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We have studied the scattering problem of relativistic fermions from a quaternionic double Dirac delta potential. We have used
Dirac equation in the presence of the scalar and vector potentials in the quaternionic formalism of relativistic quantum mechanics
to study the problem. The wave functions of different regions have been derived. Then, using the reflection coefficient, transmission
coefficient, and the continuity equation, the scattering problem has been investigated in detail. It has been shown that we have faced
some fluctuations in the reflection and transmission coefficients.

1. Introduction
Among a lot of mathematical options in physics, quaternions
are a famous option. Quaternion was initiated by Hamilton
for the first time [1–3]. Quaternions in general can be
represented by
𝜙 = 𝜙0 + 𝜙1 𝑒1 + 𝜙2 𝑒2 + 𝜙3 𝑒3 ,

(1)

where 𝜙푙 (𝑙 = 0, 1, 2, 3) are real coefficients. There are three
imaginary units in quaternions which have the property
𝑒푎 𝑒푏 = −𝛿푎푏 + 𝜀푎푏푐 𝑒푐 ,

(𝑎, 𝑏, 𝑐 = 1, 2, 3) .

(2)

If we set 𝑖, 𝑗, 𝑘 as the imaginary units, we conclude from (2)
that
𝑖𝑗 = −𝑗𝑖 = 𝑘,
𝑗𝑘 = −𝑘𝑗 = 𝑖,

(3)

𝑘𝑖 = −𝑖𝑘 = 𝑗.
Equation (3) exhibits that in general multiplication of two
quaternions has noncommutative nature; it means 𝑞𝑝 ≠ 𝑝𝑞.

The idea for making use of quaternions in quantum
mechanics has a long shining story. Physicists and mathematician have tried to found quantum mechanics on the quaternions. Finkelstein et al. discussed a new kind of quantum
mechanics by using quaternions [4] or some works which are
about using real and complexified quaternions as underlying
mathematical structure by adopting a complex geometry
to have ability to present a compatible face of quantum
mechanics [5, 6]; tunneling phenomena for the relativistic
fermions have been studied in the presence of quaternionic
step potential [7, 8] and there are a lot of valuable researches
in this topic which are mentioned in [9–17]. All of them
tried to show that we can have a quantum mechanics based
on the quaternions. In the rest of the paper, we intend to
present quaternionic form of Dirac equation. We want to
extend our recent papers [18–21] to relativistic form as well as
having a study of scattering by double Dirac delta potential.
In our recent paper [20], we derived the Dirac equation in
quaternionic quantum mechanics, in general. Then scattering
of relativistic fermions due to a single quaternionic Dirac
delta function has been studied. It was seen that the reflection
and transmission coefficients were treated smoothly and
without any fluctuation. But it will be shown that scattering
due to the quaternionic double Dirac delta function results
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in some fluctuations in the reflection and transmission coefficients. We organized this article as presenting quaternionic
Dirac equation in Section 2 and introducing the quaternionic
double Dirac delta potential and the discussion about it and
its effects in Section 3, and after bringing some information
about probability current and conservation law in Section 4,
the conclusions appeared at the end.

2. Dirac Equation in Quaternionic Relativistic
Quantum Mechanics
As in the ordinary relativistic quantum mechanics, to investigate relativistic fermions, we should make use of Dirac
equation. Quaternionic version of Dirac equation in the
presence of vector and scalar potential can be written with
the help of [8] as
𝜕Ψ (r, 𝑡)
= − [𝛼 ⋅ ∇ + 𝛽 (𝑖 (𝑚 + 𝑆푎 (r)) + 𝑗𝑆푏 (r))
𝜕𝑡

(4)

+ 𝑖𝑉푎 (r) + 𝑗𝑉푏 (r)] Ψ (r, 𝑡) ,

𝛽=(

)

1 0
0 −1

(5)
),

𝜕Ψ (r, 𝑡)
= (𝛼 ⋅ P + 𝛽 (𝑚 + 𝑆푎 (r)) + 𝑉푎 (r)) Ψ (r, 𝑡) .
𝜕𝑡

(6)

Since we are interested in the time-independent interactions,
it is better to consider wave function as
Ψ (r, 𝑡) = Φ (r) 𝑒−푖퐸푡 .

(7)

Inserting (7) into (4), the time-independent form of quaternionic Dirac equation derives as
Φ (r) 𝑖𝐸 = (𝛼 ⋅ ∇ + 𝛽 (𝑖 (𝑚 + 𝑆푎 (r)) + 𝑗𝑆푏 (r)) + 𝑖𝑉푎 (r)
+ 𝑗𝑉푏 (r)) Φ (r) .

(8)

Note the coordinate part of wave function is a quaternionic
function and has two components. Actually it is usually
written like
Φ+ (r)
Φ (r) = ( − ) ,
Φ (r)

(10)
+

+ (𝑖𝑚 + 2 (𝑖𝑆푎 (𝑥) + 𝑗𝑆푏 (𝑥))) Φ (𝑥) ,
𝑑Φ+ (𝑥)
(11)
− 𝑖𝑚Φ− (𝑥) .
𝑑𝑥
Quaternionic wave function components are in the form of
Φ± (𝑥) = 𝜙푎± (𝑥) + 𝑗𝜙푏± (𝑥), where 𝜙푎± (𝑥) and 𝜙푏± (𝑥) are the
complex functions. Considering such a form of the wave
function components in (11) yields
Φ− (𝑥) 𝑖𝐸 = 𝜎푥

𝜙푎− (𝑥) =

𝑑𝜙푎+ (𝑥)
𝜎푥
,
𝑖 (𝐸 + 𝑚) 𝑑𝑥

𝑑𝜙푏+ (𝑥)
𝜎푥
𝜙푏− (𝑥) =
.
𝑖 (𝐸 − 𝑚) 𝑑𝑥

− 2𝑖 (𝐸 + 𝑚) 𝑆푏∗ (𝑥) 𝜙푏+ (𝑥) = 0,
𝑑2 𝜙푏+ (𝑥)
+ (−𝑝2 − 2 (𝐸 − 𝑚) 𝑆푎 (𝑥)) 𝜙푏+ (𝑥)
𝑑𝑥2

where Pauli matrices are 𝜎. As is obviously clear, the potentials have two parts. Real functions of them are shown by subscribing 𝑎(𝑆푎 (r), 𝑉푎 (r) ∈ R) and for complex functions, they
have subscribed 𝑏(𝑆푏 (r), 𝑉푏 (r) ∈ C). By setting 𝑆푏 (r), 𝑉푏 (r) →
0, we can get the well-known form of this equation as [22, 23]
𝑖

𝑑Φ− (𝑥)
𝑑𝑥

(12)

𝑑2 𝜙푎+ (𝑥)
+ (𝑝2 − 2 (𝐸 + 𝑚) 𝑆푎 (𝑥)) 𝜙푎+ (𝑥)
𝑑𝑥2

0 𝜎
𝜎 0

Φ+ (𝑥) 𝑖𝐸 = 𝜎푥

Substitution of (12) into (10) provides a system of coupled
differential equations

where in (4) ℏ = 𝑐 = 1 and
𝛼=(

calculations, we arrive at a coupled system of equations for
the components

(9)

where Φ± (r) are quaternionic functions. This form of representing is called spinor form of wave function. If we set
𝑖𝑆푎 (r) + 𝑗𝑆푏 (r) = 𝑖𝑉푎 (r) + 𝑗𝑉푏 (r), by doing some algebraic

(13)

+ 2𝑖 (𝐸 − 𝑚) 𝑆푏 (𝑥) 𝜙푎+ (𝑥) = 0,
where 𝑝2 = 𝐸2 − 𝑚2 and ∗ means the complex conjugation.
Now, we are in a position to investigate scattering states due
to quaternionic Dirac delta potential.

3. Quaternionic Double Dirac
Delta and Scattering
Here, we introduce a quaternionic form of double Dirac delta
interaction [21] as
𝑆푎 (𝑥) = 𝑉푎 (𝛿 (𝑥 − 𝑎0 ) + 𝛿 (𝑥 + 𝑎0 ))
𝑆푏 (𝑥) = 𝑖𝑉푏 (𝛿 (𝑥 − 𝑎0 ) + 𝛿 (𝑥 + 𝑎0 )) .

(14)

We assume that 𝑉푎 and 𝑉푏 are real constants. The wellknown property of Dirac delta interactions is producing
discontinuity condition for the derivative of wave function.
These conditions can be derived by integrating (13) around
𝑥 = 𝑎0 and 𝑥 = −𝑎0 . So discontinuity condition at 𝑥 = 𝑎 is
𝑑𝜙푎+ 
𝑑𝜙푎+ 


−
𝑑𝑥 푥=푎+
𝑑𝑥 푥=푎−
0
0
= 2 (𝐸 + 𝑚) (𝑉푎 𝜙푎+ (𝑎0 ) + 𝑉푏 𝜙푏+ (𝑎0 )) ,
𝑑𝜙푏+ 
𝑑𝜙푏+ 


−
𝑑𝑥 푥=푎+
𝑑𝑥 푥=푎−
0
0
= 2 (𝐸 − 𝑚) (𝑉푎 𝜙푎+ (𝑎0 ) + 𝑉푏 𝜙푏+ (𝑎0 )) .

(15)
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Also for 𝑥 = −𝑎, we have

where the coefficients are complex constants spinors in general. Therefore, according to our assumption about the particles, the physical wave functions can be written as

𝑑𝜙푎+ 
𝑑𝜙푎+ 


−
𝑑𝑥 푥=−푎+
𝑑𝑥 푥=−푎−
0
0
= 2 (𝐸 + 𝑚) (𝑉푎 𝜙푎+ (−𝑎0 ) + 𝑉푏 𝜙푏+ (−𝑎0 )) ,
𝑑𝜙푏+ 
𝑑𝜙푏+ 


−
𝑑𝑥 푥=−푎+
𝑑𝑥 푥=−푎−
0
0

𝜙I+ (𝑥) = 𝑒푖푝푥 + 𝑟𝑒−푖푝푥 + 𝑗𝑒푝푥 ,
(16)

It can be easily seen that if we remove the coefficient and
the imaginary unit 𝑗, we obtain the wave function of the free
relativistic fermions in the ordinary quantum mechanics. In
order to have explicit expression of the coefficients in (19), we
should match the wave functions at 𝑥 = 𝑎0 and 𝑥 = −𝑎0 which
yields

By the way, we should make three parts in our problem
Region I 𝑥 < −𝑎0 ,
− 𝑎0 < 𝑥 < 𝑎0 ,

Region III

(17)

𝑥 > 𝑎0 .

𝜙푏+ (𝑥) = 𝑐3 𝑒푝푥 + 𝑐4 𝑒−푝푥 ,

푖푎 푝
−푖푎 푝
푖푎 푝
{𝑐1 𝑒 0 + 𝑐2 𝑒 0 = 𝑡𝑒 0 ,
𝑥 = 𝑎0 {
𝑐 𝑒푎0 푝 + 𝑐4 𝑒−푎0 푝 = ̃𝑡𝑒−푎0 푝 ,
{3
푖푎 푝
−푖푎 푝
−푖푎 푝
푖푎 푝
{𝑟𝑒 0 + 𝑒 0 = 𝑐1 𝑒 0 + 𝑐2 𝑒 0 ,
𝑥 = −𝑎0 {
𝑟𝑒푖푎0 푝 + 𝑒−푖푎0 푝 = 𝑐1 𝑒−푖푎0 푝 + 𝑐2 𝑒푖푎0 푝 ,
{

For the free particles, we have
𝜙푎+ (𝑥) = 𝑐1 𝑒푖푝푥 + 𝑐2 𝑒−푖푝푥 ,

(18)

−푖푎 푝
푖푎 푝
푖푎 푝
−푖푎 푝
−푎 푝
푖푎 푝
−푖푎 푝
{𝑖𝑐1 𝑝𝑒 0 − 𝑖𝑐2 𝑝𝑒 0 + 𝑖𝑝𝑟𝑒 0 − 𝑖𝑝𝑒 0 = 2 (𝐸 + 𝑚) (𝑉푏 𝑟̃𝑒 0 + 𝑉푎 (𝑟𝑒 0 + 𝑒 0 ))
𝑥 = −𝑎0 {
𝑝̃𝑟 (−𝑒−푎0 푝 ) + 𝑐3 𝑝𝑒−푎0 푝 − 𝑐4 𝑝𝑒푎0 푝 = 2 (𝐸 − 𝑚) (𝑉푏 𝑟̃𝑒−푎0 푝 + 𝑉푎 (𝑟𝑒푖푎0 푝 + 𝑒−푖푎0 푝 )) .
{

So we have eight equations and undetermined coefficients. By
solving these equations, explicit form of each coefficient can
be determined.

4. Probability Current and Conservation Law

where
𝜌 = ΨΨ,
J = Ψ† 𝛼Ψ.

(23)

To check the conservation law of probability, we need to
calculate the currents of each region. To derive the currents of
each region, we need the spinor form of the wave function of

(21)

each region. This form of the wave functions can be obtained
using (12) as
𝑒푖푝푥 + 𝑟𝑒−푖푝푥 + 𝑗̃𝑟𝑒푝푥
ΦI (𝑥) = (

In the quaternionic quantum mechanics, similar to the
complex version, we have the continuity equation as [20]
(22)

(20)

and four equations also are derived by applying the continuity
conditions

푖푎 푝
−푖푎 푝
푖푎 푝
−푎 푝
푖푎 푝
{−𝑖𝑐1 𝑝𝑒 0 + 𝑖𝑐2 𝑝𝑒 0 + 𝑖𝑝𝑡𝑒 0 = 2 (𝐸 + 𝑚) (𝑉푏̃𝑡𝑒 0 + 𝑡𝑉푎 𝑒 0 )
𝑥 = 𝑎0 {
𝑝̃𝑡 (−𝑒−푎0 푝 ) − 𝑐3 𝑝𝑒푎0 푝 + 𝑐4 𝑝𝑒−푎0 푝 = 2 (𝐸 − 𝑚) (𝑉푏̃𝑡𝑒−푎0 푝 + 𝑡𝑉푎 𝑒푖푎0 푝 )
{

𝜕𝜌
+ ∇ ⋅ J = 0,
𝜕𝑡

(19)

+
𝜙III
(𝑥) = 𝑡𝑒푖푝푥 + 𝑗̃𝑡𝑒−푝푥 .

= 2 (𝐸 − 𝑚) (𝑉푎 𝜙푎+ (−𝑎0 ) + 𝑉푏 𝜙푏+ (−𝑎0 )) .

Region II

𝜙II+ (𝑥) = 𝑐1 𝑒푖푝푥 + 𝑐2 𝑒−푖푝푥 + 𝑗 (𝑐3 𝑒푝푥 + 𝑐4 𝑒−푝푥 ) ,

𝜎푥 𝑝 (

),
𝑒푖푝푥 − 𝑟𝑒−푖푝푥
𝑟̃𝑒푝푥
+𝑗
)
𝐸+𝑚
𝑖 (𝐸 − 𝑚)
𝑡𝑒푖푝푥 + 𝑗̃𝑡𝑒−푝푥

ΦII (𝑥) = (

𝜎푥 𝑝 (

(24)

).
̃𝑡𝑒−푝푥
𝑡𝑒푖푝푥
−𝑗
)
𝐸+𝑚
𝑖 (𝐸 − 𝑚)

As is indicated in the Appendix, it is straightforward to prove
that, by using the definition 𝐽푥 = Ψ† 𝛼푥 Ψ, we derive the
constraint
|𝑟|2 + |𝑡|2 = 1.

(25)

So form of conservation law of probability is (25). This equation has been plotted in Figure 1 considering 𝑚 = 𝑎0 = 𝑉푎 =
𝑉푏 = 1 and 𝐸 ∈ [1, 4].
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the double Dirac delta functions. It can be seen that by
increasing the distance, the number of fluctuations in the
reflection and transmissions increases.

1
0.8

5. Conclusions
0.6

In this paper, we presented quaternionic version of Dirac
equation in the presence of vector and scalar potentials. To
ensure the correctness of this type of equation, we checked it
in special case where we do not have quaternionic potential,
and the result was what we expected. After introducing the
scattering potential, we investigated effects of it. It causes
the discontinuity conditions for the derivative of the wave
functions. The probability current for each region of our
considered problem was determined. At the end conservation
law of probability was derived. How different parameters
of the scattering potential can affect the reflection and
transmission coefficients was shown; for instance, increasing
the first part of the potential causes to have sharper reflection
and transmission coefficients but the second part of the
potential was treated vice versa. It means that by decreasing
the second part of the potential we have the sharp reflection
and transmission coefficients. For the last case, effect of
the distance between the double Dirac delta functions was
shown. It was seen that the number of fluctuations of
the reflection and transmission increases by enlarging the
distance of the double Dirac delta functions.

0.4
0.2
0
1

1.5

2

2.5
E

3

3.5

4

|r|2
|t|2
|r|2 + |t|2

Figure 1: Treatments of the coefficients in terms of energy. For this
plot, we have set 𝑚 = 𝑎0 = 𝑉푎 = 𝑉푏 = 1 and energy ∈ [1, 4].

As is shown in Figure 1, (25) is valid. It is constructive if we
check effects of the potential coefficients and the distance of
the Dirac delta functions on the reflection and transmission
coefficients. In Figures 2 and 3, the effects of potential
coefficients on the reflection and transmission coefficients
were shown. It is seen that in Figure 1 by increasing 𝑉푎 , the
reflection and transmission coefficient appear sharper but
in Figure 2 we face a different case. When 𝑉푏 grows up, the
reflection and transmission coefficients arise smoother than
those in Figure 2.
In Figure 4, by considering fix values for the potential
coefficients and the energy, we change the distance between

Appendix
In this section, details of derivation of (25) are mentioned.
In order to brief the calculation, we will indicate them in a
compact form.
At the first step, we are going to derive the current of
probability of region I. Using the definition of the probability
current, we have [20]

𝐽I = Ψ† 𝛼푥 Ψ
𝑒푖푝푥 + 𝑟𝑒−푖푝푥 + 𝑗̃𝑟𝑒푝푥
−푖푝푥
∗ 푖푝푥
∗ 푝푥
(A.1)
0
𝜎
̃
−
𝑟
𝑒
𝑒
𝑒
𝑟
푥
푖푝푥
−푖푝푥
= (𝑒−푖푝푥 + 𝑟∗ 𝑒푖푝푥 − 𝑒푝푥 𝑟̃∗ 𝑗, 𝜎푥 𝑝 (
)(
).
+
𝑗)) (
̃𝑒푝푥
−
𝑟𝑒
𝑒
𝑟
𝐸+𝑚
𝑖 (𝐸 − 𝑚)
𝜎푥 0
𝜎푥 𝑝 (
+𝑗
)
𝐸+𝑚
𝑖 (𝐸 − 𝑚)

This point should be noted as the spinor of wave function is a
quaternion and since the coefficients are complex constants,
their order and the imaginary unit 𝑗 are important. Hence

in daggered form of the spinor, we face a reversed order
in (A.1). Proceeding more in the matrix multiplication, we
have
퐵

퐵

1
2
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝑟̃𝑒푝푥
𝑒푖푝푥 − 𝑟𝑒−푖푝푥
𝑝(
+𝑗
)
퐴 1
퐴 2
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝐸+𝑚
𝑖 (𝐸 − 𝑚) )
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝑒−푖푝푥 − 𝑟∗ 𝑒푖푝푥
𝑟̃∗ 𝑒푝푥
(
−푖푝푥
∗ 푖푝푥
푝푥 ∗
+ 𝑟 𝑒 − 𝑒 𝑟̃ 𝑗, 𝜎푥 𝑝 (
+
𝑗)) (
𝐽I = (𝑒
),
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐸+𝑚
𝑖 (𝐸 − 𝑚)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

퐴 3

퐴 4

(
𝐽I = 𝐴 1 𝐵1 + 𝐴 1 𝐵2 + 𝐴 2 𝐵1 + 𝐴 2 𝐵2 + 𝐴 3 𝐵3 + 𝐴 3 𝐵4 + 𝐴 4 𝐵3 + 𝐴 4 𝐵4 .

푖푝푥
+ 𝑟𝑒−푖푝푥 + 𝑗̃
𝑟𝑒푝푥 )
𝜎푥 (𝑒⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟
퐵3

퐵4

(A.2)

)
(A.3)
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Figure 2: Effects of different values of 𝑉푎 on the coefficients.
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Figure 3: Effects of different values of 𝑉푏 on the coefficients.

To avoid complicity of multiplication of (A.2), we have
𝑝
(1 − 𝑟𝑒−2푖푝푥 + 𝑟∗ 𝑒2푖푝푥 − |𝑟|2 ) ,
𝐸+𝑚
𝑝
𝐴 1 𝐵2 = 𝑗
(̃𝑟𝑒푝푥(1+푖) + 𝑟̃𝑟𝑒푝푥(1−푖) ) ,
𝑖 (𝐸 − 𝑚)
𝐴 1 𝐵1 =

𝐴 2 𝐵1 = 𝑗
𝐴 2 𝐵2 =

𝑝
(−̃𝑟𝑒푝푥(1+푖) + 𝑟̃𝑟𝑒푝푥(1−푖) ) ,
(𝐸 + 𝑚)

𝑝
(|̃𝑟|2 𝑒2푝푥 ) ,
𝑖 (𝐸 − 𝑚)

𝐴 3 𝐵3 =

𝑝
(1 + 𝑟𝑒−2푖푝푥 − 𝑟∗ 𝑒2푖푝푥 − |𝑟|2 ) ,
𝐸+𝑚

𝐴 3 𝐵4 = 𝑗

𝑝
(̃𝑟𝑒푝푥(1+푖) − 𝑟̃𝑟𝑒푝푥(1−푖) ) ,
(𝐸 + 𝑚)

𝐴 4 𝐵3 = −𝑗
𝐴 4 𝐵4 = −

𝑝
(̃𝑟𝑒푝푥(1+푖) + 𝑟̃𝑟𝑒푝푥(1−푖) ) ,
𝑖 (𝐸 − 𝑚)

𝑝
(|̃𝑟|2 𝑒2푝푥 ) .
𝑖 (𝐸 − 𝑚)
(A.4)
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Figure 4: Effects of different values of 𝑎0 on the coefficients.

With the help of (A.3) and (A.4), we can find the probability
current of region I as
𝐽I =

2𝑝
(1 − |𝑟|2 ) .
𝐸+𝑚

(A.5)

In the same manner, we can find the probability current of
region II as
𝐽II =

2𝑝
|𝑡|2 .
𝐸+𝑚

(A.6)

Since there is no sink or source for the particles, we have
𝐽I = 𝐽II ⇒
|𝑟|2 + |𝑡|2 = 1.

(A.7)
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