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In this paperwe revisited phenomenological potentials.We studied S-wave heavy quarkonium spectra by two potentialmodels.The
first one is power potential and the second one is logarithmic potential. We calculated spin averaged masses, hyperfine splittings,
Regge trajectories of pseudoscalar and vector mesons, decay constants, leptonic decay widths, two-photon and two-gluon decay
widths, and some allowed M1 transitions. We studied ground and 4 radially excited S-wave charmonium and bottomonium states
via solving nonrelativistic Schrödinger equation. Although the potentials which were studied in this paper are not directly QCD
motivated potential, obtained results agree well with experimental data and other theoretical studies.

1. Introduction

Heavy quarkonium is the bound state of 𝑏𝑏 and 𝑐𝑐 and one
of the most important playgrounds for our understanding
of the strong interactions of quarks and gluons. Quantum
chromodynamics (QCD) is thought to be the true theory of
these strong interactions. QCD is a nonabelian local gauge
field theory with the symmetry group 𝑆𝑈(3). In principle,
one should be able to calculate hadronic properties such as
mass spectrum and transitions by using QCD principles. But
QCD does not readily supply us these hadronic properties.
This challenge can be attributed to the several features that
are not present in other local gauge field theories.

Foremost, being a nonabelian gauge theory, gluons which
are gauge bosons, have color charge and interact among
themselves. Unlike from quantum electrodynamics (QED),
where a photon does not interact with other photon, in
QCD one must consider interactions among gluons. This
nonabelian nature of the theory makes some calculations
complicated, for example, loops in propagators.

There are three other important features of QCD: asymp-
totic freedom, confinement, and dynamical breaking of chiral
symmetry. Asymptotic freedom says that strong interaction
coupling constant, 𝛼𝑠, is a function of momentum transfer.
When the momentum transfer in a quark-quark collision

increases (at short distances), the coupling constant becomes
weaker whereas it becomes larger when momentum transfer
decreases (at large distances). The idea behind confinement
is that, there are no free quarks outside of a hadron; i.e., color
charged particles (quarks and gluons) cannot be isolated out
of hadrons. Flux tube model gives a reasonable explanation
of confinement. When the distance between quark-antiquark
(or quarks) pair increases, the gluon field between a pair of
color charges forms a flux tube (or string) between them
resulting a potential energy which depends linearly on the
distance, 𝑉(𝑟) =∼ 𝜎𝑟 where 𝜎 is the string constant. As
distance increases between quarks, the potential energy can
create new quark-antiquark pairs in colorless forms instead of
a free quark. Up to now, nobody has been able to prove that
confinement from QCD. Lattice QCD calculations simulate
this confinement well and give a value for the string tension
[1]. The last feature of QCD is the dynamical breaking of
chiral symmetry. The QCD Lagrangian with 𝑁 quark flavor
has an exact chiral 𝑆𝑈(𝑁) × 𝑆𝑈(𝑁) symmetry but breaks
down to 𝑆𝑈(𝑁) symmetry because of the nonvanishing
expectation value of QCD vacuum [2, 3]. The Goldstone
bosons corresponding to this symmetry breaking are the
pseudoscalar mesons.

The present aspects of the QCD caused other approaches
to deal with these challenges. QCD sum rules, Lattice QCD,
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and potential models (quark models) are examples of these
approaches. These approaches are nonperturbative since the
strong interaction coupling constant, which should be the
perturbation parameter of QCD is of the order one in low
energies, hence the truncation of the perturbative expansion
cannot be carried out. Since perturbation theory is not appli-
cable, a nonperturbative approach has to be used to study
systems that involve strong interactions. QCD sum rules
and lattice QCD are based on QCD itself whereas in poten-
tial models, one assumes an interquark potential and solves a
Schrödinger-like equation. The advantage of potential model
is that, excited states can be studied in the framework of
potentialmodels whereas inQCD sum rules and latticeQCD,
only the ground state or in some exceptional cases excited
states can be studied.

After the discovery of charmonium (𝑐𝑐) states, potential
models have played a key role in understanding of heavy
quarkonium spectroscopy [4, 5]. These potentials were in
type of Coulomb plus linear confining potential with spin
dependent interactions. The discovery of bottomonium (𝑏𝑏)
states were well described by the potential model picture
which was used in the charmonium case. Heavy quarkonium
spectroscopy was studied since that era with fruitful works
[6–18]. A general review about potential models can be found
in [19, 20] and references therein.

In the potential models, many features such as mass
spectra and decay properties of heavy quarkonium could
be described by an interquark potential in two-body
Schrödinger equation. Interquark potentials are obtained
both from phenomenology and theory. In the phenomeno-
logical method, it is assumed that a potential exist with
some parameters to be determined by fits to the data. In
the theory side, one can use perturbative QCD to determine
the potential form at short distances and use lattice QCD at
long distances [19].These potentials can be classified as QCD
motivated potentials [21–25] and phenomenological poten-
tials [26–31]. The most commonly used phenomenological
potentials are power-law potentials, for example [26] and log-
arithmic potentials, for example [30].The detailed properties
of these type potentials are studied extensively in [29]. All
the potentials which are mentioned here have almost similar
behaviour in the range of 0.1 fm ≤ 𝑟 ≤ 1 fmwhich is charac-
teristic region of charmonium and bottomonium systems [32,
33]. Outside the range, the behaviour of potentials differ. Up
to now, no one was able to obtain a potential which is compat-
ible at the whole range of distances by using QCD principles.

The potential model calculations have been quite suc-
cessful in describing the hadron spectrum. Most of the
phenomenological potentials must satisfy the following con-
ditions: 𝑑𝑉𝑑𝑟 > 0,

𝑑2𝑉𝑑𝑟2 ≤ 0. (1)

It means that static potential is a monotone nondecreasing
and concave function of 𝑟 which is a general property of gauge
theories [34].

The great success of quarkonium phenomenology was
somehow cracked at 2003 after the observation of 𝑋(3872)
[35]. The properties of this exotic particle are not compatible
with the conventional quark model, the reason why it is
named exotic. For example in [36], the authors studied𝑋(3872) near threshold zero in the 𝐷0𝐷∗0 S-wave. There
are other exotic states, 𝑋𝑌𝑍, and the exotic particle zoo is
growing. In this paper we will present some exotic states in
the framework of quark model.

Energy spectra of heavy quarkonium are a rich source of
the information on the nature of interquark forces and decay
mechanisms. The prediction of mass spectrum in accordance
with the experimental data does not verify the validity
of a model for explaining hadronic interactions. Different
potentials can produce reliable spectra with the experimental
data. Thus other physical properties such as decay constants,
leptonic decay widths, radiative decay widths, etc. need to be
calculated.

A specific formof theQCDpotential in thewhole range of
distances is not known. Therefore one needs to use potential
models. In this work we revisited a power-law potential
[26] and a logarithmic potential [30] to study S-wave heavy
quarkonium. These potentials satisfy Eqn. (1), i.e. having
nonsingular behaviour for 𝑟 → 0. For our purposes, it must
be mentioned that power-law and logarithmic potentials
have nice scaling properties when used with a nonrelativistic
Schrödinger equation [19]. We generated S-wave charmo-
nium and bottomonium mass spectrum with the decays and
M1 transitions. At Section 2 we give out theoretical model.
In Sections 3 and 4, we generate S-wave heavy quarkonium
spectrum, decays and transitions. In Section 5 we discuss our
results and in Section 6 we conclude our results.

2. Formulation of the Model

When quark model was proposed, many authors treated
baryons in detail with the harmonic oscillator quark model
by using harmonic oscillator wave functions [37–39].Mesons
comparing to baryons are simpler objects since they are
composites of two quarks. The reason for using harmonic
oscillator wave function is that they form a complete set for a
confining potential [40].

In order to obtain mass spectra, we solved Schrödinger
equation by variational method. The variational method
by using harmonic oscillator wave function gave successful
results for heavy and light meson spectrum [15, 41, 42]. The
procedure for this method is calculating expectation value of
the Hamiltonian via the trial wave function:

𝐸 = ⟨Ψ |𝐻|Ψ⟩⟨Ψ|Ψ⟩ . (2)

Themass of the meson is found by adding two times the mass
of quark to the eigenenergy𝑀 = 2𝑚𝑞 + 𝐸. (3)

The Hamiltonian we consider is

𝐻 = 𝑀 + 𝑝22𝜇 + 𝑉 (𝑟) (4)
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Table 1: Spin-averaged mass spectrum of charmonium (in MeV).

State Power Logarithmic [15] [12]
1S 3067 3067 3067 3117
2S 3701 3655 3667 3684
3S 4054 3980 4121 4078
4S 4306 4204 4513 4407
5S 4504 4376 4866

where 𝑀 = 𝑚𝑞 + 𝑚𝑞, 𝑝 is the relative momentum, 𝜇 is the
reduced mass, and 𝑉(𝑟) is the potential between quarks. The
spectrum can be obtained via solving Schrödinger equation

𝐻Ψ𝑛⟩ = 𝐸𝑛 Ψ𝑛⟩ (5)

with the harmonic oscillator wave function defined as

Ψ𝑛𝑙𝑚 (𝑟, 𝜃, 𝜙) = 𝑅𝑛𝑙 (𝑟) 𝑌𝑙𝑚 (𝜃, 𝜙) . (6)

Here 𝑅𝑛𝑙 is the radial wave function given as

𝑅𝑛𝑙 = 𝑁𝑛𝑙𝑟𝑙𝑒−]𝑟2𝐿𝑙+1/2(𝑛−𝑙)/2 (2]𝑟2) (7)

with the associated Laguerre polynomials 𝐿𝑙+1/2
(𝑛−𝑙)/2

and the
normalization constant

𝑁𝑛𝑙 = √√2]3𝜋 2 ((𝑛 − 𝑙) /2)!]𝑙((𝑛 + 𝑙) /2 + 1)!! . (8)

𝑌𝑙𝑚(𝜃, 𝜙) is the well-known spherical harmonics.
Armed with these, the expectation value of the given

Hamiltonian can be calculated. In the variational method,
one chooses a trial wave function depending on one or more
parameters and then finds the values of these parameters
by minimizing the expectation value of the Hamiltonian. It
is a good tool for finding ground state energies but as well
as energies of excited states. The condition for obtaining
excited states energies is that the trial wave function should be
orthogonal to all the energy eigenfunctions corresponding to
states having a lower energy than the energy level considered.
In (7), ] is treated as a variational parameter and it is
determined for each state by minimizing the expectation
value of the Hamiltonian.

In the following sections we study power-law and loga-
rithmic potentials in order to obtain full spectrum.

3. Mass Spectra of Power-Law and
Logarithmic Potentials

Power-law potential is given by [26]

𝑉(𝑟) = −8.064 GeV + 6.898 GeV 𝑟0.1. (9)

They showed that upsilon and charmonium spectra can be
fitted with that potential. The small power of 𝑟 refers to a
situation in which the spacing of energy levels is independent
of the quark masses. This situation is also valid for the purely
logarithmic potential [30]

𝑉 (𝑟) = −0.6635 GeV + 0.733 GeV ln (𝑟 × 1 GeV) . (10)

At first step we obtained spin averaged mass spectrum
for 𝑐𝑐 and 𝑏𝑏 systems, respectively. The constituent quark
masses are 𝑚𝑐 = 1.8 GeV and 𝑚𝑏 = 5.174 GeV for power-
law potential and 𝑚𝑐 = 1.5 GeV and 𝑚𝑏 = 4.906 GeV
for logarithmic potential. Table 1 shows the charmonium
spectrum and Table 2 shows the bottomonium spectrum.

Since the interquark potential does not contain the spin
dependent part, (2) gives the spin averaged mass for the
corresponding states. The calculated masses agree well with
the available experimental data and with the values obtained
from other theoretical studies. A general potential usually
includes spin-spin interaction, spin-orbit interaction, and
tensor force terms. To obtain whole picture, it is necessary
to consider spin dependent terms within the potential. For𝑙 ≥ 1, there are spin-orbit and tensor force terms which
contribute to the fine structure. For equal mass 𝑚, the spin-
orbit interaction is given by

𝑉𝑆𝑂 = 2 𝛼𝑠𝑚2𝑞𝑟3 (3 (S1 + S2) ⋅ L) (11)

and is responsible for the 𝑃 wave splittings. Again for equal
mass𝑚, the tensor potential is given by

𝑉𝑇 = 43 𝛼𝑠𝑚2𝑞𝑟3 (
3 (S1 ⋅ r) (S2 ⋅ r)𝑟2 − S1 ⋅ S2) . (12)

For 𝑙 = 0, there is spin-spin term which we will consider
in the present work. In the model of the spin averaged mass
spectra discussion, all the spin dependent effects are ignored
and hence it fails to take into account the splittings due to
spin. For example, such splitting exist between the 𝜂𝑐(1S) and𝐽/𝜓 mesons by Δ𝑚 ≃ 110 MeV. These mesons occupy the𝑙 = 0 level. The 𝑐𝑐 in the 𝜂𝑐(1S) have 𝑠 = 0, while in the 𝐽/𝜓,𝑠 = 1. As a result of this, the mass difference should be related
to spin dependent interaction.

3.1. Spin-Spin Interaction. Mass splitting is closely connected
with the Lorentz-structure of the quark potential [45]. The
origin of the spin-spin interaction term lies in the one-gluon
exchange term which is related to 1/𝑟. Spin is proportional
of the magnetic moment of a particle. Magnetic moments
generate short range fields ∼ 1/𝑟3. In the case of heavy
quarkonium systems which are nonrelativistic, wave func-
tions of two particles overlap in a significant amount. This
means that particles are very close to each other. So spin-spin
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Table 2: Spin-averaged mass spectrum of Bottomonium (in MeV).

State Power Logarithmic [15] [12]
1S 9473 9444 9443 9523
2S 10049 10033 9729 10035
3S 10384 10357 10312 10373
4S 10624 10581 10593
5S 10813 10753 10840
6S 10986 10964 11065

Table 3: Charmonium mass spectrum (in MeV). In [18] LP denotes linear potential and SP denotes screened potential.

State Exp. [43] Power Logarithmic [13] [11] [18] LP [18] SP𝜂𝑐(1S) 2984 2980 2954 2979 2982 2983 2984𝜂𝑐(2S) 3639 3624 3555 3623 3630 3635 3637𝜂𝑐(3S) 3983 3887 3991 4043 4048 4004𝜂𝑐(4S) 4240 4117 4250 4384 4388 4264𝜂𝑐(5S) 4441 4294 4446 4690 4459𝐽/𝜓 3097 3096 3104 3097 3090 3097 3097𝜓(2S) 3686 3727 3689 3673 3672 3679 3679𝜓(3S) 4040 4078 4011 4022 4072 4078 4030𝜓(4S) 4328 4233 4273 4406 4412 4281𝜓(5S) 4525 4403 4463 4711 4472

interactions play a significant role in the dynamics. The spin-
spin interaction term of two particles can be written as

𝑉𝑆𝑆 (𝑟) = 32𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 Sq ⋅ Sq𝛿 (r) . (13)

This term can explain 𝑠 wave splittings and has no contri-
bution to 𝑙 ̸= 0 states. Putting this term into Schrödinger
equation we get

𝐸𝐻𝐹 = 32𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 ∫𝑑3𝑟Ψ⋆ (r)Ψ (r) 𝛿 (r) ⟨Sq ⋅ Sq⟩ . (14)

Implementing Dirac-delta function property

∫𝑓 (𝑥) 𝛿 (𝑥) 𝑑𝑥 = 𝑓 (0) , (15)

we obtain

𝐸𝐻𝐹 = 32𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 |Ψ (0)|2 ⟨Sq ⋅ Sq⟩ . (16)

The matrix element of spin products can be obtained via

S1 ⋅ S2 = 12 (S2 − S21 − S22) = 12 (𝑆 (𝑆 + 1) − 32) (17)

so that

⟨Sq ⋅ Sq⟩ = {{{{{
14 , for →𝑆 = 1
−34 , for →𝑆 = 0. (18)

Therefore we obtain hyperfine splittings energy as

𝐸𝐻𝐹 = {{{{{{{
8𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 |Ψ (0)|2 , for →𝑆 = 1

− 8𝜋𝛼𝑠3𝑚𝑞𝑚𝑞 |Ψ (0)|2 , for →𝑆 = 0. (19)

Here Ψ(0) is the wave function at the origin and can be
obtained by the following relation:

|Ψ (0)|2 = 𝜇2𝜋ℎ ⟨𝑑𝑉 (𝑟)𝑑𝑟 ⟩ . (20)

Expectation value is obtained by the wave function given in
(6). S-wave charmonium and bottomonium masses can be
seen in Tables 3 and 4. In this calculation, 𝛼𝑠 is taken to be
0.37 for charmonium and 0.26 for bottomonium [15].

The mass differences are shown in Tables 5 and 6 for
charmonium and bottomonium, respectively.

As can be seen from Tables 3, 4, 5, and 6 our results are
compatible with both experimental and theoretical results.

The Regge trajectories for pseudoscalar and vector
mesons are shown in Figures 1 and 2 for charmonium and
in Figures 3 and 4 for bottomonium.

As can be seen from figures, Regge trajectories show
nonlinear behaviour.

4. Dynamical Properties

4.1. Decay Constants. Leptonic decay constants give infor-
mation about short distance structure of hadrons. In the
experiments this regime is testable since the momentum
transfer is very large. The pseudoscalar (𝑓𝑝) and the vector
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Table 4: Bottomonium mass spectrum (in MeV).

State Exp. [43] Power Logarithmic [14] [18] [44] [16]𝜂𝑏(1S) 9399 9452 9420 9389 9390 9402 9455𝜂𝑏(2S) 9999 10030 10011 9987 9990 9976 9990𝜂𝑏(3S) 10367 10338 10330 10326 10336 10330𝜂𝑏(4S) 10608 10562 10595 10584 10623𝜂𝑏(5S) 10798 10735 10817 10800 10869𝜂𝑏(6S) 11005 10990 11011 10988 11097Υ(1S) 9460 9480 9452 9460 9460 9465 9502Υ(2S) 10023 10055 10040 10016 10015 10003 10015Υ(3S) 10355 10393 10364 10351 10343 10354 10349Υ(4S) 10579 10629 10588 10611 10597 10635 10607Υ(5S) 10865 10818 10759 10831 10811 10878 10818Υ(6S) 11019 11019 11006 11023 10997 11102 10995

Table 5: Mass differences of S-wave charmonium states (in MeV).

State Exp. [43] Power Logarithmic [13] [11] [18] LP [18] SP𝐽/𝜓-𝜂𝑐(1S) 113 116 150 118 108 114 113𝜓(2S)-𝜂𝑐(2S) 47 103 134 50 42 44 42𝜓(3S)-𝜂𝑐(3S) 95 124 31 29 30 26𝜓(4S)-𝜂𝑐(4S) 88 116 23 22 24 17𝜓(5S) - 𝜂𝑐(5S) 84 109 17 21 13
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Figure 1: Regge trajectories of pseudoscalar charmonium in (𝑛,𝑀2)
plane. The polynomial fit is 𝑀2 = −0.397857 n2 + 5.04014 n +4.356 (GeV2) for power potential and 𝑀2 = −0.382143 n2 +4.65786 n + 4.55 (GeV2) for logarithmic potential.

(𝑓V) decay constants are defined, respectively, through the
matrix elements [12]

𝑝𝜇𝑓𝑝 = 𝑖 ⟨0 Ψ𝛾𝜇𝛾5Ψ 𝑝⟩ (21)

and

𝑚V𝑓V𝜖𝜇 = ⟨0 Ψ𝛾𝜇Ψ V⟩ . (22)

In the first relation, 𝑝𝜇 is meson momentum and |𝑝⟩ is
pseudoscalar meson state. In the second relation, 𝑚V is mass,𝜖𝜇 is the polarization vector, and |V⟩ is the state vector of
meson.
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Figure 2: Regge trajectories of vector charmonium in (𝑛,𝑀2) plane.
The polynomial fit is𝑀2 = −0.405 n2 + 5.091 n + 4.986 (GeV2) for
power potential and𝑀2 = −0.403571 n2+4.80643 n+5.316 (GeV2)
for logarithmic potential.

The matrix elements can be calculated by quark model
wave function in the momentum space. The result is

𝑓𝑝 = √ 3𝑚𝑝 ∫ 𝑑3𝑘(2𝜋)3√1 + 𝑚𝑞𝐸𝑘 √1 + 𝑚𝑞𝐸𝑘 (1
− 𝑘2(𝐸𝑘 + 𝑚𝑞) (𝐸𝑘 + 𝑚𝑞))𝜙 (→𝑘)

(23)
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Table 6: Mass differences of S-wave bottomonium states (in MeV).

State Exp. [43] Power Log [14] [18] [44] [16]Υ(1S)-𝜂𝑏(1S) 61 28 32 71 70 63 47Υ(2S)-𝜂𝑏(2S) 24 25 29 29 25 27 25Υ(3S)-𝜂𝑏(3S) 26 26 21 17 18 19Υ(4S)-𝜂𝑏(4S) 21 26 16 13 12Υ(5S)-𝜂𝑏(5S) 20 24 14 11 9Υ(6S)-𝜂𝑏(6S) 14 16 12 9
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Figure 3: Regge trajectories of pseudoscalar bottomonium in(𝑛,𝑀2) plane. The polynomial fit is 𝑀2 = −0.79 n2 + 11.5586 n +79.36 (GeV2) for power potential and 𝑀2 = −0.636071 n2 +10.3054 n + 80.92 (GeV2) for logarithmic potential.

for pseudoscalar meson and

𝑓V = √ 3𝑚V
∫ 𝑑3𝑘(2𝜋)3√1 + 𝑚𝑞𝐸𝑘 √1 + 𝑚𝑞𝐸𝑘 (1

+ 𝑘23 (𝐸𝑘 + 𝑚𝑞) (𝐸𝑘 + 𝑚𝑞))𝜙 (→𝑘)
(24)

for the vector meson [12].
In the nonrelativistic limit, these two equations take a

simple form which is known to be Van Royen andWeisskopf
relation [46] for the meson decay constants

𝑓2𝑝/V = 12 Ψ𝑝/V (0)2𝑚𝑝/V . (25)

The first-order correction which is also known as QCD
correction factor is given by

𝑓2𝑝/V = 12 Ψ𝑝/V (0)2𝑚𝑝/V 𝐶2 (𝛼𝑠) (26)

where 𝐶(𝛼𝑠) is given by [47]

𝐶 (𝛼𝑠) = 1 − 𝛼𝑠𝜋 (Δ𝑝/V − 𝑚𝑞 − 𝑚𝑞𝑚𝑞 + 𝑚𝑞 ln
𝑚𝑞𝑚𝑞) . (27)
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Figure 4: Regge trajectories of vector bottomonium in (𝑛,𝑀2)
plane. The polynomial fit is 𝑀2 = −0.809286 n2 + 11.6401 n +79.812 (GeV2) for power potential and 𝑀2 = −0.7475 n2 +11.1579 n + 79.936 (GeV2) for logarithmic potential.

Here Δ𝑝 = 2 for pseudoscalar mesons and Δ V = 8/3 for
vector mesons. Decay constants are given in Tables 7 and 8
for pseudoscalar and vector mesons, respectively.

4.2. LeptonicDecayWidths. Leptonic decay of a vectormeson
with 𝐽𝑃𝐶 = 1−− quantum numbers can be pictured by the
following annihilation via a virtual photon

𝑉 (𝑞𝑞) → 𝛾 → 𝑒+𝑒−. (28)

This state is neutral and in principle can decay into a different
lepton pair rather than electron-positron pair. The above
amplitude can be calculated by the Van Royen andWeisskopf
relation [46]

Γ (𝑛3S1 → 𝑒+𝑒−) = 16𝜋𝛼2𝑒2𝑞 |Ψ (0)|2𝑚2𝑛
× (1 − 16𝛼𝑠3𝜋 + ⋅ ⋅ ⋅) ,

(29)

where 𝛼 = 1/137 is the fine structure constant, 𝑒𝑞 is the
quark charge, 𝑚𝑛 is the mass of 𝑛3S1 state, and |Ψ𝑝/V(0)| is
the wave function at the origin of initial state. The term in
the parenthesis is the first-order QCD correction factor while⋅ ⋅ ⋅ represents higher corrections. The obtained values for
leptonic decay widths can be found in Tables 9 and 10 for
charmonium and bottomonium, respectively.
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Table 7: Pseudoscalar decay constants (in MeV).

State Exp. [43] Power 𝑓𝑝 Power 𝑓𝑝 Logarithmic 𝑓𝑝 Logarithmic 𝑓𝑝 [15] 𝑓𝑝 [15] 𝑓𝑝 [12]𝜂𝑐(1S) 335 ± 75 543 415 578 442 471 360 402𝜂𝑐(2S) 473 362 497 380 374 286 240𝜂𝑐(3S) 330 252 442 338 332 254 193𝜂𝑐(4S) 325 248 412 315 312 239𝜂𝑐(5S) 253 193 387 304𝜂𝑏(1S) 517 431 585 488 834 694 599𝜂𝑏(2S) 479 400 535 447 567 472 411𝜂𝑏(3S) 345 288 504 421 508 422 354𝜂𝑏(4S) 313 261 482 402 481 401𝜂𝑏(5S) 283 236 465 388𝜂𝑏(6S) 208 186 434 374

Table 8: Vector decay constants (in MeV).

State Exp. [43] Power 𝑓V Power 𝑓V Logarithmic 𝑓V Logarithmic 𝑓V [15] 𝑓𝑝 [15] 𝑓𝑝 [12]𝐽/𝜓 335 ± 75 529 363 563 386 462 317 393𝜓(2S) 279 ± 8 463 318 487 334 369 253 293𝜓(3S) 174 ± 18 324 222 436 299 329 226 258𝜓(4S) 319 219 406 279 310 212𝜓(5S) 248 170 382 262 290 199Υ(1S) 708 ± 8 516 402 584 455 831 645 665Υ(2S) 482 ± 10 482 373 535 416 566 439 475Υ(3S) 346 ± 50 350 269 504 393 507 393 418Υ(4S) 325 ± 60 316 243 482 375 481 373 388Υ(5S) 369 ± 93 285 222 464 362 458 356 367Υ(6S) 241 203 442 354 439 341

Table 9: Charmonium leptonic decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γ𝑙+ 𝑙− andΓ0𝑙+𝑙− .
Power Logarithmic [13] [15] Exp. [43]

State Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙− Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙− Γ0𝑙+𝑙− Γ𝑙+ 𝑙− Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙−𝐽/𝜓 3.435 1.277 3.154 1.173 11.8 6.60 6.847 2.536 5.55 ± 0.14 ± 0.02𝜓(2S) 2.880 1.071 2.362 0.878 4.29 2.40 3.666 1.358 2.33 ± 0.07𝜓(3S) 2.153 0.800 1.888 0.702 2.53 1.42 2.597 0.962 0.86 ± 0.07𝜓(4S) 1.839 0.684 1.642 0.610 1.73 0.97 2.101 0.778 0.58 ± 0.07𝜓(5S) 1.590 0.591 1.551 0.576 1.25 0.70 1.710 0.633

Table 10: Bottomonium leptonic decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γ𝑙+ 𝑙− andΓ0𝑙+𝑙− .
Power Logarithmic [25] [15] Exp. [43]

State Γ0𝑙+ 𝑙− Γ𝑙+𝑙− Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙− Γ0𝑙+𝑙− Γ𝑙+𝑙− Γ0𝑙+𝑙− Γ𝑙+𝑙−Υ(1S) 0.817 0.456 0.847 0.473 2.31 1.60 1.809 0.998 1.340 ± 0.018Υ(2S) 0.686 0.383 0.709 0.396 0.92 0.64 0.797 0.439 0.612 ± 0.011Υ(3S) 0.610 0.340 0.630 0.352 0.64 0.44 0.618 0.341 0.443 ± 0.008Υ(4S) 0.557 0.311 0.576 0.322 0.51 0.35 0.541 0.298 0.272 ± 0.029Υ(5S) 0.526 0.294 0.535 0.299 0.42 0.29 0.481 0.265 0.31 ± 0.07Υ(6S) 0.492 0.278 0.501 0.282 0.31 0.22 0.432 0.238 0.130 ± 0.030
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4.3. Two-Photon Decay Width. 1S0 states with 𝐽𝑃𝐶 = 0−+
quantum number of charmonium and bottomonium can
decay into two photons. In the nonrelativistic limit, the decay
width for 1S0 state can be written as [48]

Γ (1S0 → 𝛾𝛾) = 12𝜋𝛼2𝑒4𝑞 |Ψ (0)|2𝑚2𝑞 × (1 − 3.4𝛼𝑠𝜋 ) . (30)

The term in the parenthesis is the first-order QCD radiative
correction. The results are listed in Table 11.

4.4. Two-Gluon Decay Width. Two-gluon decay width is
given by [48]

Γ (1S0 → 𝑔𝑔) = 8𝜋𝛼2𝑠 |Ψ (0)|23𝑚2𝑞
× {{{

(1 + 4.8𝛼𝑠𝜋) for 𝜂𝑐(1 + 4.4𝛼𝑠𝜋) for 𝜂𝑏.
(31)

The terms in the parenthesis refer to QCD corrections.
The obtained results are given in Table 12.

4.5. M1 Transitions. M1 (magnetic dipole transition) decay
widths can give more information about spin-singlet states.
Moreover M1 transition rates show the validity of theory
against experiment [11]. Magnetic transitions conserve both
parity and orbital angular momentum of the initial and final
states but in the M1 transitions the spin of the state changes.
M1 width between two S-wave states is given by [51]

Γ (𝑛3S1 → 𝑛1S0 + 𝛾)
= 4𝛼𝑒2𝑞𝐸3𝛾3𝑚2𝑞 (2𝐽𝑓 + 1) ⟨𝑓 𝑗0 (𝑘𝑟2 ) 𝑖⟩


2 , (32)

where 𝐸𝛾 = (𝑀2𝑖 − 𝑀2𝑓)/2𝑀𝑖 is the photon energy and𝑗0(𝑥) is the zeroth-order spherical Bessel function. In the case
of small 𝐸𝛾, spherical Bessel function 𝑗0(𝑘𝑟/2) tends to 1,𝑗0(𝑘𝑟/2) → 1. Thus transitions between the same principal
quantum numbers, 𝑛 = 𝑛, are favored and usually known to
be allowed. In the other case, when 𝑛 ̸= 𝑛 the overlap integral
between initial and final state is 0 and generally designated
as forbidden transitions. The obtained transition rates for the
allowed ones of S-wave charmoniumand bottomonium states
are given in Tables 13 and 14, respectively.

5. Results and Discussion

In the present paper we studied S-wave heavy quarkonium
spectra with two phenomenological potentials. We have
computed spin averaged masses, hyperfine splittings, Regge
trajectories for pseudoscalar and vector mesons, decay con-
stants, leptonic decay widths, two-photon and gluon decay
widths, and allowed M1 partial widths of S-wave heavy
quarkonium states.

In general, most of the quark model potentials tend to
be similar, having a Coulomb term and a linear term. For
example, in [11] they used standard color Coulomb plus
linear scalar form, and also included a Gaussian smeared
contact hyperfine interaction in the zeroth-order potential. In
[13], the authors used a nonrelativistic potential model with
screening effect. In [18] nonrelativistic linear potential and
screened potential, in [14, 16, 44] amodified of nonrelativistic
potential models and in [15] Hulthen potential are used.
Potential models give reliable results with the appropriate
parameters in themodel.Therefore, the shape of the potential
at the limits 𝑟 → 0 and 𝑟 → ∞ have similar behaviours.

Spin averaged mass spectra give idea about the formu-
lation of model since the results are close to experimental
values due to contributions from spin dependent interactions
are small compared to contribution from potential part. If
one ignores all spin dependent interactions, obtained results
under this assumption are thought to be averages over
related spin states for principal quantum number. Including
hyperfine interaction, we obtained the mass spectra for pseu-
doscalar and vector mesons. The obtained spectra for both
charmonium and bottomonium are in good agreement with
the experimentally observed spectra and other theoretical
studies.

Both power and logarithmic potentials produced approx-
imately same mass differences and are in agreement with
experiment for the lowest state in charmonium sector. But
for the highest states, the shift is not compatible with the
references. The reason for this should be the behaviour of
linear part of the potential. In the case of bottomonium sector,
mass differences of both power and logarithmic potentials are
in accord with the given studies except the lowest state.

The fundamental point in the Regge trajectories is that
they can predictmasses of unobserved states. For the hadrons
constituting of light quarks, the Regge trajectories are approx-
imately linear but for the heavy quarkonium case Regge
trajectories can be nonlinear. In the present work, we found
that all Regge trajectories show nonlinear properties.

The decay constants are calculated for pseudoscalar and
vector mesons by equating their field theoretical definition
with the analogous quark model potential definition. This is
valid in the nonrelativistic and weak binding limits where
quark model state vectors form good representations of
the Lorentz group [52, 53]. For pseudoscalar mesons, the
corrected value of power and logarithmic potentials are a few
MeV above than the available experimental data. For the rest
of the pseudoscalar mesons, obtained results are compatible
with other studies. In the case of vector mesons, logarithmic
potential gave higher values than power potential. In the Υ
meson,when the radially states are excited, both twopotential
gave similar results within the error of experimental value.
Computations of the vector decay constant beyond the weak
binding limit can be important in the quark potential model
frame and need more elaboration [12].

Obtained leptonic decay widths are comparable with the
experimental values and other theoretical studies. The QCD
corrected factors are more close to experimental values for
power and logarithmic potential and this can be referred as
the importance of the QCD correction factor in calculating
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Table 11: Two-photon decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γ𝛾𝛾 and Γ0𝛾𝛾.
Power Logarithmic [15] [8] [12] Exp. [43]

State Γ0𝛾𝛾 Γ𝛾𝛾 Γ0𝛾𝛾 Γ𝛾𝛾 Γ0𝛾𝛾 Γ𝛾𝛾 Γ𝛾𝛾 Γ𝛾𝛾𝜂𝑐(1S) 1.10 0.664 1.450 0.869 11.17 6.668 3.69 7.18 7.2 ± 0.7 ± 0.2𝜂𝑐(2S) 0.987 0.592 1.291 0.774 8.48 5.08 1.4 1.71𝜂𝑐(3S) 0.907 0.543 1.184 0.710 7.57 4.53 0.930 1.21𝜂𝑐(4S) 0.847 0.508 1.105 0.662 0.720𝜂𝑐(5S) 0.801 0.480 1.044 0.620𝜂𝑏(1S) 0.277 0.199 0.277 0.199 0.58 0.42 0.214 0.45𝜂𝑏(2S) 0.212 0.153 0.246 0.177 0.29 0.20 0.121 0.11𝜂𝑏(3S) 0.195 0.142 0.226 0.162 0.24 0.17 0.09 0.063𝜂𝑏(4S) 0.188 0.136 0.211 0.151 0.07𝜂𝑏(5S) 0.176 0.129 0.199 0.143𝜂𝑏(6S) 0.164 0.116 0.182 0.134

Table 12: Two-gluon decay widths (in MeV).The widths calculated with and without QCD corrections are denoted by Γ𝑔𝑔 and Γ0𝑔𝑔.
Power Logarithmic [15] [49] Exp. [43]

State Γ0𝑔𝑔 Γ𝑔𝑔 Γ0𝑔𝑔 Γ𝑔𝑔 Γ0𝑔𝑔 Γ𝑔𝑔 Γ0𝑔𝑔 Γ𝑔𝑔𝜂𝑐(1S) 32.04 50.15 41.93 32.44 50.82 66.68 15.70 26.7 ± 3.0𝜂𝑐(2S) 28.55 44.70 37.32 24.64 38.61 5.08 8.10 14 ± 7𝜂𝑐(3S) 26.22 41.04 34.23 53.59 21.99𝜂𝑐(4S) 24.50 38.35 31.96 50.03𝜂𝑐(5S) 23.15 36.24 30.18 47.24𝜂𝑏(1S) 5.50 7.50 12.82 17.49 13.72 18.80 11.49𝜂𝑏(2S) 4.90 6.69 11.41 15.56 6.73 9.22 5.16𝜂𝑏(3S) 4.50 6.14 10.46 14.28 5.58 7.64 3.80𝜂𝑏(4S) 4.20 5.74 9.77 13.33𝜂𝑏(5S) 3.97 5.42 9.22 12.58𝜂𝑏(6S) 3.62 5.18 8.68 10.86

Table 13: Radiative M1 decay widths of charmonium. In [18] LP stands for linear potential and SP stands for screened potential.

Initial Final Power Logarithmic [15] [18] Exp. [43]𝐸𝛾 (MeV) Γ (keV) 𝐸𝛾 (MeV) Γ (keV) Γ (keV) Γ𝐿𝑃 (keV) Γ𝑆𝑃 (keV) Γ (keV)𝐽/𝜓 𝜂𝑐(1S) 114.9 1.96 113.8 2.83 3.28 2.39 2.44 1.13 ± 0.35𝜓(2S) 𝜂𝑐(2S) 111.5 1.39 101.5 2.01 1.45 0.19 0.19𝜓(3S) 𝜂𝑐(3S) 93.8 1.10 93.8 1.59 0.051 0.088𝜓(4S) 𝜂𝑐(4S) 87.1 0.88 87.1 1.27𝜓(5S) 𝜂𝑐(5S) 83.2 0.74 83.2 1.10

Table 14: Radiative M1 decay widths of bottomonium.

Initial Final Power Logarithmic [10] [44] [16] Exp. [43]𝐸𝛾 (MeV) Γ (eV) 𝐸𝛾 (MeV) Γ (eV) Γ (eV) Γ (eV) Γ (eV) Γ (eV)Υ(1S) 𝜂𝑏(1S) 27.9 0.88 31.9 1.46 5.8 10 9.34Υ(2S) 𝜂𝑏(2S) 24.9 0.62 28.9 1.09 1.4 0.59 0.58Υ(3S) 𝜂𝑏(3S) 25.9 0.54 25.9 0.78 0.8 0.25 0.66Υ(4S) 𝜂𝑏(4S) 20.9 0.37 20.9 0.41Υ(5S) 𝜂𝑏(5S) 19.9 0.32 19.9 0.35Υ(6S) 𝜂𝑏(6S) 14.3 0.29 14.4 0.27
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Table 15: Exotic states. Experimental data are taken from [43] unless stated.The units for mass and strong decays are inMeV and two-photon
decay is in keV.

Mass Strong decay Two-photon decay
Power Logarithmic Experiment Power Logarithmic Experiment Power Logarithmic Experiment𝑋(3940) 3942+7−6 ± 6 37+26−15 ± 8𝜂𝑐(3S) 3983 3887 41.04 53.59 0.543 0.710𝑋(4160) 4191 ± 5 70 ± 10 0.48 ± 0.22 [50]𝜂𝑐(4S) 4240 4117 38.35 50.03 0.508 0.612𝜓(4415) 4421 ± 4 62 ± 20 0.58 ± 0.07𝜂𝑐(5S) 4441 4297 36.24 47.24 0.480 0.620

the decay constants and other short range phenomena using
potential models.
1𝑆0 levels of charmonium and bottomonium states can

decay into two photons or gluons. Especially two- photon
decays of these levels are important for understanding the
accuracy of theoretical models. Obtained results are smaller
than the nonrelativistic widths including the one-loop QCD
correction factor. For example, results of power and logarith-
mic potentials in 𝜂𝑐(1S) are not in accord with experimental
data. The reason of these differences can be due to the static
potential between quarks that we used in the solution of
two-body Schrödinger equation. For higher states, power
and logarithmic potentials results are comparable with other
studies. Two-photon decays are complicated processes such
as pseudoscalar meson decay to two photons is governed by
an intermediate vector meson followed by a meson domi-
nance transition to a photon [12]. These schematic diagrams
must be added to calculations to obtain a whole picture. For
two-gluon decay widths, two phenomenological potentials
gave comparable results with the available experimental data.
Notice that in some cases QCD corrected factor is in accord
with the experimental data whereas in some cases it is not.
The reason for this can be that, there are significant radiative
corrections from three-gluon decays so computing only two-
gluon decay width could not explain the mechanism in all
details.

Finally M1 transitions are calculated. The M1 radiative
decay rates are very sensitive to relativistic effects. Even
for allowed transitions relativistic and nonrelativistic results
differ significantly. An important example is the decay of𝐽/𝜓 → 𝜂𝑐𝛾. The nonrelativistic predictions for its rate are
more than two times larger than the experimental data [10].
In the charmonium sector, the available experimental data
for 𝐽/𝜓 → 𝜂𝑐(1S) is comparable with the power potential
result, while logarithmic potential result is 1 eV higher. In the
bottomonium sector, there is no experimental data available
on M1 transitions. Since photon energies and transition
rates are very small, the detection of these transitions is an
objection. And this can be a reason why no spin-singlet
S-wave levels 𝜂𝑏(𝑛1S0) have been observed yet [10]. The
obtained values for M1 transitions are comparable with the
references.

Some states in the charmonium and bottomonium sector
show properties different from the conventional quarkonium

state. Some examples are 𝑋(3940), 𝑋(4160), and 𝜓(4415).
For 𝑋(3940), there is not much available experimental
data and more is needed. Wang et al. studied two-body
open charm OZI-allowed strong decays of 𝑋(3940) and𝑋(4160) considered as 𝜂𝑐(3S) and 𝜂𝑐(4S), respectively, by
the improved Bethe-Salpeter method combined with the 3P0
[54]. They calculated strong decay width of 𝑋(3940) as Γ =(33.5+18.4−15.3) MeV and 𝑋(4160) as Γ = (69.9+22.4−21.1) MeV where
the experimental values are Γ = (37+26−15 ±8) MeV for𝑋(3940)
and Γ = (70 ± 10) MeV for 𝑋(4160) [43]. They concluded
that 𝜂𝑐(3S) is a good candidate of 𝑋(3940) and 𝜂𝑐(4S) is a
not good candidate of 𝑋(4160) due to larger decay width ofΓ(𝐷𝐷∗)/Γ(𝐷∗𝐷∗) comparing to experimental data. We give
our results comparing to these exotic states in Table 15.

Looking at Table 15, we can deduce that, according to our
model and results, we can assign 𝑋(3940) as 𝜂𝑐(3S),𝑋(4160)
as 𝜂𝑐(4S), and 𝜓(4415) as 𝜂𝑐(5S). To be more accurate,
more data is needed to corroborate whether these states are
conventional quarkonium or not.

6. Conclusions

Quark potential models have been very successful to study on
various properties of mesons. The short distance behaviour
of interquark potential appears to be similar where QCD
perturbation theory can be applied where at large distance
the potential is linear in 𝑟 where nonperturbative methods
are need to be used. The improvements on the potentials
can be made and spin-spin, spin-orbit type interactions can
be added to model to arrive high accuracy. The potential
model approach is a valuable task, which has given to usmany
insights into the nature of both heavy and light quarkonium
physics. Using a relativistic approach together with a model
in which 𝐵𝐵 and 𝐷𝐷 thresholds are taken into account,
detailed analysis can be made on various aspects of heavy
quarkonium.
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