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We study the entanglement entropy of fermion fields in BTZ black hole space-time and calculate prefactor of the leading and
subleading terms and logarithmic divergence term of the entropy using the discretized model. The leading term is the standard
Bekenstein-Hawking area law and subleading term corresponds to first quantum corrections in black hole entropy. We also
investigate the corrections to entanglement entropy for massive fermion fields in BTZ space-time. The mass term does not affect

the area law.

1. Introduction

The laws of black hole thermodynamics capture the essential
features of macroscopic description of black holes in general
theory of relativity. The surface gravity is constant over the
horizon and it is related to the temperature of the black
hole known as the Hawking temperature. In the context
of black hole thermodynamics, the entropy is proportional
to area of the event horizon [1-5]. Quantum mechanically
black holes emit Hawking radiation and an understanding
of this process will lead to the resolution of information
loss paradox. If one considers quantum fields in the vicinity
of black holes, the area law of entropy receives quantum
corrections (logarithmic corrections) [6]. The entanglement
thermodynamics can also be used to study such corrections.
The AdS/CFT correspondence provides a geometric way to
calculate the entropy of the black hole known as holographic
entanglement entropy [7]. Alternatively one can consider the
matter fields in the background of black hole [8-10] and
calculate the entanglement entropy.

The entanglement entropy is the source of the quantum
information and it measures the correlation between sub-
systems separated by the boundary. The entanglement
entropy depends upon the geometry of the boundary called
the entangling surface. The entanglement entropy is defined
by the von Neumann entropy relation (S, = —tr [p, In p4]),

where p,, is the reduced density matrix of the system A and is
dominated by short range correlations across the entangling
surface. These correlations give an area law (entanglement
entropy proportional to the area of entangling surface divided
by the cutoft (¢)) and the subleading term in the entangle-
ment entropy contains useful cutoff independent information
about the quantum corrections.

The entanglement entropy approach was first used by
Bombelli et al. [11] and Srednicki [12] for scalar field in
spherical systems by considering the entangling surface as
would be horizon of a black hole, formed by a collapsing
star. Peschel [13] developed a technique to calculate the
entanglement entropy of fermions, where the reduced density
matrix can be written in terms of fermion correlator. The
reduced density matrix in terms of correlators obeys the wick
theorem and fixes p = ¢ exp(—%’), where # is a Hamiltonian,
quadratic in fields. In this paper, we calculate the density
matrix for fermions fields in BTZ space-time and explicitly
diagonalize the reduced density matrix in order to estimate
the entanglement entropy.

We also consider the massive fermion fields in BTZ black
hole space-time and calculate the entanglement entropy. We
expand the entropy in powers proper distance from horizon
for different masses and calculate the coefficients of the 1/up
term using the entanglement entropy approach [14]. The cor-
rection to entanglement entropy for massive fields in (2 + 1)



dimension is related to the coeflicient of logarithmic term
in (3 + 1) dimensional massless theory [15]. The area law
contribution of entanglement entropy is not affected by the
mass term and the universal quantities depend upon the basic
properties of the system (spatial dimension) [16-19].

This paper is organized as follows. We study the fermion
field propagating in BTZ black hole space-time in Section 2.
In Section 3, we calculate the coefficients appearing in the
entropy formula numerically. The contribution of massive
fermion fields is studied in Section 4. Finally, we summarize
our results and their physical implications.

2. Fermions in BTZ Black Hole Space-Time

The BTZ black hole is a solution of (2+1) dimensional gravity
with negative cosmological constant (A = -2/ 12) [20] and the
metric is given by

ds’ = — N> (1) df* + N2 () dr + (N® () de +dg)’, (1)

where N?(r) and N%(r) are lapse and shift functions;

2 2
N*(r) =—M+r—+]—,
2 4r?
; 2
N () ==,

where —00 < t < coand 0 < ¢ < 27. The solution is parame-
terized by the mass M and angular momentum J of the black
hole and they obey the conditions, M > 0 and |J| < ML

The proper distance from the horizon, p is given by

= ricosh2 p+ r*sinh? P (3)

where r, and r_ are outer and inner horizons of the black hole.
The metric of BTZ black hole can be written in terms of
proper distance [21, 22],

2
d = [ 2 J A + dp
’ <”+4ﬂw2+M)> e
2 @)
| — L g mdg |
21/ (u? + M)

where we are using (r* = P® + M)).
The Dirac equation in the background of BTZ black hole
is given by (see Appendix A)
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The two-component Dirac spinor ¥ can be written as

(o) o

¥, (p) @5, (¢)

where @), = (1/V2m)e?"/? and @}, = (1/+2m)e?" "/
are the eigenvectors of the angular momentum operator.

Now, we can express the Hamiltonian of the system as the
sum over azimuthal quantum number m,

\Pl
. z(\p;l,\p;Z)Hm< m). )

¥,

The explicit form of H,, can be obtained from (5) and is given
by

Hm (P) = uzazap

u ( ur+ M J? )0
-5 - 2
2\ w42 M)

—Jm N um
22 (u* + M) (12 + M)
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uf

Tl RS

where we have also used §, = 103, J; = 0y, and §, = 0,, and
05 is multiplied by imaginary unit to change from Lorentzian
to Euclidean signature.

We also set 4 = 0 and [ = 1, in this and the next section.
Massive case is considered in Section 4.

We discretize the system using the following relations [11,
23, 24]:

9)
8(p—p') — f,

« _»

where i, j = 1,2,...,N and “a” is the lattice spacing. The
continuum limit is obtained by takinga — 0and N — oo,
while keeping the size of the system fixed. To discretize the
Hamiltonian, we make the following replacements:

(10)
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The discretized Hamiltonian of the system is given by (we also
suppress angular momentum index “m” here) (we discret-
ize the Hamiltonian (8) using the middle-point prescrip-
tion; the derivative of the form f(x)dg(x) is replaced by

fi12095:19,1/a, etc.)

H = Z_‘ \PT Ui1/202 (W1 —Y)

(11)

) L A
e

The corresponding discrete Hamiltonian for an N lattice

takes the form
(%; > TS
Vi

H = Z H Z (lez’ II/ZI)
i,j=1 i,j=1
where i, j are the discrete variables corresponding to the
radial distance p and M;; for fixed i, j is (2x2) matrix such that

11 12 21
Hij:‘PuMij ‘I’lj+1//hM W, +‘I’ M ‘I’ )
o122
+‘I’2iMij‘I/2j.

For the general quadratic Hamiltonian, the fermion corre-
lator appearing in the entanglement entropy formula is
directly related to the M,; ; by the relation (see Appendix B)

C=0(-M), (14)
where ©(x) is unit step function and M is the trace of the
matrix M;;.

It is convenlent to deﬁne (2N x 2N) matrix

M2 kl ,fork,l = 1,...,Nand o, f = 1,2.

The matrix elements of M, for fermlon field in BTZ black
hole case can be extracted from the Hamiltonian (11) and are
given explicitly as

M = (C1)F Jm u;J
(u? + M) 4(u +M) |’
—2k-1,2k 2
M = Y
u; uw+ M ]2
2 w4+ M) ) )

3
2k 2k-1 _ 2
M =T U
u; ]2
2 4(w2+ M)
< l+1/2
u; ]2
2 Mﬁ+MW2
N mu;
\ui + M
—)1 2
M™ == up
2
u; u; + M ]2
2 U a(u? + M)
. mu;
u? + M
Fp2RL2ke2 _ L mu,;
2 u; + M
e mu;
2 \/uf +M
Fp2kL2k-1 L mu,;
2 u? + M
e mu;
2 \/uf +M
(15)

These are the matrix elements of massless fields with angular
momentum J. Since the fermion correlator appearing in the
entanglement entropy formula is related to M;;, the matrix
appearing in the Hamiltonian, for the general case the
entropy of the system is given by a sum over the angular
momentum “mm.” We diagonalize the correlation matrix and



calculate the entanglement entropy, which can be expressed
as

Sent = ). —tr[(1-C)log (1-C)+ClogC],  (1¢)

m

where C is the correlation matrix related to the matrix M by
(14).

3. Numerical Estimation of Entropy

In order to calculate the entanglement entropy of the system,
we split the total system i = 1,2,..., N into two subsystems
labeled by (& = 1,2,...,ng) and (8 = ng + 1,ng +2,...,N),
where e and f3 are the inside and outside indices with respect
to the position of spatial boundary (hypersurface) R = nga.
The entropy is obtained by taking the limit;

Sent = ngnoos (nB’ N) > (17)

where S(ng, N) is the entanglement entropy of the total sys-
tem N with partition n;. We consider the system discretized
in radial direction with N' = 200 lattice points and partition
size specified by the integer n;. We obtain the reduced density
matrix by tracing over degrees of freedom outside the hyper-
surface and calculate the entanglement entropy using (B.9).
The value of np is taken in the range of 10-50 and it suffices for
extracting the term proportional to R/a from S(ng, N). The
numerical calculation of entropy begins with the calculation
of matrix M, ; and the two point correlators using the relation
(14), and finally the entropy of the system (summed over
angular momentum modes, m) is given by (16).

The partition size is given by R = nga and the entropy
scales with the size of the system and it can be a function of
dimensionless ration R/a in order to render the entropy finite.
This argument also justifies the existence of a finite cutoff
length (here lattice spacing “a”) in the system. If we consider
a hypersurface close to the black hole horizon (distance
measured in units of a), the resulting entanglement entropy
can be interpreted as black hole entropy and scales as r, /a.
We fit the numerical data in the following form:

Sent = Cs (r_+> > (18)
a
where C; is the numerical constant; we estimate this coeffi-
cient numerically.

We plot entropy as a function of r, /a, where r, is the
horizon of the black hole and this gives the value ¢, = 0.297
(slope of line in Figure 1).

The black hole entropy also receives quantum corrections
given by logarithmic term in the entropy formula. The fitting
procedure can also be used to calculate the coefficient of
logarithmic correction of entropy,

r T
Slog=a<;+>+b<log;+>+c. (19)
The numerical value of these coeflicients is obtained by

fitting procedure and is given as a = 0.304, b = —0.315, and
c=-0.327.
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FIGURE I: The entanglement entropy of massless fermion field with
the function of r, /a.
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FIGURE 2: The entanglement entropy of massless fermion field as a
function of r, /a with different value of ] = 0, 0.9, and 0.99.

The coefficient of logarithmic term for Dirac and scalar
fields is related by the formula [25, 26]

by = 2@ (20)

Our numerical results seem to confirm this while using the
results for the scalar field from our previous work [21] and
analytic result of Mann and Solodukhin [27].

The dependence of entropy on angular momentum J is
also shown in Figure 2. The entropy has no explicit depend-
ence on angular momentum except through the factor r, /a,
which defines the size of the horizon.

4. Entanglement Entropy in
Free Massive Theory

In this section, we study the entanglement entropy in free
massive theory in BTZ black hole space-time. The entropy
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TaBLE 1: The value of ¢, ¢;, and c_, for different masses 0.1, 0.2, 0.3,

0.4, and 0.5.
u=0.1 u=02 u=03 u=04 u=0.5
) 0.23 0.21 0.25 0.32 0.36
) 2.64 2.53 2.42 2.32 2.22
e, (w) 1.20 0.84 0.70 0.64 0.62
300
250 +

200 +

150 +

Sent (massive)
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---m=0.1
~~~~~~ m=0.3
— m=0.5

FIGURE 3: The entanglement entropy of fermion field for massive
fields of a function of 7, /a with different masses (0.1, 0.3, and 0.5).

can be expanded in powers of proper distance, p, for large
values of p [14],

1
S=61(M)P+CO(M)+C_1(M)/—)+~-- (21)

We calculate the entanglement entropy of the fermion field
for different masses in the range (0.05 < p < 0.5). The value
of (), ¢;(4), and c_, () for different masses is tabulated in
Table 1 and plotted in Figure 3.

One can expand the ¢, (¢) and c_, () in powers of y,

1
q ()= CIM+C?+CI 1;’
(22)

ey (p) = 511//”521 *‘C—ll
¢

The plots of ¢; (i) and c_, (#) as a function of mass i and
1/u, respectively, for the fermion field are shown in Figure 4.
The coeflicients ¢; and c_; are found from fitting the data
plotted in Figure 4 and the values are —0.503 and —0.074,
respectively.

Here it is interesting to note that the massive theory in (2+
1) dimension can be obtained via dimensional reduction of
(3 + 1) dimensional massless theory [28, 29]. The coefficients
c_, are related with the coeflicient of logarithmic term in (3 +
1) dimension and are given by —7/40 and —7/6.

5. Results and Conclusion

In this paper, we have studied the entanglement entropy of
the fermion field propagating in the background of BTZ
black hole numerically. We have calculated the coefficients
of leading and subleading correction of entropy for massless
fermion field. The subleading correction gives the first quan-
tum correction of entropy, which is a logarithmic correction.
We have calculated the coefficient of logarithmic term using
fitting procedure. We also notice that the entropy of the
fermion fields depends weakly upon the angular momentum.
We have also studied the entanglement entropy for mas-
sive fermion fields numerically. One may also compute the
entanglement entropy for fermion field numerically in the
context of nonvacuum states (first excited state and mixed
state) using the correlator method and study the correction
of area relation. We leave it as a future exercise.

Appendices

A. Dirac Equation in BTZ Black
Hole Background

The metric of BTZ black hole can be written in terms of
proper distance, p, defined as r* = r>cosh’p+r*sinh’p, where
r, and r_ are outer and inner horizon of the black hole,

2
ds? = — (12 J di + d o
s (”*412(u2+M)) rap
2 (A

| — L m e mdg |

20(u? + M)

and we use (r? = I>(u* + M)) and so forth [21].
The Dirac equation in the curved space-time is written s;

S
[y"BM + ZY#wybYab - [,d] y=0, (A.2)

where y* are the Gamma matrices and wzb
tion.

The Gamma matrices in the background of BTZ black
hole space-time are y,, = efja. The dreibein are given by

]2 1/2

0 2

= —_— dt,
¢ (“ +4l2(u2+M))

-1/
dt = u2+L 12e0
412 (u? + M) ’

dp=e¢',

are spin connec-

et =dp,
e =N+ Mdg-

(A.3)

J
—dt,
21/(u? + M)
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FIGURE 4: The coefficients of ¢, and c_, are the function of y with different masses. The coeflicient ¢, is proportional to ¢ and c_, proportional

to the 1/p in fitting.

where

J? _ J _
Yo = \j(”z + —>V0 ——— S %
42 (u?> + M) 2l /(uz + M)
Y1 ="
7= N M,

where 9, are the Pauli matrices in flat space-time and j, = 103,
Y, = 0,, and 9, = 0,. And the inverse of Gamma matrices is

0o 1
V@ + J2/48 (2 + M)

(A.4)

Yo>

2 (A.5)

1 _ J _
= - Yo
IVu: + M \/uz + 2412 (12 + M)

The nonvanishing Christoffel symbols are

r() _ ro _ u2 + M
0700 2y 2y (4P + M)’
ro _ FO __ ] vu2 +M
AR 2+ /AR (w2 + M)
Iy = Vi2 + M,

0, = -PVu? + M,

rz _ l_,2 _ ] vu2 + M
0700 2 (w2 + 21412 (u? + M)’
=12 = v
PR V2 M (12 + J2 A (u? + M)
(A.6)
The nonvanishing spin connections w are
o 1[2 377 2]
Y= |ETrA )
o = J:
2w+ M)
o)
2 (u2 + M) (A7)
2 Ju Ju

“or = (u? + M) - (u?+ M)’

J&

w2 -
O u(w+ M)
2

Wy, = U

Finally, the Dirac equation (A.2) in BTZ black hole space-
time can be written as

1_ - -J .
- ;Yoao +uy 0, + (m%

1
—L 5
IVu? +MYZ) ?
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(A.8)

where the subscript (0, 1, 2) corresponds to (t, p, ¢).

B. A Model of Entanglement Entropy for
Fermion Fields

In this section, we review the model of entanglement entropy
for fermions and numerical computation of entropy. The
appropriate formalism to describe the entanglement entropy
is the density matrix, defined in the term of local operator &
in the region V of space and it is given by

tr (py0) = (0]0]0) . (B.1)
The reduced density matrix of a system can be written in the
exponential form [24, 26];

py = ce_%, (B.2)

where # is the Hermitian matrix to be identified with the
Hamiltonian of the system and ¢ is the normalization con-
stant.

The Hamiltonian of the system with fermions can be
written as [24]

%:Lﬁ%%. (B.3)

Using this form of the Hamiltonian the reduced density
matrix (B.2) is given by

Py = celv¥iHY; (B.4)
We can diagonalize the exponent of density matrix by using
the unitary transformation d; = U,,,y,, (one can choose U
such that UHU' = {g;}, U being a unitary operator and
€; being the eigenvalue of H). The local creation and annihila-
tion operator y; and 1;/; obey the anticommutation relations.
The two point correlators are given as

Cyj = (0 |wivj|0).

(0lyjvil0) = 8;-Cy

(B.5)
(Olyiys|0) =0
(olu}ilo) -0
The relation between C and H can be rewritten as
Cj=ctr (e_zHl’“%TW’"lpil//}r). (B.6)

For general quadratic case the discrete Hamiltonian is written
as [30]

:
H= Z}//i M; ;. (B.7)
ij

The correlator is directly related to M; ; by the relation,

C=0(M)), (B.8)

where M is the trace of the matrix and @ is the step function.
The entropy of the system is given by the relation,

S=-tr[(1-C)log(1-C)+ClogC]. (B.9)

The eigenvalues of C lie between 0 and 1, except in case where
the global state is pure; then the eigenvalues of the C are 0 or
Is.
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