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We compute the asymmetric and symmetric correlation functions of a four-point amplitude of a gauge field, a scalar field, and a
closed string Ramond-Ramond (RR) for different nonvanishing BPS branes. All world volume, the Taylor and pull-back
couplings, and their all-order α′ corrections have also been explored. Due to various symmetry structures, different restricted
BPS Bianchi identities have also been constructed. The prescription of exploring all the corrections of two closed string RR
couplings in type IIB is given. We obtain the closed form of the entire S-matrix elements of two closed string RRs and a
gauge field on the world volume of BPS branes in type IIB. All the correlation functions of VA0ðx1ÞVC−1ðz1,�z1ÞVC−1ðz2,�z2Þ are

also revealed accordingly. The algebraic forms for the most general case of the integrations
Ð
d2zjz − ijajz + ijbðz − �zÞcðz + �zÞd

on the upper half plane are derived in terms of Pochhammer and some analytic functions. Lastly, we generate various
singularity structures in both effective field theory and IIB string theory, producing different contact interactions as well as their
α′ higher derivative corrections.

1. Introduction

The fundamental objects are called Dp-branes that are long
known to be existed. The late Joe Polchinski has given life
to the D-branes as dynamical objects, and they are assumed
to be sources for Ramond-Ramond (RR) closed string for
all sorts of the established BPS branes [1, 2].

These RR couplings have various contributions in many
different areas of theoretical high energy physics, ranging
from pure string theory to mathematics, K-theory as well as
phenomenology. For example, one may point out to the dis-
solving branes [3, 4], K-theory [5, 6], and the well-known
dielectric or Myers effect [7] where some of their α′ correc-
tions are also derived in detail in [8].

To proceed with their dynamics, one needs to know all
sorts of effective actions where various potentially interest-
ing references are given in [9]. We would like to take

advantage of conformal field theory (CFT) and try to
release more information about the structures of the BPS
effective actions. Indeed, one of our aims is to work out
with CFT to get more data and increase our knowledge
of deriving various string theory couplings, and likewise,
various techniques to effective field theory (EFT) couplings
along the way can also be explored.

One can just mention different applications to some of
the known couplings, like the famous N3 phenomenon for
M5 branes, dS solutions, and entropy growth [10–12]. It is
also known that RR plays the key role for all kinds of BPS
and unstable branes [13, 14] where one can study some of
its analysis as well as its dynamics in [15–21]. All the stan-
dard approaches to get to EFT couplings were explained in
detail in [22, 23], where S-matrix computations play the most
fundamental role in getting the exact form of string cou-
plings, and their precise coefficients are even computed in
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the presence of higher derivative α′ corrections. We would
like to illustrate just some of the BPS string calculations as
given in [24–33]. For the sake of comprehensiveness and
for a review of open strings as well as their properties,
we just highlight the original papers that are known and
appeared in [34–42].

In the first part of the paper, we calculate both asym-
metric and symmetric S-matrices of a four-point ampli-
tude of a gauge, a scalar field and a closed string RR for
different nonvanishing traces of all different BPS branes.
All world volume, the Taylor and pull-back couplings,
and their α′ corrections have also been figured out. Due
to various symmetry structures, various restricted BPS
Bianchi identities can also be derived. We then try to
demonstrate a prescription of exploring all the corrections
of two closed string RR couplings in type IIB as well. To
proceed further, we go ahead to obtain the closed form
of the entire S-matrix elements of two closed string RRs
and a gauge field on the world volume of BPS branes just
in the type IIB string theory.

We first derive all the correlation functions of VA0ðx1Þ
VC−1ðz1,�z1ÞVC−1ðz2,�z2Þ and then reveal the algebraic forms of
the integrals for the most general integrations on the upper
half plane that are of the sort of

Ð
d2zjz − ijajz + ijbðz − �zÞc

ðz + �zÞd , and the outcome is written down in terms of the
Pochhammer and some analytic functions. Finally, we try
to reconstruct various singularity structures in both the effec-
tive field theory (EFT) and IIB string theory. We also work
out with different contact term analysis and reproduce differ-
ent contact interactions of the same S-matrix as well as their
α′ higher derivative corrections and lastly point out to differ-
ent remarks as well.

The lower order supersymmetric generalisation of the
Wess-Zumino (WZ) action is found in [43] in both IIB and
IIA. It was also highlighted that all structures as well as the
coefficients of the α′ corrections in type IIB are different from
their type IIA couplings.

It is worth taking into account the reference [44] that
deals with potentially different areas where important
remarks on perturbative string amplitude calculations have
been given. Indeed to do so, a systematic setup was
revealed. It is highlighted that to ignore some spurious
singularities, one needs to employ the vertical integration
formalism with great care. Although this conjecture has
potential overlaps with string calculations of IIB analysis,
however, the role of the world volume couplings is not
clarified in detail, nor are the bulk singularity structures
given. In this paper, we would like to show the method
of deriving algebraic forms of all the integrals in terms
of Pochhammer and consequently argue about the role
of the world volume couplings just in IIB as well as their
explicit corrections.

2. All-Order Corrections to VC−2Vϕ0VA0

In this section, using direct CFT methods [45], we would like
to explore the entire S-matrix elements of an asymmetric RR,

a scalar field, and a gauge field where its all-order α′ higher
derivative corrections can also be examined accordingly. It
will be given by exploring all its correlation function as

AC−2ϕ0A0 ~
ð
dx1dx2d

2z V 0ð Þ
ϕ x1ð ÞV 0ð Þ

A x2ð ÞV −2ð Þ
RR z, �zð Þ

D E
: ð1Þ

The related vertex operators are read off from [46, 47] as
follows:

V −1ð Þ
ϕ xð Þ = e−ϕ xð Þξ1iψ

i xð Þeα′iq⋅X xð Þ,

V −1ð Þ
A xð Þ = e−ϕ xð Þξaψ

a xð Þeα′iq⋅X xð Þ,

V 0ð Þ
ϕ xð Þ = ξ1i ∂iX xð Þ + iα′q:ψψi xð Þ

� �
eα′iq:X xð Þ,

V 0ð Þ
A xð Þ = ξ1a ∂aX xð Þ + iα′q:ψψa xð Þ

� �
eα′iq:X xð Þ,

V
−3
2,−

1
2ð Þ

C z, �zð Þ = P−C n−1ð ÞMp

� �αβ
e−3ϕ zð Þ/2Sα zð Þeiα ′2 p⋅X zð Þ

� e−ϕ �zð Þ/2Sβ �zð Þeiα ′2 p⋅D⋅X �zð Þ,

V
−1
2,−

1
2ð Þ

C z, �zð Þ = P−H nð ÞMp

� �αβ
e−ϕ zð Þ/2Sα zð Þeiα ′2 p⋅X zð Þ

� e−ϕ �zð Þ/2Sβ �zð Þeiα ′2 p⋅D⋅X �zð Þ:

ð2Þ

Note that the total background charge of the world-sheet
with topology of a disk must be -2; hence, one needs to con-
sider the symmetric and asymmetric picture of RR as illus-
trated in (2). For our notation, we use μ, ν = 0, 1, ::, 9
where world volume indices run by a, b, c = 0, 1,⋯, p and
finally transverse indices are represented by i, j = p + 1,⋯,
9. Other notations for spinors and projector are given by
the following formulae:

P− =
1
2

1 − γ11
� �

,H nð Þ

=
an
n!

Hμ1⋯μn
γμ1 ⋯ γμn , P−H nð Þ

� �αβ
= Cαδ P−H nð Þ

� �
δ

β
,

ð3Þ

where in type IIA (type IIB), the field strength of RR takes
the value of n = 2, 4, an = i (n = 1, 3, 5, an = 1). In order to
use the holomorphic parts of the world-sheet fields, we apply
the doubling trick which means that some change of vari-
ables is taken into account:

~X
μ
�zð Þ⟶Dμ

νX
ν �zð Þ, ~ψμ �zð Þ⟶Dμ

νψ
ν �zð Þ, ~ϕ �zð Þ⟶ ϕ �zð Þ,  

~Sα �zð Þ⟶Mα
βSβ �zð Þ:

ð4Þ
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And the following matrices are needed:

D =
−19−p 0

0 1p+1

 !
,

Mp =

±i
p + 1ð Þ! γ

i1γi2 ⋯ γip+1εi1⋯ip+1
for p even

±1
p + 1ð Þ! γ

i1γi2 ⋯ γip+1γ11εi1⋯ip+1
for p odd:

8>>><
>>>:

ð5Þ

Now one is able to pick up just the following propaga-
tors for the whole world-sheet fields of the kind of Xμ,
ψμ, ϕ, as

Xμ zð ÞXν wð Þh i = −ημν log z −wð Þ,
ψμ zð Þψν wð Þh i = −ημν z −wð Þ−1,

ϕ zð Þϕ wð Þh i = −log z −wð Þ:
ð6Þ

Replacing the related vertex operators inside (1),
exploring correlation functions, fixing the SLð2,ℝÞ sym-
metry by gauge fixing as ðx1, x2, z, �zÞ = ðx,−x, i,−iÞ, and
introducing t = −ðα′/2Þðk1 + k2Þ2, one finds out the non-
zero part of the asymmetric amplitude as follows:

Aϕ0A0C−2
= −2ik2cpiTr P−C n−1ð ÞMpΓ

ac
� ��

+ 2ik1bk2cTr P−C n−1ð ÞMpΓ
acib

� ��
× μpξ1iξ2aπ

1/2 Γ −t + 1/2½ �
Γ 1 − t½ � ,

ð7Þ

where the traces can be explored, note that

p > 3,Hn = ∗H10−n, n ≥ 5: ð8Þ

And the compact form of the asymmetric amplitude is
derived to be

Aϕ0A0C−2
= −k2cp

iεa0⋯ap−2acCa0⋯ap−2
+ k1bk2cε

a0⋯ap−3acbCi
a0⋯ap−3

� �
× μp

32
p!

ξ1iξ2aπ
1/2 Γ −t + 1/2½ �

Γ 1 − t½ � :

ð9Þ

We are dealing with massless strings; hence, the
expansion energy is low (note that we removed the overall
factor ð2iÞ−2t−1), that is, t = −papa ⟶ 0, and the expansion
is found as follows:

π1/2 Γ −t + 1/2½ �
Γ 1 − t½ � = π 〠

∞

m=−1
cmt

m+1, c−1 = 1, c0

= 2 ln 2, c1 =
1
6
π2 + 2 ln 2:

ð10Þ

In order to produce the first term (9) in an EFT, one
needs to consider the mixed Chern-Simons effective
action and the Taylor expansion of the scalar field as
below:

S1 =
μp
p!

2πα′
� �2ð

Σp+1

∂iCp−1 ∧ Fϕi ð11Þ

Now, if we consider the covariant derivative of the
scalar field from pull-back of brane and employ the fol-
lowing new effective action

S2 =
μp
p!

2πα′
� �2ð

Σp+1

Ci
p−2 ∧ F ∧Dϕi, ð12Þ

then one can show that S2 precisely produces the second
term of (9).

However, as can be observed, the expansion of the
amplitude consists of many contact interaction terms,
and one reconstructs all the contact terms of the S-
matrix in an EFT by imposing an infinite higher derivative
corrections to the above S1 and S2 effective actions. There-
fore, all contact terms for the first term of the asymmetric
amplitude can be reconstructed by applying all-order cor-
rections to S1 as follows:

μp
p!

2πα′
� �2ð

Σp+1

∂iCp−1 ∧ Tr 〠
∞

n=−1
cn α′
� �n+1

Da1
⋯Dan+1

FDa1 ⋯Dan+1ϕi
 !

:

ð13Þ

Likewise, all-order extensions of S2 are read off:

μp
p!

2πα′
� �2ð

Σp+1

Ci
p−2 ∧ Tr 〠

∞

n=−1
cn α′
� �n+1

Da1
⋯Dan+1

F ∧Da1 ⋯Dan+1Dϕi

 !
:

ð14Þ

On the other hand, the symmetric result of the ampli-
tude hVC−1Vϕ−1VA0i can be revealed as follows:

Aϕ−1A0C−1
= 21/2iξ1iξ2ak2b

ð∞
−∞

dx 1 + x2
� �2t−1 2xð Þ−2tTr

� P−H nð ÞMpΓ
abi

� �
:

ð15Þ

One can also read off hVC−1Vϕ0VA−1i accordingly as
follows:

21/2ξ1iξ2a
ð∞
−∞

dx 1 + x2
� �2t−1 2xð Þ−2t k1bTr P−H nð ÞMpΓ

bai
� ��

− piTr P−H nð ÞMpγ
a

� ��
:

ð16Þ
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Using momentum conservation along the world vol-
ume of brane ðk1 + k2 + pÞa = 0, due to symmetry struc-
tures and to get consistent result for both above
symmetric amplitudes, one gets to derive the following
restricted Bianchi identity for RR’s field strength as below:

pbε
a0⋯ap−2baHi

a0⋯ap−2
+ piεa0⋯ap−1aHa0⋯ap−1

= 0: ð17Þ

In the next section, we would like to deal with a more
complicated analysis.

3. S-Matrix of hVAðx1ÞVCðz1, �z1ÞVCðz2, �z2Þi of
Type IIB

The complete form of the S-matrix element of two closed

string RR field hV ð−1Þ
C ðx1, x2ÞV ð−1Þ

C ðx4, x5Þi has been carried
out in [43] which has the following form:

ð
dx1dx2dx4dx5 P−H 1nð ÞMp

� �αβ
� P−H 2nð ÞMp

� �γδ
x12x14x15x24x25x45ð Þ−1

×
1
2

γμCð Þαβ γμCð Þγδx15x24 − γμCð Þγβ γμCð Þαδx12x45
h i

× x12x45j j−s/2 x14x25j j−t/2 x15x24j j s+tð Þ/2:

ð18Þ

It is shown that by choosing the gauge fixing as ðx1, x2,
x4, x5Þ = ðiy,−iy, i,−iÞ for the moduli space, one maps the
moduli space to unit disk, and the final amplitude of two
closed string RRs in IIB was read off as follows:

ACC
IIB =

iμ1pμ2p
p!p!

2
s
− t 〠

∞

n,m=0
hn,m tsð Þn t + sð Þm

 !

× ε
a0⋯ap−1a
1 H1a0⋯ap−1ε

a0⋯ap−1a
2 H2a0⋯ap−1

:

ð19Þ

It was also shown that the onlymassless pole can be recon-
structed by using the following subamplitude in an EFT:

A = Va
α C1p−1, A
� �

Gab
αβ Að ÞVb

β C2p−1, A
� �

, ð20Þ

where the vertex Va
αðC1p−1, AÞ is derived from ið2πα′Þμ1pÐ

Σp+1
C1p−1 ∧ F and the following vertices were needed:

Va
α C1p−1, A
� �

= i 2πα′
� �μ1p

p!
ε
a0⋯ap−1a
1 H1a0⋯ap−1

Tr λαð Þ,

Gab
αβ Að Þ = −1

2πα′
� �2 δ

abδαβ

k2
,

Vb
β C2p−1, A
� �

= i 2πα′
� �μ2p

p!
ε
a0⋯ap−1b
2 H2a0⋯ap−1

Tr λβ
� �

:

ð21Þ

k2 = ðp1 +D:p1Þ2 = −s is taken inside the propagator while
t = −2p1:p2. Due to having the entire and closed form of
S-matrix of two RRs in (20), one can apply properly higher
derivative corrections on C1 and C2 so that ðtsÞn can be pro-
duced by the following all-order α′ corrections to two closed
string RRs of IIB:

〠
∞

n,m=0
hn,m α′

� �2n+1
Da1

⋯Dan+1
DbDbð ÞnC1a0⋯ap−2

Da1 ⋯Dan+1C2a0⋯ap−2

� �

×
μ1pμ2p

p − 1ð Þ! p − 1ð Þ! ε
a0⋯ap−2a
1 ε

a0⋯ap−2a
2 :

ð22Þ

ðt + sÞm can also be produced by the following all-order α′
corrections of IIB:

α′/2
� �m

DaD
að ÞC1a0⋯ap−2

C2a0⋯ap−2
+ α′DdC1a0⋯ap−2

DdC2a0⋯ap−2

� �m
:

ð23Þ

Now in this section, we would like to carry out direct CFT
methods to derive the entire S-matrix elements of two closed
string RRs and a gauge field on the world volume of BPS
branes in IIB. The aim was to explore singularity structures
as well as α′ corrections and also to see if the above prescrip-

tion holds or not. Hence, the five point function hV ð0Þ
A ðx1Þ

V ð−1Þ
C ðz1, �z1ÞV ð−1Þ

C ðz2, �z2Þi in the type IIB string theory
(z1 = x2 + ix3, z2 = x4 + ix5; xij = xi − xj) is given by the fol-
lowing correlation functions:

ICCA =
ð
ℝ
dx1

ð
ℋ +

dx2dx3

ð
ℋ +

dx4dx5 P−H 1nð ÞMp

� �αβ
� P−H 2nð ÞMp

� �γδ
× x23x24x25x34x35x45ð Þ−1

4ℐ ξ1a

� : Sα x2ð Þ: : Sβ x3ð Þ: : Sγ x4ð Þ: : Sδ x5ð Þ:� �
J a�

+ 2ik1c : Sα x2ð Þ: : Sβ x3ð Þ: : Sγ x4ð Þ: : Sδ x5ð Þ: : ψcψa x1ð Þ:� ��
,

ð24Þ

where ℐ , and J a take the form

ℐ = x12j j2k1 ⋅p1 x13j j2k1 ⋅p1 x14j j2k1 ⋅p2 x15j j2k1 ⋅p2 x23j jp1 ⋅D⋅p1
� x24j jp1 ⋅p2 x25j jp1 ⋅D⋅p2 × x34j jp2 ⋅D⋅p1 x35j jp1 ⋅p2 x45j jp2 ⋅D⋅p2 ,

J a = ipa1
x52

x12x15
+ ipa2

x34
x14x13

:

ð25Þ

with the definition of the Mandelstam variables as

s = − p1 + k1ð Þ2 = −2k1 ⋅ p1,

v = − p2 +D ⋅ p2ð Þ2 = −2p2 ⋅D ⋅ p2,

w = − p1 + p2ð Þ2 = −2p1 ⋅ p2:

ð26Þ
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Substituting the definition of the Mandelstam variables
into ℐ , we obtain it as

ℐ = x12j j−s x13j j−s x14j js x15j js x23j j2s−v
2 x24j j−w

2

� x25j j−s+w+v
2 x34j j−s+w+v

2 x35j j−w
2 x45j j−v

2:
ð27Þ

The correlation function of four spin operators in IIB is
read by

Sαβγδ x2, x3, x4, x5ð Þ
≔ : Sα x2ð Þ: : Sβ x3ð Þ: : Sγ x4ð Þ: : Sδ x5ð Þ:� �
= γμCð Þαβ γμC

� �
γδ
x25x34 − γμCð Þγβ γμC

� �
αδ
x23x45

� 	

� 1
2 x23x24x25x34x35x45ð Þ3/4 ,

ð28Þ

The correlation function of four spin operators and one
current has been obtained in [48] to be

Ŝ
ca
αβγδ x1, x2, x3, x4, x5ð Þ
≔ : Sα x2ð Þ: : Sβ x3ð Þ: : Sγ x4ð Þ: : Sδ x5ð Þ: : ψcψa x1ð Þ:� �
=

x23x24x25x34x35x45ð Þ−3/4
4 x12x13x14x15ð Þ γcCð Þγβ γaCð Þαδ

�h
− γcCð Þαδ γaCð Þγβ

�
x12x14x35 − x15x13x24ð Þ × x23x45

− γcCð Þαβ γaCð Þγδ + γcCð Þγδ γaCð Þαβ
� �

x25x34 x15x13x24ð
+ x14x12x35Þ + ΓcaλC

� �
αβ

γλCð Þγδx23x25x34 x14x15ð Þ

+ ΓcaλC
� �

γδ
γλCð Þαβx25x34x45 x12x13ð Þ

− ΓcaλC
� �

αδ
γλCð Þγβx23x25x45 x14x13ð Þ

+ ΓcaλC
� �

γβ
γλCð Þαδx23x34x45 x12x15ð Þ

i
:

ð29Þ

Gauge fixing of SLð2,ℝÞ invariance for hV ð0Þ
A ðx1ÞV ð−1Þ

C

ðz1, �z1ÞV ð−1Þ
C ðz2, �z2Þi can be chosen as follows:

z1, �z1, z2, �z2, x1ð Þ = i,−i, z, �z,∞ð Þ: ð30Þ

The Jacobian for this transformation will be Jac = −2ix21.
After gauge fixing, the expressions for the amplitude in (24)
were simplified to

AA0C−1C−1 = −2ið Þ
ð
ℋ +

dzd�z P−H 1nð ÞMp

� �αβ
� P−H 2nð ÞMp

� �γδ
2ið Þ z + ij j2 z − ij j2 z − �zð Þ
 �−1

4

×ℐ g:f :ð Þξ1a S
g:f :ð Þ
αβγδ z, �zð ÞJ g:f :ð Þ,a

A + 2ik1cŜ
g:f :ð Þ,ca
αβγδ z, �zð Þ

� �
:

ð31Þ

The various gauge fixed quantities appearing in the
above amplitudes are summarised (the momentum conser-
vation along the brane is ð2k1 + p1 +D:p1 + p2 +D:p2Þa = 0,
also note that ðk1 + p1Þ2 = p2ap2a, ðk1 + p2Þ2 = p1ap1a, and as
expected, the expansion energy is low, s = −p2ap2a, p1ap1a,
v,w⟶ 0) in the following formulae (z = x + iy ; y ≥ 0):

ℐ g:f :ð Þ = 2ið Þ2s−v
2 z − ij j−w z + ij j−2s+w+v z − �zð Þ−v

2,

J
g:f :ð Þ,a
A = ipa1 �z − ið Þ + ipa2 −i − zð Þ:

ð32Þ

Now, if we apply on-shell condition for the gauge field
k1:ξ1 = 0, then one gets to derive

J
g:f :ð Þ,a
A =

i
2

z + �zð Þ p1 − p2ð Þa,

S
g:f :ð Þ
αβγδ z, �zð Þ = 1

2 2ið Þ z − �zð Þ z + ij j2 z − ij j2
 �3/4
� z + ij j2 γμCð Þαβ γμC

� �
γδ
− 2i z − �zð Þ γμCð Þγβ γμC

� �
αδ

� 	
,

Ŝ
g:f :ð Þ,ca
αβγδ z, �zð Þ = 1

4 2ið Þ z − �zð Þ z + ij j2 z − ij j2
 �3/4
�
�
2i �z − zð Þ 2i + �z − zð Þð Þ

h
γcCð Þγβ γaCð Þαδ

− γcCð Þαδ γaCð Þγβ
i
+ z + �zð Þ z + ij j2

� γcCð Þαβ γaCð Þγδ + γcCð Þγδ γaCð Þαβ
h i
+ 2i z + ij j2 ΓcaλC

� �
αβ

γλCð Þγδ + z − �zð Þ z + ij j2

� ΓcaλC
� �

γδ
γλCð Þαβ + 2i �z − ið Þ z − �zð Þ ΓcaλC

� �
αδ

� γλCð Þγβ − 2i z + ið Þ z − �zð Þ ΓcaλC
� �

γβ
γλCð Þαδ


:

ð33Þ

Let us define the following integral:

A a, b, c, d½ � =
ð
ℋ +

dzd�z z + ij ja z − ij jb z − �zð Þc z + �zð Þd , ð34Þ

where a, b, c are written down in terms of the Mandelstam
variables and d = 0, 1 for this amplitude; hence, the final

result for the amplitude hV ð0Þ
A ðx1ÞV ð−1Þ

C ðz1, �z1ÞV ð−1Þ
C ðz2, �z2Þi

in IIB can be expressed as
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AA0C−1C−1
= − 2ið Þ2s−v/2 P−H 1nð ÞMp

� �αβ
P−H 2nð ÞMp

� �γδ
�
�

i
4
ξ1a p1 − p2ð Þa γμCð Þαβ γμC

� �
γδ
A5

+
1
2
ξ1a p1 − p2ð Þa γμCð Þγβ γμC

� �
αδ
A6

− k1cξ1a

�
γcCð Þγβ γaCð Þαδ − γcCð Þαδ γaCð Þγβ

h i

× −2iA2 +A4ð Þ − i
2

γcCð Þαβ γaCð Þγδ + γcCð Þγδ γaCð Þαβ
h i

A5

+ ΓcaλC
� �

αβ
γλCð ÞγδA1 −

i
2

ΓcaλC
� �

γδ
γλCð ÞαβA3

+
1
2

ΓcaλC
� �

αδ
γλCð Þγβ A6 −A4 − 2iA2ð Þ

−
1
2

ΓcaλC
� �

γβ
γλCð Þαδ A6 +A4 + 2iA2ð Þ

	
,

ð35Þ

where A1, A2, A3, A4, A5, A6 are given by

A1 =A −2s +w + v,−w − 2,−
v
2
− 1, 0

h i
,

A2 =A −2 s + 1ð Þ +w + v,−w − 2,− v
2
, 0

h i
,

A3 =A −2s +w + v,−w − 2,−
v
2
, 0

h i
,

A4 =A −2 s + 1ð Þ +w + v,−w − 2,−
v
2
+ 1, 0

h i
,

A5 =A −2s +w + v,−w − 2,−
v
2
− 1, 1

h i
,

A6 =A −2 s + 1ð Þ +w + v,−w − 2,−
v
2
, 1

h i
:

ð36Þ

One can show that A5 and A6 have no contribution to our
S-matrix, due to the fact that their integrations are zero on the
upper half plane.

4. World Volume Singularity Structures of IIB

The low-energy expansions of all the functions can be found
by using the package of HypExp [49, 50], and we just point
out to some of the expansions. For instance for n = 0 (see
the Appendix) and at the first order of the expansion, one
gets the following values:

A1 =
−iπ 2s − v −wð Þ
2 2s − vð Þw ,

A2 =
−π −2s + vð Þ

4 −2s + v +wð Þw ,

A3 =
π −2s + v +wð Þ

2s − vð Þw ,

A4 =
−iπ 2s − v − 2wð Þ
2 −2s + v +wð Þw :

ð37Þ

Let us deal with the singularities of the S-matrix. The
amplitude makes sense for Cp−3, Cp−1, Cp+1 cases. One can
summarise the expansions of the functions in terms of Aε
series½n, εorder� accordingly. In particular, for the other
cases, we find the following expansions with the explicit coef-
ficients as written in Tables 1–4.

One can show that the expansions of A3εseries½1, 2�, A3
εseries½1, 3�, and A3εseries½1, 4� have no poles and made out
of just contact interactions of the sort of the following form:

−2s + v +wð Þ 〠
∞

m,p,q=0
hm,p,qw

mvpsq: ð38Þ

Given the above structure, for p = n case, now one can
apply α′ higher derivative corrections to explore corrections
in type IIB as follows:

〠
∞

m,p,q=0
hm,p,q α′

� �m+q
Da1 ⋯Dam DaD

að ÞpC2a0⋯ap−2
Da1 ⋯Daq Fap−1ap

�

×Da1
⋯Dam

Da1
⋯Daq

C1a0⋯ap
Þ μ1pμ2p
p − 1ð Þ! p + 1ð Þ! ε

a0⋯ap
1 ε

a0⋯ap
2 ,

ð39Þ

where ð−2s + v +wÞ is an overall factor and p2:D:p2 can be
constructed out by applying the sum of momenta as 1/2ðDa

DaÞC2 ∧ F. Note that for all the other functions starting from
n = 3, ε = 0, 1, 2, the only nonzero values for the expansion
would be at the first order expansion and have the following
nonzero values ðπ2/12Þð2s − v −wÞ, ðiπ2/24Þv, and ðiπ2/12Þv
for A1½1, 3�, A2½1, 3�, and A4½1, 3� accordingly.

Table 1: A1εseries½1, 1�.
ε order Coefficient

-1 0

0 0

1 1/4π2 2s − v −wð Þ

Table 2: A2εseries½1, 1�.
ε order Coefficient

-1 0

0 0

1 1/8iπ2v

Table 3: A3εseries½1, 2�.
ε order Coefficient

-1 0

0 0

1 0

2 i + 1ð Þ/4ð Þπ2v −2s + v +wð Þ
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Now given the low-energy expansion and in order to pro-
duce the world volume singularity structures, we try to
extract the traces and carry out algebraic simplifications.

Indeed, if λ in the S-matrix takes the world volume index
λ = d, then the p1:D:p1 channel pole in IIB can be produced
by the following EFT subamplitude:

ACCA
IIB =

iπμ1pμ2p−2
p! p − 2ð Þ!

1
2p1:D:p1

ε
a0⋯ap−1d
1 H1a0⋯ap−1

ε
a0⋯ap−3cad
2 H2a0⋯ap−3

ξ1ak1c,

ð40Þ

where ðμ1p, μ2p−2Þ are RR charges and it is renormalised by

1/26. Hence, if λ picks up the world volume index, then all
the traces have nonzero contributions for C1p−1 as well as

for C2p−3 cases. Note that this obviously confirms that we do

have a gauge field singularity structure and also all various
α′ higher derivative corrections to two closed string RRs in
type IIB that can be constructed out later on.

The gauge singularity structure for this particular case is
regenerated by the following EFT subamplitude:

A = Va
α C1p−1, A
� �

Gab
αβ Að ÞVb

β C2p−3, A, A1
� �

, ð41Þ

where the Chern-Simons coupling ið2πα′Þμ1p
Ð
Σp+1

C1p−1 ∧ F

is needed; also note that it is shown that this coupling does
not receive any corrections either.

One can reveal all the simple propagators by employing

the kinetic terms that appeared in DBI action as ð2πα′Þ2Fab

Fab and ðð2πα′Þ2/2ÞTrðDaϕ
iDaϕiÞ where the kinetic terms

of gauge fields and scalars will receive no correction either,
because they are fixed in the low-energy DBI action as well.
One readily gets to derive the EFT vertex operators for the
above amplitude as follows:

Va
α C1p−1, A
� �

= i 2πα′
� �μ1p

p!
ε
a0⋯ap−1a
1 H1a0⋯ap−1

Tr λαð Þ,

Gab
αβ Að Þ = −1

2πα′
� �2 δ

abδαβ

k2
,

Vb
β C2p−3, A, A1
� �

= i 2πα′
� �2 μ2p−2

p − 2ð Þ! ε
a0⋯ap−1b
2

�H2a0⋯ap−3
ξ1ap−2k1ap−1Tr λ1λβ

� �
,

ð42Þ

where the following interaction for the 2nd Chern-Simons
coupling has been taken into account:

i 2πα′
� �2

μ2p−2

ð
Σp+1

C2p−3 ∧ F ∧ F: ð43Þ

Notice that in the propagator, one considers k2 = −
ðp1 +D:p1Þ2. Now, by replacing (42) into (41), we would be
able to precisely reconstruct in the EFT of IIB the following
simple pole:

iπμ1pμ2p−2
p! p − 2ð Þ!

1
2p1:D:p1

ε
a0⋯ap−1d
1 H1a0⋯ap−1

ε
a0⋯ap−1d
2 H2a0⋯ap−3

ξ1ap−2k1ap−1 :

ð44Þ

This is the same gauge field singularity structure of C
CA that appeared in the IIB string theory. (Notice that
due to symmetries, likewise, the p2:D:p2 pole can also be
generated. Given the fact that after all Tr ðλ1Þ is zero for
SUðNÞ, we come to know that there is no s channel pole.
4k1:p2 = −4k1:p1 = 2s). It would be nice to explore two RR
couplings, with a scalar field, and their bulk singularity
structures to actually find out their corrections in type
IIA as well.

One can show that indeed if λ in the S-matrix takes the
transverse index λ = j, then the scalar field pole in IIB is pro-
duced by the following EFT subamplitude:

iπμ1p+2μ2p
p + 2ð Þ! pð Þ!

1
2p1:p2

ε
a0⋯ap
1 Hj

1a0⋯ap
ε
a0⋯ap−2ca
2 Hj

2a0⋯ap−2
ξ1ak1c:

ð45Þ

Hence, if λ picks up the transverse index, then the
amplitude and the traces have nonzero contributions for
C1p+1 as well as for C2p−1 cases, and we do have a scalar

field singularity structure that can be shown to be matched
in an EFT.

The singularity structure for this case is also produced by
the following EFT counterpart:

Vi
α C1p+1, ϕ
� �

Gij
αβ ϕð ÞV j

β C2p−1 , ϕ, A1

� �
, ð46Þ

where Vi
αðC1p+1 , ϕÞ was obtained from ið2πα′Þμ1p

Ð
Σp+1

∂i

C1p+1ϕi which is indeed the Taylor expansion in EFT. We

Table 4: A4εseries½1, 1�.
ε order Coefficient

-1 0

0 iπ2/2

1 −iπ2/4
� �

v + EulerGammav + 3iπv + 4s log 2½ � + vPolyGamma 0, 1/2½ �ð Þ
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clarify the EFT vertex operators for the above amplitude
as follows:

Vi
α C1p+1 , ϕ
� �

= i 2πα′
� � μ1p+2

p + 2ð Þ! ε
a0⋯ap
1 Hi

1a0⋯ap
Tr λαð Þ,

Gij
αβ ϕð Þ = −1

2πα′
� �2 δ

ijδαβ

k2
,

V j
β C2p−1 , ϕ, A1

� �
= i 2πα′
� �2 μ2p

pð Þ! ε
a0⋯ap
2

� Hj
2a0⋯ap−2

ξ1ap−1k1apTr λ1λβ
� �

,

ð47Þ

where the mixed WZ and CS interaction ið2πα′Þ2μ2pÐ
Σp+1

∂iC2p−1 ∧ Fϕi for the second coupling is taken. Having

set that (we have also used the fact that ðk1 + p2Þa = −pa1
and also 2k1:p2 = −2p1:p2), one regenerates the p1:p2
singularity structure in EFT which is the same pole
that appeared in (45) of IIB. Finally, one can show that
the other singularity of the amplitude can be recon-
structed in an EFT. Indeed, if one makes use of the
same EFT rule and applies the mixed pull-back of the
brane and Chern-Simons coupling of the derived form
as below

i 2πα′
� �2

μ1p

p − 1ð Þ!
ð
Σp+1

Ci
1p−2 ∧ F ∧Dϕi, ð48Þ

then one would be able to regenerate the singularity in
an EFT side as well.

5. Conclusion

In this paper, first, we have computed both asymmetric
and symmetric S-matrices of a four-point amplitude of a
gauge, a scalar field, and a closed string RR for different
nonvanishing traces of all different BPS branes. We then
figured out all world volume, the Taylor and pull-back
couplings, and their α′ corrections. Thanks to symmetry
structures, various restricted BPS Bianchi identities are
also revealed. A prescription for the corrections of two
closed string RR couplings in type IIB was found out.
We have also gained the closed form of all the correlators
of two closed string RRs and a gauge field in the type IIB
string theory.

The algebraic forms of the integrals for the most gen-
eral integrations on the upper half plane that are of the
sort of

Ð
d2zjz − ijajz + ijbðz − �zÞcðz + �zÞd are explored

where the outcome is written down in terms of Pochham-
mer and some analytic functions. Lastly, various singular-
ity structures in both the EFT and IIB string theory are
reconstructed. We have also worked out with different
contact term analysis and reproduced different contact

interactions of the S-matrices as well as their α′ higher
derivative corrections, and eventually, some concrete
points are clarified in detail. Various world volume cou-
plings just in IIB as well as their explicit corrections are
discovered as well.

Now, let us just address in detail the technical issues
related to solving integrals in the Appendix.

Appendix

A. Solving the Integrals of Two RRs and an
NS Field

We did gauge fixing as ðx1⟶∞,z1 = i, �z1 = −i, z2 = z, �z2 = �zÞ
and eventually one needs to take integrations on the loca-
tion of the second closed string on the upper half plane
as follows:

I =
ð
H+
d2z z − ij ja z + ij jb z − �zð Þc z + �zð Þd , ðA:1Þ

where d = 0, 1 and a, b, c are written down in terms of
three independent Mandelstam variables. We first use
the following transformations:

z + ij jb = 1
Γ − b/2ð Þð Þ

ð∞
0
dtt−

b
2−1e−t i+zj j2 ,

z − ij ja = 1
Γ − a/2ð Þð Þ

ð∞
0
duu−

a
2−1e−u z−ij j2 ,

ðA:2Þ

where z = x + iy and the integration on x is readily done

as
Ð∞
−∞dxe−ðt+uÞx

2
=

ffiffiffi
π

p
/ðt + uÞ1/2,.

Let us first solve it for d = 0 so that the integration on
y becomes

Iy = 2ið Þc
ð∞
0
dy y +

u − t
u + t

� �c

e− t+uð Þ yð Þ2−4tu
t+u: ðA:3Þ

Using a simple algebraic analysis and change of vari-
ables, one writes down the integration on y as follows:

Iy = −2ið Þc t − u
u + t

� �c+1ð∞
0
dy 1 − yð Þce− t−uð Þ2

t+u y2e−
4tu
t+u: ðA:4Þ

Now, one can make use of the Pochhammer definition
as follows:

1F0 a zjð Þ = 1 − zð Þ−a

= 〠
∞

n=0

að Þnzn
n!

,
ð∞
0
dy yce− s+uð Þy2

= Γ 1 + cð Þ/2ð Þ
2 s + uð Þ 1+cð Þ/2 :

ðA:5Þ
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If we consider (A.5), then one gets to derive the whole
y integration. Now, one can collect all the results of x and
y integration inside I to get to

I = 〠
∞

n=0

−cð ÞnΓ 1 + nð Þ/2ð Þ
n!

�
ffiffiffi
π

p
−2ið Þc

2Γ −a/2ð ÞΓ −b/2ð Þ
ð∞
0

ð∞
0

� dtdu

t + uð Þc+1−n/2 t − uð Þc−nu−a/2−1t−b/2−1e−4ut
t+u:

ðA:6Þ

If one uses the following change of variables

u =
x
s
,

t =
x

1 − s
,

dtdu = Jdxds =
xdxds

s 1 − sð Þð Þ2 :

ðA:7Þ

By substituting the above variables and making use of the
Jacobian, one eventually gets to gain the final integral as

I =
ð∞
0
dxe−4xx

−4− a+b+nð Þ
2

ð1
0
dss n+að Þ/2 1 − sð Þ n+bð Þ/2 1 − 2sð Þc−n

× 〠
∞

n=0

−cð Þn −1ð Þc−nΓ 1 + n/2ð Þ
n!

ffiffiffi
π

p
−2ið Þc

2Γ −a/2ð ÞΓ −b/2ð Þ :

ðA:8Þ

If we use ΓðzÞ = ðz − 1Þ!, then one reads off the final
answer to be

I =
ð1
0
dss n+að Þ/2 1 − sð Þ n+bð Þ/2 1 − 2sð Þc−n

× 〠
∞

n=0

−cð Þn −1ð Þ2c−nΓ 1 + nð Þ/2ð Þ
n!

�
ffiffiffi
π

p
2ið Þc

Γ −a/2ð ÞΓ −b/2ð ÞΓ −1 −
a + b + n

2

� �
2a+b+n+1,

ðA:9Þ

where the integration
Ð 1
0dss

ðn+aÞ/2ð1 − sÞðn+bÞ/2ð1 − 2sÞc−n can
also be computed in terms of the hypergeometric function
as follows:
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