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Copyright © 2016 P. Gaete and J. A. Helayël-Neto. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited. The publication of this article was funded by SCOAP3.

Within the framework of the gauge-invariant, but path-dependent, variables formalism, we study the manifestations of vacuum
electromagnetic nonlinearities in 𝐷 = 3 models. For this we consider both generalized Born-Infeld and Pagels-Tomboulis-like
electrodynamics, as well as Euler-Heisenberg-like electrodynamics. We explicitly show that generalized Born-Infeld and Pagels-
Tomboulis-like electrodynamics are equivalent, where the static potential profile contains a long-range (1/𝑟2-type) correction to
the Coulomb potential. Interestingly enough, for Euler-Heisenberg-like electrodynamics the interaction energy contains a linear
potential, leading to the confinement of static charges.

1. Introduction

Physical consequences of vacuum electromagnetic nonlin-
earities such as vacuum birefringence and vacuum dichroism
have been a topic of increasing interest in recent times [1–
5]. For example, the PVLAS experiment is one of the most
sensitive tests to search vacuum magnetic birefringence in
the presence of an external magnetic field. However, despite
remarkable progress, this has not yet been observed but it
is hoped to reach this goal in the next few years [6]. The
advent of new laser facilities also has generated interest about
this topic by measuring the scattering of intense laser pulses
[7]. It is worth recalling, at this stage, that electromagnetic
nonlinearity in vacuum is a quantum effect predicted by
the Euler-Heisenberg effective Lagrangian for slowly varying
electromagnetic fields [8]. We also recall in passing that, in
classical electrodynamics, vacuum electromagnetic proper-
ties are described by the vacuum permittivity (𝜀0) and the
vacuum permeability (𝜇0).

Meanwhile, in previous works [9–11] we have considered
the physical consequences presented by different models of(3 + 1)-D nonlinear electrodynamics in vacuum. In fact, we

have shown that for generalized Born-Infeld and logarithmic
electrodynamics the field energy of a point-like charge is
finite. Moreover, generalized Born-Infeld, exponential, loga-
rithmic, and massive Euler-Heisenberg-like electrodynamics
display the vacuumbirefringence phenomenon.The point we
wish to emphasize, however, is that all these electrodynamics
share a long-range correction (1/𝑟5-type) to the Coulomb
potential.

On the other hand, as is well known, a full understand-
ing of the QCD vacuum structure and color confinement
mechanism remains still elusive. However, phenomenolog-
ical models still represent an interesting framework for
understanding features of the confinement physics [12–14].
Incidentally, it is of interest to recall here the illustrative
scenario of dual superconductivity, where it is conjectured
that the QCD vacuum behaves as a dual-type II supercon-
ductor. Accordingly, because of the condensation ofmagnetic
monopoles, the color electric flux linking quarks are squeezed
into strings, and the nonvanishing string tension represents
the proportionality constant in the linear potential. In this
context, we also recall the Pagels-Tomboulis model [15],
which was introduced to reproduce the trace anomaly from
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QCD. Interestingly, when this model is considered with
a dilaton field, the interaction energy contains a linear
confining potential [16]. Another relevant model is the one-
loop effective action for QCD in (2 + 1)-dimensions, where
this newQCDvacuumacts like a dielectricmediumand leads
to confinement [17]. In this perspective it should be recalled
that Yang-Mills theories in (2 + 1)-D are of importance for a
reliable comparison between results coming from continuum
and lattice calculations [18]. In addition, (2 + 1)-D theories
have also attracted interest in connection with branes studies,
for example, issues like self-duality [19], and new aspects for
supersymmetry breaking as induced by 3-branes [20]. We
further recall that (2 + 1)-D theories may be considered as the
high-temperature limit of models in (3 + 1)-D [21]. Also, such
theories provide an useful framework for studying issues of
low-dimensional condensed matter systems, such as spin or
pairing fluctuations by using effective gauge theories in (2 +
1)-D [22].

With these considerations in mind, the purpose of this
work is to further elaborate on the physical content of electro-
magnetic nonlinearities on a physical observable. To do this,
we shall work out the static potential for the different three-
dimensional field theoretic models along the lines of [9–11].
The advantage of using this development lies in the fact that
the interaction energy between two static charges is obtained
once a judicious identification of the physical degrees of
freedom is made [23, 24]. As will be seen, Born-Infeld-like
electrodynamics and Pagels-Tomboulis electrodynamics are
equivalent, while three-dimensional Euler-Heisenberg-like
electrodynamics is analogous to that encountered in both
a three-dimensional gluodynamics and a three-dimensional
Yang-Mills with spontaneous symmetry breaking of scale
symmetry in the short distance regime [25]. In other terms,
in this work we are concerned with the physical content
associated with duality, where duality refers to an equivalence
between two or more quantum field theories whose corre-
sponding classical theories are different. In this sense our
equivalence among theories should be understood.

Our work is organized according to the following outline:
in Section 2, we consider Born-Infeld-like electrodynam-
ics and compute the interaction energy for a fermion-
antifermion pair; the calculation shows a long-correction
(1/𝑟2-type) to the Coulomb potential. In Section 3, we extend
our analysis for the Pagels-Tomboulis electrodynamics and
for three-dimensional Euler-Heisenberg-like electrodynam-
ics. Interestingly enough, for Euler-Heisenberg-like electro-
dynamics, the static potential profile contains a linear term,
leading to the confinement of static charges. Finally, some
concluding remarks are made in Section 4.

In our conventions the signature of the metric is (+1, −1,−1).
2. Born-Infeld-Like Electrodynamics

As already mentioned, the main focus of our work is to cal-
culate explicitly the interaction energy between static point-
like sources for three different models. With this purpose, let
us consider first a Born-Infeld-like electrodynamic in (2 + 1)
dimensions.Thiswould not only provide the theoretical setup

for our subsequent work, but also fix the notation.The initial
point of our analysis is the Lagrangian density:

L = 𝛽2 {1 − [1 + 2𝛽2F − 1𝛽4G2]
𝑝} , (1)

where F = (1/4)𝐹𝜇]𝐹𝜇], G = (1/4)𝐹𝜇]�̃�𝜇], 𝐹𝜇] = 𝜕𝜇𝐴] −𝜕]𝐴𝜇, and �̃�𝜇] = (1/2)𝜀𝜇]𝜌𝜆𝐹𝜌𝜆 is the dual electromagnetic
field strength tensor. For reasons to become clear below, we
shall confine ourselves to the domain 0 < 𝑝 < 1.

Thus, in the case under consideration it follows that

𝜕𝜇 [ 1Γ1−𝑝 (𝐹𝜇] − 1𝛽2G�̃�𝜇])] = 0, (2)

while the Bianchi identity is given by

𝜕𝜇�̃�𝜇] = 0, (3)

where Γ = 1 + 2F/𝛽2 −G2/𝛽4.
It should be further noted that Gauss’ law reduces to

∇ ⋅D = 0, (4)

whereD is given by

D = E + (1/𝛾2) (E ⋅ B)B
[1 − (E2 − B2) /𝛽2 − (1/𝛽4) (E ⋅ B)2]1−𝑝 . (5)

From (4) it follows that, for an external point-like charge
sitting at the origin, theD-field lies along the radial direction
and is given by D = (𝑄/𝑟)�̂�, where 𝑄 = 𝑒/2𝜋. It is also
important to observe that for a point-like charge, 𝑒, at the
origin, the expression

𝑄𝑟 = |E|
(1 − E2/𝛽2)1−𝑝 (6)

shows that, for 𝑟 → 0, the electrostatic field is regular at
the origin (where it acquires its maximum, |Emax| = 𝛽) only
with 𝑝 < 1. As we have noted before [9–11], the 𝑝 < 0
case is excluded because there could exist field configurations
for which the Lagrangian density would blow up, while, for𝑝 > 1, |E| becomes singular at 𝑟 = 0. Thus, in this work we
shall concentrate once again on the 0 < 𝑝 < 1 case.

With these considerations in mind, we shall now discuss
the interaction energy between static point-like sources for
the model under study. To this end, we will calculate the
expectation value of the energy operator 𝐻 in the physical
state |Φ⟩, along the lines of [9–11]. The starting point is the
Lagrangian density (1) with 𝑝 = 3/4,

L = 𝛽2 {1 − [1 + 13𝛽2𝐹2𝜇] − 124𝛽4 (𝐹𝜇]�̃�𝜇])2]
3/4} , (7)

where we have redefined the coefficients in front ofF andG.
As we have indicated in [9–11], to handle the exponent3/4 in expression (7), we incorporate an auxiliary field V such

that its equation of motion gives back the original theory.
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Therefore the corresponding Lagrangian density takes the
form

L = 𝛽2 − 3𝛽2V − V𝐹2𝜇] + V8𝛽2 (𝐹𝜇]�̃�𝜇])2 − 𝛽
2

44 1V3 . (8)

It is worthwhile sketching at this point the canonical
quantization of this theory from the Hamiltonian analysis
point of view. It may now easily be verified that the canonical
momenta areΠ𝜇 = −4V(𝐹0𝜇 −(1/4𝛽2)𝐹𝛼𝛽�̃�𝛼𝛽�̃�0𝜇), so one im-
mediately identifies the two primary constraints Π0 = 0
and 𝑝 ≡ 𝜕𝐿/𝜕V̇ = 0. Furthermore, the momenta are Π𝑖 =4V𝐷𝑖𝑗𝐸𝑗. Here 𝐸𝑖 = 𝐹𝑖0 and 𝐷𝑖𝑗 = 𝛿𝑖𝑗 + (1/𝛽2)𝐵𝑖𝐵𝑗. From
this it follows that electric field can be written as 𝐸𝑖 =(1/4V det𝐷)(𝛿𝑖𝑗 det𝐷 − (1/𝛽2)𝐵𝑖𝐵𝑗)Π𝑗. In such a case, the
canonical Hamiltonian reduces to

𝐻𝐶 = ∫𝑑2𝑥{Π𝑖𝜕𝑖𝐴0 + 18VΠ2 − 𝛽2 + 3𝛽2V + 2VB2

+ 𝛽244 1V3 − (Π ⋅ B)28V𝛽2 (1 + B2/𝛾2)} .
(9)

Next, we also notice that, by requiring the primary constraintΠ0 to be preserved in time, one obtains the secondary
constraint Γ1 = 𝜕𝑖Π𝑖 = 0. Similarly for the constraint 𝑝, we
get the auxiliary field V as

V = 1
√48𝛽4 det𝐷
⋅ √𝛽2Π2 det𝐷 + √(𝛽2Π2 det𝐷)2 + 9𝛽8 (det𝐷)2,

(10)

which will be used to eliminate V. We observe that to get
this last expression we have ignored the magnetic field in (9),
because it adds nothing to the static potential calculation,
as we will show below. According to usual procedure, the
corresponding total Hamiltonian that generates the time
evolution of the dynamical variables is 𝐻 = 𝐻𝐶 +∫𝑑2𝑥(𝑢0(𝑥)Π0(𝑥) + 𝑢1(𝑥)Γ1(𝑥)), where 𝑢𝑜(𝑥) and 𝑢1(𝑥) are
the Lagrangemultiplier utilized to implement the constraints.
It is a simple matter to verify that �̇�0(𝑥) = [𝐴0(𝑥),𝐻] =𝑢0(𝑥), which is an arbitrary function. Since Π0 = 0 always,
neither𝐴0 norΠ0 are of interest in describing the system and
may be discarded from the theory. Hence, we can write

𝐻
= ∫𝑑2𝑥{𝑤 (𝑥) 𝜕𝑖Π𝑖 + 18VΠ2 − 𝛽2 + 3𝛽2V + 𝛽

2

44 1V3} ,
(11)

where 𝑤(𝑥) = 𝑢1(𝑥) − 𝐴0(𝑥) and V is given by (10).
We can at this stage impose a gauge condition, so that, in

conjunction with the constraint Π0 = 0, it is rendered into a
second class set. A particularly convenient choice is

Γ2 (𝑥) ≡ ∫
𝐶𝜉𝑥

𝑑𝑧]𝐴] (𝑧) ≡ ∫1
0
𝑑𝜆𝑥𝑖𝐴 𝑖 (𝜆𝑥) = 0, (12)

where 𝜆 (0 ≤ 𝜆 ≤ 1) is the parameter describing the spacelike
straight path 𝑧𝑖 = 𝜉𝑖 + 𝜆(𝑥 − 𝜉)𝑖 and 𝜉 is a fixed point
(reference point). We also recall that there is no essential loss
of generality if we restrict our considerations to 𝜉𝑖 = 0. Hence
the only nontrivial Dirac bracket for the canonical variables
is given by

{𝐴 𝑖 (𝑥) , Π𝑗 (𝑦)}∗ = 𝛿𝑗𝑖 𝛿(2) (𝑥 − 𝑦)
− 𝜕𝑥𝑖 ∫1

0
𝑑𝜆𝑥𝑖𝛿(2) (𝜆𝑥 − 𝑦) . (13)

We now proceed to compute the interaction energy for
the model under consideration. As mentioned above, to do
that we need to compute the expectation value of the energy
operator𝐻 in the physical state |Φ⟩. Following Dirac [26], we
write the physical state |Φ⟩ as

|Φ⟩ ≡ Ψ (y) Ψ (y)⟩
= 𝜓 (y) exp(𝑖𝑒 ∫y

y
𝑑𝑧𝑖𝐴 𝑖 (𝑧))𝜓 (y) |0⟩ , (14)

where |0⟩ is the physical vacuum state and the line integral
appearing in the above expression is along a spacelike path
starting at y and ending at y, on a fixed time slice. The
above expression clearly shows that each of the states (|Φ⟩)
represents a fermion-antifermion pair surrounded by a cloud
of gauge fields to maintain gauge invariance.

Taking the above Hamiltonian structure into account, we
see that

Π𝑖 (𝑥) Ψ (y) Ψ (y)⟩
= Ψ (y) Ψ (y)Π𝑖 (𝑥) |0⟩
+ 𝑒∫y

y
𝑑𝑧𝑖𝛿(2) (z − x) |Φ⟩ .

(15)

Therefore, the lowest-order modification in 𝛽2 of the interac-
tion energy can be written as

⟨𝐻⟩Φ = ⟨𝐻⟩0 + 𝑉1 + 𝑉2, (16)

where ⟨𝐻⟩0 = ⟨0|𝐻|0⟩. The 𝑉1 and 𝑉2 terms are given by

𝑉1 = −12 ⟨Φ| ∫ 𝑑2𝑥Π𝑖Π𝑖 |Φ⟩ ,
𝑉2 = − 112𝛽2 ⟨Φ| ∫ 𝑑2𝑥Π4 |Φ⟩ .

(17)

Using (15) and following our earlier procedure, we see that
the potential for two opposite charges, localized at y and y,
takes the form

𝑉 = 𝑒24𝜋 log( 𝐿𝐿0) +
𝑒4192𝛽2𝜋3 1𝐿2 , (18)

where |y−y| = 𝐿 and𝐿0 is a cut-off. It should be further noted
that the present cut-off 𝐿0 is put by hand.We shall come back
to this point below.
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Before concluding this subsection it is constructive to
briefly examine an alternative derivation of our previous
result, which permits us to check the internal consistency of
our procedure. In order to illustrate the discussion, we begin
by recalling that

𝑉 ≡ 𝑒2 (A0 (0) −A0 (L)) , (19)

where the physical scalar potential is given by

A0 (𝑡, r) = ∫1
0
𝑑𝜆𝑟𝑖𝐸𝑖 (𝑡, 𝜆r) . (20)

This equation follows from the vector gauge-invariant field
expression

A𝜇 (𝑥) ≡ 𝐴𝜇 (𝑥) + 𝜕𝜇 (−∫𝑥
𝜉
𝑑𝑧𝜇𝐴𝜇 (𝑧)) , (21)

where the line integral is along a spacelike path from the point𝜉 to 𝑥, on a fixed slice time. It should again be stressed here
that the gauge-invariant variables (21) commute with the sole
first constraint (Gauss law), showing in this way that these
fields are physical variables.

It should be noted that Gauss’ law for the present theory
reads

𝜕𝑖Π𝑖 = 𝐽0, (22)

where Π𝑖 = 4V𝐸𝑖 and V is given by (10). Note that we have
included the external current 𝐽0 to represent the presence of
external charges. Since our interest here is in estimating the
lowest-order correction to theCoulomb energy, wewill retain
only the leading quadratic term in expression (22). In such a
case, for 𝐽0(r) = 𝑒𝛿(2)(r), the electric field reduces to

E = √3𝛽 𝑒2𝜋 1
√(𝑒/2𝜋)2 + √(𝑒/2𝜋)4 + 9𝛽2𝑟4

�̂�.
(23)

Using (23), we can express (20) as

A0 (𝑡, r) = − 𝑒2𝜋𝑟 ∫
1

0
𝑑𝜆 1√𝜆2 + 𝑎2 , (24)

where 𝑎2 = (𝑒/2𝜋𝛽)2(1/3𝑟2). We can, therefore, write

A0 (𝑡, r) = − 𝑒4𝜋 log( 𝐿𝐿0) −
𝑒4192𝜋3𝛽2 1𝐿2 , (25)

where the cut-off𝐿0 is given by𝐿0 = 𝑒/2√3𝜋𝛽. Notice that, in
contrast to the previous calculation, the cut-off is completely
determined.

Accordingly, by employing (19), finally we end up with
the potential for a pair of static point-like opposite charges
located at 0 and L,

𝑉 = 𝑒24𝜋 log( 𝐿𝐿0) +
𝑒4192𝜋3𝛽2 1𝐿2 , (26)

after subtracting a self-energy term.
One immediately sees that Born-Infeld-like electrody-

namic in (2 + 1)-dimensions also has a rich structure reflected
by its long-range correction to the Coulomb potential.

3. Euler-Heisenberg-Like Electrodynamics

3.1. Abelian Pagels-Tomboulis Model. We shall now discuss
the interaction energy between static point-like sources for
the Abelian form of the Pagels-Tomboulis-like model [15].
Proceeding in the same way as we did in the previous section
we will compute the expectation value of the energy operator𝐻 in the physical state |Φ⟩. We commence our discussion by
considering

L = −14 (−
𝐹𝜇]𝐹𝜇]2Λ4 )

2𝛿 𝐹𝜇]𝐹𝜇], (27)

where Λ is a dimensional and 𝛿 is a dimensionless constant.
Next, (27) can be written alternatively in the form

L = −14𝐹𝜇]𝐹𝜇] − 𝛿2𝐹𝜇]𝐹𝜇] ln(−
𝐹𝜇]𝐹𝜇]2Λ4 ) , (28)

where to get the last line we used 2𝛿 ln(−𝐹𝜇]𝐹𝜇]/2Λ4) ≪ 1.
It should be stressed that this Abelian version of the Pagels-
Tomboulis-like model has its validity limited to electric-type
dominated configurations, for which

𝐹𝜇]𝐹𝜇] = −2 (E2 − B2) < 0. (29)

It is also important to observe that, in a purely magnetic
case, our result expressed in equation (28) would be plagued
by an inconsistency, for there would appear the logarithm
of a negative quantity. In a purely electric or in an electric-
dominating situation, 𝐹2 < 0, and then the problem is
not present. In fact, we are actually interested in computing
electrostatic interactions and the present model with the
condition 𝐹2 < 0 fits our purposes.

It should, however, be noted here that this expression is
analogous to that encountered in Euler-Heisenberg-like elec-
trodynamics at strong fields [11]. We thus obtain a new equiv-
alence between effectiveAbelianmodels.Notwithstanding, in
order to put our discussion into context it is useful summarize
the relevant aspects of the analysis described previously [11].
Thus, our first undertaking is to introduce an auxiliary field,𝜉, in order to handle the second term on the right hand in
(28). This allows us to write the effective Lagrangian density
as

L = −14𝛼1𝐹𝜇]𝐹𝜇] − 𝛼2 (𝐹𝜇]𝐹𝜇])2 , (30)

where 𝛼1 = 1 − 2𝛿(1 + ln 𝜉) and 𝛼2 = −𝛿𝜉/4Λ4.
Analogously, to manipulate the quadratic term in (30) we

introduce a second auxiliary field, 𝜂. In this manner, we then
have

L = −14𝜎𝐹𝜇]𝐹𝜇] + 164𝛼2 (𝜎 − 𝛼1)
2 , (31)

where 𝜎 = 𝛼1 + 4𝛼2𝜂.
We are now in a position to calculate the expectation

value of the energy operator𝐻 in the physical state |Φ⟩. This
calculation proceeds exactly as in the previous section. With
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this in view, the canonical momenta read Π𝜇 = −𝜎𝐹0𝜇, and
at once we recognize the two primary constraintsΠ0 = 0 and
P𝜎 ≡ 𝜕𝐿/𝜕�̇� = 0. Accordingly, the canonical Hamiltonian is
expressed as

𝐻𝐶 = ∫𝑑2𝑥
⋅ {Π𝑖𝜕𝑖𝐴0 + 12𝜎Π2 + 𝜎2B2 − 164𝛼2 (𝜎 − 𝛼1)

2} . (32)

Time conservation of the primary constraint Π0 yields the
secondary constraint Γ1 ≡ 𝜕𝑖Π𝑖 = 0. Similarly for the P𝜎
constraint yields no further constraints and just determines
the field 𝜎. In this case, 𝜎 is given by

𝜎 = (1 − 2𝛿 (1 + ln 𝜉) + 4𝛿B2Λ4 𝜉)[1

+ 12𝛿Π2Λ4 𝜉
(1 − 2𝛿 (1 + ln 𝜉) + (4𝛿B2/Λ4) 𝜉)3] .

(33)

Hence, we obtain

𝐻𝐶 = ∫𝑑2𝑥
⋅ {Π𝑖𝜕𝑖𝐴0 + 12Π2 + 𝛿 (1 + log 𝜉)Π2 − 12𝛿𝜉Λ4 Π4} .

(34)

Again, as in the previous section, we have ignored the
magnetic field in (34) because it adds nothing to the static
potential calculation. Next, requiring the primary constraint
P𝜉 to be preserved in time, one obtains the auxiliary field 𝜉.
In this case 𝜉 = Λ4/12Π2. Consequently, we get
𝐻𝐶 = ∫𝑑2𝑥{Π𝑖𝜕𝑖𝐴0 + 12 (1 + 163 𝛿)Π2 − 96𝛿Λ4 Π4} . (35)

As before, the corresponding total (first-class) Hamil-
tonian that generates the time evolution of the dynamical
variables is𝐻 = 𝐻𝐶+∫𝑑2𝑥(𝑢0(𝑥)Π0(𝑥)+𝑢1(𝑥)Γ1(𝑥)), where𝑢𝑜(𝑥) and 𝑢1(𝑥) are the Lagrangemultiplier utilized to imple-
ment the constraints. Moreover, it follows from this Hamil-
tonian that �̇�0(𝑥) = [𝐴0(𝑥),𝐻] = 𝑢0(𝑥), which is completely
arbitrary function. Since Π0 = 0 always, we discard both 𝐴0
and Π0 from the theory. Thus the Hamiltonian is now given
as
𝐻
= ∫𝑑2𝑥{𝑤 (𝑥) 𝜕𝑖Π𝑖 + 12 (1 + 163 𝛿)Π2 − 96𝛿Λ4 Π4} ,

(36)

where 𝑤(𝑥) = 𝑢1(𝑥) − 𝐴0(𝑥).
We can evaluate the interaction energy by mimicking

what we did previously. This then implies that the static
potential for two opposite charges located at y and y can be
written as

𝑉 = 𝑒24𝜋 (1 − 163 𝛿) log( �̃�𝐿0) +
12𝑒4𝜋3 𝛿Λ4 1𝐿2 , (37)

where |y − y| = 𝐿 and �̃�0 is a cut-off. It is straightforward
to check that, in the limit 𝛿 = 0, expression (37) reduces to
theCoulombpotential in two space dimensions.However, for𝛿 < 3/16, the static profile for generalized Born-Infeld and
Pagels-Tomboulis-like electrodynamics is equivalent.

Here, an interestingmatter comes out. It is worth stressing
that the previous static potential profile hinges crucially on
the exponent in the second term on the right-hand side of
(30). In other words, we call attention to the fact that the
exponent in the term (𝐹𝜇]𝐹𝜇])2 is exactly 2. In fact, in our
previous work [25], we have considered a phenomenologi-
cally effective model with exponent 1/2 and found a radically
different result than the corresponding with exponent 2.
This requires a reconsideration of the connection between
the specific value of the exponent and the corresponding
potential, as we are going to illustrate in the next subsection.

3.2. Related Nonlinear Model. As already stated, our next
undertaking is to use our earlier procedure in order to
examine the connection between the value of the exponent
and the nature of the potential. The interest in this question
emerges from the connection between scale symmetry break-
ing and confinement [25, 27–29], as well as from the one-loop
effective action for QCD, where this new QCD vacuum acts
like a dielectric medium and leads to confinement [17].

Let us start off our considerations by considering the
following three-dimensional Lagrangian density:

L = −14𝐹𝜇]𝐹𝜇] −𝑀(−𝐹𝜇]𝐹𝜇])𝑝 , (38)

where the𝑀 constant has (mass)3(1−𝑝) dimension in natural
units. As already expressed we confine ourselves to the
domain 0 < 𝑝 < 1.

According to our procedure, we will introduce an auxil-
iary field, V, to handle the exponent in the Lagrangian (38).
Expressed in terms of this field, the Lagrangian (38) takes the
form

L = −14 (1 − 4𝑀𝑝(1 − 𝑝))𝐹𝜇]𝐹𝜇]

−𝑀(1 − 𝑝)1/(1−𝑝) 1
V𝑝/(1−𝑝)

.
(39)

By introducing the auxiliary field 1/𝑉 ≡ 1 − (4𝑀𝑝/(1 − 𝑝))V,
expression (39) then becomes

L = −14 1𝑉𝐹𝜇]𝐹𝜇]

−𝑀1/(1−𝑝) (1 − 𝑝) (4𝑝)𝑝/(1−𝑝) ( 𝑉𝑉 − 1)
𝑝/(1−𝑝) .

(40)

This new effective theory provides us with a suitable
starting point to study the interaction energy. For this pur-
pose, we start by observing that the canonical momenta read
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Π𝜇 = −(1/𝑉)𝐹0𝜇, which produces two primary constraintsΠ0 = 0 andPV = 0. The canonical Hamiltonian is then

𝐻𝐶 = ∫𝑑2𝑥{Π𝑖𝜕𝑖𝐴0 − 𝑉2 Π𝑖Π𝑖 + 14𝑉𝐹𝑖𝑗𝐹𝑖𝑗

+𝑀1/(1−𝑝) (1 − 𝑝) (4𝑝)𝑝/(1−𝑝) ( 𝑉𝑉 − 1)
𝑝/(1−𝑝)} .

(41)

Time conservation of the primary constraint Π0 leads to
the secondary constraint Γ1 ≡ 𝜕𝑖Π𝑖 = 0. Likewise, for the
constraint PV, we get that the auxiliary field, 𝑉, satisfies the
equation

𝑉(2𝑝−1) − 12(1−𝑝)𝑀𝑝 (Π2)(1−𝑝) (𝑉 − 1) = 0. (42)

Evidently, to know the explicit form of 𝑉 we have to choose𝑝. In order to do so our considerations will be confined to the𝑝 = 1/2 and 𝑝 = 3/4 cases.
Following the same steps as in the previous section, the

extended Hamiltonian that generates translations in time
then reads

𝐻 = ∫𝑑2𝑥{𝑤 (𝑥) 𝜕𝑖Π𝑖 + 𝑉2 Π2

+𝑀1/(1−𝑝) (1 − 𝑝) (4𝑝)𝑝/(1−𝑝) ( 𝑉𝑉 − 1)
𝑝/(1−𝑝)} ,

(43)

where𝑤(𝑥) = 𝑢1(𝑥)−𝐴0(𝑥) and the auxiliary field𝑉 satisfies
(42).

Next, since our main motivation is to compute the static
potential for the model under consideration, we shall adopt
the same gauge-fixing condition that was used in the previous
section.Therefore, the fundamental Dirac bracket is given by
expression (36).

We now have all the information required to compute the
potential energy for this theory. To do this, we will use the
gauge-invariant scalar potential which is given by expression
(19).

It follows from the above discussion that Gauss’ law takes
the form

∇ ⋅Π = 0, (44)

whereΠ is given by

Π = 1𝑉E. (45)

Again, we see that, for 𝐽0(𝑡, r) = 𝑒𝛿(2)(r), theΠ-field lies along
the radial direction and is given by Π = (𝑒/2𝜋𝑟)�̂�. Making
use of this result, we find that the electric field, for 𝑝 = 1/2,
reduces to

E = 𝑄𝑟 (1 +
√2𝑀𝑄 𝑟) �̂�. (46)

However, for 𝑝 = 3/4, the electric field becomes

E = 𝑄𝑟 (1 + 9
2√2

𝑀2𝑄 𝑟

± 9
2√2

𝑀2𝑄 𝑟√1 + 4
9√2

𝑄𝑀2 1𝑟) �̂�.
(47)

Finally, a procedure similar to that used in the preceding
section allows us to obtain the static potential for two
opposite charges located at 0 and L. For 𝑝 = 1/2, the static
potential is then

𝑉 = 𝑒24𝜋 ln( 𝐿𝐿0) +
𝑒𝑀√2 𝐿, (48)

where 𝐿0 is a cut-off.The above potential profile is analogous
to the one encountered, by a different method, for Yang-Mills
and a Born-Infeld term [25].

However, for 𝑝 = 3/4, the static potential profile becomes

𝑉 = 𝑒24𝜋 ln( 𝐿𝐿0) +
9𝑒𝑀2
4√2 𝐿

± [
[
𝑀𝑒3/23√𝜋29/4√𝐿√1 + 9𝑀

2𝜋21/2𝑒 𝐿

+ 𝑒24𝜋arcsinh( 3𝑀√𝜋𝑒1/221/4√𝐿)]]
.

(49)

The above result clearly illustrates that the presence of the(−𝐹𝜇]𝐹𝜇])3/4 term also leads to confinement at Abelian level,
when compared to the one-loop effective action for QCD in(2 + 1)-dimensions [17].

4. Final Remarks

Let us summarize our work. Using the gauge-invariant but
path-dependent variables formalism, we have computed the
static potential for three different three-dimensional field
theoretic models. Once again, a correct identification of
physical degrees of freedom has been fundamental for under-
standing the physics hidden in gauge theories. It was shown
that generalized Born-Infeld and Pagels-Tomboulis electro-
dynamics are equivalent. In this way we have provided a new
connection between effective models. Interestingly enough,
for Euler-Heisenberg-like electrodynamics the interaction
energy contains a linear potential, leading to the confinement
of static charges. It is worth stressing at this stage that this
linear potential is obtained in an Abelian theory. Finally, the
benefit of considering the present framework is to provide
unifications among different models.
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