 𝑠23 − 𝑐12 𝑠13 𝑐23 𝑒
1

0

0

𝑖𝛿

𝑐12 𝑐23 − 𝑠12 𝑠13 𝑠23 𝑒𝑖𝛿
−𝑐12 𝑠23 − 𝑠12 𝑠13 𝑐23 𝑒

𝑖𝛿

𝑐13 𝑠23 )
𝑐13 𝑐23

0

𝑖𝛼

0

0

𝑒𝑖(𝛽+𝛿)

. (0 𝑒

𝑠13 𝑒−𝑖𝛿

𝑠12 𝑐13

),

(50)

where 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 , 𝑐𝑖𝑗 = cos 𝜃𝑖𝑗 , and 𝑃 is the Majorana
phase matrix. In addition to the Majorana phases 𝛼, 𝛽, the
phase matrix contains Dirac-type phase 𝛿 just to make (1, 1)
element of 𝑀] (𝑚𝑒𝑒 ) independent of 𝛿. The neutrino mass
matrix “𝑀] ” can be written as
𝑀] = 𝑈𝑃𝑀]diag 𝑃𝑇 𝑈𝑇 .

(51)

In terms of the neutrino masses, mixing angles and 𝐶𝑃
violating phases, the neutrino mass matrix “𝑀] ” is given by
𝑚𝑒𝑒 𝑚𝑒𝜇 𝑚𝑒𝜏
𝑀] = (𝑚𝑒𝜇 𝑚𝜇𝜇 𝑚𝜇𝜏 ) ,

(52)

𝑚𝑒𝜏 𝑚𝜇𝜏 𝑚𝜏𝜏
where
2 2
2 2𝑖𝛼
2
2
𝑐13 𝑚1 + 𝑐13
𝑒 𝑚2 𝑠12
+ 𝑒2𝑖𝛽 𝑚3 𝑠13
,
𝑚𝑒𝑒 = 𝑐12

𝑚𝑒𝜇 = 𝑐13 (𝑒𝑖(2𝛽+𝛿) 𝑚3 𝑠13 𝑠23 − 𝑐12 𝑚1 (𝑐23 𝑠12 + 𝑐12 𝑒𝑖𝛿 𝑠13 𝑠23 )
+𝑒2𝑖𝛼 𝑚2 𝑠12 (𝑐12 𝑐23 − 𝑒𝑖𝛿 𝑠12 𝑠13 𝑠23 )) ,
𝑚𝑒𝜏 = 𝑐13 (𝑐23 𝑒𝑖(2𝛽+𝛿) 𝑚3 𝑠13 − 𝑒2𝑖𝛼 𝑚2 𝑠12 (𝑐23 𝑒𝑖𝛿 𝑠12 𝑠13 + 𝑐12 𝑠23 )
+𝑐12 𝑚1 (−𝑐12 𝑐23 𝑒𝑖𝛿 𝑠13 + 𝑠12 𝑠23 )) ,
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2

2 2𝑖(𝛽+𝛿)
2
𝑚𝜇𝜇 = 𝑐13
𝑒
𝑚3 𝑠23
+ 𝑚1 (𝑐23 𝑠12 + 𝑐12 𝑒𝑖𝛿 𝑠13 𝑠23 )
2

+ 𝑒2𝑖𝛼 𝑚2 (𝑐12 𝑐23 − 𝑒𝑖𝛿 𝑠12 𝑠13 𝑠23 ) ,
2
𝑐23 𝑒2𝑖(𝛽+𝛿) 𝑚3 𝑠23 + 𝑚1 (𝑐12 𝑐23 𝑒𝑖𝛿 𝑠13 − 𝑠12 𝑠23 )
𝑚𝜇𝜏 = 𝑐13

⋅ (𝑐23 𝑠12 + 𝑐12 𝑒𝑖𝛿 𝑠13 𝑠23 )
− 𝑒2𝑖𝛼 𝑚2 (𝑐23 𝑒𝑖𝛿 𝑠12 𝑠13 + 𝑐12 𝑠23 )
⋅ (𝑐12 𝑐23 − 𝑒𝑖𝛿 𝑠12 𝑠13 𝑠23 ) ,
2

2 2 2𝑖(𝛽+𝛿)
𝑐23 𝑒
𝑚3 + 𝑒2𝑖𝛼 𝑚2 (𝑐23 𝑒𝑖𝛿 𝑠12 𝑠13 + 𝑐12 𝑠23 )
𝑚𝜏𝜏 = 𝑐13
2

+ 𝑚1 (𝑐12 𝑐23 𝑒𝑖𝛿 𝑠13 − 𝑠12 𝑠23 ) .
(53)
It can be seen from (53) and (54) that the neutrino mass
matrix contains nine physical parameters, namely, the three
neutrino mass eigenvalues (𝑚1 , 𝑚2 , and 𝑚3 ), three mixing
angles (𝜃12 , 𝜃23 , and 𝜃13 ), and three 𝐶𝑃 violating phases 𝛿, 𝛼,
and 𝛽. Out of these nine free parameters of the theory not
all are measured experimentally (Table 3). In particular, the
𝐶𝑃 violating phases are completely unconstrained. Thus, it is
impossible to fully reconstruct the neutrino mass matrix from
the results of feasible experiments and, thus, one cannot be
definite about the origin and magnitude of 𝐶𝑃 violation in
the leptonic sector. However, as a first step, it is worthwhile
to investigate the neutrino mass matrix in the presence of
some theoretically motivated inputs imposed on 𝑀] so as
to reduce the number of free parameters of the theory and
induce relationships amongst them. The possible forms of
these theoretically motivated inputs are constrained by the
current experimental data on neutrino masses and mixings
and include the imposition of “texture zeros” [77–83], “hybrid
textures” [84–86] in the neutrino mass matrix, requirement
of zero determinant [87, 88], and zero trace condition [89] to
name just a few.
In the texture zero Ansätze, it is assumed that some of
the elements of neutrino mass matrix are anomalously small
as compared to the other elements and can be, effectively,
replaced by zeros. This is the simplest procedure to reduce the
number of free parameters in the mass matrix. The texture
Ansätze has been quite successful in the quark sector. A
phenomenologically favored texture of quark mass matrix
has been presented earlier by Gupta and Rajpoot [90–93].
In the spirit of quark-lepton similarity, the same texture
has been prescribed for the charged lepton and the Dirac
neutrino mass matrices [94]. The same texture for the righthanded neutrino mass matrix in the seesaw mechanism
might follow from universal flavor symmetry hidden in a
more fundamental theory of mass generation. Thus, texture
zeros in different positions of the neutrino mass matrix, in
particular and fermion mass matrices, in general could be
the consequence of an underlying symmetry [95, 96]. Such
universal textures of fermion mass matrices can, theoretically,
be obtained in the context of GUTs based on 𝑆𝑂(10) [97].

Moreover, neutrino mass matrices with texture zeros have
important implications for leptogenesis [98].
Some attempts aimed at understanding the pattern of
quark/lepton masses and mixings by introducing Abelian
or non-Abelian flavor symmetries, naturally, lead to texture
zeros in the mass matrices. However, the current low energy
data are consistent only with a limited number of texture
zero schemes of the neutrino mass matrix. They can, also,
be realized within the framework of the seesaw mechanism.
Furthermore, these textures can also be derived from a simple
flavor group 𝐴 4 or its 𝑍3 subgroup [99]. The current neutrino
oscillation data disallow all neutrino mass matrices with
three or more texture zeros in the flavor basis. Out of fifteen
possible neutrino mass matrices with two texture zeros, only
seven are compatible with the current data on neutrino
masses and mixings. Some sets of these texture zeros can be
obtained by suitable weak basis (WB) transformations and
have no physical meaning as such. However, a large class
of sets of leptonic texture zeros considered in the literature
imply the vanishing of certain 𝐶𝑃-odd WB invariants and
one can, thus, recognize a lepton flavor model in which the
texture zeros are not explicitly present but correspond to a
particular texture structure in a certain WB. The presence of
texture zeros, in general, leads to a decrease in the number of
independent 𝐶𝑃 violating phases. A particular texture zero
structure gives rise to definite relationships between different
𝐶𝑃 violating phases [100, 101]. Such exact relations in closed
form were obtained in [79]. Correlations between Dirac- and
Majorana-type 𝐶𝑃 violating phases for a particular texture
zero scheme were studied in detail in [100, 101]. It is, therefore,
important to examine the interrelationships between the
𝐶𝑃 odd WB invariants which are required to vanish as a
necessary and sufficient condition for 𝐶𝑃 conservation.
Moreover, a unified description of flavor physics and
𝐶𝑃 violation in the quark and lepton sectors is absolutely
necessary. This can be achieved by constructing a low energy
effective theory with the SM and some discrete non-Abelian
family symmetry and, subsequently, embedding this theory
into grand unified theory (GUT) models like 𝑆𝑂(10) [97].
For this reason, the discrete symmetry will have to be a
subgroup of 𝑆𝑂(3) or 𝑆𝑈(3) [102]. The search for an adequate
discrete symmetry has mainly focussed on the minimal
subgroups of these groups with at least one singlet and
one doublet irreducible representation to accommodate the
fermions belonging to each generation. One such subgroup is
the quaternion group 𝑄8 [85] which not only accommodates
the three generations of fermions but also explains the
rather large difference between the values of 2-3 mixings
in the quark and lepton sectors. Quaternion symmetry like
some other discrete symmetries leads to nontrivial relationships amongst the nonzero mass matrix elements which
underscores the inadequacy of texture zero analyses [84–
86] in isolation. Such textures which have equalities between
different elements along with the vanishing of some elements
of the mass matrix have been referred to as “hybrid textures”
in the literature. Frigerio and Smirnov [86] presented a
comprehensive analysis of the hybrid textures along with
other possibilities for the neutrino mass matrix. The discrete
quaternion groups have been extensively applied to flavor
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physics. It is, therefore, extremely important to investigate the
connection between the textures of fermion mass matrices
and the observables of flavor mixing. In particular, it is
important to subject models based on 𝑄8 symmetry to the
test of a viable leptogenesis to explain the baryon asymmetry
of the Universe (BAU).
The phenomenological analyses of the neutrino mass
matrix with “texture zeros” or “hybrid textures” are expected
to provide useful hints towards unraveling the dynamics of
fermion mass generation, 𝐶𝑃 violation, and identification
of possible underlying symmetries of the lepton flavors
from which realistic models of lepton mass generation and
flavor mixing could be, hopefully, constructed. Moreover, an
interesting cosmological implication of leptonic 𝐶𝑃 violation
is that it opens an attractive possibility of accounting for the
matter-antimatter asymmetry in the Universe within the socalled thermal leptogenesis mechanism.

8. Sterile Neutrinos and Associated
Phenomenology
The recent agreement of MiniBooNE antineutrino data [103]
with the short-baseline ]𝜇 → ]𝑒 oscillation signal observed
by LSND experiment [104] has opened an intense theoretical
and experimental activity aimed at the clarification of the
explanation of these observations in a framework compatible
with the data of other neutrino oscillation experiments. The
results of solar, atmospheric, and long-baseline neutrino
oscillation experiments led us to the current standard threeneutrino mixing paradigm, in which the three active neutrinos ]𝑒 , ]𝜇 , ]𝜏 are superpositions of three massive neutrinos
]1 , ]2 , ]3 with masses 𝑚1 , 𝑚2 , 𝑚3 , respectively. The measured solar and atmospheric mass-squared dofferences are
given in Table 3. The completeness of this paradigm has been
challenged by the LSND [104] and MiniBooNE observations
of short-baseline ]𝜇 → ]𝑒 transitions at different values of
distance (𝐿) and energy (𝐸) but approximately at the same
𝐿/𝐸. Since the distance and energy dependences of neutrino
oscillations occur through this ratio, the agreement of MiniBooNE and LSND signals raised interest in the possibility
of existence of one or more mass squared differences larger
than about 0.5 eV, which is much larger than the values of
2
2
and Δ𝑚31
. Hence, we are led to the extension of threeΔ𝑚21
neutrino mixing with the introduction of one or more sterile
neutrinos which do not have weak interactions and do not
contribute to the invisible width of the 𝑍 boson [105].
The possible existence of sterile neutrinos is an exciting
possibility which could open a powerful window to investigate physics beyond the SM of particle physics. Schemes
of neutrino mixing with sterile neutrinos have been studied
extensively in the literature ([106] and the references therein)
with more emphasis on the schemes with one or two sterile
neutrinos. Sterile neutrinos, if they exist, would lead to
rich experimental phenomena. Their admixture with active
neutrinos would modify the neutrino flavor mixing and lead
to the observable effects in neutrino oscillation experiments.
Moreover, they could interact with gauge bosons, resulting
in significant corrections to certain nonoscillation processes,
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for example, in the neutrinoless double beta decay (0]𝛽𝛽)
amplitude [107] or in the beta decay spectra such as in
KATRIN experiment [108, 109].
In the presence of 𝑛𝑠 = 𝑛−3 sterile neutrinos, the neutrino
mass matrix is an 𝑛 × 𝑛 matrix 𝑀] which can be diagonalized
by an 𝑛 × 𝑛 unitary matrix 𝑈. The neutrino flavor eigenstates
]𝑓 (for 𝑓 = 𝑒, 𝜇, 𝜏, 𝑠1 , 𝑠2 , . . . , 𝑠𝑛−3 ) are then related to their
mass eigenstates ]𝑖 (]1 , ]2 , ]3 , ]𝑠1 , ]𝑠2 , . . .) (for 𝑖 = 1, 2, 3, . . . , 𝑛)
via
𝑛

]𝑓 = ∑𝑈𝑓𝑖 ]𝑖 .

(54)

𝑖=1

In general, for 𝑛 massive families including 𝑛𝑠 = 𝑛 − 3 ≠ 0
massive sterile neutrinos, one has 𝑛 − 1 = 𝑛𝑠 + 2 Majorana
phases, 3(𝑛−2) = 3(𝑛𝑠 +1) mixing angles, and 2𝑛−5 = 2𝑛𝑠 +1
Dirac phases. The number of angles and Dirac phases is less
than the naive (1/2)𝑛(𝑛 − 1) angles and (1/2)(𝑛 − 1)(𝑛 − 2)
phases because the (1/2)𝑛𝑠 (𝑛𝑠 − 1) rotations between sterile
states are unphysical. For illustration, in the case of only one
sterile neutrino, 𝑈 is typically parameterized by
̃
̃ ̃
𝑈 = 𝑅34 𝑅
24 𝑅14 𝑅23 𝑅13 𝑅12 𝑃,

(55)

where the matrices 𝑅𝑖𝑗 are rotations in 𝑖𝑗 space; that is,

𝑅34 = (

1 0

0

0

0 1

0

0

0 0 𝑐34 𝑠34

)

(56)

0 0 −𝑠34 𝑐34
or

̃
𝑅
14 = (

𝑐14

0 0 𝑠14 𝑒−𝑖𝛿14

0

1 0

0

0

0 1

0

−𝑠14 𝑒𝑖𝛿14 0 0

𝑐14

),

(57)

where 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 , 𝑐𝑖𝑗 = cos 𝜃𝑖𝑗 . The diagonal 𝑃 matrix
contains the three Majorana phases 𝛼, 𝛽, and 𝛾:
𝑃 = diag (1, 𝑒𝑖𝛼/2 , 𝑒𝑖(𝛽/2+𝛿13 ) , 𝑒𝑖(𝛾/2+𝛿14 ) ) .

(58)

Note that there are in total three Dirac 𝐶𝑃-violating
phases 𝛿𝑖𝑗 . The above definition of 𝑃 is constructed in such a
way that only Majorana phases show up in the effective mass
governing neutrino-less double beta decay. Similarly, one can
parameterize the mixing matrix for 2 sterile neutrinos as
̃ ̃̃̃
̃
𝑈=𝑅
25 𝑅34 𝑅25 𝑅24 𝑅23 𝑅15 𝑅14 𝑅13 𝑅12 𝑃,

(59)

where
𝑃 = diag (1, 𝑒𝑖𝛼/2 , 𝑒𝑖(𝛽/2+𝛿13 ) , 𝑒𝑖(𝛾/2+𝛿14 ) 𝑒𝑖(𝜙/2+𝛿15 ) ) .

(60)

Neutrino-less double beta decay (0]𝛽𝛽) is the only realistic test of lepton number violation. While there are several
mechanisms to mediate the process (e.g., heavy neutrinos,
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right-handed currents, or SUSY particles), light Majorana
neutrino exchange is presumably the best motivated scenario.
In the presence of one and two sterile neutrinos, the effective
neutrino mass in (0]𝛽𝛽) is, respectively, given by
 2 2 2
2 2 2
𝑐13 𝑐14 𝑚1 + 𝑠12
𝑐13 𝑐14 𝑚2 𝑒𝑖𝛼
⟨𝑚𝑒𝑒 ⟩1 = 𝑐12

2 2
2
+𝑠13
𝑐14 𝑚3 𝑒𝑖𝛽 + 𝑠14
𝑚4 𝑒𝑖𝛾  ,
 2 2 2 2
2 2 2 2
⟨𝑚𝑒𝑒 ⟩2 = 𝑐12
𝑐13 𝑐14 𝑐15 𝑚1 + 𝑠12
𝑐13 𝑐14 𝑐15 𝑚2 𝑒𝑖𝛼

2 2 2
2 2
2
+𝑠13
𝑐14 𝑐15 𝑚3 𝑒𝑖𝛽 + 𝑠14
𝑐15 𝑚4 𝑒𝑖𝛾 + 𝑠15
𝑚5 𝑒𝑖𝜙  .
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9. Conclusions
In the absence of significant breakthrough in our understanding of the parameters of neutrino mass matrix, the
phenomenological approaches such as texture zeros, hybrid
textures, zero determinant, and zero trace condition, to name
a few, are bound to play important role in our understanding
of neutrino masses and mixings. This in turn is intimately
related to the possible observation 𝐶𝑃 violation in the leptonic sector. In this direction, recent observation of nonzero
𝜃13 has very important implication for 𝐶𝑃 violation in the
leptonic sector as it requires a nonzero value of 𝜃13 . The
texture zeros are not weak basis (WB) invariants. This means
that a given set of texture zeros which arise in a certain
WB may not be present at all or may appear in different
entries in another WB. A large class of sets of leptonic texture
zeros considered in the literature imply the vanishing of
certain 𝐶𝑃-odd weak basis invariants. Thus, we can recognize
a lepton mass model in which the texture zeros are not
explicitly present and which corresponds to a particular
texture scheme in a certain WB. The relevance of 𝐶𝑃-odd
̈ is
WB invariants in the analysis of the texture zero Ansatze
due to the fact that texture zeros lead to a decrease in the
number of the independent 𝐶𝑃 violating phases. A minimum
number of 𝐶𝑃-odd WB invariants can be found which will
all vanish for the 𝐶𝑃 invariant mass matrices as a necessary
and sufficient condition. Despite the success of SM threeneutrino oscillations in explaining the results of solar, atmospheric, reactor, and accelerator experiments by two large
and one small mixing angles and two distinct mass squared
splittings, MiniBooNE and LSND experiments are hinting to
the existence of extra mass squared splittings and therefore
the mixing of the three SM active neutrinos with extra
sterile neutrinos. The existence of sterile neutrinos greatly
influencess the phenomenology of the neutrino mass matrix
as it would change the neutrino oscillation probabilities.
Furthermore, there would exist new sources of 𝐶𝑃 violation
affecting the amplitude of neutrinoless double beta decay
(0]𝛽𝛽). In view of the recent enthusiastic results obtained
from the experiments and the future experiments which are
at the planning stage, the future of the neutrino physics is very
buoyant and the next step is the observation of 𝐶𝑃 violation
in the leptonic sector which is very important for the particle
and astroparticle points of view.
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