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In this paper, we study early-time inflation and late-time acceleration of the universe by nonminimally coupling the Dirac field
with torsion in the spatially flat Friedman-Robertson-Walker (FRW) cosmological model background. The results obtained by the
Noether symmetry approach with and without a gauge term are compared. Additionally, we compare these results with that of the
3 + 1 dimensional teleparallel gravity under Noether symmetry approach. And we see that the study explains early-time inflation
and late-time acceleration of the universe.

1. Introduction
The recent cosmological observational data point out that
our universe has two acceleration periods: early-time and
late-time cosmic acceleration. Some cosmological difficulties,
such as the initial singularity problem, the flatness problem,
and the horizon problem, are resolved by using the early-time
inflation scenario with a scalar field as a source of quantum
fluctuations [1, 2]. On the other hand, the late-time inflation
scenario is due to the observed accelerating expansion of the
present universe [3–5], where the acceleration is explained
with a negative pressure component which is called dark
energy. The models including different dark energy forms,
such as cosmological constant [6, 7], canonical scalar field
(i.e., quintessence) [8, 9], and a phantom field [10, 11], have
been discussed widely in the context of the standard Einstein
relativity.
The teleparallel gravity is one of the modified theories
which has an alternative geometrical formulation of the
Einstein’s general relativity. It was firstly introduced by Einstein to merge the gravitation with electromagnetism [12].
Though the space-time structure in the standard Einstein
general relativity is described by a Levi-Civita connection
which has a free-torsion, but nonvanishing curvature, the
space-time structure in the teleparallel gravity is constructed

by a Weitzenbock connection which is characterized by
the metricity condition and vanishing curvature, but it has
torsion [13]. Also, differently from the standard Einstein
relativity, the teleparallel gravity is a gauge theory of the
space-time translation group [14–17].
In recent decades, the 2 + 1 dimensional gravitation
theories, such as the standard Einstein general relativity
[18, 19], the new massive gravity [20–22], the topological
massive gravity [23–26], and the teleparallel gravity [27–
29], have attracted considerable attention in the literature. In
particular, the 2 + 1 dimensional teleparallel theory covers an
important place among the 2 + 1 dimensional gravity theories
because it has a Newtonian limit, a black hole solution [27],
and a gravitational wave solution named Siklos waves that are
a special class of the exact gravitational waves propagating
on the AdS background [30]. Also, the other black hole
solutions are performed in the context of the 2+1 dimensional
teleparallel gravity [31], 𝑓(𝑇) gravity [32], Maxwell-𝑓(𝑇)
gravity [33], and torsion scalar coupled with a scalar field
nonminimally [34].
As the Dirac theory has a vacuum including Zitterbewegung oscillations between positive and negative energy
states and perfectly explains an interaction of a Dirac particle
with an atomic structure of the materials, it gives a reasonable cosmological solutions for the early-time inflation and
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late-time acceleration of the universe [35]. Therefore, in this
study, we nonminimally couple the Dirac field with the
torsion scalar and consider the Dirac field as a source of earlytime inflation and late-time acceleration in the context of
the 2 + 1 dimensional teleparallel gravity on the FriedmannRobertson-Walker (FRW) background by using the Noether
gauge symmetry approach. At same time, we show that the
cosmological solutions obtained in the context of the 2 +
1 dimensional teleparallel gravity are compatible with the
results which are in the coupling the Dirac field with the
3 + 1 dimensional gravity theories [36–38] and the 2 + 1
dimensional Einstein gravity [35].
This paper is organized as follows. In the following
section, we find the field equations in which the Dirac field is
nonminimal coupled with the 2 + 1 dimensional teleparallel
gravity. In Section 3, we search the Noether symmetry for the
Lagrangian which is coupled Dirac field with the 2+1 dimensional teleparallel gravity. In Section 4, we obtain solutions
of the field equations by using Noether symmetry approach.
Furthermore, we find solutions of the field equations under
the zero-gauge term condition and compare these results
with the results of study performed in the 3 + 1 dimensional
teleparallel gravity. Finally, in Section 5, we conclude with a
summary of the obtained results. Throughout the paper, we
use 𝑐 = 𝐺 = ℏ = 1.

2. The Field Equations

𝜎𝜇 (𝑥) = 𝑒(𝑖) 𝜇 (𝑥) 𝜎𝑖 ,

A = ∫ 𝑑3 𝑥 |𝑒| {𝐹 (Ψ) 𝑇
(1)

where 𝐹(Ψ) and 𝑉(Ψ) are the coupling functions and the
self-interaction potential, respectively. These scalar functions
depend on only function of a bilinear Dirac field Ψ =
𝜓𝜓. And the bilinear Dirac field Ψ is a relativistic invariant
quantity [49], where 𝜓 is the adjoint of the Dirac field 𝜓,
which 𝜓 = 𝜓† 𝜎3 . In this action, |𝑒| = det(𝑒(𝑖) 𝜇 (𝑥)) = √|𝑔|,
where 𝑒(𝑖) 𝜇 (𝑥) are dreibeins and 𝑔 is determinant of the metric
tensor, 𝑔𝜇] , defined in terms of the dreibeins and the 2 + 1
dimensional Minkowski space-time metric, 𝜂(𝑖)(𝑗) , with the
signature (1, −1, −1), as 𝑔𝜇] = 𝑒(𝑖) 𝜇 𝑒(𝑗) ] 𝜂(𝑖)(𝑗) , where 𝑖 and 𝑗
are the internal (local) space-time indices, and 𝜇 and ] are
the external (global) space-time indices [50, 51]. 𝜎𝜇 (𝑥) are
the Dirac matrices dependent on space-time coordinates, and

(2)

where 𝜎𝑖 are
𝜎0 = 𝜎3 ,
𝜎1 = 𝚤𝜎1 ,

(3)

𝜎2 = 𝚤𝜎2
and 𝚤 is the imaginary unit (i.e., 𝚤2 = −1), and 𝜎1 , 𝜎2 and 𝜎3 are
the standard 2×2 Pauli matrices [50, 52]. 𝑇 is the Weitzenbock
invariant (i.e., torsion scalar) defined as [32, 33]
𝑇 = 𝑆𝜌 𝜇] 𝑇𝜌 𝜇] ,

(4)

where 𝑇𝜌 𝜇] is the Weitzenbock torsion tensor defined in
𝜌
terms of the Weitzenbock connection [13, 32], 𝑊Γ 𝜇] =
𝑒(𝑖) 𝜌 𝜕] 𝑒(𝑖) 𝜇 ,

𝜌

𝑇𝜌 𝜇] = 𝑒(𝑖) [𝜕𝜇 𝑒](𝑖) − 𝜕] 𝑒𝜇(𝑖) ] ,

(5)

and 𝑆𝜌 𝜇] is a skew-symmetric tensor defined as
𝑆𝜌 𝜇] =

The investigations on the interaction between a torsion and a
Dirac spinorial field have attracted attention for a long time
[39–48]. The main purpose of these studies is to construct
modified gravitational theories that include a spin effect of the
matter fields naturally. Therefore, to consider the inflationary
problem of the universe in the framework of the 2 + 1
dimensional teleparallel gravity nonminimally coupled with
Dirac field, we start by writing the action nonminimally
coupled a Dirac field with a torsion scalar as follows:

𝚤
+ [𝜓𝜎𝜇 (𝑥) (𝐷𝜇 𝜓) − (𝐷𝜇 𝜓) 𝜎𝜇 (𝑥) 𝜓] − 𝑉 (Ψ)} ,
2

they are defined in terms of the flat space-time Dirac matrices,
𝜎𝑖 , and the dreibeins as follows:

1 ]𝜇
[𝑇 𝜌 − 𝑇𝜇] 𝜌 + 𝑇𝜌 𝜇] ]
4
1
+ [𝛿𝜌𝜇 𝑇𝛽] 𝛽 − 𝛿𝜌] 𝑇𝛽𝜇 𝛽 ] .
2

(6)

Furthermore, the torsion tensor can be decomposed into
three irreducible parts in the 2 + 1 dimensional spacetime under the 𝑆𝑂(2, 1) group [53, 54]: the trace part,
𝑡𝜇 = 𝑇𝜇] ] , the totally antisymmetric part (i.e., pseudoscalar),
𝜒 = (1/6)𝜀𝜇]𝜆 𝑇𝜇]𝜆 , and the traceless symmetric tensor, 𝑋𝜇] .
Hence, the torsion tensor is defined in terms of these
components as follows:
𝑇𝜇]𝜆 = 𝜒𝜀𝜇]𝜆 +

1
(𝜂 𝑡 − 𝜂𝜇𝜆 𝑡] ) + 𝜀𝜇]𝜎 𝑋𝜎 𝜆 ,
2 ]𝜆 𝜇

(7)

where 𝜀𝜇]𝜎 is the three-dimensional Levi-Civita symbol
(𝜀012 = 1). Accordingly, in a 2 + 1 dimensional spacetime, the minimal coupling between torsion and Dirac field
is described by the totally antisymmetric part of the torsion
tensor which is pseudoscalar [53, 54]. On the other hand,
𝜌
the Weitzenbock connection can be decomposed as 𝑊Γ 𝜇] =
Γ𝜌 𝜇] +𝐾𝜌 𝜇] , where Γ𝜌 𝜇] is the Christoffel connection and 𝐾𝜌 𝜇]
is the contorsion tensor, 𝐾(𝑖) (𝑗)𝜇 = (1/2)𝑒(𝑖) 𝛽 𝑒(𝑗) ] (𝑇] 𝛽 𝜇 +𝑇𝜇 𝛽 ] −
𝑇𝛽 𝜇] ) [43]. Also, the relationship between the Weitzenbock
spin connection, 𝜔(𝑖) (𝑗)𝜇 , and general relativity (Lorentz) spin
(𝑖)

(𝑖)

connection, 0 𝜔 (𝑗)𝜇 , becomes as 𝜔(𝑖) (𝑗)𝜇 = 0 𝜔 (𝑗)𝜇 + 𝐾(𝑖) (𝑗)𝜇 .
As the teleparallel gravity is characterized by the vanishing
(𝑖)
Weitzenbock spin connection (i.e., 𝜔(𝑖) (𝑗)𝜇 = 0 𝜔 (𝑗)𝜇 +𝐾(𝑖) (𝑗)𝜇
= 0) [43, 44, 48], the covariant derivative of the Dirac spinor,
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𝐷𝜇 𝜓, and its adjoint, 𝐷𝜇 𝜓, can be expressed, respectively, as
[48, 53]
𝚤 0 (𝑖)
( 𝜔 (𝑗)𝜇 ) 𝑠(𝑖) (𝑗) 𝜓,
4
(𝑖)
𝚤
𝐷𝜇 𝜓 = 𝜕𝜇 𝜓 + (0 𝜔 (𝑗)𝜇 ) 𝑠(𝑖) (𝑗) 𝜓,
4
𝐷𝜇 𝜓 = 𝜕𝜇 𝜓 −

(8)

where 𝑠(𝑖) (𝑗) is a spin operator and it is defined in terms of
Dirac matrices: 𝑠(𝑖) (𝑗) = (𝚤/2)[𝜎(𝑖) , 𝜎(𝑗) ]. Furthermore, under
these considerations, the minimal coupling of the Dirac
spinor to the torsion becomes equivalent to the that of
curvature. Accordingly, the Dirac spinor can be consistently
coupled to torsion as indicated in previously works [48, 55–
57].
The variation of action (1) with respect to 𝜓 and 𝜓 gives
us the Dirac equation and its adjoint as follows:
𝚤𝜎𝜇 (𝑥) 𝐷𝜇 𝜓 + [𝐹 𝑇 − 𝑉 ] 𝜓 = 0,

(9)

𝚤 (𝐷𝜇 𝜓) 𝜎𝜇 (𝑥) − [𝐹 𝑇 − 𝑉 ] 𝜓 = 0,

(10)

respectively, where the prime denotes the derivative with
respect to the bilinear Ψ. Additionally, the variation of the
action with respect to the dreibein fields, 𝑒(𝑖) 𝜎 (𝑥), yields the
equation of motion as follows:
𝐹 [𝑇𝑒(𝑖) 𝜎 − 4𝑇𝛼 ](𝑖) 𝑆𝛼 ]𝜎 + 4𝑒−1 𝜕𝛼 (𝑒𝑆(𝑖) 𝛼𝜎 )]


+ 4𝐹 (𝜕𝛼 Ψ) 𝑆(𝑖)

𝛼𝜎

𝜎

= T(𝑖) ,

𝚤
[𝜓𝜎𝛽 (𝑥) 𝐷𝜇 𝜓 − (𝐷𝜇 𝜓) 𝜎𝛽 (𝑥) 𝜓]
2
+ 𝑔𝛽𝜇 [(𝐹 𝑇 − 𝑉 ) Ψ + 𝑉] .

2

2

2

2

2

𝑑𝑠 = 𝑑𝑡 − 𝑎 (𝑡) [𝑑𝑥 + 𝑑𝑦 ] ,

(13)

where 𝑎(𝑡) is the scale factor of the universe. For the
metric, the dreibein fields and their dual are expressed as
𝑒(𝑖) 𝜇 = diag(1, 𝑎(𝑡), 𝑎(𝑡)) and 𝑒(𝑖) 𝜇 = diag(1, 1/𝑎(𝑡), 1/𝑎(𝑡)),
respectively. Accordingly, the nonnull components of the
torsion tensor (5) and the 𝑆𝜌 𝜇] skew-symmetric tensor (6)
are given by, respectively,
𝑇1 01 = 𝑇2 02 = 𝐻,
𝑆1 10 = 𝑆2 20 =

𝐻
,
2

(15)

𝜓̇ + 𝐻𝜓 − 𝚤𝑉 𝜓𝜎3 − 2𝚤𝐻2 𝐹 𝜓𝜎3 = 0.

(16)

𝐻2 =

𝑉
,
2𝐹

̇ is the Hubble parameter and the dot reprewhere 𝐻 = 𝑎/𝑎
sents differentiation with respect to cosmic time, 𝑡. Moreover,

(18)

respectively. Also, the “22” component is equivalent to the
“11” component.
In order to solve the field equations (17) and (18), suitable
forms of the unknown functions 𝐹(Ψ) and 𝑉(Ψ) must
be given. However, in this study, we calculate the forms
of these functions by using the Noether gauge symmetry
approach method. For this reason, firstly, we must construct
the Lagrangian of the system defined by (1). Therefore, with
similar calculations as in [35], the point-like Lagrangian of
the system can be written from action (1) in the following
form:
𝐿 = 2𝐹𝑎2̇ −

𝚤𝑎2
̇ 3 𝜓) + 𝑎2 𝑉.
(𝜓𝜎3 𝜓̇ − 𝜓𝜎
2

(19)

Dirac’s equations for the spinor field 𝜓 and its adjoint 𝜓
are obtained from the Lagrangian (19) such that the EulerLagrange equations of 𝜓 and 𝜓 are, respectively,
𝜓̇ + 𝐻𝜓 + 𝚤𝑉 𝜎3 𝜓 + 2𝚤𝐻2 𝐹 𝜎3 𝜓 = 0,

(20)

𝜓̇ + 𝐻𝜓 − 𝚤𝑉 𝜓𝜎3 − 2𝚤𝐻2 𝐹 𝜓𝜎3 = 0.

(21)

Furthermore, using the point-like Lagrangian (19) and Dirac’s
equations, we find the second-order Euler-Lagrange equation
for 𝑎, that is, the acceleration equation,
𝑝𝑓
𝑎̈
=− ,
𝑎
2𝐹

(22)

𝑝𝑓 = 2𝐻𝐹 Ψ̇ + [2𝐻2 𝐹 + 𝑉 ] Ψ − 𝑉,

(23)

where 𝑝𝑓 ,

is the pressure of the Dirac field. Furthermore, the constraint
equation for the energy function (𝐸𝐿 = 0) associated with the
point-like Lagrangian (19) is written as
𝐸𝐿 =

(14)

(17)

2𝐻𝐹 Ψ̇ + [2𝐻2 𝐹 + 𝑉 ] Ψ − 𝑉
𝑎̈
=−
,
𝑎
2𝐹

(12)

To investigate the inflationary problem in the context of
the 2 + 1 dimensional teleparallel gravity, we will consider
the 2 + 1 dimensional FRW space-time background that is
spatially flat, homogeneous, and isotropic universe:

𝜓̇ + 𝐻𝜓 + 𝚤𝑉 𝜎3 𝜓 + 2𝚤𝐻2 𝐹 𝜎3 𝜓 = 0,

Furthermore, the “00” and “11” components of the equation
of motion (11) give us the following:

(11)

where 𝑇𝛼 ](𝑖) = 𝑒(𝑖) 𝜆 𝑇𝛼 ]𝜆 and 𝑆(𝑖) 𝛼𝜎 = 𝑒(𝑖) 𝜆 𝑆𝜆 𝛼𝜎 and T(𝑖) 𝜎 is the
modified energy-momentum tensor of the Dirac field and its
explicit form is expressed as
T𝛽𝜇 =

using (4), the torsion scalar becomes 𝑇 = −2𝐻2 . Hence,
the Dirac equation (9) and its adjoint (10) are reduced as,
respectively,

𝜕𝐿
𝜕𝐿
𝜕𝐿
− 𝐿,
𝑎̇ +
𝜓̇ + 𝜓̇
𝜕𝑎 ̇
𝜕𝜓̇
𝜕𝜓̇

(24)

[58, 59], which is equivalent to the Friedmann equation:
𝐻2 =

𝜌𝑓
2𝐹

,

(25)
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where 𝜌𝑓 represents the effective energy density and it is
given by the self-interaction potential of a Dirac field in the
following form:
𝜌𝑓 = 𝑉.

(26)

Hence, the point-like Lagrangian (31) and the Noether gauge
symmetry condition (27) lead to the following partial differential equations obtained from the fact that the coefficients of
̇ 𝑗̇ , 𝑎𝜓
̇ 𝑗†̇ , 𝑎2̇ 𝜓𝑗̇ , and 𝑎𝜓
̇ 𝑗†̇ vanish, separately:
𝑎3̇ , 𝑎2̇ , 𝑎,̇ 𝜓𝑗̇ , 𝜓𝑗†̇ , 𝑎𝜓
2
𝜕𝛼 𝜕𝜏
− ) + 2𝐹 ∑𝜖𝑗 (𝛽𝑗 𝜓𝑗† + 𝛾𝑗 𝜓𝑗 ) = 0,
𝜕𝑎 𝜕𝑡
𝑗=1

As can be seen, the Dirac equation (15) and its adjoint (16) as
well as the equations of motion (17) and (18) were recovered
again by using the Lagrangian formalism.

2𝐹 (2

3. The Noether Symmetry Approach

4𝐹

𝜕𝛼
= 0,
𝜕𝜓𝑗

4𝐹

𝜕𝛼
= 0,
𝜕𝜓𝑗†

2𝐹

𝜕𝜏
= 0,
𝜕𝜓𝑗

2𝐹

𝜕𝜏
= 0,
𝜕𝜓𝑗†

2𝐹

𝜕𝜏
= 0,
𝜕𝑎

The symmetry conception has always played a central role in
physics because it is directly associated with the conservation
laws of a dynamical system [60]. These connections between
symmetries and conservation laws of a dynamical system
are expressed by the Noether’s theorem [61]. So, in this
study, the existence of Noether symmetries led to a specific
form of coupling function and the self-interaction potential,
which are important for obtaining the exact solutions of the
fields equations [58, 59, 62–66]. Mathematically, the Noether
symmetry condition for the system where the Dirac field is
coupled with the 2+1 dimensional gravity, with a gauge term,
𝐵, can be expressed as follows [35, 63, 67–69]:
[1]

X 𝐿 + 𝐿 (𝐷𝑡 𝜏) = 𝐷𝑡 𝐵,

(27)

where 𝐵 = 𝐵(𝑡, 𝑎, 𝜓𝑗 , 𝜓𝑗† , 𝑎,̇ 𝜓𝑗̇ , 𝜓𝑗†̇ ) is a gauge term and 𝐷𝑡 is
the operator of the total differentiation with respect to 𝑡
𝐷𝑡 =

2
𝜕
𝜕
𝜕
𝜕
+ 𝜓𝑗†̇
+ 𝑎̇ + ∑ (𝜓𝑗̇
),
𝜕𝑡
𝜕𝑎 𝑗=1
𝜕𝜓𝑗
𝜕𝜓𝑗†

(28)

𝜕𝛽
𝜕𝛾
𝚤𝑎
𝚤𝑎 2
𝜕𝜏
𝚤𝛼𝜓𝑗 + 𝛽𝑗 − ∑ ( †𝑖 𝜓𝑖† − 𝑖† 𝜓𝑖 ) + 𝑎𝑉 †
2
2 𝑖=1 𝜕𝜓𝑗
𝜕𝜓𝑗
𝜕𝜓𝑗
−

̇ 𝑡 𝜏)
X[1] = X + (𝐷𝑡 𝛼 − 𝑎𝐷
2

𝑗=1

+

𝜕
𝜕𝑎 ̇

+ ∑ [(𝐷𝑡 𝛽𝑗 − 𝜓𝑗̇ 𝐷𝑡 𝜏)

𝜕
]
𝜕𝜓𝑗̇

4𝐹
(29)

is the first-order prolongation of the vector field X given by
2
𝜕
𝜕
𝜕
𝜕
+ 𝛾𝑗 † ) ,
X = 𝜏 + 𝛼 + ∑ (𝛽𝑗
𝜕𝑡
𝜕𝑎 𝑗=1
𝜕𝜓𝑗
𝜕𝜓𝑗

(30)

where coefficients 𝜏, 𝛼, 𝛽𝑗 , and 𝛾𝑗 are dependent on variables 𝑡,
𝑎, 𝜓𝑗 , 𝜓𝑗† , 𝑎,̇ 𝜓𝑗̇ , and 𝜓𝑗†̇ . Letting the spinor field 𝜓 = (𝜓1 , 𝜓2 )𝑇
and its adjoint 𝜓 = 𝜓† 𝜎3 , the point-like Lagrangian (19) is
reduced to the following form:
𝐿 = 2𝐹𝑎2̇ −

𝚤𝑎2 [ 2
∑ (𝜓𝑗† 𝜓𝑗̇ − 𝜓𝑗†̇ 𝜓𝑗 )] + 𝑎2 𝑉.
2
]
[𝑗

(31)

𝜕𝛾
𝚤𝑎
𝚤𝑎 2 𝜕𝛽
𝜕𝜏
𝛾𝑗 + ∑ ( 𝑖 𝜓𝑖† − 𝑖 𝜓𝑖 ) − 𝑎𝑉
2
2 𝑖=1 𝜕𝜓𝑗
𝜕𝜓𝑗
𝜕𝜓𝑗

1 𝜕𝐵
= 0,
𝑎 𝜕𝜓𝑗

𝜕𝜏
𝜕𝛼 𝚤𝑎2 2 𝜕𝛽𝑗 † 𝜕𝛾𝑗
−
𝜓 −
𝜓 ) + 𝑎2 𝑉
∑(
𝜕𝑡
2 𝑗=1 𝜕𝑎 𝑗 𝜕𝑎 𝑗
𝜕𝑎
−

2

𝜕 ]
+ ∑ [(𝐷𝑡 𝛾𝑗 − 𝜓𝑗†̇ 𝐷𝑡 𝜏)
,
†̇
𝜕
𝜓
𝑗=1
𝑗]
[

1 𝜕𝐵
= 0,
𝑎 𝜕𝜓𝑗†

𝚤𝛼𝜓𝑗† +

and X[1] , where

(32)

𝜕𝐵
=0
𝜕𝑎

and, also, the remaining expressions satisfy the following
equation:
(2𝛼 + 𝑎

2
1 𝜕𝐵
𝜕𝜏
)𝑉 −
+ 𝑎𝑉 ∑ 𝜖𝑗 (𝛽𝑗 𝜓𝑗† + 𝛾𝑗 𝜓𝑗 )
𝜕𝑡
𝑎 𝜕𝑡
𝑗=1

𝜕𝛽𝑗
𝜕𝛾𝑗
𝚤𝑎 2
− ∑ (𝜓𝑗†
− 𝜓𝑗
) = 0,
2 𝑗=1
𝜕𝑡
𝜕𝑡

(33)

where
for 𝑗 = 1
{1
𝜖𝑗 = {
−1 for 𝑗 = 2.
{

(34)
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Then, the complete solutions of (32) are obtained as follows:
𝛼=−

𝑐1 (𝑘 + 1)
𝑎,
2 (𝑘 − 1)

𝐼0 = −2𝐹𝑎2̇ + 𝑎2 𝑉,

𝛽𝑗 =

𝑐1 (𝑘 + 1)
𝜓 +𝜖 𝛽 𝜓 ,
2 (𝑘 − 1) 𝑗 𝑗 0 𝑗

𝛾𝑗 =

𝑐1 (𝑘 + 1) †
𝜓 − 𝜖𝑗 𝛽0 𝜓𝑗† ,
2 (𝑘 − 1) 𝑗

𝐼1 = 𝑡𝐼0 −
(35)
𝐼2 = −

𝜏 = 𝑐1 𝑡 + 𝑐2 ,

and the coupling function, 𝐹(Ψ), is found as
2𝑘/(𝑘+1)

𝑉 (Ψ) = 𝜆Ψ

,

(36)

2/(𝑘+1)

(42)

𝚤𝑎2 Ψ
.
2

(43)

,

To determine the time evolution of the scale factor, 𝑎(𝑡),
firstly, we need to know the form of bilinear function, Ψ. Thus,
we insert the coupling function 𝐹 given by (36) in the Dirac
equation (20) and in its adjoint (21) and we get
𝑎̇
Ψ̇ + 2 Ψ = 0.
𝑎

(37)

where 𝜆 is integration constants.
Using (35), the corresponding Noether gauge symmetry
generators are obtained as
𝜕
,
𝜕𝑡

X1 = 𝑡

2𝐹 (𝑘 + 1)
𝑎𝑎,̇
(𝑘 − 1)

4. The Solutions of the Field Equations

where 𝑐1 , 𝑐2 , 𝑐4 , 𝑓0 , and 𝑘 (𝑘 ≠ 1) are integration constants.
Finally, inserting (35) and (36) in (33), the self-interaction
potential is determined as

X0 =

(41)

It is important to note that the first integral (41) is associated
with the energy function (24), since the first integral 𝐼0
vanishes identically.

𝐵 = 𝑐4

𝐹 (Ψ) = 𝑓0 Ψ

Moreover, there are three first integrals (or conserved quantities) associated with the Noether gauge symmetries:

(44)

Then, the form of the bilinear function is calculated as
Ψ=

Ψ0
,
𝑎2

(45)

where Ψ0 is a constant of integration. Then, the first integral
equation (43) is found 𝐼2 = −𝚤Ψ0 /2. Furthermore, inserting
(45) and the coupling function (36) in the first integral (42),
we get

𝜕
𝜕𝑡

2
𝜕
𝜕
𝜕
𝑘+1
[𝑎 − ∑ (𝜓𝑖
−
+ 𝜓𝑖† † )] ,
2 (𝑘 − 1)
𝜕𝑎 𝑖=1
𝜕𝜓𝑖
𝜕𝜓𝑖
2

X2 = ∑𝜖𝑖 (𝜓𝑖
𝑖=1

𝐾=

Furthermore, these generators satisfy the following commutation relations:

[X0 , X2 ] = [X1 , X2 ] = 0.

(39)

Thanks to the Noether theorem, if vector field X is a
Noether gauge symmetry corresponding to the Lagrangian 𝐿,
then the following equivalent is a first integral (i.e., conserved
quantities of the system) associated with X:
𝐼 = 𝜏𝐿 + (𝛼 − 𝜏𝑎)̇
2

2
𝜕𝐿
𝜕𝐿
]
+ ∑ [(𝛽𝑗 − 𝜏𝜓𝑗̇ )
𝜕𝑎̇ 𝑗=1
𝜕𝜓𝑗̇

𝜕𝐿 ]
+ ∑ [(𝛾𝑗 − 𝜏𝜓𝑗†̇ )
− 𝐵.
𝜕𝜓𝑗†̇ ]
𝑗=1
[

(46)

where

𝜕
𝜕
− 𝜓𝑖† † ) .
𝜕𝜓𝑖
𝜕𝜓𝑖

[X0 , X1 ] = X0 ,

𝑎̇ + 𝐾𝑎(3𝑘−1)/(𝑘+1) = 0,

(38)

(40)

(𝑘 − 1) 𝐼1

2 (𝑘 + 1) 𝑓0 Ψ02𝑘/(𝑘+1)

,

(47)

and then integrating this equation, the scale factor 𝑎(𝑡) is
found as
𝑎 (𝑡) = [

(𝑘+1)/2(1−𝑘)
2𝐾 (𝑘 − 1)
,
𝑡 + 𝑎0 ]
𝑘+1

(48)

where 𝑎0 is an integration constant. Using the solution in
(48) in the acceleration equation (22) and in the Friedmann
equation (25), we obtain constraint relations between the
constants as 𝜆 = 𝐼12 (𝑘 − 1)2 /2Ψ02 𝑓0 (𝑘 + 1)2 . Under these
conditions, the scale factor that is obtained from the Noether
gauge symmetry represents a power law expansion for the
universe. Moreover, using the definition of the deceleration
parameter 𝑞, namely, 𝑞 = −𝑎𝑎/̈ 𝑎2̇ , it can be seen that the
evolution of the universe has undergone three different processes. Using (48), the deceleration parameter is calculated
as 𝑞 = (1 − 3𝑘)/(𝑘 + 1). From the deceleration parameter
and (48), we see that the scale factor, 𝑎(𝑡), is up to parameter
𝑘, and it corresponds to these different cosmological models
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for 𝑘 values; firstly, for 𝑘 ∈ (−∞, −1) ∪ (1/3, ∞), the
deceleration parameter becomes 𝑞 < 0 and hence obeys an
accelerated power law expansion; secondly, for 𝑘 ∈ (−1, 1/3),
the deceleration parameter becomes 𝑞 > 0, and therefore
a decelerated expansion occurs; thirdly, for the 𝑘 = 1/3,
the deceleration parameter becomes 𝑞 = 0, and this case
corresponds to a uniformly (i.e., monotonically) expanding
universe model. Also, for 𝑘 = 1/3, we have
𝑎 (𝑡) =

𝐼1
𝑡 + 𝑎0 .
4𝑓0 √Ψ0

(49)

This solution, corresponding to a universe with the pressureless Dirac field, is similar to the matter (or dust) dominant
universe in the standard 2 + 1 dimensional general relativity
[70]. Therefore, this solution shows that the Dirac field
behaves as a standard pressureless matter field in the 2 + 1
dimensional teleparallel gravity.
Furthermore, we can define the equation of state parameter of the fermionic field by using the energy density (26) and
pressure (23) as 𝜔𝑓 = 𝑝𝑓 /𝜌𝑓 to search whether the fermionic
field can provide alternative for dark energy or not. Given
(36), (37), (45), and (48), we obtain
𝜔𝑓 =

1 − 3𝑘
.
𝑘+1

(50)

Based on the recent astrophysical observational data [71, 72],
the equation of the state parameter tends to have value of −1.
Additionally, as the equation of the state parameter is less
than −1 the dark energy is described by phantom, but, for
𝜔 ∈ (−1, −1/3), the quintessence dark energy is observed
and the case where 𝜔 = −1 corresponds to the cosmological
constant. In the present work, we observed that the case
where 𝑘 ∈ (1/2, 1) corresponds to the quintessence phase,
and the case where 𝑘 ∈ (−∞, −1) ∪ (1, ∞) is corresponding
to the phantom phase. In both cases, the universe is both
expanding and accelerating. Therefore, the results show that
the fermionic field may behave like both the quintessence and
the phantom dark energy field in the late-time universe.
For the case where 𝑘 = 1, the coupling and potential
functions have linear forms of Ψ from (36) and (37) as follows:
𝐹 (Ψ) = 𝑓0 Ψ,

(51)

𝑉 (Ψ) = 𝜆Ψ.

Therefore, without the Noether symmetry, the Friedmann
equation (25) is reduced to
𝜆
𝑎̇
= 0,
−√
𝑎
2𝑓0

(52)

where 𝐻0 = √

𝜌𝑓 =

𝜆Ψ0 −2𝐻0 𝑡
𝑒
,
𝑎02

(54)

𝑝𝑓 = −𝜌𝑓 .
Furthermore, the state parameter calculated as 𝜔𝑓 = −1
corresponds to the cosmological constant.
It is interesting to note that in the case of the vanishing
gauge term (i.e., 𝐵 = 0), the partial differential equations
(32)-(33) are reduced to the equations for the usual Noether
symmetry approach. In this case, in a similar form of (48), the
scale factor is obtained as
𝑎 (𝑡) = [̃
𝑎0 (𝑘 − 1) (𝑡 − 𝑎1 )]

1/(1−𝑘)

,

(55)

where 𝑎1 is the integration constant and 𝑎̃0 = 𝜆Ψ01−𝑘 /2𝑓0 .
This solution is the same as the results obtained in the context
of nonminimal coupling of the fermionic field to the torsion
in 3 + 1 dimensional teleparallel gravity [38]. According
to this solution, the deceleration parameter becomes 𝑞 =
−𝑘, and hence the universe is accelerating for 𝑘 > 0 and
decelerating for 𝑘 < 0 and the case 𝑘 < 0 corresponds to
uniformly expanding universe model. Also, the equation
of state parameter, 𝜔, is calculated as 𝜔 = −𝑘, so that
the cases where 𝑘 ∈ (1/3, 1), 𝑘 ∈ (1, ∞), and 𝑘 = 1
correspond to the quintessence phase, to the phantom phase,
and to the cosmological constant, respectively. Hence, we
can say that the fermionic field causes the same physical
effect on the universe’s history in both 2 + 1 and 3 + 1
dimensional teleparallel gravity theories under the Noether
symmetry condition. On the other hand, there is a similar
equivalence between the 2 + 1 [35] and 3 + 1 [37] dimensional
Einstein gravities under Noether symmetry approach in the
presence of the nonminimal coupling of the fermionic field
to curvature scalar.
On the other hand, the minimal coupling case is characterized by 𝐹 = 0, that is, by constant coupling function 𝐹 = 𝑛.
If we choose 𝑛 = 1/2 and ignore the gauge term (i.e., 𝐵 = 0),
the solutions of the partial differential equations (32) are
𝛼 = 𝛼0 ,
𝛼0
) 𝜓𝑗 ,
𝑎
𝛼
𝛾𝑗 = (−𝜖𝑗 𝛽0 − 0 ) 𝜓𝑗†
𝑎

𝛽𝑗 = (𝜖𝑗 𝛽0 −

(56)

and from the (33) the self-interaction potential is determined
as

which has the following solution:
𝑎 (𝑡) = 𝑎0 𝑒𝐻0 𝑡 ,

inflationary epoch of the universe. Hence, it can be concluded
that the Dirac field plays a role as an inflaton field in the 2 + 1
dimensional teleparallel gravity. In this situation, from (26)
and (23), the energy density and the pressure of the Dirac field
are given by

𝜆
,
2𝑓0

(53)

where 𝑎0 is a constant. It is clear that this solution is
corresponding to the de Sitter solution that describes an

𝑉 (Ψ) = 𝑉0 Ψ.

(57)

Hence, from (22) and (25), the scale factor is calculated as
𝑎 (𝑡) = √𝑉0 Ψ0 𝑡 + 𝑎0 .

(58)
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According to (58), the deceleration parameter becomes
𝑞 = 0. Hence, we can say that, in the minimal coupling case,
the universe in the 2 + 1 dimensional teleparallel gravity in
the presence of the Dirac field is expanding uniformly, only.
Furthermore, this solution describes a universe dominated
by pressureless matter (or dust) [70]. Also, this solution is
equivalent to the solution of the 2 + 1 Einstein general
relativity in the case of the minimal coupling of fermionic
fields with curvature scalar [35]. On the other hand, in the
nonminimal coupling case, 2 + 1 dimensional teleparallel
gravity has similar physical results about the history of the
universe as that of 3 + 1 dimensional teleparallel gravity [38],
whereas it is different from the 3 + 1 dimensional standard
Einstein theory, because the 3 + 1 dimensional standard
Einstein theory explains the early-time inflation period only
[37] but, as shown in this study, 2 + 1 dimensional teleparallel
gravity explains both the early-time and late-time inflation
periods.

5. Concluding Remarks
The investigations to obtain suitable components that can
explain the early-time inflation and late-time acceleration
epoch of the universe are one of the main topics of modern
cosmology. In this context, we consider the nonminimal coupling of the Dirac field to torsion in the context of teleparallel
theory of gravity in 2+1 dimensional Weitzenbock space-time
to investigate whether Dirac fields may be responsible for
the early-time inflation and late-time acceleration. Therefore,
the identification of the nonminimal coupling and the selfinteraction functions is performed by using the Noether
symmetry approach with and without a gauge term. From this
approach, the obtained results can be summarized as follows:
(i) For the case where 𝑘 = 1, the scale factor obtained
in (53) is 𝑎(𝑡) = 𝑎0 𝑒𝐻0 𝑡 , indicating the inflation epoch
of the universe. Also this solution corresponds to the
vacuum energy which is characterized by cosmological constant.
(ii) The case where 𝑘 ∈ (1/2, 1) conforms to the quintessence dark energy component that is used to explain
the late-time acceleration.
(iii) The case where 𝑘 ∈ (−∞, −1) ∪ (1, ∞) corresponds
to the phantom dark energy component. This component is also used to explain the late-time acceleration.
(iv) The cosmological solution for 𝑘 = 1/3 corresponds to
a uniformly (i.e., monotonically,) expanding universe
model. Also, it obtained a solution corresponding
to the matter (or dust) dominant universe with the
pressure of the Dirac field 𝑝𝑓 = 0 as in the 2 + 1
dimensional general relativity [70]. Hence, it shows
that the Dirac field behaves as a standard pressureless
matter field in the 2 + 1 dimensional teleparallel
gravity.
(v) Under the usual Noether symmetry condition (i.e.,
𝐵 = 0), the scale factor 𝑎(𝑡) is computed as 𝑎(𝑡) =
[̃
𝑎0 (𝑘 − 1)(𝑡 − 𝑎1 )]1/(1−𝑘) , where 𝑎1 is the integration
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constant and 𝑎̃0 = 𝜆Ψ01−𝑘 /2𝑓0 . It is interesting to note
that this solution is the same as the results obtained in
the context of nonminimal coupling of the fermionic
field to the torsion in 3 + 1 dimensional teleparallel
gravity [38]. Hence, we can say that, in the presence of
the fermionic field, the 2 + 1 dimensional teleparallel
gravity has similar physical results about the evolution
of the universe as that of the 3 + 1 dimensional
teleparallel gravity thanks to the Noether symmetry.
(vi) In the case of the minimal coupling (i.e., 𝐹 = 1/2) and
under the usual Noether symmetry condition (i.e.,
𝐵 = 0) our solutions are reduced to 2 + 1 dimensional
Einstein general relativity solutions, as well.
(vii) It is important to emphasize that for the nonminimal
coupling and under the Noether symmetry approach
with a gauge term, the 2 + 1 dimensional Einstein
gravity [35] has similar physical results about the
history of the universe as that of both 2 + 1 and 3 + 1
dimensional teleparallel gravities [38] in the presence
of the fermionic field.
Finally, it can be said that the Dirac field is an inflaton
describing the acceleration of the universe both in the earlytime epoch and in the late-time epoch.
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