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We studied the thermodynamics and spectroscopy of a 4-dimensional, 𝑧 = 0 Lifshitz black hole (𝑍0LBH). Using Wald’s entropy
formula and the Hawking temperature, we derived the quasi-local mass of the 𝑍0LBH. Based on the exact solution to the near-
horizon Schrödinger-like equation (SLE) of the massive scalar waves, we computed the quasi-normal modes of the 𝑍0LBH via
employing the adiabatic invariant quantity for the 𝑍0LBH. This study shows that the entropy and area spectra of the 𝑍0LBH are
equally spaced.

1. Introduction

Ever since the publication of the seminal papers of Bekenstein
and Hawking [1–3], it has been known that black hole
(BH) entropy (𝑆𝐵𝐻) should be quantized in discrete levels as
discussed in detail by Bekenstein [4–7]. The proportionality
between 𝑆𝐵𝐻 and BH area (A𝐵𝐻) is justified from the adia-
batic invariance [8] properties of area, that is, 𝑆𝐵𝐻 = A𝐵𝐻/4.
Therefore,A𝐵𝐻 should also be quantized in equidistant levels
to account for the discrete 𝑆𝐵𝐻. Bekenstein [5, 6] proposed
that, for the family of Schwarzschild BHs, A𝐵𝐻 should have
the following discrete, equidistant spectrum:

A𝐵𝐻 = 𝜖ℏ𝑛, 𝑛 = 0, 1, 2, . . . , (1)

where 𝜖 is known as the undetermined dimensionless con-
stant. According to (1), the minimum increase in the horizon
area becomes ΔAmin = 8𝜋ℏ for the Schwarzschild BH (𝜖 =8𝜋) [9–11]. Following the seminal works of Bekenstein, new
methods have been developed to derive the entropy/area
spectra of the numerousBHs (see [12] and references therein).
Among them, Maggiore’s method (MM) [9] fully supports
Bekenstein’s result (1). In fact, MM [9] was based on Kunstat-
ter’s study [13], inwhich the adiabatic invariant quantity (𝐼𝑎𝑑𝑏)
is expressed as follows:

𝐼𝑎𝑑𝑏 = ∫ 𝑑𝑀Δ𝜔 , (2)

where Δ𝜔 = 𝜔𝑛−1 − 𝜔𝑛 denotes the transition frequency
between the successive levels of a BHhavingmass𝑀. Further,
(2) was generalized to the hairy BHs (massive, charged, and
rotating ones) as follows (see [14] and references therein):

𝐼𝑎𝑑𝑏 = ∫ TH𝑑𝑆𝐵𝐻Δ𝜔 , (3)

where TH is the temperature of the BH. Bohr-Sommerfeld
quantization rule [15] states that 𝐼𝑎𝑑𝑏 acts as a quantized
quantity (𝐼𝑎𝑑𝑏 ≃ 𝑛ℏ) when the highly excited modes (𝑛 →∞) are considered. In such a case, the imaginary part of the
frequency dominates the real part of the frequency (𝜔𝐼 ≫𝜔𝑅), implying that Δ𝜔 ≃ Δ𝜔𝐼. Meanwhile, for the first time,
Hod [16, 17] argued that the quasi-normal modes (QNMs)
[18, 19] can be used for computing transition frequency.
Hod’s arguments inspired Maggiore who considered the
Schwarzschild BH as a highly damped harmonic oscillator
(i.e., Δ𝜔 ≃ Δ𝜔𝐼) and managed to rederive Bekenstein’s
original result (1) using a different method. Today, there are
numerous studies in the literature in which MM has been
employed for various BHs (see, e.g., [20–25]).

This study mainly explores the entropy/area spectra of
a four-dimensional Lifshitz BH [26] possessing a particular
dynamical exponent 𝑧 = 0. To analyze the physical features
of the 𝑧 = 0 Lifshitz BH (𝑍0LBH) geometry, we first calculate
its quasi-local mass 𝑀𝑄𝐿 [27] and temperature via Wald’s
entropy [28] and statistical Hawking temperature formula
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[29, 30], respectively. QNM calculations of the 𝑍0LBH must
be performed in order to implement the MM successfully. To
this end, we consider the Klein-Gordon equation (KGE) for a
massless scalar field in the𝑍0LBH background. Separation of
the angular and the radial equations yields a Schrödinger-like
wave equation (SLE) [31]. Asymptotic limits of the potential
(36) show that the effective potential may diverge beyond the
BH horizon for the massive scalar particle; thus, in the far
region, the QNMs might not be perceived by the observer.
Hence, following a particular method [23, 32–35], we focus
our analysis on the near-horizon (NH) region and impose the
boundary conditions (45): ingoing waves at the event horizon
and no wave at spatial infinity (since at infinity the effective
potential of Schrödinger-like wave equation is divergent).
After getting NH form of the SLE, we show that the radial
equation is reduced to a confluent hypergeometric (CH)
differential equation [36]. Performing some manipulations
on the NH solution and using the pole structure of the
Gamma functions [36], we showhowone finds out theQNMs
as in [32, 33, 37–40].The imaginary part of the QNMs is used
in (3), and the quantum spectra of entropy and area of the𝑍0LBH are obtained.

The following statements elaborate on the organization
of this study. In Section 2, we briefly introduce the 𝑍0LBH
metric. In addition, we present the derivation of 𝑀𝑄𝐿 of
the 𝑍0LBH based on Wald’s entropy formula. Section 3 is
devoted to the separation of the KGE and finding the effective
potential 𝑉𝑒𝑓𝑓(𝑟). Next, we solve the NH SLE and show how
QNMs are calculated. Then, we compute the entropy/area
spectra of the 𝑍0LBH. Finally, we draw our conclusions in
Section 4 (throughout this work, the geometrized unit system
is used: 𝐺 = 𝑐 = 𝑘𝐵 = 1 and ℓ2𝜌 = ℏ).

2. 𝑍0LBH Spacetime

In this section, we introduce the four-dimensional Lifshitz
spacetime and its special case, that is, 𝑍0LBH [26]. Con-
formal gravity (CG) covers gravity theories that are invari-
ant under Weyl transformations. CG, which is adapted to
static and asymptotically Lifshitz BH solutions, has received
intensive attention from the researchers studying condensed
matter and quantum field theories [41]. The Lifshitz BHs
are invariant under anisotropic scale and characterize the
gravitational dual of strange metals [42].

The action of the Einstein-Weyl gravity [26] is given by

S = 12𝜅2 ∫√−𝑔𝑑4𝑥(𝑅 − 2Λ + 12𝛼 𝑊𝑒𝑦𝑙2) , (4)

where 𝜅2 = 8𝜋𝐺, |𝑊𝑒𝑦𝑙|2 = 𝑅𝜇]𝜌𝜎𝑅𝜇]𝜌𝜎 − 2𝑅𝜇]𝑅𝜇] + (1/3)𝑅2,
and 𝛼 = (𝑧2 + 2𝑧 + 3)/4𝑧(𝑧 − 4) (constant), which diverges
(𝛼 = ∞) with 𝑧 = 0 and/or 𝑧 = 4. The Lifshitz BH solutions
exist in the CG theory for both 𝑧 = 4 and 𝑧 = 0 [26, 43];
however, when 𝑧 = 3 and 𝑧 = 4, Lifshitz BHs appear in the
Horava–Lifshitz gravity [26, 44, 45].

Now, we focus on the 𝑍0LBH of the CG theory whose
metric is given by [26]:

𝑑𝑠2 = −𝑓𝑑𝑡2 + 4𝑑𝑟2𝑟2𝑓 + 𝑟2𝑑Ω22,𝑘, (5)

where the metric function 𝑓 is defined by

𝑓 = 1 + 𝑐𝑟2 + 𝑐
2 − 𝑘23𝑟4 . (6)

In the above metric, which is conformal to (A)dS (AdS if𝑐 + 2𝑘 < 1 and dS if 𝑐 + 2𝑘 > 1) [26], 𝑘 = 0, 𝑘 = 1, and 𝑘 = −1
stand for 2-torus (𝑑𝜃2+𝑑𝜙2), unit 2-sphere (𝑑𝜃2+ sin2 𝜃𝑑𝜙2),
and unit hyperbolic plane (𝑑𝜃2 + sinh2 𝜃𝑑𝜙2), respectively
[45]. The metric solution has a curvature singularity at 𝑟 = 0,
which becomes naked for 𝑘 = 0.There is an event horizon for𝑘 = ±1 solution expressed as follows [26, 45]:

𝑟2ℎ = 16 (√3 (4 − 𝑐2) − 3𝑐) . (7)

Note that the requirement of 𝑟2ℎ ≥ 0 is conditional on this
inequality: −2 ≤ 𝑐 < 1. When 𝑐 = −2, the solution becomes
extremal. Throughout this study, for simplicity, we consider
the choice of 𝑐2 = 𝑘2 = 1 for which the solution corresponds
to a dS BH.Thus, the metric function 𝑓 becomes

𝑓 = 1 − 𝑟2ℎ𝑟2 . (8)

Thus, at spatial infinity, the Ricci and Kretschmann
scalars of the 𝑍0LBH can be found as follows:

𝑅 = 𝑅𝜆𝜆 ∼ 5 (𝑐4 − 2𝑐2 + 1)
12𝑟8 ,

𝐾 = 𝑅𝜇]𝜌𝜎𝑅𝜇]𝜌𝜎 ∼ 25 (𝑐4 − 2𝑐2 + 1)
12𝑟8 .

(9)

By performing the surface gravity calculation [1, 2, 30], we
obtain

𝜅 = 12 . (10)

Therefore, the Hawking or BH temperature [30] of the𝑍0LBH reads

TH = 𝜅2𝜋 = 14𝜋 . (11)

2.1. Mass Computation of Z0LBH viaWald’s Entropy Formula.
The GR unifies space, time, and gravitation and the gravita-
tional force is represented by the curvature of the spacetime.
Energy conservation is a sine qua non in GR as well. Because
the metric (5) of 𝑍0LBH represents a non-asymptotically-
flat geometry, one should consider the quasi-local mass𝑀𝑄𝐿
[27], which measures the density of matter/energy of the
spacetime. In this section, we shall employ Wald’s entropy
calculation [29, 30] and derive 𝑀𝑄𝐿 using Wald’s entropy
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formula. To this end, we follow the study of Eune and Kim
[28].

Starting with the time-like Killing vector 𝜉𝜇, which
describes the symmetry of time translation in a spacetime,
Wald’s entropy is expressed by [29, 30] as

𝑆𝐵𝐻 = 2𝜋𝜅 ∫
Σ
𝑑2𝑥√ℎ𝛽, (12)

where

𝛽 = 𝜖𝜇]𝐽𝜇],
𝜖𝜇] = 12 (𝑛𝜇𝑢] − 𝑛]𝑢𝜇) .

(13)

Here, 𝜅 and ℎ are the surface gravity and the induced
metric on a hypersurfaceΣ of the horizon (here 2-sphere with√ℎ = 𝑟2ℎ sin 𝜃), respectively. 𝑢𝜇 is the four-vector velocity
defined as the proper velocity of a fiducial observer moving
along the orbit of 𝜉𝜇 = 𝛾(𝜕/𝜕𝑡) (where 𝛾 is a normalization
constant), which must satisfy 𝑔𝜇]𝜉𝜇𝜉] = −1 at spatial infinity.
Thus, one can immediately see that 𝛾 = 1. 𝐽𝜇] is called the
Noether potential [46, 47], which is given by

𝐽𝜇] = −2Θ𝜇]𝜌𝜎 (∇𝜌𝜉𝜎) + 4 (∇𝜌Θ𝜇]𝜌𝜎) 𝜉𝜎, (14)

with

Θ𝜇]𝜌𝜎 = 132 (𝑔𝜇𝜌𝑔]𝜎 − 𝑔𝜇𝜎𝑔]𝜌) . (15)

The surface gravity 𝜅 can be calculated by [30]

𝜅 = lim
𝑟→𝑟ℎ

√𝜉𝜇∇𝜇𝜉]𝜉𝜌∇𝜌𝜉]−𝜉2 = 12 . (16)

To have an outward unit vector 𝑛𝜇 on Σ, the equality𝑛𝜇𝑛𝜇 = 1must also be satisfied. Hence, one can get

𝑛𝑟 = 1𝑛𝑟 = 2
√(𝑟2 − 𝑟2

ℎ
) . (17)

On the contrary, 𝑢𝜇 is the four-vector velocity and is given
by

𝑢𝜇 = 1𝛼𝜉𝜇, (18)

with

𝛼 = √−𝜉𝜇𝜉𝜇. (19)

Therefore, the nonzero components of 𝜖𝜇] are found to be
𝜖𝑡𝑟 = −𝜖𝑟𝑡 = −1𝑟 . (20)

In sequel, the four-vector velocity reads

𝑢𝑡 = 𝑟
√𝑟2 − 𝑟2

ℎ

. (21)

The nonzero components of Θ𝜇]𝜌𝜎 (15) are obtained as
follows:

Θ𝑡𝑟𝑡𝑟 = Θ𝑟𝑡𝑟𝑡 = −Θ𝑡𝑟𝑟𝑡 = −Θ𝑟𝑡𝑡𝑟 = −𝑟2128𝜋 ,
Θ𝜃𝑟𝜃𝑟 = Θ𝑟𝜃𝑟𝜃 = −Θ𝜃𝑟𝑟𝜃 = −Θ𝑟𝜃𝜃𝑟 = 𝑟2 − 𝑟2ℎ128𝜋𝑟2 ,
Θ𝜙𝑟𝜙𝑟 = Θ𝑟𝜙𝑟𝜙 = −Θ𝜙𝑟𝑟𝜙 = −Θ𝑟𝜙𝜙𝑟 = 𝑟2 − 𝑟2ℎ128𝜋𝑟2 sin2 𝜃 ,
Θ𝜃𝜙𝜃𝜙 = Θ𝜙𝜃𝜙𝜃 = −Θ𝜃𝜙𝜙𝜃 = −Θ𝜙𝜃𝜃𝜙 = 132𝜋𝑟4 sin2 𝜃 ,
Θ𝑡𝜙𝑡𝜙 = Θ𝜙𝑡𝜙𝑡 = −Θ𝑡𝜙𝜙𝑡 = −Θ𝜙𝑡𝑡𝜙

= −132𝜋 (𝑟2 − 𝑟2
ℎ
) sin2 𝜃 ,

Θ𝜃𝑡𝜃𝑡 = Θ𝑡𝜃𝑡𝜃 = −Θ𝜃𝑡𝑡𝜃 = −Θ𝑡𝜃𝜃𝑡 = −132𝜋 (𝑟2 − 𝑟2
ℎ
) .

(22)

One can verify that ∇𝜌Θ𝜇]𝜌𝜎 = 0. The latter result
yields that the second term of the Noether potential vanishes.
Therefore, we have

𝐽𝜇] = −2Θ𝜇]𝜌𝜎 (∇𝜌𝜉𝜎) = −2Θ𝜇]𝜌𝜎𝐶𝜌𝜎, (23)

The nonzero components of 𝐶𝜌𝜎 = ∇𝜌𝜉𝜎 are as follows:
𝐶𝑡𝑟 = −𝐶𝑟𝑡 = −𝑟2ℎ𝑟3 . (24)

After substituting those findings into (14), we find the
nonzero components of the Noether potential:

𝐽𝑡𝑟 = −𝐽𝑟𝑡 = −𝑟2ℎ32𝜋 . (25)

Thus, from (20) and (25), 𝛽 is found as

𝛽 = 𝑟2ℎ16𝑟2𝜋, (26)

and, in sequel computing the entropy through the integral
formulation (12), we obtain

S = 𝜋𝑟2ℎ = Aℎ4 . (27)

The above result is fully consistent with the Bekenstein-
Hawking entropy. The quasi-local mass𝑀𝑄𝐿 can be derived
from this entropy by integrating the first law of thermody-
namics 𝑑𝑀𝑄𝐿 = TH𝑑𝑆𝐵𝐻. After some manipulation, one
easily finds the following result:

𝑀𝑄𝐿 = 𝑟2ℎ4 . (28)

which matches with the quasi-local mass computation of
Brown and York [27].
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Figure 1: Effective potential versus tortoise coordinate graph for
various orbital quantum numbers.

3. QNMs and Spectroscopy of 𝑍0LBH
In this section, we shall study the QNMs and the entropy of a
perturbed𝑍0LBHviaMM[9].QNMsof a consideredBHcan
be derived by solving the eigenvalue problem of the KGEwith
the proper boundary conditions. The boundary condition at
the horizon implies that there are no outgoing waves at the
event horizon (i.e., only ingoing waves carry the QNMs at the
event horizon) and the boundary condition at spatial infinity
imposes that only outgoing waves are allowed to survive at
spatial infinity.The second boundary condition is appropriate
for bumpy shape effective potential that dies off at the two
ends. Yet, as seen in (36) and shown in Figure 1, the potential
never terminates at spatial infinity; instead it diverges for
very massive (𝑚 → ∞) scalar particles. Thus, the potential
blocks the waves that come off from the BH and prevents
them from reaching spatial infinity. Hence, in this section, we
will consider the very massive scalar particles and employ the
particularmethod of [23, 32–35], inwhich only theQNMs are
defined to be those for which one has purely ingoing plane
wave at the horizon and no wave at spatial infinity (see (44).
Namely, we will find the QNMs of the𝑍0LBHusing their NH
boundary condition. For this purpose, we first consider the
massive KGE: 1√−𝑔𝜕𝜇 (√−𝑔𝑔𝜇]𝜕]) Ψ − 𝑚2Ψ = 0, (29)

where Ψ adopts the ansatz for the above wave equation
chosen as

Ψ = 1𝑟𝐹 (𝑟) 𝑒𝑖𝜔𝑡𝑌𝑙𝑚 (𝜃, 𝜙) , (30)

in which 𝐹(𝑟) is the function of 𝑟 and 𝑌𝑙𝑚(𝜃, 𝜙) represents
the spherical harmonics with the eigenvalues −𝑙(𝑙 + 1) and𝑚. After performing some straightforward calculations, the
radial part of the KGE reduces to a SLE [31]:

[− 𝑑𝑑𝑟∗2 + 𝑉𝑒𝑓𝑓]𝐹 (𝑟) = 𝜔2𝐹 (𝑟) , (31)

where 𝑉𝑒𝑓𝑓 and 𝑟∗ are called the effective potential and the
tortoise coordinate, respectively. The tortoise coordinate 𝑟∗
can be found by the following integral:

𝑟∗ = 2∫ 𝑑𝑟𝑟𝑓 , (32)

which results in

𝑟∗ = ln(𝑟2𝑟2
ℎ

− 1) . (33)

One may check that the limits of 𝑟∗ admit the following:

lim
𝑟→𝑟ℎ

𝑟∗ = −∞,
lim
𝑟→∞

𝑟∗ = ∞. (34)

The effective potential seen in (33) is obtained as

𝑉𝑒𝑓𝑓 = 𝑓{𝑙 (𝑙 + 1)𝑟2 + 14 [𝑓 + 𝑟𝑑𝑓𝑑𝑟 ] + 𝑚2} , (35)

which admits these limits:

lim
𝑟→𝑟ℎ

𝑉𝑒𝑓𝑓 (𝑟) = 0,
lim
𝑟→∞

𝑉𝑒𝑓𝑓 (𝑟) = 𝑚2 + 14 .
(36)

It is clear that, for any constant𝑚, the potential is finite at
infinite radius (see Figure 1). The potential diverges when the
scalar particle is very massive. In other words, the waves tend
to cease as𝑚 → ∞.

3.1. Entropy/Area Spectra of Z0LBH. In this section, we
shall nudge (perturb) the 𝑍0LBH by the massive scalar
fields propagating near the event horizon and read their
corresponding QNM frequencies.

We can expand 𝑍0LBH’s metric function 𝑓 to a series
around 𝑟ℎ and express it in terms of the surface gravity 𝜅 as

𝑓 = 𝑓 (𝑟ℎ) + 𝑓 (𝑟ℎ) (𝑟 − 𝑟ℎ) + 𝑂 [(𝑟 − 𝑟ℎ)2] ≈ 2𝜅𝑦, (37)

where 𝑦 = 𝑟 − 𝑟ℎ and prime () denotes the derivative with
respect to 𝑟. After substituting (37) into (35) and performing
Taylor expansion, the NH form of the effective potential is
obtained as

𝑉
= 4𝜅𝐺𝑦 [𝐺2 (1 − 2𝐺𝑦) 𝑙 (𝑙 + 1) + 𝜅 (1 + 2𝐺𝑦) + 𝑚2] , (38)

with the parameter 𝐺 = 1/𝑟ℎ. The tortoise coordinate in the
NH region becomes 𝑟∗ ≃ (1/2𝜅) ln𝑦, which enables us to find
the NH form of the one-dimensional SLE:

[−4𝜅2𝑦(𝑦 𝑑2𝑑𝑦2 + 𝑑𝑑𝑦) + 𝑉 − 𝜔2]𝐹 (𝑦) = 0. (39)

The solutions to the above equation can be expressed in
terms of the CH functions of the first and second kinds [36]
as follows:

𝐹 (𝑦) = 𝑦𝑖𝜔/2𝜅𝑒−𝑧/2 [𝐶1𝑀(𝑎, 𝑏, 𝑧) + 𝐶2𝑈 (𝑎, 𝑏, 𝑧)] , (40)
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with the parameters

𝑎 = 𝜆√𝛿 +
𝑏2 ,

𝑏 = 1 + 𝑖𝜔𝜅 ,
𝑧 = 2𝑖𝐺√𝛿𝑦,

(41)

where

𝜆 = 12 {1 + 1𝜅 [𝑙 (𝑙 + 1) 𝐺2 + 𝑚2]} ,
𝛿 = 2 [𝑙 (𝑙 + 1) 𝐺2𝜅 − 1] .

(42)

With the aid of the limiting forms of the CH functions
[36], one can find the NH limit of solution (40) as

𝐹 (𝑦) ∼ [𝐶1 + 𝐶2 Γ (1 − 𝑏)Γ (1 + 𝑎 − 𝑏)] 𝑦𝑖𝜔/2𝜅

+ 𝐶2 Γ (𝑏 − 1)Γ (𝑎) 𝑦−𝑖𝜔/2𝜅.
(43)

We can alternatively represent (43) in terms of 𝑟∗ (𝑦 ≃𝑒2𝜅𝑟∗). Thus, the NH ingoing and outgoing waves are distin-
guished:

Ψ ∼ [𝐶1 + 𝐶2 Γ (1 − 𝑏)Γ (1 + 𝑎 − 𝑏)] 𝑒𝑖𝜔(𝑡+𝑟
∗)

+ 𝐶2 Γ (𝑏 − 1)Γ (𝑎) 𝑒𝑖𝜔(𝑡−𝑟∗).
(44)

For QNMs, imposing the boundary conditions that the
outgoing waves must vanish at the horizon and no wave at
the spatial infinity, that is,

𝐹 (𝑟∗)𝑄𝑁𝑀 ∼ 𝑒𝑖𝜔𝑟∗ at 𝑟∗ → −∞
0 at 𝑟∗ → ∞, (45)

the solution having coefficient 𝐶2 should be terminated. By
using the pole structure of the Gamma function for the
denominator of the second term, the outgoing waves vanish
for 𝑎 = −𝑛 (𝑛 = 0, 1, 2, ..). The latter remark yields the
frequencies of the QNMs of the 𝑍0LBH as

𝜔𝑛 = 2𝜅 [(𝑛 + 12) 𝑖 + 𝜆√𝛿] , (46)

where 𝑛 is known as the overtone quantum number [48].
Accordingly, the transition frequency between two highly
excited subsequent states (𝜔𝐼 ≫ 𝜔𝑅) is easily obtained as
follows:

Δ𝜔 ≈ Δ𝜔𝐼 = 2𝜅 = 4𝜋THℏ . (47)

Subsequently, using the adiabatic invariant quantity (3)
and Bohr-Sommerfeld quantization rule,

𝐼𝑎𝑑𝑏 = ℏ4𝜋 ∫ 𝑑𝑀
TH

= ℏ4𝜋𝑆𝐵𝐻 = ℏ𝑛, (48)

we can read the entropy/area spectra of the𝑍0LBHas follows:

𝑆𝐵𝐻𝑛 = A𝑛4ℏ = 4𝜋𝑛, A𝑛 = 16𝜋ℏ𝑛. (49)

Therefore, the minimum spacing of the BH area becomes

ΔAmin = 16𝜋ℏ. (50)

Our finding is in agreement with Bekenstein’s conjecture
[7], and the equispacing of the entropy/area spectra of the𝑍0LBH supports Kothawala et al.’s hypothesis [21], which
states that BHs should have equally spaced area spectrum in
Einstein’s gravity theory.

4. Conclusions

In this work, the quantum spectra of the𝑍0LBHwere studied
using the MM, which is based on the adiabatic invariant
quantity (3). After separating the radial and angular parts
of the massive KGE on the 𝑍0LBH background, we have
found the SLE (31) and its corresponding effective potential
(35). We have checked the behaviors of the potential around
horizon and at the spatial infinity [see (36)]. In addition, we
have depicted the effective potential for different values and
have shown that the potential never terminates at the spatial
infinity.The SLE associated with the𝑍0LBH is approximated
to a CH differential equation. We have derived QNMs of
the 𝑍0LBH using the pole feature of the Gamma functions.
The MM is applied for the highly excited modes (𝑛 → ∞)
and the entropy/area spectra are calculated. Both spectra
are evenly spaced and independent of the parameters of
the BH as expected. On the contrary, we obtained different
area equispacing with dimensionless constant 𝜖 = 16𝜋 in
comparison to the usual value (𝜖 = 8𝜋 [9–11]). However, as
shown by Hod [17], the spacing between two adjacent levels
might be different depending on which method is applied for
studying the BH quantization. Besides, our findings are in
agreement with both Bekenstein’s conjecture [7] and Wei et
al. and Kothawala et al.’s studies [21, 49].

In addition, 𝑀𝑄𝐿 of the 𝑍0LBH is also investigated via
Wald’s entropy formula (12) by integrating the total energy
(mass). The result obtained is in agreement with the BH
thermodynamics [50]. Our next target is to study the Dirac
QNMs of the 4-dimensional 𝑍0LBH and analyze the spin
effect on the area/entropy quantization.
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for KS black hole in Hořava-Lifshitz gravity,” Modern Physics
Letters A, vol. 26, no. 2, pp. 151–159, 2011.

[34] A. J. Medved, D. Martin, and M. Visser, “Dirty black holes:
quasinormal modes for squeezed horizons,” Classical and
Quantum Gravity, vol. 21, no. 9, pp. 2393–2405, 2004.

[35] T. Padmanabhan, “Quasi-normal modes: a simple derivation
of the level spacing of the frequencies,” Classical and Quantum
Gravity, vol. 21, no. 1, pp. L1–L6, 2004.

[36] M. Abramowitz and I. A. Stegun, Handbook of Mathematical
Functions, with Formulas, Graphs, and Mathematical Tables,
Dover, New York, NY, USA, 1972.

[37] H. M. Murad and N. Pant, “A class of exact isotropic solutions
of Einstein’s equations and relativistic stellar models in general
relativity,” Astrophysics and Space Science, vol. 350, no. 1, pp.
349–359, 2014.

[38] I. Sakalli, “Analytical solutions in rotating linear dilaton black
holes: resonant frequencies, quantization, greybody factor, and
Hawking radiation,” Physical Review D: Particles, Fields, Gravi-
tation and Cosmology, vol. 94, no. 8, 084040, 12 pages, 2016.

[39] A. Lopez-Ortega, “Entropy spectra of single horizon black holes
in two dimensions,” International Journal of Modern Physics D:
Gravitation, Astrophysics, Cosmology, vol. 20, no. 13, pp. 2525–
2542, 2011.

[40] B. Cuadros-Melgar, J. de Oliveira, and C. E. Pellicer, “Stability
analysis and area spectrum of three-dimensional Lifshitz black
holes,” Physical Review D: Particles, Fields, Gravitation and
Cosmology, vol. 85, no. 2, 2012.

http://arxiv.org/abs/1004.2606
http://arxiv.org/abs/1004.2606


Advances in High Energy Physics 7

[41] S. Kachru, X. Liu, and M. Mulligan, “Gravity duals of Lifshitz-
like fixed points,” Physical Review D: Particles, Fields, Gravita-
tion and Cosmology, vol. 78, no. 10, Article ID 106005, 8 pages,
2008.

[42] S. A. Hartnoll, J. Polchinski, E. Silverstein, and D. Tong,
“Towards strange metallic holography,” Journal of High Energy
Physics, vol. 2010, no. 4, 2010.

[43] R. G. Cai, Y. Liu, and Y. W. Sun, “On the z=4 Horava-Lifshitz
Gravity,” High Energy Physics - Theory, 2009.

[44] M. Catalan, E. Cisternas, P. A. Gonzalez, and Y. Vasquez, “Quas-
inormal modes and greybody factors of a four-dimensional
Lifshitz black hole with z=0,” General Relativity and Quantum
Cosmology, 2014.

[45] F. Herrera and Y. Vásquez, “AdS and Lifshitz black hole
solutions in conformal gravity sourced with a scalar field,”
Physics Letters B, 2017, arXiv.

[46] G. L. Cardoso, B. de Wit, and T. Mohaupt, “Deviations from
the area law for supersymmetric black holes,” Fortschritte der
Physik, vol. 48, no. 1-3, pp. 49–64, 2000.

[47] M. K. Parikh and S. Sarkar, “Beyond the Einstein Equation
of State: Wald Entropy and Thermodynamical Gravity,” High
Energy Physics - Theory, 2009, High Energy Physics - Theory.

[48] S. Hod, “Kerr-Newman black holes with stationary charged
scalar clouds,” Physical Review D: Particles, Fields, Gravitation
and Cosmology, vol. 90, Article ID 024051, 2014.

[49] S.-W. Wei, Y.-X. Liu, K. Yang, and Y. Zhong, “Entropy/area
spectra of the charged black hole from quasinormal modes,”
Physical Review D: Particles, Fields, Gravitation and Cosmology,
vol. 81, Article ID 104042, 2010.

[50] R. B. Mann, Black holes: thermodynamics, information, and
firewalls, SpringerBriefs in Physics, Springer, Cham, 2015.



Hindawi
www.hindawi.com Volume 2018

 Active and Passive  
Electronic Components

Hindawi
www.hindawi.com Volume 2018

Shock and Vibration

Hindawi
www.hindawi.com Volume 2018

High Energy Physics
Advances in

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Acoustics and Vibration
Advances in

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Advances in  
Condensed Matter Physics

Optics
International Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Astronomy
Advances in

 Antennas and
Propagation

International Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

 International Journal of

Geophysics

Advances in
Optical
Technologies

Hindawi
www.hindawi.com

Volume 2018

Applied Bionics  
and Biomechanics
Hindawi
www.hindawi.com Volume 2018

Advances in
OptoElectronics

Hindawi
www.hindawi.com

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Hindawi
www.hindawi.com Volume 2018

Chemistry
Advances in

Hindawi
www.hindawi.com Volume 2018

Journal of

Chemistry

Hindawi
www.hindawi.com Volume 2018

Advances in
Physical Chemistry

International Journal of

Rotating
Machinery

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

 Journal ofEngineering
Volume 2018

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/apec/
https://www.hindawi.com/journals/sv/
https://www.hindawi.com/journals/ahep/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/aav/
https://www.hindawi.com/journals/acmp/
https://www.hindawi.com/journals/ijo/
https://www.hindawi.com/journals/aa/
https://www.hindawi.com/journals/ijap/
https://www.hindawi.com/journals/ijge/
https://www.hindawi.com/journals/aot/
https://www.hindawi.com/journals/abb/
https://www.hindawi.com/journals/aoe/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/ac/
https://www.hindawi.com/journals/jchem/
https://www.hindawi.com/journals/apc/
https://www.hindawi.com/journals/ijrm/
https://www.hindawi.com/journals/je/
https://www.hindawi.com/
https://www.hindawi.com/

