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The experimental (simulated) transverse momentum spectra of negatively charged pions produced at midrapidity in central
nucleus-nucleus collisions at the Heavy-Ion Synchrotron (SIS), Relativistic Heavy-Ion Collider (RHIC), and Large Hadron Collider
(LHC) energies obtained by different collaborations are selected by us to investigate, where a few simulated data are taken from the
results of FOPI Collaboration which uses the IQMD transport code based on Quantum Molecular Dynamics. A two-component
standard distribution and the Tsallis form of standard distribution are used to fit these data in the framework of a multisource
thermal model. The excitation functions of main parameters in the two distributions are analyzed. In particular, the effective
temperatures extracted from the two-component standard distribution and the Tsallis form of standard distribution are obtained,
and the relation between the two types of effective temperatures is studied.

1. Introduction
High energy heavy-ion (nucleus-nucleus) collisions are an
important method to simulate and study the big bang in the
early universe, properties of new matter created in extreme
conditions, accompanying phenomena in the creation, and
physics mechanisms of the creation. Some models based
on the quantum chromodynamics (QCD) and/or thermal
and statistical methods can be used to analyze the equation
of state (EoS) at finite temperature and density, properties
of chemical and kinetic freeze-outs in collision process,
distribution laws of different particles in final state, and
universality of hadroproduction in different systems [1–5].
The properties of nuclear matter and its phase transition to
quark-gluon plasma (QGP) at high temperature and density
can be obtained. With the developments in the methodologies of experimental techniques and theoretical studies,
the collision energy per nucleon pair in the center-of-mass
system increases from high energy range which has a few to
several hundred GeV to ultrahigh energy range which has
presently a few to over ten TeV.

The temperature and density described the EoS showing
that the new matter created in high and ultrahigh energy
ranges is not similar to the ideal gas-like state of quarks
and gluons expected by early theoretical models. Instead, the
effects of strong dynamical coupling, long-range interactions,
local memory, and others appear in the interior of interacting
system. The rapid evolution of interacting system and the
indirect measurements of some observable quantities result
in that one can use the statistical method to study the distribution properties of some observable quantities such as
(pseudo) rapidity, (transverse) momentum, (transverse) energy, azimuthal angle, elliptic flow, multiplicity, and others
of final-state fragments and particles [1–5]. Thus, some
quantitative or qualitative results related to the properties of
interacting system and particle production can be observed.
As the quantities which can be early measured in experiments, that is, the so-called “the first day” measureable quantities, the rapidity and transverse momentum distributions
attract wide attentions due to their carryovers on the information of longitudinal extension and transverse expansion of the
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emission source in interacting system. With the increasing
collision energy, the rapidity distribution range extends from
a few rapidity units to over ten rapidity units, and the transverse momentum distribution range increases from 0 until a
few GeV/c to 0 until over hundred GeV/c. Different functions
and methods are used by different researchers to describe
rapidity and transverse momentum distributions as well as
other distributions which can be measured in experiments
[1–5]. Based on a multisource thermal model [6–9], the
rapidity and transverse momentum distributions obtained in
experiments at different collision energies are studied by us
in terms of two-cylinder, Rayleigh, Boltzmann, Tsallis, and
other distributions. In particular, comparing with rapidity
distribution, transverse momentum distribution contains
more abundant information and attracts wider attentions.
Although one has Monte Carlo and other indirect methods
to describe transverse momentum distributions, analytical
functions are more expected to use.
Because of the same transverse momentum distribution
being described by different functions to obtain values of
different parameters, possible relations existing among different parameters can be studied. In this paper, based on the
multisource thermal model [6–9], the standard distribution
(Boltzmann, Fermi-Dirac, and Bose-Einstein distributions)
and its Tsallis form are used to describe the transverse
momentum distribution of final-state particles produced in
high energy nucleus-nucleus collisions. The excitation functions of effective temperatures obtained by the two distributions are extracted and the relation between the two effective
temperatures is studied.
The rest part of this paper is structured as follows. A
brief description of the model and method is presented in
Section 2. Results on comparisons with experimental (simulated) data and discussion are given in Section 3. Finally, we
summarize our main observations and conclusions in Section 4.

2. The Model and Method
According to the multisource model [6–9], a few emission
sources of produced particles are assumed to form in interacting system due to different reaction mechanisms and/or data
examples. For each emission source, the thermal model or
other similar models and distributions can be used to perform calculation on the production of particles. The potential models include [10], but are not limited to, ideal gaslike model, ideal hydrodynamic model, and viscous hydrodynamic model. In these models, the relativistic effect has
to be particularly considered, and the quantum effect can be
usually neglected. If we study in detail the interacting system
and final-state particles, both the relativistic and quantum
effects have to be considered.
In the middle stage of collision process, the interacting
system and emission sources in it can be regarded as to stay
at the hydrodynamic state. After the stage of chemical freezeout, in particular after the stage of kinetic freeze-out, the
interacting system and emission sources in it should stay at
the gas-like state. Otherwise, it is difficult to understand the
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kinetic information of singular particle measured in experiments. What had happened during the phase transition from
the liquid-like state at the middle stage to the gas-like state
at the final stage and why is beyond the focus of the present
work. We shall not discuss this issue here.
According to the ideal gas model with the relativistic and
quantum effects, the particle spectra can be described by the
standard distribution. The number of particles is [11]

𝑁=

𝑔𝑉
(2𝜋)3

∫ 𝑑3 𝑝 [exp (±

−1
𝐸−𝜇
) + 𝑆] ,
𝑇𝑆

(1)

where 𝑔 is the degeneracy factor, 𝑉 is the volume, 𝑝 is the
momentum, 𝐸 = √𝑝2 + 𝑚02 is the energy, 𝑚0 is the rest mass,
𝜇 is the chemical potential, and 𝑇𝑆 is the effective temperature;
𝑆 = 0, +1, and −1 correspond to the Boltzmann, FermiDirac, and Bose-Einstein statistics, respectively; 𝐸 − 𝜇 > 0
corresponds to plus +, and 𝐸 − 𝜇 ≤ 0 corresponds to minus −.
The invariant momentum distribution of particles is
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The normalized probability density distribution of particle
momenta can be written as
𝑓𝑝 (𝑝) =

1 𝑑𝑁
𝑁 𝑑𝑝

[
= 𝐶𝑆 𝑝 [exp (±
2
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[
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−1

]
) + 𝑆] ,

(3)

]

where 𝐶𝑆 is the normalized constant in the standard probability density distribution of momenta. It is related to the
selection of parameters.
The normalized joint probability density distribution of
particle rapidities and transverse momenta is

𝑓𝑦,𝑝𝑇 (𝑦, 𝑝𝑇 ) =
[
⋅ [exp (±
[

1 𝑑2 𝑁
= 𝐶𝑆 𝑝𝑇 √𝑝𝑇2 + 𝑚02 cosh 𝑦
𝑁 𝑑𝑦 𝑑𝑝𝑇

√𝑝𝑇2 + 𝑚02 cosh 𝑦 − 𝜇
𝑇𝑆

−1

(4)

]
) + 𝑆] ,
]

where √𝑝𝑇2 + 𝑚02 cosh 𝑦 − 𝜇 > 0 corresponds to plus + and
√𝑝𝑇2 + 𝑚02 cosh 𝑦 − 𝜇 ≤ 0 corresponds to minus −. The normalized probability density distribution of particle rapidities
is then written to be
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𝑓𝑦 (𝑦) =

⋅∫
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0

If we consider the Tsallis form of standard distribution,
the number of particles is [11, 17]
2

2
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where 𝑝𝑇max denotes the maximum transverse momentum.
This rapidity distribution is only for an emission source. In
the case of considering multiple sources, we have to consider
sources distribution in the rapidity space [2–4, 12–16]. This
issue is beyond the focus of the present work, and we shall
not discuss it anymore. The normalized probability density
distribution of particle transverse momenta is written to be
𝑓𝑝𝑇 (𝑝𝑇 ) =
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=
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The normalized joint probability density distribution of
particle rapidities and transverse momenta is

⋅ {[1 ±

−1

√𝑝𝑇 + 𝑚0 cosh 𝑦 − 𝜇
[
]
⋅ [exp (±
) + 𝑆] 𝑑𝑦,
𝑇𝑆𝑖
[
]
where 𝐶𝑆𝑖 denotes the normalized constant for the 𝑖th
component in 𝑛0 components, 𝑘𝑆𝑖 denotes the contribution
fraction of the 𝑖th component in final-state distribution, and
𝑇𝑆𝑖 denotes the effective temperature corresponding to the
𝑖th component. There are temperature fluctuations among
different components. In the case of considering multisource
emission, we have the effective temperature of interacting
system as 𝑇𝑆 = ∑𝑖 𝑘𝑆𝑖 𝑇𝑆𝑖 . Generally, two or three emission sources are enough to describe the experimental data
obtained in soft excitation process. That is, 𝑖 = 2 or 3 in most
cases.

(10)

−1
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The normalized probability density distribution of particle
momenta is
𝑓𝑝 (𝑝) =

where 𝑦max and 𝑦min denote the maximum and minimum
rapidities, respectively.
It should be noted that, in the above formulas, although
the same symbol 𝐶𝑆 is used to represent the normalized
constants in different formulas, these constants may be different from each other. In the case of considering multisource
emission, we have to use the multicomponent distribution to
describe the transverse momentum distribution of final-state
particles. If 𝑛0 emission sources are considered, we have
𝑓𝑝𝑇 (𝑝𝑇 ) =

−1 (8)
±1/(𝑞−1)
𝑞−1
(𝐸 − 𝜇)]
+ 𝑆} ,
𝑇𝑇

where 𝑞 is an entropy index which characterizes the departing
degree of the interacting system from the equilibrium state.
Generally, we have 𝑞 > 1; if 𝑞 = 1, the system stays in the equilibrium state. 𝑇𝑇 is the effective temperature. Other symbols
have the same meanings as (1). The invariant momentum
distribution of particles is
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Then, the normalized probability density distribution of
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The normalized probability density distribution of particle
transverse momenta is
𝑓𝑝𝑇 (𝑝𝑇 ) =
⋅ {[1 ±

𝑦max
1 𝑑𝑁
= 𝐶𝑇 𝑝𝑇 √𝑝𝑇2 + 𝑚02 ∫
cosh 𝑦
𝑁 𝑑𝑝𝑇
𝑦min
±1/(𝑞−1)
𝑞−1
(√𝑝𝑇2 + 𝑚02 cosh 𝑦 − 𝜇)]
𝑇𝑇

(13)

−1

𝑇ch =

+ 𝑆} 𝑑𝑦.
In the above formulas, although the same symbol 𝐶𝑇 is used
to represent the normalized constants in different formulas,
these constants may be different from each other. As discussed in [17], the Tsallis form has at least four types of function representations, though we choose only one that contains
𝑝𝑇 after 𝐶𝑇 and the index 1/(𝑞 − 1). We do not need to
consider a multisource for the Tsallis form due to it covering a
two- or three-component standard distribution, and the twoor three-component standard distribution describes well the
transverse momentum spectrum of particles produced in soft
excitation process.
It should be noted again that the above multicomponent
(two- or three-component) standard distribution and the
Tsallis form of standard distribution can describe only the
transverse momentum spectrum of particles produced in soft
excitation process. The transverse momentum spectrum produced in soft excitation process covers a narrow range. For the
transverse momentum spectrum covering a wide range, we
have to consider the contribution of hard scattering process.
According to the QCD calculus [18–20], we have an inverse
power-law
−𝑛

𝑝
1 𝑑𝑁
= 𝐴𝑝𝑇 (1 + 𝑇 )
𝑓𝐻 (𝑝𝑇 ) =
𝑁 𝑑𝑝𝑇
𝑝0

(14)

to describe the transverse momentum spectrum produced in
hard scattering process, where 𝑝0 and 𝑛 are free parameters
and 𝐴 is the normalized constant which is related to the free
parameters. It is obvious that a two-component function is
needed for a wide transverse momentum spectrum. The first
component is the multicomponent (two- or three-component) standard distribution or Tsallis form which describes
the soft process, and the second component is the inverse
power-law which describes the hard process. The application
of the inverse power-law is beyond the focus of the present
work. We shall not discuss it anymore.
In the above discussions, to obtain chemical potential of
a given particle, the chemical freeze-out temperature 𝑇ch of
the emission source is needed to know first of all. In the
case of assuming the same chemical freeze-out moment, the
emission source has the sole 𝑇ch . According to [21, 22], there
is a relation among 𝑇ch , the yield 𝑛1 and mass 𝑚1 of the first
particle, the yield 𝑛2 and mass 𝑚2 of the second particle, and
the ratio 𝑛12 = 𝑛1 /𝑛2 . We have
𝑛12 =

where 𝑆1 (𝑆2 ) = ±1 denote fermion and boson, respectively.
If the fermion and boson are not needed to distinguish each
other, we have 𝑆 = 0. This results in a simple expression for
(15); that is, 𝑛12 = 𝑛1 /𝑛2 ≈ exp(−𝑚1 /𝑇ch )/ exp(−𝑚2 /𝑇ch ).
In the framework of a statistical thermal model of
noninteracting gas particles with the assumption of standard
Maxwell-Boltzmann statistics, there is an empirical expression for the chemical freeze-out temperature [23–26],

𝑛1 exp (𝑚2 /𝑇ch ) + 𝑆2
=
,
𝑛2 exp (𝑚1 /𝑇ch ) + 𝑆1

(15)

0.164
,
1 + exp [2.60 − ln (√𝑠𝑁𝑁) /0.45]

(16)

where √𝑠𝑁𝑁 denotes the energy per nucleon pair in the
center-of-mass system. Both the units of 𝑇ch and √𝑠𝑁𝑁 are
in GeV. The limiting value of 𝑇ch is 0.164 GeV.
In the framework of a thermal model with standard
distribution, the chemical potentials of some particles can be
obtained from the ratios of negatively to positively charged
particles. According to [27], we have
2𝜇𝑝
𝑝
) ≡ 𝑘𝑝 ,
= exp (−
𝑝
𝑇ch

(17)

2𝜇
𝐾−
= exp (− 𝐾 ) ≡ 𝑘𝐾 ,
+
𝐾
𝑇ch

(18)

2𝜇
𝜋−
= exp (− 𝜋 ) ≡ 𝑘𝜋 ,
+
𝜋
𝑇ch

(19)

where the symbol of a given particle is used for its yield for
the purpose of simplicity. Further, the chemical potentials of
the mentioned particles are
1
𝜇𝑝 = − 𝑇ch ⋅ ln (𝑘𝑝 ) ,
2

(20)

1
𝜇𝐾 = − 𝑇ch ⋅ ln (𝑘𝐾 ) ,
2

(21)

1
𝜇𝜋 = − 𝑇ch ⋅ ln (𝑘𝜋 ) .
2

(22)

Empirically, the chemical potential for baryon is [23–26]
𝜇𝐵 =

1.303
1 + 0.286√𝑠𝑁𝑁

(23)

which is also obtained in the framework of a statistical thermal model of noninteracting gas particles with the assumption of standard Maxwell-Boltzmann statistics, where both
the units of 𝜇𝐵 and √𝑠𝑁𝑁 are in GeV.
We would like to point out that (16) and (23) should
be modified in the framework of generalized nonextensive
statistics when we use the Tsallis form of standard distribution. At the same time, (17)–(22) should be generalized
within an analysis with the Tsallis form. To modify (16)–(23)
is beyond our focus and ability. We shall not discuss these
modifications here. Instead, as an approximate treatment,
we use 𝑇ch and 𝜇𝜋 obtained within an analysis with the
standard distribution as those within the Tsallis form. In fact,
the absolute value of 𝜇𝜋 is very small, and its effect on the
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3. Results and Discussion
The transverse momentum spectra of negatively charged
pions produced in midrapidity range in √𝑠𝑁𝑁 = 2.24 and
2.52 GeV central gold-gold (Au-Au) collisions [41] measured
(simulated) by the FOPI Collaboration at the Heavy-Ion
Synchrotron (SIS), 11.5 [42], 62.4, 130, and 200 GeV central
Au-Au collisions [29] measured by the STAR Collaboration at
the Relativistic Heavy-Ion Collider (RHIC), 22.5 GeV central
copper-copper (Cu-Cu) [43] and 200 GeV central Au-Au
collisions [27] measured by the PHENIX Collaboration at
the RHIC, and 2.76 TeV central lead-lead (Pb-Pb) collisions
[44] measured by the ALICE Collaboration at the Large
Hadron Collider (LHC) are selected to investigate. Among
them, the results of FOPI Collaboration are given in Figure 1
with the simulated data (the last eight circles) of the IQMD
transport code [45] which is based on Quantum Molecular
Dynamics [46]. To avoid confusion, most results of the
STAR Collaboration are given in Figure 2, and the results
corresponding to 11.5 GeV are given in Figure 3. The results
of PHENIX and ALICE Collaborations are given in Figures 3
and 4, respectively. In each figure, the symbols represent the
experimental (simulated) data scaled by different amounts
in some cases. The collision energy and type, centrality and
midrapidity ranges, and scaled amount if not 1 are marked
in the panel. The dashed and solid curves denote the results
fitted by the two-component standard distribution and the
Tsallis form of standard distribution. The values of parameters, 𝜒2 , and degree of freedom (dof) are listed in Table 1
ordered by the energy from low to high. In particular, 𝑇𝑆 =
𝑘𝑆1 𝑇𝑆1 + (1 − 𝑘𝑆1 )𝑇𝑆2 is the average weighted by the fractions
of different components, 𝜇𝜋 is obtained by (16) and (22), and
the values of 𝑘𝜋 in (22) at different energies are obtained from
[47]. As a preliminary result, the values of 𝜇𝜋 for the first
and second standard distributions and the Tsallis form are
assumed to be the same. In the fitting, the method of least
square is used to obtain the best parameter values. One can
see that the two-component standard distribution and the
Tsallis form of standard distribution describe approximately

105
−
(1/2pT )d2 N/dpT dy ((＇？６/＝)−2 )

transverse momentum spectra can be neglected. Therefore,
this approximate treatment is acceptable.
It should be noted once more that, as mentioned in the
above discussions, what we extract from the multicomponent
standard distribution or the Tsallis form of standard distribution is the effective temperature, but not the real temperature
of emission source. Generally, the transverse momentum
spectrum contains both the contributions of thermal motion
and flow effect. The real temperature is only a reflection of
purely thermal motion, and the flow effect should not be
included in it. As for the methods to obtain the real temperature by disengaging the contributions of thermal motion
and flow effect, we can use the blast-wave model based on the
Boltzmann distribution [28–30], the blast-wave model based
on the Tsallis distribution [31], the improved Tsallis distribution [32, 33], some alternative methods [21, 29, 34–36], and
others [37–40]. These methods themselves are beyond the
focus of the present work. We shall not discuss them anymore.
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Standard distribution
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Figure 1: Transverse momentum spectra of 𝜋− produced in central Au-Au collisions at √𝑠𝑁𝑁 = 2.24 (circles) and 2.52 GeV
(squares). The symbols represent the experimental data of the FOPI
Collaboration [41] measured in midrapidity range and the last
eight circles represent the simulated data of the IQMD transport
code [45] which is based on Quantum Molecular Dynamics [46].
The statistical errors are smaller than the size of symbols. The
dashed and solid curves are the results fitted by the two-component
standard distribution and the Tsallis form of standard distribution,
respectively.

the transverse momentum spectra of negatively charged
pions produced in central nucleus-nucleus collisions in the
energy range from SIS to LHC.
To study the excitation functions of free parameters, that
is, the dependence of free parameters on collision energy,
the relations 𝑇𝑆1 − ln √𝑠𝑁𝑁 (𝑇𝑆2 − ln√𝑠𝑁𝑁), 𝑇𝑆 − ln √𝑠𝑁𝑁
(𝑇𝑇 −ln √𝑠𝑁𝑁), 𝑘𝑆1 −ln √𝑠𝑁𝑁, and 𝑞−ln √𝑠𝑁𝑁 are presented in
Figures 5–8, respectively. The symbols and error bars in the
figures denote the values of free parameters and their errors.
Both the values of free parameters and their errors are taken
from Table 1. The lines in Figures 5 and 6 are obtained by
the method of least square. These lines can be described by
linear functions 𝑇𝑆1,𝑆2,𝑆,𝑇 = 𝑎 ln √𝑠𝑁𝑁 + 𝑏, where the slope 𝑎
and intercept 𝑏 are listed in Table 1 and the unit of √𝑠𝑁𝑁 is
in GeV. One can see that the four effective temperatures 𝑇𝑆1 ,
𝑇𝑆2 , 𝑇𝑆 , and 𝑇𝑇 increase linearly with increase of ln√𝑠𝑁𝑁. In
particular, the relation between 𝑇𝑆 and 𝑇𝑇 can be obtained
to be 𝑇𝑆 = (2.500 ± 0.170)𝑇𝑇 + (−0.040 ± 0.013) due to
Table 1, which shows a linear relation between 𝑇𝑆 and 𝑇𝑇 .
With increase of √𝑠𝑁𝑁, 𝑘𝑆1 has a minimum at about 10 GeV,
and 𝑞 increases primitively and saturates at about 10 GeV.
Our results show some interesting features. Actually, one
could as well say that there is no difference in the particle
production in central nucleus-nucleus collisions from a few
GeV to a few TeV. This in some sense echoes recent studies of

2.24 GeV Au-Au
(FOPI Collab.)
2.52 GeV Au-Au
(FOPI Collab.)
11.5 GeV Au-Au
(STAR Collab.)
22.5 GeV Cu-Cu
(PHENIX Collab.)
62.4 GeV Au-Au
(STAR Collab.)
130 GeV Au-Au
(STAR Collab.)
200 GeV Au-Au
(STAR Collab.)
200 GeV Au-Au
(PHENIX Collab.)
2.76 TeV Pb-Pb
(ALICE Collab.)
𝑎
𝑏
0.100 ± 0.050
0.126 ± 0.012
0.175 ± 0.009
0.219 ± 0.008
0.242 ± 0.029
0.250 ± 0.060
0.310 ± 0.085
0.270 ± 0.010
0.345 ± 0.011
0.034 ± 0.022
0.088 ± 0.007

0.054 ± 0.007

0.076 ± 0.010

0.088 ± 0.025

0.106 ± 0.012

0.102 ± 0.012

0.112 ± 0.010

0.134 ± 0.020

0.145 ± 0.010

0.015 ± 0.012
0.035 ± 0.004

𝑇𝑆2

0.038 ± 0.004

𝑇𝑆1

0.761 ± 0.040

0.761 ± 0.092

0.671 ± 0.080

0.600 ± 0.085

0.620 ± 0.009

0.620 ± 0.085

0.432 ± 0.070

0.810 ± 0.050

0.825 ± 0.100

𝑘𝑆1

0.020 ± 0.023
0.067 ± 0.008

0.193 ± 0.010

0.167 ± 0.018

0.177 ± 0.035

0.161 ± 0.031

0.158 ± 0.019

0.138 ± 0.019

0.132 ± 0.009

0.068 ± 0.008

0.049 ± 0.012

𝑇𝑆

−(0.001 ± 0.011)

−(0.002 ± 0.018)

−(0.002 ± 0.018)

−(0.001 ± 0.015)

−(0.002 ± 0.014)

−(0.003 ± 0.011)

−(0.005 ± 0.007)

−(0.019 ± 0.003)

−(0.021 ± 0.002)

𝜇𝜋

6.475/37

3.048/24

10.241/7

6.246/6

2.130/6

4.123/19

1.350/18

11.004/42

14.880/31

𝜒2 /dof

0.008 ± 0.008
0.039 ± 0.003

0.097 ± 0.005

0.089 ± 0.004

0.078 ± 0.006

0.076 ± 0.005

0.070 ± 0.005

0.075 ± 0.005

0.067 ± 0.008

0.040 ± 0.003

0.039 ± 0.005

𝑇𝑇

1.112 ± 0.005

1.096 ± 0.005

1.120 ± 0.015

1.117 ± 0.016

1.131 ± 0.011

1.089 ± 0.004

1.106 ± 0.008

1.072 ± 0.008

1.042 ± 0.010

𝑞

9.766/38

7.650/25

10.736/8

42.448/7

1.561/7

1.360/20

2.850/19

16.856/43

24.043/32

𝜒2 /dof

Table 1: Values of free parameters (𝑇𝑆1 , 𝑇𝑆2 , and 𝑘𝑆1 ) for the two-component standard distribution, free parameters (𝑇𝑇 and 𝑞) for the Tsallis form of standard distribution, derivative
parameters (𝑇𝑆 and 𝜇𝜋 ), 𝜒2 , and dof corresponding to the fits in Figures 1–4, as well as values of slope 𝑎 and intercept 𝑏 corresponding to the fits of linear functions 𝑇𝑆1,𝑆2,𝑆,𝑇 = 𝑎 ln √𝑠𝑁𝑁 + 𝑏
in Figures 5 and 6. As a preliminary result, the values of 𝜇𝜋 for the first and second standard distribution and the Tsallis form are assumed to be the same. The units of effective temperatures
and chemical potential are in GeV.
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Figure 2: Same as Figure 1, but for √𝑠𝑁𝑁 = 62.4 (circles), 130
(squares), and 200 GeV (rhombuses). The symbols represent the
experimental data of the STAR Collaboration with errors being the
root quadratic sum of statistical and systematic errors [29].
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4
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200 GeV Au-Au 0~5% y < 0.5 (×100)
Standard distribution
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Figure 3: Same as Figure 1, but for central Au-Au collisions at
√𝑠𝑁𝑁 = 11.5 GeV (circles), central Cu-Cu collisions at √𝑠𝑁𝑁 =
22.5 GeV (squares), and central Au-Au collisions at √𝑠𝑁𝑁 =
200 GeV (rhombuses). The symbols represent the experimental data
of the STAR Collaboration with the statistical and systematic errors
added in quadrature (circles) [42], and the PHENIX Collaborations
with statistical errors only (squares [43] and rhombuses [27]).

Figure 4: Same as Figure 1, but for central Pb-Pb collisions at
√𝑠𝑁𝑁 = 2.76 TeV. The symbols represent the experimental data of
the ALICE Collaborations and errors are the root quadratic sum of
statistical and systematic errors [44].

Sarkisyan et al. [1, 48]. In addition, our recent study shows
that the same or similar fits to be good for proton-proton
collisions [40], though the parameter values in proton-proton
collisions are closer to those in peripheral nucleus-nucleus
collisions when comparing with central nucleus-nucleus
collisions. This suggests universality in particle production, as
it is obtained in recent and previous studies of Sarkisyan et al.
[1, 12, 48–50], but now for transverse momentum distribution
as well. On the other hand, the multiplicity and transverse
momentum distributions observed in different data samples
can be uniformly fitted by multicomponent Erlang distribution [8, 51, 52], which also show the universality in particle
production. Indeed, the universality in particle production
exists not only in mean multiplicity and pseudorapidity
density but also in multiplicity and transverse momentum
distributions in some conditions.
Our observation that 𝑘𝑆1 has a minimum at about 10 GeV
and 𝑞 increases primitively and saturates at about 10 GeV is
in agreement with recent work of Cleymans [53] in which
the energy region √𝑠𝑁𝑁 ≈ 10 GeV for heavy-ion collisions
is indicated to be an interesting one. In fact, in this energy
region, the final state has the highest net baryon density, and
a transition from a baryon dominated to a meson dominated
final state takes place. At the same time, ratios of strange particles to mesons show obviously maxima in this energy region
[53]. At a slightly smaller energy (about 6∼8 GeV), other
works show some extremes or saturation in excitation functions of parameters. These parameters include, but are not
limited to, the specific reduced curvature of net-proton rapidity distribution [54–56], chemical freeze-out temperature [57,
58], mean transverse mass minus rest mass [57], yield ratios
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Figure 5: Dependence of 𝑇𝑆1 (squares) and 𝑇𝑆2 (circles) on √𝑠𝑁𝑁 .
The symbols represent the values of parameters taken from Table 1,
and the error bars represent the statistical errors. The lines are the
results fitted by the linear functions 𝑇𝑆1,𝑆2 = 𝑎 ln √𝑠𝑁𝑁 + 𝑏.

Figure 7: Dependence of 𝑘𝑆1 on √𝑠𝑁𝑁 . The symbols represent the
values of parameter taken from Table 1 and the error bars represent
the statistical errors.
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Figure 6: Same as Figure 5, but for the dependence of 𝑇𝑆 (squares)
and 𝑇𝑇 (circles) on √𝑠𝑁𝑁 and the linear functions are 𝑇𝑆,𝑇 =
𝑎 ln √𝑠𝑁𝑁 + 𝑏.

of positive kaons to pions [57–59], squared speed-of-sound
[60], string tension in Schwinger mechanism [61], width and
fraction of fragmentation source [62], and width ratios of
experimental negative pion rapidity distribution to Landau
hydrodynamic model prediction [58].
In the above analyses, for a not too wide transverse
momentum spectrum, a standard distribution is usually not

101

102
sNN (GeV)

103

Figure 8: Dependence of 𝑞 on √𝑠𝑁𝑁 . The symbols represent the
values of parameter taken from Table 1 and the error bars represent
the statistical errors.

enough to describe the spectrum. Generally, we need a twocomponent standard distribution to describe the not too
wide spectrum. It is expected that, in the case of studying
a wider transverse momentum spectrum, we need a threecomponent standard distribution to describe the wider spectrum. If a set of experimental data is described by the two- or
three-component standard distribution, it is also described
by the Tsallis form of standard distribution [11]. If the twoor three-component standard distribution describes a temperature fluctuation between two or among three emission
sources, the Tsallis form of standard distribution describes
a degree of nonequilibrium. The degree of nonequilibrium
is characterized by the entropy index 𝑞. A larger 𝑞 corresponds to a farther nonequilibrium among different emission
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sources. One can see from Table 1 that 𝑞 < 1.13 in most cases,
which renders an approximate equilibrium among different
emission sources or the whole interacting system stays in an
approximate equilibrium state.
Both the two- or three-component standard distribution
and the Tsallis form of standard distribution describe only
the results of soft excitation process. For the soft process, the
particle spectrum appears with the characteristics of thermal
emission phenomenon. Although the standard distribution
describes the characteristics of thermal emission, some nonthermal emissions also obey the standard distribution. Even
if the Tsallis form has less connection with thermal emission,
they are relative due to the standard distribution. In the case
of studying a very wide transverse momentum spectrum, for
example, for a width of more than 5 GeV/c, to consider only
the contribution of soft process is not enough in description of experimental data. To describe a wider transverse
momentum spectrum, we have to consider simultaneously
the contribution of hard scattering process. As mentioned in
Section 2, according to the QCD calculus [18–20], the hard
process can be described by the inverse power-law. Because
of the hard process having no connection with the thermal
emission, it does not affect the extraction of temperature
parameter. In the case of extracting only temperature parameter, a too wide transverse momentum spectrum is not needed.
In the above analyses, the temperature extracted by us is
in fact the effective temperature 𝑇. It is neither the temperature 𝑇0 at the kinetic freeze-out nor the temperature 𝑇ch at
the chemical freeze-out of the emission source or interacting
system. Generally, 𝑇0 can be extracted from the transverse
momentum spectra, and 𝑇ch can be extracted from the ratios
of different types of particles. However, the temperature
extracted from the transverse momentum spectra is not
surely 𝑇0 due to the contribution of flow effect. How to get
rid of the contribution of flow effect is a question that is worth
discussing. In the blast-wave model [28–31], the mean transverse flow velocity ⟨𝛽𝑇 ⟩ is introduced. Thus, 𝑇0 and ⟨𝛽𝑇 ⟩ can
be simultaneously obtained based on the analysis of transverse momentum spectrum by the model. In addition, by
using the standard distribution and its Tsallis form to analyze
the transverse momentum spectra of different particles, we
can obtain the linear relation between 𝑇 and 𝑚0 . The intercept
in the linear relation is regarded as 𝑇0 [21, 29, 34–36]. We
can also obtain the linear relation between ⟨𝑝𝑇 ⟩ and mean
moving mass 𝑚 (mean energy). The slope in the linear
relation is regarded as ⟨𝛽𝑇 ⟩ [37–40].
Generally speaking, the two-component standard distribution and the Tsallis form of standard distribution are
the same in essentials while differing in minor points in
the behaviors in the figures. The standard distribution corresponds to the classical statistical system which has shortrange interactions in interior and non-multifractal structure
in boundary. Some extensive thermodynamic quantities such
as energy, momentum, internal energy, and entropy are
linearly related to the system size and particle number. These
quantities obey simply additive property. The statistical
method and the microscopic description of system are adaptive. The entropy function is a power tool to study the microscopic dynamics of system under the macroscopic condition
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by describing the occupation number of phase spaces of the
system. The Tsallis form breaks through the limitation of classical statistics by using the entropy index 𝑞. The complex system with long-range interactions, local memory effect, strong
dynamic correlation, fractal or multifractal occupation in
phase space, and others can be described by the Tsallis form.
The Tsallis form also causes the classical extensive quantities
not to obey the simple additive property. Instead, the coupled
item appears in the quantities and the nonextensive statistical
effects are formed in the transverse and longitudinal dynamics [63–73].
In the above discussions, one can see that the two- or
three-component standard distribution can be described by
the Tsallis form of the standard distribution. It does not mean
that the single standard distribution cannot be described by
the Tsallis form. In fact, by using a lower temperature and an
entropy index that is closer to 1, the Tsallis form describes well
the single standard distribution. The standard distribution is
successfully replaced by the Tsallis form due to 𝑞 changing
from 1 to a value that is greater than 1. This means that the
interacting system changes from the classical and extensive
statistical system to the nonextensive system, which is an
essential change of the system properties. However, in some
cases, the same set of experimental data can be described
by both the (two- or three-component) standard distribution
obeying the extensive statistics and the Tsallis form obeying
the nonextensive statistics. This means that in these cases
there is no obvious boundary to distinguish extensive system
and nonextensive system for a given interacting system. We
have to examine which property is the main factor. Or, the
interacting system in the present energy range stays in a
transition gradation from extensive system to nonextensive
system.

4. Conclusions
We summarize here our main observations and conclusions.
(a) The transverse momentum spectra of negatively
charged pions produced in central nucleus-nucleus collisions
measured (simulated) in midrapidity range by different collaborations at the SIS, RHIC, and LHC are studied by the
two-component standard distribution and the Tsallis form
of standard distribution which are fitted into the frame of
multisource thermal model. The two distributions describe
approximately the experimental (simulated) data.
(b) The excitation functions of related parameters are
analyzed. The four effective temperatures 𝑇𝑆1 , 𝑇𝑆2 , 𝑇𝑆 , and
𝑇𝑇 increase linearly with increase of ln √𝑠𝑁𝑁. In particular,
the relation between 𝑇𝑆 and 𝑇𝑇 can be obtained to be 𝑇𝑆 =
(2.500 ± 0.170)𝑇𝑇 + (−0.040 ± 0.013) which shows a linear
relation between 𝑇𝑆 and 𝑇𝑇 . With increase of √𝑠𝑁𝑁, 𝑘𝑆1 has
a minimum at about 10 GeV, and 𝑞 increases primitively and
saturates at about 10 GeV.
(c) There is no difference in the particle production in
central nucleus-nucleus collisions from a few GeV to a few
TeV. Combining with other works, one can say that the same
or similar fits are good for proton-proton collisions. This
suggests universality in particle production, as it is already
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obtained in mean multiplicity, pseudorapidity density, and
multiplicity distribution, but now for transverse momentum
distribution as well.
(d) The energy of √𝑠𝑁𝑁 ≈ 10 GeV for heavy-ion collisions is indicated to have the highest net baryon density and
the maximum ratios of strange particles to mesons and to
take place a transition from the final state which has mainly
baryons to the final state which has mainly mesons [53].
At a slightly smaller energy (about 6∼8 GeV), other works
show some extremes or saturation in excitation functions of
some parameters [54–62]. These extremes and saturation are
related to the search of soft point of equation of state.
(e) To be closer to the classical situation, the two- or threecomponent standard distribution has an advantage over the
Tsallis form of standard distribution due to similar statistics
for the classical situation and standard distribution. However,
the Tsallis form of standard distribution uses less parameter
than the two- or three-component standard distribution. If
the two- or three-component standard distribution describes
a temperature fluctuation between two or among three
sources, the Tsallis form of standard distribution describes a
degree of nonequilibrium.
(f) In the considered energy range, different emission
sources stay in an approximate equilibrium state or the whole
interacting system stays in an approximate equilibrium state.
There is no obvious boundary to distinguish extensive system
and nonextensive system for a given interacting system.
The interacting system stays in a transition gradation from
extensive system to nonextensive system. To obtain only the
kinetic freeze-out temperature, we would rather use the twoor three-component standard distribution due to it being
closer to the classical situation.
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