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We study the thermodynamic properties and critical behaviors of the topological charged black hole in AdS space under the
consideration of the generalized uncertainty principle (GUP). It is found that only in the spherical horizon case there are Van der
Waals-like first-order phase transitions and reentrant phase transitions. From the equation of state we find that the GUP-corrected
black hole can have one, two, and three apparent critical points under different conditions. However, it is verified by the Gibbs free
energy that in either case there is at most one physical critical point.

1. Introduction

Since Hawking-Page phase transition of Schwarzschild-AdS
black hole was explored in [1], phase structures and critical
behaviors of various black holes in AdS space have been
extensively studied [2–13]. Following [14, 15], the cosmologi-
cal constant was considered as the thermodynamic pressure
and the conjugated quantity was taken as the thermodynamic
volume. In this extended phase space, the black hole mass𝑀
should be identified with the enthalpy. Although in [2, 3],
the Van der Waals (VdW)-like first-order phase transition
was first found in the RN-AdS black hole, in the extended
phase space it was found that the critical behaviors of the
RN-AdS black hole have more similarities to that of the VdW
liquid/gas system [16]. This finding aroused many relevant
studies on the critical phenomena of various AdS black holes
in the extended phase space [17–25]. Furthermore, some spe-
cial critical behaviors such as the reentrant phase transition
(RPT), the triple critical point, the isolated critical point, and
even the “critical curve” for several black holes have been
explored [26–35].

After considering quantum gravity effects, thermody-
namic quantities of black holes may be modified. For exam-
ple, the generalized uncertainty principle (GUP) will lead to
the corrected temperature and entropy [36–43]. Thus, the
GUP should also influence the critical behaviors of black

holes correspondingly. In [44], the author studied the effects
of the GUP to all orders in the Planck length on the thermo-
dynamics and the phase transition of the Schwarzschild black
hole. In this paper we consider the usually used simpler form
of the GUP

Δ𝑥 ≥ ℏΔ𝑝 + 𝛼2ℏ Δ𝑝 ≥ 2𝛼 ∼ 𝑙𝑝, (1)

where 𝑙𝑝 is the Planck length and 𝛼 is a positive constant
with length dimension whose upper limits can be given by
the recent discovered gravitational waves [45]. On the basis of
this relation, the corrected temperature and entropy for some
static and stationary black holes were given in [46]. Using
these corrected thermodynamic quantities, we have studied
the critical behaviors of the Schwarzschild-AdS black hole
and the RN-AdS black hole in [47]. With the GUP correc-
tions, we find that the Hawking-Page phase transition for the
AdS black holes no longer always occurs. In this paper, we
will further study the critical behaviors and phase transitions
of the corrected charged topological AdS black hole in the
extended phase space. We find that a combination of 𝛼 and
the electric charge𝑄 can be used to classify the various kinds
of critical behaviors.

The plan of this paper is as follows: In Section 2 we
introduce the corrected thermodynamic quantities of the
charged AdS black hole and simply discuss their properties.
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In Section 3 we find the critical points and analyze the
numbers of the critical points. In Section 4 we study the
critical behaviors of the black hole according to the Gibbs free
energy. In Section 5we summarize our results and discuss the
possible future directions.

2. Thermodynamics of the
Charged Topological AdS Black
Hole with GUP Correction

In Einstein gravity in four-dimensional space-time, we have
the charged topological AdS black hole solution,

𝑑𝑠2 = −𝑓 (𝑟) 𝑑𝑡2 + 𝑓 (𝑟)−1 𝑑𝑟2 + 𝑟2𝑑Ω2𝑘, (2)

with the metric function [48]

𝑓 (𝑟) = 𝑘 − 8𝜋𝐺𝑀Σ𝑘𝑟 + 16𝜋2𝐺2𝑄2Σ2𝑘𝑟2 + 𝑟2𝑙2 , (3)

where the parameters 𝑀, 𝑄 are the ADM mass and electric
charge of the black hole and 𝑙 represents the cosmological
radius. 𝑑Ω2𝑘 denotes the line element of a two-dimensional
Einstein space with constant scalar curvature 2𝑘 and volumeΣ𝑘. Without loss of generality, one can take 𝑘 = 1 (spherical
horizon), 𝑘 = 0 (planar/toroidal horizon), and 𝑘 = −1
(hyperbolic horizon). Besides, we set 4𝜋𝐺/Σ𝑘 = 1 for sim-
plicity. Although Σ𝑘 has different values for different 𝑘, this
simplification will not affect our physical results.

According to the metric function in (3), the black hole
mass is

𝑀 = 3𝑘𝑟2ℎ + 8𝜋𝑃𝑟4ℎ + 3𝑄26𝑟ℎ , (4)

where 𝑟ℎ denotes the position of the event horizon of the black
hole. Here 𝑃 is the thermodynamic pressure and is taken to
be 𝑃 = −Λ/8𝜋 = 3/8𝜋𝑙2.

The surface gravity of the black hole is

𝜅 = 𝑓 (𝑟ℎ)2 = 𝑘𝑟2ℎ + 8𝜋𝑃𝑟4ℎ − 𝑄22𝑟3
ℎ

. (5)

In the semiclassical case, the temperature and entropy for
the black hole are

𝑇 = ℏ𝜅2𝜋 ,
𝑆 = 𝐴4ℏ .

(6)

As a thermodynamic system, the thermodynamic quan-
tities of the black hole should satisfy the thermodynamic
identity: 𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑑𝑄 + 𝑉𝑑𝑃, (7)

where the electric potential measured at infinity with refer-
ence to the horizon is Φ = 𝑄/𝑟ℎ and the thermodynamic
volume is 𝑉 = 4𝜋𝑟3ℎ/3.

Generally, black hole entropy should be a function of
the horizon area; namely, 𝑆 = 𝑆(𝐴) [49]. Therefore, the
temperature of a black hole can be generally expressed as [46]

𝑇 = 𝜕𝑀𝜕𝑆 𝑄 = 𝑑𝐴𝑑𝑆 × 𝜕𝑀𝜕𝐴 𝑄 = 𝑑𝐴𝑑𝑆 × 𝜅8𝜋 . (8)

According to Heisenberg uncertainty principle, one can
derive 𝑑𝐴/𝑑𝑆 ≃ Δ𝐴/Δ𝑆 = 𝑐𝑜𝑛𝑠𝑡. This is just the work of
Bekenstein and Hawking, which gives the results in (6).

Considering the effect of GUP, it is shown that [46]

𝑑𝐴𝑑𝑆 ≃ (Δ𝐴)𝑚𝑖𝑛(Δ𝑆)𝑚𝑖𝑛 = 4ℏ, (9)

where ℏ is the effective Planck “constant” and is defined as

ℏ = 2ℏ𝛼2 (𝑟2ℎ − 𝑟ℎ√𝑟2
ℎ
− 𝛼2) . (10)

Thus, the GUP-corrected black hole temperature becomes

𝑇 = ℏ𝜅2𝜋 = ℏ (𝑟ℎ − √𝑟2
ℎ
− 𝛼2) (𝑘𝑟2ℎ + 8𝜋𝑃𝑟4ℎ − 𝑄2)2𝜋𝛼2𝑟2

ℎ

. (11)

From (5), one can see that the usual temperature of the
charged AdS black hole will become negative for very small𝑟ℎ, while𝑇 give amandatory requirement 𝑟ℎ ≥ 𝛼, fromwhich
we find that the temperature 𝑇 can be always positive when
the condition 𝑄2 < 𝛼2(𝑘 + 8𝜋𝑃𝛼2) is satisfied. In Figure 1,
we compare the behaviors of the usual temperature 𝑇 and the
corrected temperature 𝑇 for the charged AdS black hole. For
smaller𝑄,𝑇 is indeed always positive. Besides, with the GUP
corrections the 𝑇 − 𝑟 curve exhibits more fruitful structures.

Because GUP only constrains the minimal length, it only
influences the temperature and the entropy. The electric
charge and the electric potential will remain unchanged. The
first law of black hole thermodynamics 𝑑𝑀 = 𝑇𝑑𝑆 +Φ𝑑𝑄+𝑉𝑑𝑃 should still be established in this case. Therefore, the
GUP-corrected entropy of the black hole can be derived.

𝑆 = ∫ 𝑑𝑀𝑇 𝑄,𝑃 = ∫ 1𝑇 𝜕𝑀𝜕𝑟 𝑄,𝑃 𝑑𝑟 + 𝑆0 = 𝜋2ℏ [[[𝑟
2
ℎ

+ 𝑟ℎ√𝑟2
ℎ
− 𝛼2 − 𝛼2 ln(√𝑟2

ℎ
− 𝛼2 + 𝑟ℎ𝛼 )]]] ,

(12)

= 𝐴4ℏ − 𝜋𝛼24ℏ ln 𝐴𝜋𝛼2 + ⋅ ⋅ ⋅ (13)

Here the effect ofGUP leads to a subleading logarithmic term,
which also exists in many other quantum corrected entropy.
Our entropy is a little different from that in [46], where
the authors take an indefinite integral and treat the integral
constant as zero. We take the integration constant 𝑆0 =𝛼2 ln 𝛼 to obtain a dimensionless logarithmic term. 𝑆0 cannot
be fixed by some physical consideration. To determine 𝑆0



Advances in High Energy Physics 3

0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16

T

0.065
0.070
0.075
0.080４



0.085
0.090
0.095
0.100

1.0 1.5 2.0 2.5 3.00.5
rℎ

Q=0.2
Q=0.3
Q=0.8

Q=0.4
Q=0.44
Q=0.56

Q=0.63

1 2 3 4 50
rℎ

Figure 1: The left panel: the standard temperature of the RN-AdS black hole. The right panel: the GUP-corrected temperature with 𝛼 = 0.5.
In both cases we take 𝑘 = 1 and 𝑃 = 0.01.
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Figure 2: Number of the apparent critical points. There are at most three critical points for 1.5 < 𝛼2/𝑄2 < 1.535.
completely, one has to invoke the quantum theory of gravity.
It should be noted that the corrected entropy is independent
of the parameter 𝑘 and it is always positive. Moreover, due to
the existence of the logarithmic term in the corrected entropy,
the Smarr formula no more exists.

3. Multiple Critical Points

In this section, we try to ascertain the number of the critical
points. Below we always set ℏ = 1 for simplicity. From (11),
we can derive the equation of state

𝑃 = 𝑟2ℎ [2𝜋𝑇 (√𝑟2
ℎ
− 𝛼2 + 𝑟ℎ) − 𝑘] + 𝑄28𝜋𝑟4
ℎ

. (14)

To derive the critical points, one should solve the following
two equations:

𝜕𝑃𝜕𝑟ℎ = 𝜕2𝑃𝜕𝑟2
ℎ

= 0. (15)

One can also use another equivalent pair of equations,𝜕𝑇/𝜕𝑟ℎ = 𝜕2𝑇/𝜕𝑟2ℎ = 0, to determine the critical points of
the system. In either case, the results are the same.

The two expressions are lengthy, so we will not list them
here. Combining them, we obtain an equation

𝑟4ℎ (12𝑄2 − 𝛼2𝑘) + 2𝑟3ℎ√𝑟2
ℎ
− 𝛼2 (𝛼2𝑘 + 3𝑄2)

− 3𝑘𝑟5ℎ√𝑟2ℎ − 𝛼2 − 26𝛼2𝑄2𝑟2ℎ
− 4𝛼2𝑄2𝑟ℎ√𝑟2

ℎ
− 𝛼2 + 16𝛼4𝑄2 = 0.

(16)

We set 𝛽 = √1 − 𝛼2/𝑟2
ℎ
; thus 0 ≤ 𝛽 ≤ 1. Utilizing 𝛽, (16) can

be simplified to

𝛼4 (2𝛽 + 1) [𝛼2 (𝛽2 − 𝛽 + 1) 𝑘
+ 2 (4𝛽5 − 𝛽4 − 5𝛽3 + 2𝛽2 + 𝛽 − 1)𝑄2] = 0. (17)

In the case of 𝛼 ̸= 0, we obtain a constraint equation

𝑘𝛼2𝑄2 = 2 (4𝛽5 − 𝛽4 − 5𝛽3 + 2𝛽2 + 𝛽 − 1)−𝛽2 + 𝛽 − 1 . (18)

As is depicted in Figure 2, the right-hand side of (18) is
nonnegative (in fact, when 𝛽 = 1, the RHS of (18) is zero;
however, because we are only interested in the nontrivial case
with 𝛼 ̸= 0, this excludes the possibility of 𝛽 = 1).This means
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Figure 4: The 𝛼2/𝑄2 = 1.4 case with 𝛼 = 1 and 𝑄 = 0.845. The critical pressure is 𝑃𝑐 = 0.0079.
that there is no 𝑃 − 𝑉 criticality in the cases with 𝑘 = 0 and𝑘 = −1. Besides, when the electric charge𝑄 = 0, (17) becomes𝑘𝛼6 (2𝛽 + 1) (𝛽2 − 𝛽 + 1) = 0, (19)

which also has no real solutions for 𝛽 in the range 0 ≤ 𝛽 ≤ 1.
If 𝑘 = 0, this equation is well satisfied; however one can easily
check that there is still no critical point in the (𝑘 = 0, 𝑄 = 0)
case.

Thus, below we are only concerned with the 𝑘 = 1 case
with nonzero electric charge 𝑄. We find that the number of
critical points depends on the value of 𝛼2/𝑄2. When 𝛼2/𝑄2 >1.535 or 𝛼2/𝑄2 < 1.5, there is only one critical point. When𝛼2/𝑄2 = 1.535 or 𝛼2/𝑄2 = 1.5, there are two critical points.
And three critical points occur when 1.5 < 𝛼2/𝑄2 < 1.535.

On the basis of these critical points, we can further discuss
the heat capacity at constant pressure,

𝐶𝑝 = 𝑇 𝜕𝑆𝜕𝑇 𝑃,𝑄 = 𝑇 𝜕𝑆/𝜕𝑟ℎ𝜕𝑇/𝜕𝑟ℎ
𝑃,𝑄 , (20)

which can reflect the local thermodynamic stability of the
black hole. The divergence points of the heat capacity occur
at zeros of 𝜕𝑇/𝜕𝑟ℎ, which are the extremal points in the𝑇 − 𝑟ℎ curve. The sign of 𝐶𝑝 is also completely determined

by 𝜕𝑇/𝜕𝑟ℎ because 𝜕𝑆/𝜕𝑟ℎ = 𝜋(√𝑟2
ℎ
− 𝛼2 + 𝑟ℎ) > 0 and the

corrected temperature is greater than zero if𝑄2 < 𝛼2(1+8𝜋𝑃).

4. The Critical Behaviors and
Gibbs Free Energy

Below we discuss the critical behaviors of the RN-AdS black
hole according to the numbers of the apparent critical points.

4.1. One Critical Point. In this case, we take 𝛼2/𝑄2 = 1.4 and𝛼2/𝑄2 = 1.6, respectively. First, for𝛼2/𝑄2 = 1.6 one can easily
find that the critical value of the pressure is negative, which
means that no second-order phase transition occurs. In fact,
there is also no VdW-like first-order phase transition. As is
shown in Figure 3, the Gibbs free energy exhibits a cusp for
any positive given pressure.

The critical behaviors in the case with 𝛼2/𝑄2 = 1.4 have
been analyzed in [47]. When the pressure is greater than the
critical pressure 𝑃𝑐, there is two branches in the 𝑇 −𝑟ℎ curve,
which corresponds to a cusp in𝐺. When the pressure is lower
than 𝑃𝑐, the 𝑇 − 𝑟ℎ curve exhibits four branches. From left to
right, we call them the small black hole, the left-intermediate
black hole, the right-intermediate black hole, and the large
black hole. According to the slope of the𝑇−𝑟ℎ curve one can
figure out that 𝐶𝑝 is negative in the small black hole branch
and the right-intermediate black hole branch and it is positive
in the left-intermediate black hole branch and the large black
hole branch. From the 𝐺 − 𝑇 figure, one can see a standard
VdW-like first-order phase transition. We illustrate this in
Figure 4. For 𝑃 ∈ (𝑃𝑡, 𝑃𝑧), reentrant phase transition takes
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Figure 5: Characteristic behavior of Gibbs free energy for the reentrant phase transition. Here we also take 𝛼 = 1 and 𝑄 = 0.845.
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Figure 6: The 𝛼2/𝑄2 = 1.535 case with 𝛼 = 1 and 𝑄 = 0.807.
place. In this case, starting off from the largest 𝐺, the black
hole will first evolve along the branch of the large black hole.
Then at some point the black hole will undergo a zero-order
phase transition and jump to the left-intermediate branch.
Finally, undergoing a first-order phase transition, the black
hole returns back to the original large black hole.This process
has been illustrated in Figure 5. When 𝑃 < 𝑃𝑡, the large black
hole is globally thermodynamic stable, and thus no phase
transition occurs.

4.2. Two Critical Points. When 𝛼2/𝑄2 = 1.535, one can easily
check that the smaller critical point is false because the critical
pressure 𝑃𝑐 is negative. The larger critical point is (𝑃𝑐 =0.0103, 𝑇𝑐 = 0.0786, 𝑟ℎ𝑐 = 1.333). However, as is shown in
Figure 6, the black hole only has two branches and exhibits a
cusp in𝐺.The lower branch has the positive heat capacity and
smaller Gibbs free energy. Thus it is more stable for the large
black hole and no phase transition occurs in this case.

For 𝛼2/𝑄2 = 1.5, the smaller critical point is (𝑇𝑐1 =0.0613, 𝑃𝑐1 = 0.00497, 𝑟𝑐1 = 1.155), and the larger critical
point is (𝑇𝑐2 = 0.0753, 𝑃𝑐2 = 0.00945, 𝑟𝑐2 = 1.474). As is
illustrated in Figure 7, for 𝑃 ∈ (𝑃𝑐1, 𝑃𝑐2) the black hole has
four branches. Similar to the one critical point case (𝛼2/𝑄2 =1.4), for 𝑃 ∈ (𝑃𝑡, 𝑃𝑐2) the black hole always has a VdW-
like first-order phase transition and for 𝑃 ∈ (𝑃𝑡, 𝑃𝑧) there
exists the reentrant phase transition. Below a physical critical
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Figure 7: The 𝛼2/𝑄2 = 1.5 case with 𝛼 = 1 and 𝑄 = 0.816.
The reentrant phase transition takes place for 𝑃 ∈ (𝑃𝑡, 𝑃𝑧) with𝑃𝑡 = 0.00887, 𝑃𝑧 = 0.009.
point there should be a VdW-like first-order phase transition.
Because 𝑃𝑐1 < 𝑃𝑡, for 𝑃 ∈ (𝑃𝑐1, 𝑃𝑡) or 𝑃 < 𝑃𝑐1 the large black
hole is always globally thermodynamically stable. Therefore,
the smaller critical point is indeed an apparent one, which
does not correspond to any second-order phase transition. In
this case, the Gibbs free energy has similar behaviors to that
in Figures 4 and 5.



6 Advances in High Energy Physics

0.04675
0.04680
0.04685
0.04690
0.04695
0.04700

0.04670

P=0.0002<Pc1

10 20 30 40 500
rℎ

0.01

0.02

0.03

0.04

0.05

４


1.
00

1.
30

1.
25

1.
20

1.
15

1.
10

1.
05

0.055

0.060

0.065

0.070

４


2 3 4 51
rℎ

Pc1<P=0.005<Pc2

0.072

0.074

0.076

0.078

0.080

４


1.2 1.4 1.6 1.8 2.0 2.2 2.41.0

rℎ

P=Pc2
P=Pc3 P>Pc3

Pc2<P<Pc3

Figure 8: 𝑇 − 𝑟ℎ curves for 𝛼2/𝑄2 = 1.51 with 𝛼 = 1 and 𝑄 = 0.814.

P=0.0002<Pc1

Pt <P=0.0093<Pz

−200

−150

−100

−50

0

G

４

G
G

0.02 0.03 0.04 0.050.01

４

４
４

４

４

0.
07

4
82

0.
07

4
84

0.
07

4
86

0.
07

4
88

0.
07

4
9
0

0.
07

4
9
2

0.
07

4
9
4

0.7530

0.7532

0.7534

0.7536

0.7538

G

Pc1<０=0.005<Pc2

P=Pz=0.00937

0.8

0.7

0.6

0.5

0.4

0.3

0.7536

0.7535

0.7534

0.7533

0.7532

0.7531

0.7530

0.
07

5
08

0.
07

5
10

0.
07

5
12

0.
07

5
14

0.
07

5
16

0.
07

5
1
8

0.
07

5
20

0.0700.0650.0600.055

Pc2<０=Pt=0.00928

Pz2<０=0.0095<Pc3

0.
07

4
7
6

0.
07

4
7
8

0.
07

4
80

0.
07

4
8
2

0.
07

4
8
4

0.
07

4
8
6

0.
07

4
8
8

0.
07

4
9
0

0.7530

0.7532

0.7534

0.7536

0.7538

0.7540

G

0.
07

5
4
5

0.
07

5
5
0

0.
07

5
5
5

0.
07

5
6
0

0.
07

5
6
5

0.7526

0.7528

0.7530

0.7532

0.7534
G

Figure 9: The different behaviors of the Gibbs free energy at different pressures. 𝛼2/𝑄2 = 1.51 with 𝛼 = 1 and 𝑄 = 0.814.
4.3. �ree Critical Points. In this case, we select 𝛼2/𝑄2 =1.51. Three apparent critical points are (𝑇𝑐1 = 0.0497, 𝑃𝑐1 =0.00111, 𝑟𝑐1 = 1.118), (𝑇𝑐2 = 0.0717, 𝑃𝑐2 = 0.00826, 𝑟𝑐2 =1.207), and (𝑇𝑐3 = 0.0761, 𝑃𝑐3 = 0.00966, 𝑟𝑐3 = 1.45), respec-
tively.

As is shown in Figure 8, for 𝑃 < 𝑃𝑐1 and 𝑃 ∈ (𝑃𝑐2, 𝑃𝑐3),
there are four branches and there are two branches for𝑃 > 𝑃𝑐3
and 𝑃 ∈ (𝑃𝑐1, 𝑃𝑐2). According to the illustration in Figure 9,
when 𝑃 < 𝑃𝑐1 and 𝑃𝑐2 < 𝑃 < 𝑃𝑡, there are swallowtail
behaviors; however the swallowtail never intersects with the
large black hole branch. When 𝑃 ∈ (𝑃𝑐1, 𝑃𝑐2), it is a cusp in
the Gibbs free energy. This means that the large black hole is
always globally thermodynamically stable when 𝑃 < 𝑃𝑡 and
“𝑐1” and “𝑐2” are not physical critical points. For 𝑃 > 𝑃𝑐3, the
Gibbs free energy also exhibits a cusp and for 𝑃 ∈ (𝑃𝑡, 𝑃𝑐3)
there is always a phase transition of first order.Thus, “𝑐3” is a
physical critical point, which corresponds to a second-order
phase transition.

5. Conclusion and Discussion

We begin by considering the charged AdS black hole with
general topology (𝑘 = 0, ±1). After considering the GUP
we find that the temperature of the RN-AdS black hole, not
like its semiclassical counterpart, can be always positive and
has more fruitful structures. The GUP-corrected entropy is
always positive and is independent of the electric charge 𝑄
and the parameter 𝑘. By analyzing the equation of state, we
find that only in the 𝑘 = 1 case the black hole can have critical
behaviors. In particular, one can judge the number of the
critical points according to the values of 𝛼2/𝑄2. Apparently,
the number of the critical points can be one, two, and three.
In either case, there is the unique physical critical point. The
main results have been summarized in Table 1.

For 𝑃 > 1.535, the apparent critical point has a negative
pressure, which is unphysical. At any positive pressure, the
Gibbs free energy exhibits a cusp. For 𝑃 = 1.535, the smaller
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Table 1: The critical behaviors of RN-AdS black hole with GUP corrections in the 𝑘 = 1 case.𝛼2/𝑄2 # apparent critical points # physical critical points behavior( 11 + 8𝜋𝑃 , 1.5) 1 1 VdW& RPT

1.5 2 1 VdW& RPT
(1.5, 1.535) 3 1 VdW& RPT
1.535 2 0 cusp(1.535,∞) 1 0 cusp

one of the two apparent critical points also has negative
pressure. Below or above the larger critical point, the 𝑇 − 𝑟ℎ
curve only has two branches, which corresponds to a cusp in
theGibbs free energy. For 1.5 ≤ 𝑃 < 1.535, only the rightmost
critical point is the physical one. In the first three cases in
Table 1, there is always the VdW-like phase transitions, which
occur at the range 𝑃 ∈ (𝑃𝑡, 𝑃c), 𝑃 ∈ (𝑃𝑡, 𝑃𝑐2), 𝑃 ∈ (𝑃𝑡, 𝑃𝑐3),
respectively, and the RPT takes place for 𝑃 ∈ (𝑃𝑡, 𝑃𝑧).

The Born-Infeld-AdS black hole and the Kerr-AdS black
hole can have the reentrant behavior due to their complex
horizon structure. GUP only modifies the thermodynamic
quantities, but not the geometric structure like the metric.
If we take into account the corrections of the GUP in these
complicated black holes, there should be more interesting
phase structure and critical phenomena. This will be left for
future studies.
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