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In the deformed quantum mechanics with a minimal length, one WKB connection formula through a turning point is derived.
We then use it to calculate tunneling rates through potential barriers under the WKB approximation. Finally, the minimal length
effects on two examples of quantum tunneling in nuclear and atomic physics are discussed.

1. Introduction

Various theories of quantum gravity, such as string theory,
loop quantum gravity, and quantum geometry, predict the
existence of a minimal length [1–3]. For a review of a
minimal length in quantumgravity, see [4]. Some realizations
of the minimal length from various scenarios have been
proposed. Specifically, one of the most popular models is the
GeneralizedUncertainty Principle (GUP) [5, 6], derived from
the modified fundamental commutation relation:

[𝑋, 𝑃] = 𝑖ℏ (1 + 𝛽𝑃2) , (1)

where 𝛽 = 𝛽0ℓ2𝑝/ℏ2 = 𝛽0/𝑐2𝑚2𝑝𝑙, 𝑚𝑝𝑙 is the Planck mass, ℓ𝑝 is
the Planck length, and 𝛽0 is a dimensionless parameter. With
this modified commutation relation, one can easily find

Δ𝑋Δ𝑃 ≥ ℏ2 [1 + 𝛽 (Δ𝑃)2] , (2)

which leads to the minimal measurable length:

Δ𝑋 ≥ Δmin = ℏ√𝛽 = √𝛽0ℓ𝑝. (3)

The GUP has been extensively studied recently; see, for
example, [7–14]. For a review of the GUP, see [15].

To study 1D quantum mechanics with the deformed
commutators (1), one can exploit the following representation
for𝑋 and 𝑃:

𝑋 = 𝑋0,
𝑃 = 𝑃0 (1 + 𝛽3𝑃20) ,

(4)

where [𝑋0, 𝑃0] = 𝑖ℏ. It can easily show that such represen-
tation fulfills the relation (1) to O(𝛽). Furthermore, we can
adopt the position representation:

𝑋0 = 𝑥,
𝑃0 = ℏ𝑖 𝜕𝜕𝑥 .

(5)

Therefore for a quantum system described by

𝐻 = 𝑃22𝑚 + 𝑉 (𝑋) , (6)

the deformed stationary Schrodinger equation in the position
representation is

𝑑2𝜓 (𝑥)𝑑𝑥2 − ℓ2𝛽 𝑑4𝜓 (𝑥)𝑑𝑥4 + 2𝑚 [𝐸 − 𝑉 (𝑥)]ℏ2 𝜓 (𝑥) = 0, (7)

where ℓ2𝛽 ≡ (2/3)ℏ2𝛽 and terms of order 𝛽2 are neglected.
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If (7) with 𝛽 = 0 can be solved exactly, one could use
the perturbation method to solve (7) by treating the term
with ℓ2𝛽 as a small correction. However for the general 𝑉(𝑥),
one might need other methods to solve (7). In fact, the WKB
approximation in deformed space has been considered [16].
In [16], the authors considered the deformed commutation
relation

[𝑋, 𝑃] = 𝑖ℏ𝑓 (𝑃) , (8)

where 𝑓(𝑃) is some function. For 𝑓(𝑃), one could solve the
differential equation:

𝑑𝑃 (𝑝)𝑑𝑝 = 𝑓 (𝑃) (9)

for 𝑃(𝑝), and 𝑝(𝑃) denotes the inverse function of 𝑃(𝑝). It is
interesting to note that there might be more than one inverse
function for 𝑃(𝑝). However, one usually finds that there is
only one inverse function 𝑝(𝑃) which vanishes at 𝑃 = 0.
The remaining ones are called “runaway” solutions, which
are not physical and should be discarded [17, 18]. Then, they
used theWKB approximation to show that the solution to the
deformed Schrodinger equation:

𝑃2 (ℏ𝑖 𝑑𝑑𝑥)𝜓 (𝑥) + 2𝑚 [𝑉 (𝑥) − 𝐸] 𝜓 (𝑥) = 0, (10)

was

𝜓 (𝑥)
= 1
√𝑃 (𝑥) 𝑓 (𝑃 (𝑥)) (𝐶1 exp [

𝑖ℏ ∫
𝑥 𝑝 (𝑃 (𝑥)) 𝑑𝑥]

+ 𝐶2 exp [− 𝑖ℏ ∫
𝑥 𝑝 (𝑃 (𝑥)) 𝑑𝑥]) ,

(11)

where 𝑃(𝑥) = √2𝑚[𝐸 − 𝑉(𝑥)]. Moreover, it also showed that
condition,

𝑃2 (𝑥) ≫ ℏ  𝑑𝑑𝑥𝑃 (𝑥) 𝑓 (𝑃 (𝑥))
 , (12)

had to be satisfied to make the WKB approximation valid.
However, condition (12) fails near a turning point, where𝑃(𝑥) = 0.

For the case with 𝑓(𝑃) = 1 + 𝛽𝑃2, we derived one
WKB connection formula through turning points and Bohr-
Sommerfeld quantization rule in [19]. In this paper, we
continue to consider other WKB connection formulas and
calculate tunneling rates through potential barriers. The
remainder of our paper is organized as follows. In Section 2,
we derive one WKB connection formula and use it to find
the formula for the tunneling rate through a potential barrier.
Then two examples of quantum tunneling in nuclear and
atomic physics are discussed in Section 3. Section 4 is devoted
to our conclusions.
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Figure 1: Scattering from a potential barrier.

2. Tunneling through Potential Barriers

We now consider WKB description of tunneling through a
potential barrier 𝑉(𝑥), which vanishes as 𝑥 → ±∞ and
rises monotonically to its maximum 𝑉max at 𝑥 = 𝑥0 as 𝑥
approaches 𝑥0 from either the left or the right side of 𝑥0. In
Figure 1, we plot the potential 𝑉(𝑥). For a particle of energy𝐸, there are two turning points 𝑥 = 𝑥1 and 𝑥 = 𝑥2, 𝑥1 < 𝑥2,
at which 𝑉(𝑥) = 𝐸. There are two classical allowed regions,
Region I with 𝑥 < 𝑥1 and Region III with 𝑥 > 𝑥2. To
describe tunneling, we need to choose appropriate boundary
conditions in the classical allowed regions. We postulate an
incident right-moving wave in Region I, where the WKB
approximation solution to (10) includes a wave incident, the
barrier and a reflected wave:

𝜓 (𝑥) = 𝐴 exp [− (𝑖/ℏ) ∫𝑥1𝑥 𝑝 (𝑃 (𝑥)) 𝑑𝑥]√𝑃 (𝑥) 𝑓 (𝑃 (𝑥))
+ 𝐵 exp [(𝑖/ℏ) ∫𝑥1𝑥 𝑝 (𝑃 (𝑥)) 𝑑𝑥]√𝑃 (𝑥) 𝑓 (𝑃 (𝑥)) .

(13)

In Region III, there is only a transmitted wave:

𝜓 (𝑥) = 𝐹 exp [(𝑖/ℏ) ∫
𝑥
𝑥2
𝑝 (𝑃 (𝑥)) 𝑑𝑥]

√𝑃 (𝑥) 𝑓 (𝑃 (𝑥)) . (14)

In the classically forbidden Region II, there are exponentially
growing and decaying solutions:

𝜓 (𝑥) = 𝐶 exp [− (1/ℏ) ∫𝑥𝑥1 𝑝 (𝑃 (𝑥)) 𝑑𝑥]√𝑃 (𝑥) 𝑓 (𝑃 (𝑥))
+ 𝐷 exp [(1/ℏ) ∫𝑥𝑥1 𝑝 (𝑃 (𝑥)) 𝑑𝑥]√𝑃 (𝑥) 𝑓 (𝑃 (𝑥))

= 𝐶 exp [(1/ℏ) ∫𝑥2𝑥 𝑝 (𝑃 (𝑥)) 𝑑𝑥]√𝑃 (𝑥) 𝑓 (𝑃 (𝑥))
+ 𝐷 exp [− (1/ℏ) ∫𝑥2𝑥 𝑝 (𝑃 (𝑥)) 𝑑𝑥]√𝑃 (𝑥) 𝑓 (𝑃 (𝑥)) ,

(15)
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where

𝐶 = 𝐶𝑒−𝜂,
𝐷 = 𝐷𝑒𝜂,
𝜂 ≡ 1ℏ ∫

𝑥2

𝑥1

𝑝 (𝑃 (𝑥)) 𝑑𝑥.
(16)

To calculate the tunneling rate, we need to use connection
formulas to relate𝐹, 𝐶/𝐶, and𝐷/𝐷 to𝐴. In [19], we derived
oneWKB connection formula around 𝑥 = 𝑥1 in the case with𝑓(𝑃) = 1 + 𝛽𝑃2. If𝐷 = 0, we found that

𝐶
√𝑃 (𝑥) 𝑓 (𝑃 (𝑥)) exp(−

1ℏ ∫
𝑥

𝑥1

𝑝 (𝑃 (𝑥)) 𝑑𝑥) →
2𝐶

√𝑃 (𝑥) 𝑓 (𝑃 (𝑥)) sin(
1ℏ ∫
𝑥

𝑥1
𝑝 (𝑃 (𝑥)) 𝑑𝑥 + 𝜋4 ) ,

to O (𝛽2) ,

(17)

which gives

𝐴 = 𝐶𝑒−𝑖𝜋/4. (18)

In what follows, we will derive a WKB connection formula
around 𝑥 = 𝑥2 to relate 𝐶 and𝐷 to 𝐹 and then calculate the
tunneling rate through the potential barrier.

To match WKB solutions, we need to solve the deformed
Schrodinger equation (7) in the vicinity of the turning point𝑥 = 𝑥2. A linear approximation to the potential𝑉(𝑥) near the
turning point 𝑥 = 𝑥2 is

𝑉 (𝑥) ≈ 𝑉 (𝑥2) − 𝑉 (𝑥2) (𝑥 − 𝑥2) , (19)

where 𝑉(𝑥2) = 𝐸. To simplify (7), a new dimensionless
variable 𝜌 could be introduced:

𝜌 = (𝑥2 − 𝑥)(2𝑚
𝑉 (𝑥2)ℏ2 )

1/3

. (20)

Thus, (7) becomes

−𝛼2 𝑑4𝜓 (𝜌)𝑑𝜌4 + 𝑑2𝜓 (𝜌)𝑑𝜌2 − 𝜌𝜓 (𝜌) = 0, (21)

where 𝛼2 = (2𝑚|𝑉(𝑥2)|/ℏ2)2/3ℓ2𝛽. The differential equation
(7) can be solved by Laplace’s method [19]. Integral represen-
tations of the solutions are

𝐼 (𝜌) = ∫
𝐶
exp(𝜌𝑡 + 𝛼2𝑡55 − 𝑡33 )𝑑𝑡, (22)

where the contour 𝐶 is chosen so that the integrand vanishes
at endpoints of 𝐶. Specifically, define five sectors:
Θ𝑛 ≡ [2𝑛𝜋 + 𝜋/25 , 2𝑛𝜋 + 3𝜋/25 ] , 𝑛 = 0, 1, 2, 3, 4. (23)

The contour 𝐶 must originate at one of them and terminate
at another.

The asymptotic expressions of 𝐼(𝜌) for large values of𝜌 can be obtained by evaluating the integral (22) using the
method of steepest descent. To do this, we make the change
of variables 𝑡 = |𝜌|1/2𝑠 and find

𝐼 (𝜌) = 𝜌1/2 ∫𝐶 exp [𝜌3/2 𝑓± (𝑠)] 𝑑𝑠, (24)

where 𝑓±(𝑠) ≡ ±𝑠 − 𝑠3/3 + 𝑎𝑠5/5 with + for 𝜌 > 0 and − for𝜌 < 0, and 𝑎 ≡ 𝛼2|𝜌| ≪ 1 in the physical region [19]. We
will show below that there exists a steepest descent contour
ranging from 𝑠 = ∞ exp(7𝜋𝑖/5) to 𝑠 = ∞ exp(9𝜋𝑖/5), which
is the red contour in Figure 3. Such contour could let us
match the asymptotic expression of 𝐼(𝜌) at large negative
value of 𝜌with theWKB solution (14) in Region III. Note that∞ exp(7𝜋𝑖/5) ∈ Θ3 and∞ exp(7𝜋𝑖/5) ∈ Θ4.

The method of steepest descent is very powerful to
calculate integrals of the form:

𝐼 (𝑥) = ∫
𝐶
𝑔 (𝑧) 𝑒𝑥𝑓(𝑧)𝑑𝑧, (25)

where 𝐶 is a contour in the complex plane. We are usually
interested in the behavior of 𝐼(𝑥) as 𝑥 → ∞. The key
step of the method of steepest descent is applying Cauchy’s
theorem to deform the contours𝐶 to the contours coinciding
with steepest descent paths. Around a saddle point 𝑧0, where𝑓(𝑧0) = 0, there are two constant-phase (steepest) contours,
on which Im𝑓(𝑧) is constant, passing through 𝑧0 if 𝑓(𝑧0) ̸=0. One of them is a steepest descent contour, along which
Re𝑓(𝑧) increases as we go towards 𝑧0. The other is a steepest
ascent contour, along which Re𝑓(𝑧) decreases as we go
towards 𝑧0. If 𝐼(𝑥) is integrated along the steepest descent
contour, the asymptotic behavior of 𝐼(𝑥) is dominated by the
contribution from the saddle point 𝑧0.

In Figures 2 and 3, we plot saddle points (red points in
figures) of 𝑓+(𝑠) and 𝑓−(𝑠), respectively, and constant-phase
contours passing through them. Specifically, saddle points of𝑓+(𝑠) are

𝑠 = ±𝜆+ ≡ ±√1 − √1 − 4𝑎√2𝑎 ,

𝑠 = ±𝜂+ ≡ ±√1 + √1 − 4𝑎√2𝑎 ,
(26)

and these of 𝑓−(𝑠) are
𝑠 = ±𝜆− ≡ ±√1 − √1 + 4𝑎√2𝑎 ,

𝑠 = ±𝜂− ≡ ±√1 + √1 + 4𝑎√2𝑎 .
(27)

The red contours in Figures 2 and 3 are the steepest descent
contours connecting 𝑠 = ∞ exp(7𝜋𝑖/5) to 𝑠 = ∞ exp(9𝜋𝑖/5),
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Figure 2: Saddle points and constant-phase (steepest) contours of𝑓+(𝑠). The red contour is a steepest descent contour, along which𝐼(𝜌) is integrated. The black arrows on the constant-phase contours
around saddle points denote the directions in which values of
Re𝑓+(𝑠) increase.

along which the integral (24) is integrated. Note that red
arrows on them denote the steepest contours’ directions.
On the other hand, the black arrows on the constant-phase
contours around saddle points denote the directions in which
values of Re𝑓±(𝑠) increase. Following the black arrows on
the red contour in Figure 2, we find that Re𝑓+(−𝜆+) and
Re𝑓+(𝜂+) are smaller than Re𝑓+(𝜆+). Thus for the case with𝜌 > 0, the asymptotic expression of 𝐼(𝜌) is dominated by the
contribution from the saddle 𝑠 = 𝜆+. The method of steepest
descent gives

𝐼 (1 ≪ 𝜌 ≪ 𝛼−2)
∼ √𝜋 exp [𝜌3/2𝑓+ (𝜆+)]𝜌1/4 √ 2𝑓+ (𝜆+)
∼ √𝜋 (1 + (3/4) 𝑎)𝜌1/4 exp[2𝜌3/23 (1 + 3𝑎10)] ,

(28)

where 𝑎 ≪ 1 is used, and terms of O(𝑎2) are neglected in
the second line. For the case with 𝜌 > 0, Figure 3 shows
that the asymptotic expression of 𝐼(𝜌) is dominated by the
contribution from the saddle 𝑠 = −𝜆−, and hence we find

𝐼 (−1 ≫ 𝜌 ≫ −𝛼−2)
∼ √𝜋 exp ((𝜋/4) 𝑖) exp [𝜌

3/2 𝑓− (−𝜆−)]𝜌1/4
⋅ √ 2𝑓− (−𝜆+) ∼

√𝜋 exp ((𝜋/4) 𝑖) (1 − (3/4) 𝑎)𝜌1/4
⋅ exp[2𝑖 𝜌3/23 (1 − 3𝑎10)] ,

(29)

where terms of O(𝑎2) are neglected in the second line.

𝜆−
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Figure 3: Saddle points and constant-phase (steepest) contours of𝑓−(𝑠). The red contour is a steepest descent contour, along which𝐼(𝜌) is integrated. The black arrows on the constant-phase contours
around saddle points denote the directions in which values of
Re𝑓−(𝑠) increase.

Around the turning point 𝑥 = 𝑥2, |𝑥 − 𝑥2| ≪ 1, and𝑃(𝑥) ∼ √2𝑚|𝑉(𝑥2)|√𝑥 − 𝑥2. In this region, we find that
WKB solutions (14) and (15) become

𝜓 (𝑥) ∼ 𝐹
(2𝑚 𝑉 (𝑥2) /ℏ2)1/3 ℏ

1 − 3𝑎/4𝜌1/4
⋅ exp[2𝑖 𝜌3/23 (1 − 3𝑎10)] ,

𝜓 (𝑥) ∼ 1
(2𝑚 𝑉 (𝑥2) /ℏ2)1/3 ℏ

⋅ 1 + (3/4) 𝑎𝜌1/4 {𝐶 exp[2𝜌3/23 (1 + 3𝑎10)]
+ 𝐷 exp[−2𝜌3/23 (1 + 3𝑎10)]} ,

(30)

where we use 𝑝(𝑃) ≈ 𝑃 − (𝛽/3)𝑃3 and terms of O(𝑎2) are
neglected, and we express 𝑥 in terms of 𝜌 using (20). In the
overlap regions, where |𝜌| ≫ 1 and |𝑥 − 𝑥2| ≪ 1, matching
WKB solutions (30) with the 𝐼(𝜌)’s asymptotic expressions
(28) and (29) gives

𝐶 = 𝐹 exp(−𝜋4 𝑖) ,
𝐷 = 0, (31)

which by (16) lead to 𝐶 = 𝐹 exp(−(𝜋/4)𝑖)𝑒𝜂 and 𝐷 = 0. Since𝐷 = 0, (18) gives
𝐹 = 𝑖𝐴𝑒−𝜂, (32)

and the transmission probability is

𝑇 = |𝐹|2|𝐴|2 ∼ 𝑒−2𝜂. (33)
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Figure 4: The potential energy of an 𝛼-particle in a radioactive
nucleus.

3. Examples

The dimensionless number 𝛽0 = 𝑐2𝑚2𝑝𝑙𝛽 = ℏ2𝛽/ℓ2𝑝 plays
an important role when implications and applications of
nonzero minimal length are discussed. Normally, if the
minimal length is assumed to be order of the Planck length ℓ𝑝,
one has𝛽0 ∼ 1. In [9], based on the precisionmeasurement of
STMcurrent, an upper bound of𝛽0 was given by𝛽0 < 1021. In
the following, we use (33) to study effects of GUP on 𝛼 decay
and cold electrons emission from metal via strong external
electric field.

3.1.𝛼Decay. Thedecay of a nucleus into an𝛼-particle (charge2𝑒) and a daughter nucleus (charge 𝑍𝑒) can be described as
the tunneling of an 𝛼-particle through a barrier caused by the
Coulomb potential between the daughter and the 𝛼-particle
(Figure 4) [20]. For an 𝛼-particle of energy 𝐸 in the potential
in Figure 4, there are two turning points, the nuclear radius𝑅 and the outer turning point 𝑏, which is determined by

𝐸 = 𝑍𝑒22𝜋𝜀0𝑟 ⇒
𝑏 = 𝑍𝑒22𝜋𝜀0𝐸.

(34)

The exponent 𝜂 in (33) is

𝜂 = 1ℏ ∫
𝑏

𝑅

𝑝(√2𝑚𝐸√1 −
𝑍1𝑍2𝑒24𝜋𝜀0𝐸𝑟)

 𝑑𝑥

≈ √2𝑚𝐸ℏ {{{𝑏 arccos(
√𝑅𝑏 ) − √𝑅 (𝑏 − 𝑅)

+ 2𝑚𝐸𝛽3 [
[3𝑏 arcsec

√ 𝑏𝑅 − √𝑅 (𝑏 − 𝑅)

− 2𝑏√ 𝑏 − 𝑅𝑅 ]
]
}}} ,

(35)

where𝑚 is themass of the𝛼-particle. At low energies (relative
to the height of the Coulomb barrier at 𝑟 = 𝑅), we have 𝑏 ≫ 𝑅
and then

𝜂 ≈ √2𝑚𝑒24𝜀0ℏ [
[1 −

8𝑚𝐸𝛽3𝜋 √ 𝑏𝑅]]
𝑍√𝐸. (36)

The probability of emission of an 𝛼-particle is proportional to𝑒−2𝜂 and hence the lifetime of the parent nucleus is about

𝜏 ∼ 𝑒2𝜂. (37)

The density of nuclear matter is relatively constant, so 𝑅3 is
proportional to the number of nucleons 𝐴. Empirically, we
have

𝑅 ∼ 𝐴1/3𝑓𝑚. (38)

Therefore, we find

ln 𝜏−1 ≈ const

− √2𝑚𝑒22𝜀0ℏ [1 − 𝛽0 ( 𝐸
MeV

)1/2√𝑍𝐴−1/3 × 10−40]
⋅ 𝑍√𝐸.

(39)

On the other hand, a large collection of data shows that a good
fit to the lifetime data obeys the Geiger–Nuttall law [21]

ln 𝜏−1 = 𝐶1 − 𝐶2 𝑍√𝐸, (40)

where 𝐶1 and 𝐶2 are constants. If the effects of GUP do not
make (39) differ toomuch from the Geiger–Nuttall law, it will
put an upper bound:

𝛽0 < 1040. (41)

The GUP correction to the 𝛼-decay has also been considered
in [22]. We both find that the effects of the GUP would
increase the tunneling probability and hence decrease the
lifetime 𝜏.
3.2. Electron Emission from the Surface of Cold Metals. If
a metal is placed in a very strong electric field, then there
exists cold emission of electrons from the surface of the
metal. This emission of the electrons can be explained via
quantum tunneling. In [23], the shape of a tunneling barrier
was assumed to be the exact triangular barrier, which has
been known as the Fowler-Nordheim tunneling. Note that
work must be done to remove an electron from the surface
of a metal. In “free electron gas” model, one could hence take
the potential energy of the electron inside themetal to be zero
and for the outside to be 𝑉(𝑥) = 𝑉0 > 0. At the absolute zero
temperature, if the Fermi energy of these electrons 𝐸𝐹 is less
than𝑉0, therefore after reaching the surface of themetal, they
are reflected back into the metal. Now if the external electric
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Figure 5:The potential energy inside and outside a metallic surface
when an external electric field 𝐸 is added.

field is applied toward the surface of the metal, the potential
energy becomes

𝑉 (𝑥) = {{{
𝑉0 − 𝑒𝐸𝑥 for 𝑥 > 0
0 for 𝑥 < 0, (42)

where 𝐸 is the magnitude of the electric field. This potential
is shown in Figure 5.

We now use (33) to calculate the GUPmodified transmis-
sion probability. For an electron of energy 𝐸𝑥 ≤ 𝐸𝐹 < 𝑉0,
there are two turning points:

𝑥1 = 0,
𝑥2 = 𝑉0 − 𝐸𝑥𝑒𝐸 . (43)

The exponent 𝜂 in (33) is

𝜂 (𝐸𝑥) ≡ 1ℏ ∫
𝑥2

𝑥1

𝑝 (√2𝑚 [𝐸𝑥 − 𝑉0 + 𝑒𝐸𝑥])
 𝑑𝑥

≈ 2√2𝑚 (𝑉0 − 𝐸𝑥)3/23𝑒𝐸ℏ [1 − 2𝑚𝛽 (𝑉0 − 𝐸𝑥)5 ] ,
(44)

which gives the transmission probability 𝑇(𝐸𝑥) ≈ 𝑒−2𝜂(𝐸𝑥).
Next we want to calculate the electric current density

in this case. As a consequence of the GUP, the number of
quantum states should be changed to [24]

𝑉𝑑3𝑝
(2𝜋ℏ)3 (1 + 𝛽𝑝2)3 , (45)

where 𝑝2 = 𝑝𝑖𝑝𝑖. Therefore, the electric current density is
given by

𝐽 = 𝑒∫ 2𝑑𝑝𝑥𝑑𝑝𝑦𝑑𝑝𝑧(2𝜋ℏ)3 (1 + 𝛽𝑝2)3
𝑝𝑥𝑚 𝑇 (𝐸𝑥) , (46)

where 𝐸𝑥 = 𝑝2𝑥/2𝑚. The range of variations of 𝑝𝑥, 𝑝𝑦, and 𝑝𝑧
is limited to the points inside the Fermi sphere

𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧 ≤ 2𝑚𝐸𝐹. (47)

To calculate 𝐽, we use cylindrical coordinates,
𝑝𝑦 = 𝜌 cos𝜙,
𝑝𝑧 = 𝜌 sin𝜙,

𝜌2 + 𝑝2𝑥 ≤ 2𝑚𝐸𝐹,
(48)

and have

𝐽 = 4𝜋𝑒(2𝜋ℏ)3 ∫
√2𝑚𝐸𝐹

0

𝑝𝑥𝑚 𝑇 (𝐸𝑥) 𝑑𝑝𝑥
⋅ ∫√2𝑚𝐸𝐹−𝑝2𝑥
0

𝜌𝑑𝜌
[1 + 𝛽 (𝜌2 + 𝑝2𝑥)]3 ≈

2𝜋𝑒(2𝜋ℏ)3
⋅ ∫√2𝑚𝐸𝐹
0

𝑝𝑥𝑚 𝑇 (𝐸𝑥) (2𝑚𝐸𝐹 − 𝑝2𝑥)
⋅ [1 − 3𝛽2 (2𝑚𝐸𝐹 + 𝑝2𝑥)] 𝑑𝑝𝑥.

(49)

To simplify the result, we change 𝐸𝑥 to
𝜖 = 𝐸𝐹 − 𝐸𝑥. (50)

Therefore, one has

𝐽 ≈ 𝑒𝑚2𝜋2ℏ3 ∫
𝐸𝐹

0
𝜖𝑇 (𝜖) [1 − 3𝛽𝑚 (2𝐸𝐹 − 𝜖)] 𝑑𝜖. (51)

Since 𝑇(𝜖) decreases rapidly with increasing 𝜖, therefore in𝑇(𝜖), we can expand (𝑉0 − 𝐸𝐹 + 𝜖)3/2:
(𝑉0 − 𝐸𝐹 + 𝜖)3/2 ≈ (𝑉0 − 𝐸𝐹)3/2 + 32𝜖 (𝑉0 − 𝐸𝐹)1/2 . (52)

We find

𝐽 ≈ 𝑒𝑚2𝜋2ℏ3
⋅ exp [−2𝑄3 ] (𝑉0 − 𝐸𝐹)

2

𝑄2 [1 + 4𝛽𝑚 (𝑉0 − 𝐸𝐹) 𝑄15 ] , (53)

where we extend the range of integration in (51) to (0,∞),
and

𝑄 = 2√2𝑚 (𝑉0 − 𝐸𝐹)3/2ℏ𝑒𝐸 . (54)

In [25], the Fowler-Nordheim tunneling in device grade
ultra-thin 3–6 nm 𝑛+poly-Si/SiO2/𝑛-Si structures has been
analyzed. Typically for this electron tunneling, we have

𝑄 ∼ 10,
𝑉0 − 𝐸𝐹 ∼ 1 eV,

𝑚 ∼ 0.5MeV.
(55)

Therefore from (53), the correction due to GUP is given by

𝛿𝐽𝐽 ∼ 10−50𝛽0. (56)
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The comparison of the calculated and experimental tunnel
current was plotted in FIG. 8 of [25], which implies 𝛿𝐽/𝐽 ≲10−2. Then the upper bound on 𝛽0 follows:

𝛽0 < 1048. (57)

4. Conclusions

In this paper, we considered quantum tunneling in the
deformed quantum mechanics with a minimal length. We
first found one WKB connection formula through a turning
point. Then the tunneling rates through potential barriers
were derived using the WKB approximation. Finally, effects
of the minimal length on quantum tunneling were discussed
in two examples in nuclear and atomic physics, 𝛼 decay and
the Fowler-Nordheim tunneling. Upper bounds on 𝛽0 were
given in these two examples, in which one had 𝛽0 < 1040 and𝛽0 < 1048, respectively.

In [9], the effects of the minimal length on electrons
tunneling through a potential barrier of form

𝑉 (𝑥) = 𝑉0 [𝜃 (𝑥) − 𝜃 (𝑥 − 𝑎)] (58)

were considered. For electrons of the mass𝑚 and energy 𝐸 <𝑉0, the GUP deformed Schrodinger equation was solved for
the transmission coefficient, which was given by

𝑇𝑇0 = 1 +
4𝑚𝛽 (2𝐸 − 𝑉0)23𝑉0 + 2𝛽𝑎3ℏ [2𝑚 (𝑉0 − 𝐸)]3/2 , (59)

where 𝑇0 is the standard tunneling amplitude and 𝛽 used
in [9] is 𝛽/3 in this paper. Although the exact result for
the transmission coefficient was given by (59), it is a good
exercise to use (33) to calculate the transmission coefficient
and compare the WKB approximated result with the exact
one. In fact, there are two turning points 𝑥 = 0 and 𝑎 for
potential (58). Thus, we have

𝑇 ∼ exp [−2ℏ ∫
𝑎

0

𝑝 (√2𝑚 (𝐸 − 𝑉0))
 𝑑𝑥] . (60)

Since 𝑝(𝑃) ≈ 𝑃 − (𝛽/3)𝑃3, one finds
𝑇𝑇0 = 1 +

2𝛽𝑎3ℏ [2𝑚 (𝑉0 − 𝐸)]3/2 , (61)

where 𝑇0 is the standard WKB tunneling amplitude. It is
noteworthy that the second term in the right-hand side of
(59) is O(ℏ0), while the third term is O(ℏ−1) and hence is the
leading order term of the WKB expansion. So as expected,
the WKB result (61) agrees with the exact one (59) to O(ℏ−1).
To put an upper bound on 𝛽0, the authors considered the
following approximate values:

𝑚 ∼ 0.5MeV/𝑐2,
𝑎 ∼ 10−10m,
𝐸 ∼ 10 eV,
𝑉0 ∼ 10 eV.

(62)

In this case, we find from (59) that

𝛿𝑇𝑇0 ∼ 10−48𝛽0 + 10−51 (
𝑉0 − 𝐸1 eV )3/2 𝛽0, (63)

which shows that when𝑉0−𝐸 ≳ 6 eV, the leadingWKB order
termdominates, and hence theWKBapproximation is a good
one. Note that it was assumed that𝑉0 ≈ 𝐸 in [9], and then the
first term in the right-hand side of (63) dominates. However,
if the leadingWKB order term dominates, one can follow the
argument in [9] and has

𝛽0 < (𝑉0 − 𝐸1 eV )−3/2 × 1024, (64)

which might put a stronger bound on 𝛽0 in some other case.
In the framework of the doubly special relativity, it has

been shown that there is an upper bound on the momentum
for a test particle [26]. To incorporate the existence of the
minimal measurable length and the maximal measurable
momentum, a new form of the GUP has been proposed
[11, 27]:

[𝑋, 𝑃] = 𝑖ℏ (1 − 𝛼𝑃 + 2𝛼2𝑃2) , (65)

where 𝛼 ≡ 𝛼0/𝑚𝑝𝑙𝑐 is the GUP parameter and can be related
to 𝛽 through dimensional analysis with [𝛼2] = [𝛽]. Note
that the relation [𝛼2] = [𝛽] implies that 𝛽0 ∼ 𝛼20 since𝛽0 = 𝛽/𝑚2𝑝𝑙𝑐2. The Hilbert space representation of quantum
mechanics with the deformed fundamental commutation
relation (65) was investigated in [28]. Comparing to the
quantum mechanics with only a minimal measurable length
[6], the authors of [28] found that therewere several novel and
interesting features in this deformedquantummechanics. For
example, it showed that the expectation value of energy in
the formal position eigenvectors and the energy at the short
wavelength of a test particle were no longer divergent, while
both of them were divergent in the quantum mechanics with
only aminimalmeasurable length.Moreover, the authors also
found that the position operator 𝑋 was symmetric but not
self-adjoint, while themomentumoperator𝑃was self-adjoint
due to absence of the minimal uncertainty in momentum.

On the phenomenological side, the upper bounds on𝛼0 have been studied [29, 30]. For example, the effects
of the minimal length and the maximal momentum on
the transition rate of ultra-cold neutrons bouncing above a
mirror in the Earth’s gravitational field were investigated in
[29], and the accuracy of Nesvizhevsky experiments put an
upper bound on 𝛼0: 𝛼0 ≤ 1029, (66)

which implies that 𝛽0 ∼ 𝛼20 ≤ 1058. Moreover, some
tighter bounds came from studying the Planck scale effects
on current experiments in Superconductivity and muon
experiments [30], which gave 𝛼0 ≤ 1017 (𝛽0 ≤ 1034) and𝛼0 ≤ 108 (𝛽0 ≤ 1016), respectively.
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andH. Stöcker, “Signatures in the Planck regime,”Physics Letters
B, vol. 575, no. 1-2, pp. 85–99, 2003.

[11] A. F. Ali, S. Das, and E. C. Vagenas, “Discreteness of space from
the generalized uncertainty principle,” Physics Letters B, vol.
678, no. 5, pp. 497–499, 2009.

[12] L. Xiang, “Black hole entropy without brick walls,” Physics
Letters B, vol. 540, no. 1-2, pp. 9–13, 2002.

[13] F. Brau and F. Buisseret, “Minimal length uncertainty relation
and gravitational quantum well,” Physical Review D, vol. 74, no.
3, Article ID 036002, 2006.

[14] P. Wang, H. Yang, and S. Ying, “Minimal length effects on
entanglement entropy of spherically symmetric black holes in
the brick wall model,” Classical and Quantum Gravity, vol. 33,
no. 2, Article ID 025007, 2016.

[15] S. Hossenfelder, “Minimal length scale scenarios for quantum
gravity,” Living Reviews in Relativity, vol. 16, article 2, 2013.

[16] T. V. Fityo, I. O. Vakarchuk, and V. M. Tkachuk, “WKB
approximation in deformed spacewithminimal length,” Journal
of Physics A: Mathematical and General, vol. 39, no. 2, pp. 379–
387, 2006.

[17] J. Z. Simon, “Higher-derivative Lagrangians, nonlocality, prob-
lems, and solutions,” Physical ReviewD, vol. 41, no. 12, pp. 3720–
3733, 1990.

[18] B. Mu, P. Wang, and H. Yang, “Thermodynamics and lumi-
nosities of rainbow black holes,” Journal of Cosmology and
Astroparticle Physics, vol. 2015, no. 11, article 045, 2015.

[19] J. Tao, P. Wang, and H. Yang, “Homogeneous field and WKB
approximation in deformed quantum mechanics with minimal
length,” Advances in High Energy Physics, vol. 2015, Article ID
718359, 15 pages, 2015.

[20] G. Gamow, “Zur Quantentheorie des Atomkernes,” Zeitschrift
für Physik, vol. 51, no. 3-4, pp. 204–212, 1928.

[21] H. Geiger and J. M. Nuttall, “The ranges of the 𝛼 particles from
various radioactive substances and a relation between range and
period of transformation,” Philosophical Magazine, vol. 22, no.
130, p. 613, 1911.

[22] G. Blado, T. Prescott, J. Jennings, J. Ceyanes, and R. Sepulveda,
“Effects of the generalised uncertainty principle on quantum
tunnelling,” European Journal of Physics, vol. 37, no. 2, Article
ID 025401, 2016.

[23] R. H. Fowler and L. Nordheim, “Electron emission in intense
electric fields,” Proceedings of the Royal Society of London A:
Mathematical, Physical and Engineering Sciences, vol. 119, no.
781, pp. 173–181, 1928.

[24] P. Wang, H. Yang, and X. Zhang, “Quantum gravity effects
on statistics and compact star configurations,” Journal of High
Energy Physics, vol. 2010, no. 8, article no. 43, 2010.

[25] M. Depas, B. Vermeire, P. W. Mertens, R. L. Van Meirhaeghe,
and M. M. Heyns, “Determination of tunnelling parameters
in ultra-thin oxide layer poly-Si/SiO2/Si structures,” Solid State
Electronics, vol. 38, no. 8, pp. 1465–1471, 1995.

[26] J. L. Cortes and J. Gamboa, “Quantum uncertainty in doubly
special relativity,” Physical Review D, vol. 71, Article ID 065015,
2005.

[27] A. F. Ali, S. Das, and E. C. Vagenas, “Proposal for testing
quantum gravity in the lab,” Physical Review D, vol. 84, no. 4,
Article ID 044013, 2011.

[28] K. Nozari and A. Etemadi, “Minimal length, maximal momen-
tum, and Hilbert space representation of quantum mechanics,”
Physical Review D, vol. 85, no. 10, Article ID 104029, 2012.

[29] P. Pedram, K. Nozari, and S. H. Taheri, “The effects of minimal
length and maximal mo mentum on the transition rate of ultra
cold neutrons in gravitational field,” Journal of High Energy
Physics, vol. 2011, article 93, 2011.

[30] S. Das and R. B.Mann, “Planck scale effects on some low energy
quantumphenomena,” Physics Letters B, vol. 704, no. 5, pp. 596–
599, 2011.



Submit your manuscripts at
http://www.hindawi.com

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

High Energy Physics
Advances in

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Fluids
Journal of

 Atomic and  
Molecular Physics

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Advances in  
Condensed Matter Physics

Optics
International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Astronomy
Advances in

International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Superconductivity

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Statistical Mechanics
International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Gravity
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Astrophysics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Physics 
Research International

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Solid State Physics
Journal of

 Computational 
 Methods in Physics

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Soft Matter
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com

Aerodynamics
Journal of

Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Photonics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal of

Biophysics

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Thermodynamics
Journal of


