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Slow-roll inflationary scenario is considered in noncanonical scalar field model supposing a power-law function for kinetic term
and using two formalisms. In the first approach, the potential is picked out as a power-law function, that is, the most common
approach in studying inflation. Hamilton-Jacobi approach is selected as the second formalism, so that the Hubble parameter is
introduced as a function of scalar field instead of the potential. Employing the last observational data, the free parameters of the
model are constrained, and the predicted form of the potential and attractor behavior of the model are studied in detail.

1. Introduction
Inflationary scenario is the best candidate for describing the
very early times evolution of the universe, which could simply
solve the problems of the standard hot big bang model. There
are lots of observational data supporting this scenario [1]. The
scenario was first proposed by American physicist, Guth, in
order to solve the problem of standard hot big bang model
[2]. So far, different model of inflationary cosmology has been
introduced; however it might be said that the most interesting
one is chaotic inflation, introduced by Linde in 1983 [3].
Based on this scenario, the universe in the very early times is
dominated by a slowly varying homogenous scalar field and
undergoes an exponential expansion in very short time.
The scenario has been constructed based on canonical scalar field; however recently the cosmological models
of scalar field including noncanonical kinetic term have
attracted scientists attention. The general form of its action is
expressed by L𝜙 = 𝑓(𝜙)𝐹(𝑋)−𝑉(𝜙), where 𝑋 = (∇𝜇 𝜙∇𝜇 𝜙)/2
[4]. The case with 𝑉(𝜙) = 0 comes into a well-known model
as 𝑘-essence. The main idea of 𝑘-essence comes from BornInfeld action of string theory [5, 6]. The model is able to
give some interesting results about dark energy [7–12]. In
[13, 14], the model is applied as a possible way for inflation
and describing early time evolution of the universe.

In the present work, we are going to take 𝑓(𝜙) = 1 and
𝑉(𝜙) as scalar field potential. In other works, we take a pure
kinetic 𝑘-essence plus a potential term. This kind of model is
known as noncanonical scalar field [15]. This case is another
class of the general form which could be as important and
interesting as 𝑘-essence model. The cosmological solution of
the model has been studied in [15], where it was shown that
it is possible to construct a unified model of dark matter
and dark energy for a simple form of noncanonical kinetic
term 𝐹(𝑋). The same case has been considered in [16] as
well, in which they found that producing a unified model
of dark matter and dark energy for a pure kinetic 𝑘-essence
is very difficult. It seems that the noncanonical scalar field
model has this ability to be an appropriate model of the
universe evolution and has merit of consideration in more
detail. Then, we were motivated to use noncanonical scalar
field as a possible model for describing one example of the
earliest universe evolution, namely, inflation.
There are two formalisms that cosmologists apply to study
inflation, and in the present work, we are going to utilize
both these approaches. The first formalism, and the most
common and well-known one, relies on the potential. In this
approach, we need to propose a specific form of the potential
to be able to investigate the model in detail. In this regard,
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during this work, a familiar form of potential, as powerlaw, is picked out. The power-law potential, 𝜆𝜙𝛼 , has a huge
contribution in inflationary scenario studies, which includes
chaotic inflation. The two most known cases are 𝛼 = 4 and
𝛼 = 2. Recent observational results have shown that the 𝜆𝜙4
stays outside of the joint 99.7% CL region in the 𝑛𝑠 − 𝑟 plane.
The quadratic potential model, 𝛼 = 2, lies outside the joint
95% CL region for Planck + WP + high-𝑙 for 𝑁 ≤ 60 𝑒folds. The potential models with 𝛼 = 1 and 𝛼 = 2/3 lie on
the boundary of the joint 95% CL region [17–19]. Another
interesting formalism is known as Hamilton-Jacobi formalism, which relies on a specific form of the Hubble parameter
in terms of scalar field, instead of introducing a potential [20–
24]. In comparison with the first formalism, Hamilton-Jacobi
formalism includes some fascinating feature such as deducing
a form of the potential, obtaining an exact solution for the
scalar field. Although the formalism has got less attention
than first formalism, its abilities in inflationary studies sound
undeniable. Based on the presented argument, the later
formalism stands in the center of our attention in this work.
The main goal of the work is to constrain the free
parameters of the model utilizing the latest observational
data released by Planck-2015 [19, 25]. Prediction of quantum
perturbation is one of interesting features of inflationary
scenario. The most important ones of these perturbations are
scalar perturbation, which is seeds for large scale structure
of the universe, and tensor perturbation, which is known as
gravitational waves too [26–28]. The prediction is supported
by huge amount of observational data. From Planck data, the
amplitude of scalar perturbation is about ln(1010 𝐴2𝑠 ) = 3.094,
and the scalar spectra index, which is equal to one for a scaleinvariant spectrum, is measured about 𝑛𝑠 = 0.9645 [19]. In
contrast with scalar perturbation, Planck does not give an
exact value for tensor-to-scalar ratio 𝑟; it just specifies an
upper bound for this parameter as 𝑟 < 0.10 [19].
The paper is organized as the following: the general form
of noncanonical scalar field equations, slow-rolling parameters, and the perturbation parameters are derived in
Section 2. In Section 3, the problem is studied by using the
first formalism, and appropriate values for the free parameters are presented. The second formalism is applied in
Section 4, where, as well as constraining the parameters, the
predicted potential and attractor behavior of the model are
considered.

2. Noncanonical Scalar Field
To begin, we introduced the Lagrangian which is read as
S = ∫ 𝑑4 𝑥√−𝑔 (

𝑀𝑝2
2

𝑅 + L𝑁) ,

(1)

where 𝑅 is Ricci scalar constructed from the metric 𝑔𝜇] and
𝑀𝑝 is Planck mass. L𝑁 is the Lagrangian of noncanonical
scalar field which is defined as L𝑁 = 𝐹(𝑋)−𝑉(𝜙). The kinetic
term of noncanonical scalar field is expressed by an arbitrary
function 𝐹(𝑋), in which 𝑋 = −(𝑔𝜇] ∇𝜇 𝜙∇] 𝜙)/2. Potential of
scalar field is denoted by 𝑉(𝜙).

The observation shows that the universe is spatially flat.
The common metric to describe such a universe is spatially
flat FLRW metric. The dynamical equations are derived
by taking variation of action with respect to independent
variable as 𝑔𝜇] and 𝜙. Substituting the metric in the field
equations leads to well-known Friedmann equations as
𝐻2 =

1
𝜌,
3𝑀𝑝2

1
𝐻̇ = −
(𝜌 + 𝑝)
2𝑀𝑝2

(2)

in which 𝜌 and 𝑝 are, respectively, the energy density and
pressure of noncanonical scalar field, expressed by
𝜌 = 2𝑋𝐹𝑋 − 𝐹 + 𝑉 (𝜙) ,
𝑝 = 𝐹 − 𝑉 (𝜙) .

(3)

Derivative of kinetic function 𝐹(𝑋) with respect to 𝑋 is
denoted by 𝐹𝑋 . And for the acceleration equation we have
1
𝑎̈
(𝐹 + 𝑋𝐹𝑋 − 𝑉 (𝜙)) .
= 𝐻2 + 𝐻̇ = −
𝑎
3𝑀𝑝2

(4)

To have a positive acceleration phase for the universe, one
must have 𝑉(𝜙) > (𝐹+𝑋𝐹𝑋 ). On the other hand, the equation
of motion of noncanonical scalar field is obtained
(2𝑋𝐹𝑋𝑋 + 𝐹𝑋 ) 𝜙 ̈ + 3𝐹𝑋 𝐻𝜙 ̇ + 𝑉 (𝜙) = 0

(5)

which is another expression of familiar conservation equation
𝜌̇ + 3𝐻(𝜌 + 𝑝) = 0, where 𝜌 and 𝑝 have been introduced in
(3).
From now on, we take the kinetic term as a power-law
function of 𝑋; namely, 𝐹(𝑋) = 𝐹0 𝑋𝑛 . The constant 𝑛 is
dimensionless, and 𝐹0 is a constant whose dimension is fitted
in a way to give [𝑀4 ] for kinetic energy density 𝐹(𝑋). It could
be easily checked that the case 𝑛 = 1 and 𝐹0 = 1 comes to
usual canonical scalar field model.
2.1. Noncanonical Inflation. Inflation is an era of the universe
evolution where it stays in a positive accelerated phase and
undergoes an extreme expansion. It is supposed that, in this
era, the universe is dominated by an isotropic and homogeneous scalar field which causes quasi-de Sitter expansion.
During this work, we assume that inflation happens due to a
noncanonical inflation, and the general form of parameters is
derived.
2.1.1. Slow-Roll Approximation. In order to have a quasi-de
Sitter expansion, the rate of the Hubble parameter during a
Hubble time should be much smaller than unity; in other
̇ 2 ≪ 1 [29]. The same situation is assumed for
words 𝐻/𝐻
̇
𝜙, which states that the rate of time derivative of scalar field
during a Hubble time should be much smaller than unity:
̈
|𝜙|/𝐻|
𝜙|̇ ≪ 1 [29]. These two conditions are known as slowroll approximations. The first condition allows us to ignore
the kinetic energy density of scalar field against the potential

Advances in High Energy Physics

3

part in the Friedmann equation, and the second condition
lets one ignore the term 𝜙 ̈ against the term 𝐻𝜙 ̇ in the wave
equation. Corresponding to each slow-roll approximation
there is a slow-roll parameter, given by [29]
𝐻̇
,
𝐻2
 ̈
𝜙
𝜂𝐻 = −     .
𝐻 𝜙̇
𝜖𝐻 = −

(6)

𝑑𝑠2 = − 𝑑𝑡2 + 𝑎2 (𝑡) (𝛿𝑖𝑗 + ℎ𝑖𝑗 ) 𝑑𝑥𝑖 𝑑𝑥𝑗

Smallness of these two parameters during inflation shows that
the scalar field slowly rolls down its potential and lets enough
amount of inflation happen.
2.1.2. Perturbation. Inflationary models predict three kinds
of perturbations as scalar, vector, and tensor perturbation.
One of the main metric perturbations is scalar perturbation.
Scalar fluctuations become seeds for cosmic microwave background (CMB) anisotropies or for large scale structure (LSS)
formation. Therefore, by measuring the spectra of the CMB
anisotropies and density distribution, the corresponding
primordial perturbation could be determined. First, let us
have a brief look at the scalar perturbation.
Consider only an arbitrary scalar perturbation to the
background FLRW metric, which is expressed by [26–28, 30,
31]
𝑑𝑠2 = − (1 + 2𝐴) 𝑑𝑡2 − 2𝑎2 (𝑡) ∇𝑖 𝐵𝑑𝑥𝑖 𝑑𝑡
+ 𝑎2 (𝑡) [(1 − 2𝜓) 𝛿𝑖𝑗 + 2∇𝑖 ∇𝑗 𝐸] 𝑑𝑥𝑖 𝑑𝑥𝑗

(7)

𝛿𝑖𝑗 is background spatial metric and ∇𝑖 is the covariant
derivative with respect to this metric. The intrinsic curvature
of the spatial hypersurface is expressed by the perturbation
parameter 𝜓 as 3 𝑅 = 4∇2 𝜓/𝑎2 , where 𝜓 is usually named the
curvature perturbation [31].
Inserting this metric in the main field equations leads
one to the scalar perturbation, which are expressed in [26–
28, 30–33]. In this order, we follow [30], which has considered
the perturbation of generalized gravity, including our model.
After some routine algebraic calculation, the results for scalar
perturbation show the amplitude of scalar perturbation given
by [30]
P𝑠 = (

𝐻2

observational data. At first, it was thought that the possible
effects of primordial gravitational waves are not important
and might be ignored. However, a few years ago, it was found
out that the tensor fluctuations have an important role, and
they should be taken into consideration to determine the
best-fit values of the cosmological parameters from the CMB
and LSS spectra [34–36]. Contribution of tensor perturbation
in metric is expressed as

2

) ,
1/2
2𝜋 (𝑐𝐴 (𝜌 + 𝑝))

(8)

where 𝑐𝐴 is sound speed and for our model is a constant and
equal to 𝑐𝐴2 = (2𝑛 − 1)−1 (reader could refer to [30] for more
detail).
Besides scalar fluctuation, the inflationary scenario predicts tensor fluctuation, which is known as a gravitational
wave, too. The produced tensor fluctuations induce a curved
polarization in the CMB radiation and increase the overall
amplitude of their anisotropies at a large scale. The physics
of the early universe could be specified by fitting the analytical results of CMB and density spectra to corresponding

(9)

Inserting it into field equations comes to tensor perturbation
equations. In contrast with scalar and vector perturbation,
energy-momentum perturbation has no role in tensor perturbation equation. After doing some algebraic analysis, the
amplitude of tensor perturbation is obtained as [30]
P𝑇 =

8
𝐻 2
(
) .
𝑀𝑝2 2𝜋

(10)

The imprint of tensor fluctuation on the CMB brings this idea
to indirectly determine its contribution to power spectra by
measuring CMB polarization [35]. Such a contribution could
be expressed by the 𝑟 quantity, which is known as tensor-toscalar ratio and represents the relative amplitude of tensorto-scalar fluctuation: 𝑟 = P𝑇 /P𝑠 . Therefore, constraining
𝑟 is one of the main goals of the modern CMB survey.
According to the current accuracy of observations, it is only
possible to place a constant upper bound on the allowed
range of 𝑟 [37–42]. Recent data from nine years of results
of WMAP9 and South Pole Telescope (SPT) give the latest
constraints of 𝑟 < 0.13 and 𝑟 < 0.11 at 95% confidence level
(CL) [43–46]. Combining Planck’s temperature anisotropy
measurements with the WMAP large-angle polarization to
constrain inflation gives an upper limit 𝑟 < 0.11 in 95%
CL [17, 46]. The latest data about the quantity comes from
Planck collaboration on February 2015. Planck full mission
data for ΛCDM + 𝑟 model resulted in a new constraint on the
quantity 𝑟 as 𝑟 < 0.10 (Planck TT, TE, EE + lowP), < 0.11
(Planck TT + lowP + lensing) at 95% CL, which indicates a
slight improvement in comparison with the previous result
of Planck-2013 [19, 25].

3. Chaotic Inflation
The general form of dynamical equations and main parameters of the model have been derived, which brings us some
crude results. In order to have more clear insight, a specific
kind of potential is necessary. In this section, we are going to
consider the model for a familiar kind of potential, which has
received lots of attention, namely, power-law potential.
Using slow-roll approximations, the dynamical equation
of the model is rewritten as
𝐻2 =

1
𝑉 (𝜙) ,
3𝑀𝑝2

1
𝐻̇ = − 2 (𝑛𝐹0 𝑋𝑛 )
𝑀𝑝

(11)
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̈
and the acceleration equation is expressed as 𝑎/𝑎
=
𝑉(𝜙)/3𝑀𝑝2 which shows a positive acceleration, a desirable
situation for inflation. Also, for the wave equation, there is
3𝐻𝜙 ̇ (𝑛𝐹0 𝑋𝑛−1 ) + 𝑉 (𝜙) = 0.

At the end of inflation era, the acceleration parameter
vanishes, and the slow-roll parameter 𝜖𝑉 reaches to one.
Therefore, at this time, the scalar field could be read from (15)
as

(12)

By utilizing the definition of slow-roll parameters, and
the reorganized form of dynamical equations, the slow-roll
parameters could be obtained as

𝜙𝑒𝑧/𝑛 =

𝜂𝑉 =

𝜙𝑖𝑧/𝑛 = A𝜙𝑒𝑧/𝑛

,

𝑀𝑝2 𝑉 (𝜙) [ 𝑛𝐹0 √6𝑉 (𝜙) ]
[
]
𝑛𝐹0 𝑉 (𝜙)
−𝑀𝑝 𝑉 (𝜙)
[
]

(13)

2(𝑛−1)/(2𝑛−1)

.

This form of slow-roll parameters is known as potential
slow-roll parameters, whose smallness displays the flatness
of potential during inflation. Inflation period lasts until the
slow-roll parameter 𝜖𝑉 arrives at one, which corresponds to
𝑎̈ = 0. Amount of expansion during this era is measured by
number of 𝑒-folds’ parameter, indicated by 𝑁 and defined as
𝑁 ≡ ln (

𝑡𝑒
𝜙𝑒
𝑎𝑒
𝐻
𝑑𝜙
) = ∫ 𝐻 𝑑𝑡 = ∫
𝑎𝑖
𝑡𝑖
𝜙𝑖 𝜙 ̇
1/(2𝑛−1)

=(

−𝑛𝐹0
)
6𝑛−1 𝑀𝑝2𝑛

𝜙𝑒

⋅ ∫ √𝑉 (𝜙) (
𝜙𝑖

(14)
√𝑉 (𝜙)
𝑉 (𝜙)

1/(2𝑛−1)

)

.

It is expressed that, to overcome on standard cosmology
problems, there should be about 55–65 numbers of 𝑒-folds.
Let us turn our attention to power-law potential 𝑉(𝜙) =
𝜆𝜙𝛼 . Since the general form of main equations has been
acquired in the previous section, we ignored repeating it, and
we only expressed the final results. Substituting this potential
in slow-roll parameters (13), one arrives at
𝜖𝑉 =
𝜂𝑉 =

3𝑛𝐹0 F𝑛 −𝑧/𝑛
𝜙 ,
𝜆
𝛼 (𝛼 − 1) 𝑀𝑝2
𝑛𝐹0 F𝑛−1

(15)
−𝑧/𝑛

F≡[

6𝑛2 𝐹02

in which A is a constant parameter, defined by A ≡ 1 +
2𝑧𝑁/𝛼𝑛.
As it was mentioned, at the beginning of inflation, in
order to have a quasi-de Sitter expansion, the slow-roll
parameters should be much smaller than unity. Therefore, the
constants should be in a way to satisfy this condition.
Using the definition of the potential in perturbation
amplitude (8) and (10), the scalar and tensor perturbation
amplitudes, respectively, are obtained as
P𝑠 =

√𝑛𝜆2
72𝜋2 𝑀𝑝4 𝑛𝐹0 F𝑛

𝜙𝛼 𝜙𝑧/𝑛 ,

2
16
P𝑇 = 2 4 𝜆𝜙𝛼 ⇒ 𝑟 =
𝜖 .
√2𝑛 − 1 𝑉
3𝜋 𝑀𝑝

(19)

The tensor perturbation is observed indirectly, by using the
parameter 𝑟 which is the ratio of tensor perturbation amplitude to scalar perturbation amplitude: 𝑟 = P𝑇 /P𝑠 . These
perturbations are used to constrain another free parameter of
the model; however first we need to compute them at initial
of inflation, namely, for 𝜙 = 𝜙𝑖 .
On the other hand, the scalar and tensor spectra indices
are expressed in terms of these slow-roll parameters
𝑛𝑠 − 1 =

𝑑 ln (P𝑠 )
2𝑛
2 (5𝑛 − 2)
=
𝜂 −
𝜖 ,
𝑑 ln (𝑘)
2𝑛 − 1 𝑉
2𝑛 − 1 𝑉

𝑑 ln (P𝑠 )
= − 2𝜖𝑉 .
𝑛𝑇 =
𝑑 ln (𝑘)

(20)

Utilizing the scalar spectra index (20), and tensor-toscalar ratio equations (19), one could determine the behavior
of the parameter 𝑛 in terms of 𝑛𝑠 and 𝑟. Based on latest Planck
data, there are a range for scalar spectra index and an upper
bound for tensor-to-scalar ratio [19]:
∗ TT + lowP + lensing → 𝑛𝑠 = 0.9677 ± 0.0060, 𝑟 <
0.11.
∗ TT + lowP + BAO → 𝑛𝑠 = 0.9673 ± 0.0045, 𝑟 <
0.11.

1/𝑛

]

𝑧 ≡ 𝛼𝑛 + 2𝑛 − 𝛼,
𝑛 ≡ 2𝑛 − 1.

(18)

∗ TT + lowP → 𝑛𝑠 = 0.9655 ± 0.0062, 𝑟 < 0.10.

𝜙

in which
𝛼2 𝑀𝑝2 𝜆

(17)

Using the number of 𝑒-folds (14), one could easily derive the
scalar field at the beginning of inflation

2𝑛/(2𝑛−1)


3𝑛𝐹0 [ −𝑀𝑝 𝑉 (𝜙) ]
𝜖𝑉 =
]
[
𝑉 (𝜙) 𝑛𝐹 √6𝑉 (𝜙)
]
[ 0

3𝑛𝐹0 F𝑛
.
𝜆

,
(16)

∗ TT, TE, EE + lowP → 𝑛𝑠 = 0.9645 ± 0.0049, 𝑟 <
0.10.
Note that, as we concentrate on Planck-2015 data about
the quantity 𝑟, we realize that the previous mentioned
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Figure 1: (a) The scalar spectra index versus 𝑛. (b) The potential power parameter 𝛼 is depicted versus 𝑛; for four different values of tensorto-scalar ratio as 𝑟 = 0.05 (blue line), 𝑟 = 0.09 (red line), 𝑟 = 0.11 (orange line), and 𝑟 = 0.14 (yellow line).

Table 1: The final results for the parameters 𝑛 and 𝛼.
𝑟
𝑛
𝛼

0.05
3.28
1.45

0.08
1.50
1.46

0.11
0.95
1.46

0.14
0.70
1.47

0.3

r

constraint could rise in some cases. For instance, according
to [19], for ΛCDM+𝑟+𝑑 ln 𝑛𝑠 /𝑑 ln 𝑘 model, there is 𝑟 < 0.176
(Planck TT + lowP + lensing).
In order to specify a proper value for the constant
parameter 𝑛, the parameter is depicted versus 𝑛𝑠 for four
different values of 𝑟 in Figure 1(a). The shadow covers the
area which stays in the range 0.9628 < 𝑛𝑠 < 0.9694;
the common interval for scalar spectra index resulted from
Planck-2015 data. The curves cross the shadow line, which in
turn indicates interval values of 𝑛 which are in perfect match
with observational data. Figure 1(b) displays the parameter
𝛼 in terms of 𝑛 for four different values of tensor-to-scalar
ratio. In return to the interval values of 𝑛 that comes from
Figure 1(a), one could demonstrate appropriate values for
the potential power 𝛼. The final result has been prepared in
Table 1. The existence of a modified kinetic term for scalar
field is clear from the result, in which the power of kinetic
term runs from 0.70 to 3.28. In addition, the appropriate
potential, to be in agreement with observational data, has a
power of 𝛼 ≃ 1.46.
Finally, Figure 2 illustrates the tensor-to-scalar ratio in
term of scalar spectra index for the determined values of the
parameters 𝑛 and 𝛼. Compatability of 𝑟 behavior states that
the model parameters are chosen properly.

4. Hamilton-Jacobi Approach
The Hamilton-Jacobi formalism is utilized as a strong tool to
provide numerous inflationary models with exactly known
analytic solutions for the background expansion. One of the
most interesting advantages of the formalism is that almost
the whole parameters of the model could be derived that

0.15

0.94

0.96

0.98

1

ns
Planck-2013
Planck TT + lowP
Planck TT, TE, EE + lowP

Figure 2: The figure shows the tensor-to-scalar ratio versus the
scalar spectra index.

is explained in the following lines [20–24]. Suppose the
Hubble parameter could be defined as a function of scalar
field 𝐻 := 𝐻(𝜙). Consequently, the time derivative of the
̇  , where prime
Hubble parameter is reexpressed as 𝐻̇ = 𝜙𝐻
denotes derivative with respect to scalar field. Then, the
second Friedmann equation is read as the following:
𝑛̇

𝜙 =−

2𝑛 𝑀𝑝2
𝑛𝐹0

𝐻 ,

(21)

where the prime is derivation with respect to scalar field.
Taking integrate of the above relation produces a scalar field
in terms of scalar field, and in turn the Hubble parameter
could be displayed in terms of time as well. Eventually,
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the model prediction about the potential is achievable by
substituting (21) in the Friedmann equation (2)
2𝑛 𝑀𝑝2 
𝑛𝐹0
(−
𝐻)
2𝑛
𝑛𝐹0

0.97

2𝑛/𝑛

.

(22)
ns

𝑉 (𝜙) = 3𝑀𝑝2 𝐻2 (𝜙) −

It could be named as the most important consequence of
the formalism, so that, for any specific function of 𝐻(𝜙),
the model produces a potential 𝑉(𝜙) which admits the given
𝐻(𝜙) as an exact inflationary solution [20, 47]. Equations (21)
and (22) are known as Hamilton-Jacobi equations.
The slow-roll parameters of the model are expressed in
terms of Hubble parameter and its derivatives, in which for
the tow well-known parameters we have
𝜖𝐻 = − (−

𝜂𝐻 =

2𝑛 𝑀𝑝2
𝑛𝐹0

1/𝑛

)

2𝑛 𝑀𝑝2

2𝑛/𝑛

𝐻
𝐻2

1/𝑛

−1
)
(−
𝑛
𝑛𝐹0

𝜙𝑒

𝜙𝑖

𝐻

𝐻



𝐻

1/𝑛

𝜙𝑒
𝑛𝐹
𝐻
𝑑𝜙 = ∫ (− 𝑛 0 2 )
2 𝑀𝑝
𝜙𝑖
𝜙̇

.

𝐻
𝐻

1/𝑛

𝑑𝜙.

(24)

The general form of amplitude of scalar and tensor quantum
perturbations were introduced, respectively, in (12) and (14).
It was explained how the observational quantities 𝑛𝑠 and 𝑛𝑇
could result from the corresponding perturbation amplitude.
Then, the scalar and tensor spectra indices are given by
𝑛𝑠 − 1 = 2𝑛𝜂𝐻 − 4𝜖𝐻;
𝑛𝑇 = − 2𝜖𝐻.

(25)

All required equations for considering inflation era using
Hamilton-Jacobi approach were introduced so far. The next
step for going ahead and studying the situation in more detail
is to pick out a specific function for the Hubble parameter
in terms of scalar field. Then, it is assumed that the Hubble
parameter could be expressed as a power-law function of
scalar field, so that 𝐻(𝜙) = 𝐻0 𝜙𝛽 .
Substituting the expression of the Hubble parameter in
the slow-roll equations (23) comes to the following consequences:
𝜖𝐻 = − (−

𝜂𝐻 = −

2𝑛 𝑀𝑝2
𝑛𝐹0

1/𝑛

)

𝛽2𝑛/𝑛
𝐻02(𝑛−1)/𝑛

0.96
0.95
0.94
0.93

5

10
n

15

20

Figure 3: The scalar spectra index versus 𝑛 for four different values
of tensor-to-scalar ratio, as 𝑟 = 0.05 (blue line), 𝑟 = 0.09 (red line),
𝑟 = 0.11 (orange line), and 𝑟 = 0.14 (yellow line).

(23)
 2(1−𝑛)/𝑛

Bringing out the same argument as we had in the previous
case, one could read the scalar field at the end of inflation.
The initial value of scalar field could be derived from number
of 𝑒-folds’ relation, so that we have
𝑁=∫

0.98

𝜙𝜎/𝑛

2𝑛 𝑀𝑝2
(𝛽 − 1) 𝛽1/𝑛
)
(−
𝑛
𝑛𝐹0

(26)

1/𝑛

𝐻02(1−𝑛)/𝑛 𝜙𝜎/𝑛 ,

where the constant parameter 𝜎 is defined as 𝜎 = 2𝛽 −
2𝑛𝛽 − 2𝑛. The inflation ends when the slow-roll parameter

𝜖𝐻 reaches unity, which in turn describes 𝑎̈ = 0, and the
final scalar field could be read easily. As it was mentioned,
the scalar field at the beginning of inflation is acquired from
number of 𝑒-folds’ relation as well. Final and initial scalar
field, respectively, resulted as
1/𝑛

𝜙𝑒𝜎/𝑛 = − (−
𝜙𝑖𝜎/𝑛 =

𝑛𝐹0
)
2𝑛 𝑀𝑝2

𝐻02(𝑛−1)/𝑛
𝛽2𝑛/𝑛

1 𝜎/𝑛
𝜙 ,
B 𝑒

(27)
(28)

where the redefined constant B is given by B = 1 − 𝜎𝑁/𝛽.
Consequently, the perturbation quantities could be
derived at the beginning of inflation by inserting the initial
value of scalar field in the corresponding relations. Therefore,
the spectra indices are described as
𝑛𝑠 − 1 =

4𝛽 − 6𝑛𝛽 − 2𝑛
;
𝑛𝛽B

(29)

2
𝑛𝑇 = − ,
B
and the tensor-to-scalar ratio, which indirectly indicates
the presence of gravitational waves, comes to the following
expression:
𝑟=

16𝑐𝐴2
B

16𝑐𝐴2 𝑛𝛽
or 𝑟 =
(𝑛 − 1) .
4𝛽 − 6𝑛𝛽 − 2𝑛 𝑠

(30)

Utilizing the relations for 𝑛𝑠 , 𝑟 and following the same
process as previous section, the behavior of the constant
parameter 𝑛 could be specified easily in terms of 𝑛𝑠 and 𝑟.
Figure 3 portrays the behavior versus scalar spectra index for
four different values of 𝑟. In comparison with the previous
method, there are two separate intervals for 𝑛 which could be
consistent with observational data.
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Figure 4: The Hubble power parameter 𝛽 is depicted versus 𝑛 for four different values of tensor-to-scalar ratio, as 𝑟 = 0.05 (blue line), 𝑟 = 0.08
(red line), 𝑟 = 0.11 (orange line), and 𝑟 = 0.14 (yellow line).

Table 2: The final results for the parameters n and 𝛼.
𝑟
𝑛1
𝛽1
𝑛2
𝛽2

0.05
0.80
0.20
16.12
−1.10

0.08
0.83
0.34
6.26
−1.32

0.11
0.88
0.54
3.25
−1.92

0.14
1.00
0.97
1.86
−7.77

Definitely, for these intervals of 𝑛, there are two intervals
for the Hubble power parameter 𝛽. The behavior of the
parameter versus 𝑛 is illustrated in Figure 4 for four different
values of 𝑟. Figure 4(a) is plotted for 𝑟 = 0.05. Figures 4(b)
and 4(c) depict the behavior of 𝛽 versus 𝑛 to identify proper
values of 𝛽, respectively, for the first and second interval of 𝑛.
Ultimate result has been expressed in Table 2.
Hamilton-Jacobi formalism again indicates the necessity
of modified version of kinetic term for scalar field; however,
the difference is that the power of kinetic term sounds smaller
than unity for 𝑛1 , about 𝑛1 ≃ 0.8, and larger than previous
case for 𝑛2 , about 𝑛2 ≃ 0.8. The result for power of Hubble
parameter displays that it could be both positive for 𝑛1 and
negative for 𝑛2 . The whole result has been presented in
Table 2.

So far, the constant parameters 𝑛 and 𝛽 have been
determined by using observational data. Then, these results
could be applied in (30), to consider the behavior of 𝑟 in terms
of 𝑛𝑠 , as shown in Figure 5 for two separate sets of (𝑛, 𝛽).
Suitability of 𝑟 behavior and standing in the right region prove
that the free parameters have been chosen properly.
4.1. Potential. The general form of the potential was introduced in (22), and it is a polynomial in 𝜙. In order to
study the behavior of the potential during the inflationary
times, the potential could be drawn in terms of scalar field
using the constant parameters 𝑛 and 𝛽 from Table 2. It has
been depicted for four different values of tensor-to-scalar
ration, displayed in Figure 6. In all cases, the potential reduces
with increasing time (or decreasing scalar field), and the
only difference stands in the slip of the potential curve. The
potential diagram is convex, and with increasing 𝑟, it alters
and turns to a convex diagram. For 𝑟 = 0.11, it looks like a
linear potential when it behaves as 𝑉 ∝ 𝜙; and for 𝑟 = 0.14,
it behaves like the well-known and common potential 𝑉 ∝
𝜙2 . Note that, during inflationary times, the initial and final
values of the scalar field are smaller than Planck mass in the
first three cases; and in the final plot (where 𝑟 = 0.14), only the
initial values of scalar field become larger than Planck mass.
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Then, it results that the inflation could occur for field values
below the Planck mass; almost the same result was obtained
in [48], where the authors study chaotic inflation in braneworld scenario. In addition, as it was expected, the potential
energy density is always smaller than Planck energy.

and by taking integrate and utilizing the first Friedmann
equation (33), the potential is expressed by

4.2. Attractive Behavior. Following [49], the attractive behavior of the model could be investigated by adding a homogeneous perturbation 𝛿𝐻(𝜙) to a hypothetical solution
𝐻0 (𝜙) of Hamilton-Jacobi equation (22). If the expression
𝛿𝐻(𝜙)/𝐻0 (𝜙) approaches to zero by passing time, the attractor condition could be satisfied. Substituting 𝐻(𝜙) = 𝐻0 (𝜙) +
𝛿𝐻(𝜙) in the Hamilton-Jacobi equation and linearizing it, the
perturbation equation is read as

in which 𝑐2 is constant of integration, related to 𝑐1 by 𝑐2 =
2𝑀𝑝 √3𝑐1 . Note that, by rescaling the scalar field, the potential
could be rewritten as a potential of massive scalar field
𝑉(𝜑) = 𝑚𝜑2 𝜑2 /2, so that 𝜑 ≡ ∓𝜙 + 2√2𝑀𝑝2 𝑐1 /𝐹0 , and 𝑚𝜑 ≡
√3/4𝐹0 /𝑀𝑝 .
As a further argument, it should be mentioned that the
dynamical equations of this special case are automatically
in the form of the dynamical equation of usual cases after
applying the slow-rolling approximation.

1/𝑛
𝐻 0 𝛿𝐻

𝑛𝐹
3𝑛
=−
(− 𝑛 0 2 )
2𝑛
2 𝑀𝑝

1/𝑛

𝐻0 𝛿𝐻.

3𝑛
𝑁) .
2𝑛

6. Conclusion

(32)

Equation (32) strongly points out the fact that, by passing
time, the perturbation parameter 𝛿𝐻 vanishes, and the model
successfully satisfies the attractor condition.

5. Special Case
The kinetic term of scalar field was taken as a power-law
function of 𝑋; namely, 𝐹(𝑋) = 𝐹0 𝑋𝑛 . For such a kinetic
energy, one is faced with a special case when the power of
the term is taken as 𝑛 = 1/2. In this section, we are going to
briefly review the case.
Substituting 𝑛 = 1/2 in the general dynamical equations
obtained in Section 2 comes to the following result for
Friedmann equations:
𝐻2 =

1
𝑉 (𝜙)
3𝑀𝑝2

𝐹
𝐻̇ = − 0 2 √𝑋.
2𝑀𝑝

(33)
(34)

The first surprising conclusion is that the energy density of
scalar field is exhibited by potential energy density, and the
kinetic term has no contribution. Also, taking integrate of
(34) gives the Hubble parameter in terms of scalar field,
𝐻 (𝜙) =

∓𝐹0
𝜙 + 𝑐1 ,
√
2 2𝑀𝑝2

(35)

where 𝑐1 is a constant of integration and ∓, respectively, are
related to √𝑋 ∝ 𝜙 ̇ and √𝑋 ∝ −𝜙.̇ In addition to the Hubble
parameter, the potential energy density could be derived
exactly from the equation of motion of scalar field, so that
3𝐹0 √2
𝐻 𝜙 + 𝑉 (𝜙) = 0,
2
𝜙̇

(37)

(31)

Taking integrate of above equation, one arrives at the following expression for the perturbation 𝛿𝐻:
𝛿𝐻 = 𝛿𝐻 (𝜙𝑖 ) exp (−

2

1 ∓3𝐹0
𝜙 + 𝑐2 ) ,
𝑉 (𝜙) = (
4 √6𝑀𝑝

(36)

The inflationary scenario was studied using a noncanonical
scalar field instead of usual canonical scalar field. It was
supposed that the kinetic term, 𝐹(𝑋), is a power-law function
of 𝑋 (=∇𝜇 𝜙∇𝜇 𝜙/2); namely, there is 𝐹(𝑋) = 𝐹0 𝑋𝑛 , where
𝐹0 is a constant parameter. In the slow-roll inflationary
scenario, regardless of whether scalar field is canonical or
noncanonical, the time rate of the Hubble parameter during
a Hubble time should be smaller than unity, and the same
behavior is supposed for time derivative of scalar field, known
as slow-roll approximation. The work was implemented by
using two formalisms, and the main goal was to constrain
the free parameter of the model coming from the latest
observational data.
Recent observational data gives us a proper insight
about some perturbation parameters such as spectra indices
and amplitude of perturbations. The latest data is related
to Planck, released on 2015. The result exhibits a slight
correction to Planck-2013 and states that the scalar spectra
index is about 𝑛𝑠 = 0.9645 ± 0.0049, and the amplitude of the
perturbation is measured as ln(1010 P𝑠 ) = 3.094. The tensor
perturbation is still not clear as the scalar perturbation so that
we only have an upper bound for tensor-to-scalar ratio as
𝑟 < 0.10.
To start, the first formalism was used and a general
form of a power-law potential was proposed to consider
the situation in detail. After obtaining the general form of
evolution equations, and using slow-roll approximations, the
slow-roll parameters 𝜖 and 𝜂 were derived for noncanonical
scalar field model including a power-law kinetic term. As it
was expected, these parameters come back to the standard
form of slow-roll parameters for 𝑛 = 𝐹0 = 1. Utilizing the
Planck data, we determined the power of kinetic term and
potential, namely, 𝑛 and 𝛼, presented in Table 1. The power
of kinetic energy term is obtained as 𝑛 ≈ 0.70, 1.5, 3 which
indicates the necessity of a noncanonical term for kinetic
energy of scalar field. In addition, the constraint values
for power of potential function showed that this parameter
should be about 𝛼 ≈ 1.46 which are in good agreement with
the recent observational results about the form of potential in
inflationary era.
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At next step, the Hamilton-Jacobi formalism was applied
by presenting a power-law function of scalar field for the
Hubble parameter, 𝐻 ∝ 𝜙𝛽 . Repeating the same process
resulted in a noncanonical kinetic term for scalar field so that
the parameter 𝑛 changes from 0.80 to 1.00; and the power
of the Hubble parameter 𝛽 stands in the range 0.20–0.97.
The constraint values were utilized to portray the predicted
potential of the model. By contrast to inflationary studies
using the first formalism, considering the potential behavior
points out that the inflation could occur even when the field
values stand below the Planck mass. During inflation times,
the potential decreases with reduction of scalar field.
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