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The particle content of the Singh-Hagen model (SH) in D dimensions is revisited. We suggest a complete set of spin-projection
operators acting on totally symmetric rank-3 fields. We give a general expression for the propagator and determine the
coefficients of the SH model confirming previous results of the literature. Adding source terms, we provide a unitarity analysis
in D dimensions. In addition, we have also analyzed the positivity of the massless Hamiltonian.

1. Introduction

The suggestion of a free theory describing higher spin parti-
cles dates back to 1936 by Dirac [1] and 1939 by Fierz and
Pauli (FP) [2]. As fundamental assumptions, such theories
should be invariant under Poincaré transformations and at
the same time guarantee the energy positivity. Particularly
in the case of higher spin theories, positivity deserves special
attention, since attempting to describe such particles, we are
faced with extra propagation modes with spins lower than
those we would like to describe; such modes may be ghosts
in some cases. In order to remove the spurious degrees of
freedom, one needs the addition of auxiliary fields, which
sometimes makes the analysis of the equations of motion
truly complicated.

From the experience with lower spins, one knows that the
particle content of some theory may be directly obtained by
calculating the propagator, but in order to obtain it, one
needs to construct a complete basis of spin-projection opera-
tors. Strictly speaking about bosonic examples, it is quite sim-
ple to obtain the propagator of a rank-one field theory with
the help of the transverse θμν = ημν − ωμν and longitudinal
ωμν = ∂μ∂ν/□ operators. By mean of these projectors, Barnes
and Rivers [3] have introduced a complete set of spin-
projection operators which allows us to determine the parti-
cle content of a given rank-two field theory (a slightly differ-
ent basis is also used by [4]). Some extensions of this set of

projectors are given at [5, 6] where a new class of projection
operators for three-dimensional models is constructed.

The spin-3 case is the simplest bosonic example of a
higher spin theory. A model of second order in derivatives
which describes a massive spin-3 particle is given by Singh
and Hagen [7]. Here, we revisit the particle content of this
model in D dimensions by suggesting a complete set of
spin-projection operators; our results in some sense general-
ize the discussion cared out by [8] and are in agreement
with those results obtained by [9]. We also provide a unitar-
ity analysis of such model by adding source terms in order
to verify the sign of the imaginary part of the residue of
the transition amplitude saturated in the sources. For the
massless case of the SH theory, we have obtained the canon-
ical Hamiltonian as well as the constraints of the theory in
D dimensions. By checking that they are first-class con-
straints, we demonstrate that the system describes the cor-
rect number of degrees of freedom. Finally, by using the
constraints as strong equalities, we provide the reduced
Hamiltonian in terms of spin-projection operators demon-
strating that the model carries only spin-3 particles and that
it is positive definite.

2. Rank-3 Spin-Projection Operators

In the SH model, the spin-3 field is a totally symmetric field
hμνλ with the trace given by hλ = ημνhμνλ. Along with this
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work, we have used the mostly plus metric ð−, + , + , ⋯ Þ. At
least in D = 3 + 1, we should expect six projection operators
once the field hμνλ belongs to the representation of the
Lorentz group given by ð1/2 ; 1/2Þ ⊗ ð1/2 ; 1/2Þ ⊗ ð1/2 ; 1/
2Þ = ð3/2 ; 3/2Þ ⊕ ð1/2 ; 1/2Þ. They correspond to the unique
spin-3 sector given by the symmetric, transverse, and trace-
less part of hμνλ, one spin-2 sector given by the divergence
∂μhμνλ, two spin-1 sectors contained at the double divergence
∂μ∂νhμνλ and trace ημνhμνλ, and two spin-0 sectors given by

the triple divergence ∂μ∂ν∂λhμνλ and the divergence of the
trace ∂μhμ. Such projectors in this specific dimension are
given for example in [8]. (A slightly different basis can also
be found, for example, in [10], and a set of semi-projectors
operators was explored by [11]. Both bases are not convenient
to our purposes; besides, they are also in D = 3 + 1. A recent
development has also been achieved for the rank-s case in D
dimensions at [12]). Aiming the construction of them in D
dimensions, we notice that the trace of θμν = ημν − ωμν and
ωμν = ∂μ∂ν/□ are, respectively, D − 1 and 1. Then one can
generalize that the results to D dimensions are as follows:

P 3ð Þ
11

� �μνρ

αβγ
= θ

μð
αð θ
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βθ

ρÞ
γÞ − P 1ð Þ

11
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αβγ
,

P 2ð Þ
11

� �μνρ
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= 3θ μð
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,
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Notice that, here, the parenthesis means normalized sym-
metrization, taking, for example,
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ð2Þ

As a requirement, the basis must be orthonormal and the
projector idempotents:

P sð Þ
ij P

rð Þ
kl = δsrδjkP

sð Þ
il : ð3Þ

In our notation, the superscripts ðrÞ and ðsÞ denote the
spin subspace, while subscripts i, j, k, and l work to distin-
guish between projectors and transition operators. Once, for
example, i = j or k = l, we have a projector, while if i ≠ j or k
≠ l, we have a transition operator. In addition, the subscripts
work in order to count the number of projectors of a given
spin subspace, for example, in the subspace of spin 0, we have

two projectors represented by the combinations i = 1, j = 1
and i = 2, j = 2. The set of projectors obeys the following
mathematical identity:

〠
i,s
P sð Þ
ii = 1, ð4Þ

where 1 stands for the symmetric rank-3 identity operator, i.e.,

1
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ν
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ρÞ
γÞ: ð5Þ

Finally, the transition operators PðsÞ
ij are given by
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We have to say that the transition operators also satisfy
the algebra given by (3). They are not necessary to complete
the identity in (4); however, we do need them in order to
expand the sandwiched operator between two rank-3 fields
in a bilinear Lagrangian.

3. On the Coefficients of the Spin-3
Singh-Hagen Theory

As showed in [13, 14], the description of a massive spin-3
particle in terms of a totally symmetric field with a second-
order Lagrangian requires the introduction of an auxiliary
field. The simplest way to introduce it is by associating the
totally symmetric field with a scalar field. In [15], one of us
in collaboration has observed that even for higher derivative
descriptions of doublets of spin-3, the addition of such auxil-
iaries is necessary. Recently, however, [16] have verified that
they are not necessary for a higher derivative self-dual descrip-
tion of a massive spin-3 singlet in D = 2 + 1 dimensions.

In the following lines, we use the operators to revisit, as
an example, the particle content of the SH model coupled in
the simplest way to a scalar auxiliary fieldW. Let us suppose
all the coefficients are undetermined and given by a, b,⋯t,
then we have

L = a hμνρ□h
μνρ + b hμνρ∂

μ∂αh
ανρ + c hν∂

ν∂μh
μ + d hν□h

ν

+ e hρ∂μ∂νh
μνρ + f m2 hμνρh

μνρ + gm2 hμh
μ + iW□W

+ jm2 W2 + tm hμ∂
μW:

ð7Þ

In the appendix, we give explicit expressions of the bilinear
form of each term. By collecting all of them, the Lagrangian
density can be written as

2 Advances in High Energy Physics



L = hμνρΘ
μνρ
κλσh

κλσ +WΦW + hμνρT
μνρW, ð8Þ

where
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Tμνρ = tm
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Integrating over the scalar field W, we then have the
nonlocal Lagrangian given by

L = hμνρG
μνρ
αβγh

αβγ, ð10Þ

where the operator G is written as

Gμνρ
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μνρ
κλσ +

1
4ΦTμνρTκλσ: ð11Þ

In order to determine the coefficients a, b,⋯t, we now
take the equations of motion with respect to the symmet-
ric field hμνλ, and then to select the spin-3, spin-2, spin-1,
and spin-0 sectors, we apply the spin-projection operators
on these equations, which give us
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Once we want to have only the spin-3 propagation, we

need to handle the equations from (12) to (17) in order to
have a Klein-Gordon equation in the spin-3 sector and to
kill all the subsidiary conditions propagating lower spins,
which can be done by setting to zero the coefficients mul-
tiplying the d'Alembertian in such sectors. After manipu-
lating with the system of equations given above, one can
then find the coefficients and their relations, which after
substituting back in the Lagrangian density give us

L = a hμνρ□h
μνρ − 3a hμνρ∂μ∂αhανρ −

3a
2 hν∂

ν∂μh
μ

− 3a hν□hν + 6a hρ∂μ∂νhμνρ − am2 hμνρh
μνρ

+ 3am2 hμh
μ −

1
3a

D − 1ð Þ
D − 2ð Þ t

2 W□W

+ 1
2a

D
D − 2

� �2
t2m2 W2 + tm hμ∂

μW:

ð18Þ

We end up with two undetermined coefficients a and
t; however, notice that if we redefine h⟶ h/

ffiffiffiffiffi
2a

p
and

W ⟶
ffiffiffiffiffi
2a

p
W/t, they are completely eliminated of the

action. Besides, we notice that the dimensional dependence
in the coefficients of W□W and W2 is exactly the same

3Advances in High Energy Physics



with what Aragone et al. have obtained[9]. This is pre-
cisely the SH model in D dimensions, and in the next sec-
tion, we are going to analyze its unitarity. The presence of
auxiliary fields in higher spin theories is always the reason
for difficulties when analyzing the equations of motion.
We have noticed that if one takes the Lagrangian given by
(7) and eliminate the scalar field ad hoc, we can then per-
form the analysis of the equations of motion by projecting
the spin sectors and conclude that we have a Klein-
Gordon equation to the spin-3 mode if and only if D = 2.
In other words, in this specific dimension, we do not need
the presence of auxiliary fields. This is an expected result
once there is no reason to think about spins in such a
dimension.

4. Unitarity of the Spin-3 Singh-Hagen Model

Here, we start by supposing that one can integrate over the
auxiliary scalars obtaining a nonlocal Lagrangian which how-
ever can be put in a bilinear form. Then the sandwiched oper-
ator can be expanded in terms of the orthonormal basis
introduced before. As a warm-up exercise, we could take a
general bilinear Lagrangian given by

L = hμνρG
μνρ
αβγh

αβγ, ð19Þ

where Gμνρ
αβγ is an operator that can be written in terms of PðsÞ

ij .

From now on, we have suppressed the indices for the sake of
simplicity in all the results.
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,
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and suppose the inverse of G given by
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The coefficients A, B,⋯S are completely arbitrary, but
once we know that GG−1 = 1, we can relate them through
the general results below:
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A
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B
,
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I
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:

ð22Þ

Such results are useful for any spin-3 model without par-
ity breaking. This is precisely the case of the Lagrangian den-
sity we have found at (18) after field redefinitions. One can
verify that the operator G in this case is given by
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where we have used i = −2ðD − 1Þ/3ðD − 2Þ and j =D2/
ðD − 2Þ2. With the help of the general expressions obtained
before, after inverting the operator G, we have the following
propagator:

G−1� �
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11
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:
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Notice that there is a massive pole in the spin-3 sector
and we have no dynamics in the lower spin sectors. In order
to check that this spin-3 particle is, in fact, a physical particle,
let us analyze the sign of the imaginary part of the residue of
the transition amplitude saturated in the sources. After tak-
ing the Fourier transformation, in the momentum space, it
is given by

A kð Þ = −
i
2 F

∗
μνρ kð Þ G−1 kð Þ� �μνρ

αβγ
Fαβγ kð Þ, ð25Þ

where FμνρðkÞ is the source in such space. We have a physical
particle if the following condition on the transition amplitude
is satisfied:

Im Res A2 kð Þð Þjk2=−m2
 �

> 0: ð26Þ

Otherwise, we would have a ghost at the spectrum. In our
case, we have

Im Res A kð Þð Þjk2=−m2
 �

= lim
k2→−m2

k2 +m2� �
A kð Þ = ~F

∗
μνρ

~F
μνρ,

ð27Þ

where ~Fμνρ = ðPð3Þ
11 Þ

αβγ

μνρ
~Fαβγ. As the spin-3 projection opera-

tor (Pð3Þ
11 ) is totally symmetric with respect to the indices μν

ρ and αβγ, traceless, and transverse, the source term must
have the same properties, i.e.,

ημν~Fμνρ = 0,

kμ~Fμνρ = 0:
ð28Þ

Once we have only one massive pole at the spin-3 sector,
we choose the frame given by kμ = ðm, 0,⋯, 0ðD−1ÞÞ. Then,
we have

kμ~Fμνρ =m~F0νρ = 0⇒ ~F0νρ = 0, ð29Þ

which leaves us only with the spatial contributions, given by

Im Res Að Þjk2=−m2
 �

= ~F
∗
ijl
~F
ijl > 0 ; i, j, k = 1,⋯,D − 1: ð30Þ

From this spectral analysis, we can verify that the SH
model is free of ghosts, propagating only a spin-3 massive
particle in D dimensions. It is also interesting to notice that
once the propagator of the SH theory (24) has a unique pole
in the spin-3 sector, which goes with 1/ðk2 +m2Þ in the
momentum space, the potential in the nonrelativistic limit
(at least in D = 3 + 1) between two sources exchanging
spin-3 particles is a Yukawa potential VðrÞ ~ e−mr/r, as also
happens with the lower spin cases, namely, Proca and FP
theories. The massless limit of higher spin theories however
may have discontinuities, as observed by van Dam and Velt-
man for spin-2 theories [19] and by Berends and Reisen [8]
for the case of spin-3 theories.

5. Hamiltonian Positivity of the Massless Case

The massless SH theory is given by

Lm=0
SH = −

1
2 ∂αhμνρ
� �2 + 3

2 ∂μhμνρ
� �2 + 3

2 ∂αhνð Þ2 + 3
4 ∂νhνð Þ2

− 3∂νhρ∂μhμνρ:
ð31Þ

In order to study the Hamiltonian positivity of this sys-
tem, we break manifest Lorentz covariance identifying terms
with two time derivatives, which give us

Lm=0
SH = 1

2
_hijk

� �2
−
3
2

_�hi
� �2

+ 1
4
_λ
2 + 3

2
_λ ∂ih00i − 3 ∂kh0ij _hijk

+ 3
2 ∂iλ

_�hi + 3 ∂i�h0 _�hi + 6 ∂ih0ij _�hj +V ,

ð32Þ

where we have used the following notation �hi = hijj, �h0 = h0kk,

and λ = h000 − 3�h0, which is similar to the one adopted by
[20]. Notice also that all the terms without time derivatives
are grouped on the symbol V which is explicitly given by

V = − ∂lλð Þ2 − 3 ∂lλ∂l�h0 −
3
2 ∂l�h0
� �2 + 3

2 ∂lh0ij
� �2

−
1
2 ∂lhijk
� �2 + 9

4 ∂ih00ið Þ2 − 3 ∂ih0ij
� �2 + 3

2 ∂ihijk
� �2

+ 3
2 ∂l�hi
� �2 + 3

4 ∂i�hi
� �2 − 3 ∂lh00i∂l�hi −

3
2 ∂ih00i∂l�hl

+ 3 ∂jhk00∂ihijk − 3 ∂j
�hk∂ihijk − 3 ∂ih0ij∂jλ − 6 ∂j

�h0∂ih0ij:

ð33Þ

Calculating the conjugate momenta from (32), we have
the following primary constraints φi = π00i ≈ 0 and φij =
π0ij ≈ 0. The consistency checking a la the Dirac-Bergman
procedure of such constraints gives us two additional sec-
ondary constraints χi and χij which are given by

χi = 3 ∂iπ − ∇2�h
i + ∂j∂kh

ijk −
1
2 ∂

i∂j
�h
j

� �
,

χij = −3 ∂kπ
kij + 1

2 δ
ij∇2λ

� �
:

ð34Þ

One can verify that all the constraints are first class,
which is related to the fact that the massless theory is gauge
invariant under traceless reparametrizations, i.e., δhμνλ =
∂ðμ~ξνλÞ where ~ξνλ = ~ξλν and ηνλ~ξνλ = 0. Then in the Lagrang-
ian level, once we have two vectorial and two tensorial first-
class constraints, by considering the number of indepen-
dent components of the totally symmetric rank-3 tensor,
one has DðD + 1ÞðD + 2Þ/6 − 2DðD − 1Þ/2 − 2ðD − 1Þ = ðD −
2ÞðD − 3ÞðD + 2Þ/6 degrees of freedom which correspond
to the two helicities +3 and −3 in D = 4. With these results
in hand, we then take the Legendre transformation, in
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order to obtain the canonical Hamiltonian, which can be
written as

H = π2 + 1
2 πijk
� �2

−
3
2D πk

� �2
+ 3
2Dπk∂kλ

+ 5D − 3
8D

� �
∂kλð Þ2 + 1

2 ∂lhijk
� �2 − 3

2 ∂ihijk
� �2

+ 3 ∂ihijk ∂j
�hk −

3
2 ∂l�hi
� �2 − 3

4 ∂i�hi
� �2 + h00i χ

i + h0ij χ
ij:

ð35Þ

Here, the momentum π is canonically conjugated to the
combination λ. Following the same approach used by
[21], one can now determine the partially reduced Hamilto-
nian, which is done by using the secondary constraints as
strong equalities, which give us

H prð Þ = πijk
1
2 P 3ð Þ

11 + P 2ð Þ
11

� �
+ D − 1ð Þ

2D P 1ð Þ
22 −

ffiffiffiffi
D

p

2D P 1ð Þ
12 + P 1ð Þ

21
� �"

+ 5D − 7ð Þ
6 D − 1ð Þ2 P

0ð Þ
11 + D − 2ð Þ D − 3ð Þ

2 D − 1ð Þ2 P 0ð Þ
22

−
3D − 5ð Þ

6 D − 1ð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 D − 2ð Þ

p
P 0ð Þ
12 + P 0ð Þ

21

� �#ijk

lmn

πlmn

+ hijk ∇2 −
1
2P

3ð Þ
11 + D − 1ð Þ

2 P 1ð Þ
11

� �	 
ijk
lmn

hlmn,

ð36Þ

where we have written all the bilinear contractions of rank-
3 tensors in terms of the spin-projection and the transition
operators (Notice that we need to redefine our projectors,
changing D⟶D − 1. Besides, the transverse and longitu-
dinal operator are, respectively, given by θij = δij − ∂i∂j/∇2

and ωij = ∂i∂j/∇2.). By using the secondary constraints,

one can then get rid of the terms proportional to Pð1Þ
11 ,

Pð2Þ
11 , P

ð1Þ
22 , and ðPð1Þ

12 + Pð1Þ
21 Þ separately. Notice also that the

spin-0 sector can be combined in order to vanish. This
leads us with the reduced Hamiltonian given only in terms
of the spin-3 projection operators, as expected for the mass-
less spin ±3 particles described by the kinetic part of the
SH theory.

H rð Þ = 1
2πijk P 3ð Þ

11
� �ijk

lmn
πlmn −

1
2 hijk ∇2P 3ð Þ

11
� �ijk

lmn
hlmn≥0:

ð37Þ

Once any projection operator sandwiched among two equal
tensors has positive definite bilinear, and since −∇2 has
only positive eigenvalues, one can conclude that the
reduced Hamiltonian is positive definite implying in its
classical stability.

6. Conclusion

Here, we provide a generalized set of spin-projection and
transition operators for symmetric rank-3 tensors in D
dimensions. By setting D = 3 + 1, we can recover the results
of [8], and in this sense, we have a generalization of those
projectors. In a work in progress, we are constructing a set
of spin-projection operators to the case of nonsymmetric
fields in D dimensions, and in addition, we have considered
the case of models with parity breaking in D = 2 + 1, as it is
the case of the self-dual models suggested by [16, 17].

The coefficients of the SH model are determined with
the help of the spin-projection operators, by projecting
the equations of motion in the subspace of spin-3 and
lower. We have noticed that we end up with two arbitrary
coefficients a and t. But both of them may be eliminated
through field redefinitions. In a work in progress, we have
been analyzing the particle content of the higher derivative
models obtained at [15], but an additional difficulty is in
the game now; once the models are gauge invariants, we
need to construct gauge-fixing terms, in order to obtain
the propagator. Besides, as the models have higher deriva-
tives, double poles should appear. It is interesting to say
that in D = 2 + 1, such higher derivative descriptions have
lots of similarities with the new massive gravity model for
spin-2 particles [18].

Finally, we have given a detailed obtainment of the
propagator of the SH model by means of a general expres-
sion for bilinear Lagrangians in terms of totally symmetric
rank-3 tensors. From this analysis, we can verify that there
is only a spin-3 particle in the spectrum of the theory. By
adding a source term, we have analyzed the sign of the
imaginary part of the residue of the transition amplitude
saturated, and as it was expected, the propagating mode
is physical. In a way quite similar to the analysis per-
formed by [21], we have also obtained the Hamiltonian
as well as the constraints of the massless SH theory in D
dimensions. Thanks to the projection and transition oper-
ators, we have then demonstrated that the system is posi-
tive definite, describing correctly the number of degrees
as well as the spin.

Appendix

Here, we provide to the reader a detailed set of equations step
by step where we write the terms in their bilinear forms in
terms of the spin-projection operators:

hμνρ□h
μνρ = hμνρ □ P 3ð Þ

11 + P 2ð Þ
11 + P 1ð Þ

11
�	

+ P 1ð Þ
22 + P 0ð Þ

11 + P 0ð Þ
22

�μνρ

κλσ



hκλσ

hμνρ∂
μ∂αh

ανρ = hμνρ
□

18 6P 2ð Þ
11 + 12P 1ð Þ

22

�	

+ 6P 0ð Þ
11 + 18P 0ð Þ

22

�μνρ

κλσ



hκλσ
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hν∂
ν∂μh

μ = hμνρ
□

9 3 D − 1ð ÞP 0ð Þ
11 + 9P 0ð Þ

22

�	

+ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 D − 1ð Þ

p
P 0ð Þ
12 + P 0ð Þ

21

� ��μνρ

κλσ



hκλσ

hν□h
ν = hμνρ

□

9 3 D + 1ð ÞP 1ð Þ
11 + 3P 1ð Þ

22 + 3 D − 1ð ÞP 0ð Þ
11

�	

+ 9P 0ð Þ
22

�μνρ

κλσ



hκλσ + hμνρ

□

9 3
ffiffiffiffiffiffiffiffiffiffiffi
D + 1

p
P 1ð Þ
12

��	

+ P 1ð Þ
21
�
+ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 D − 1ð Þ

p
P 0ð Þ
12 + P 0ð Þ

21
� ��μνρ

κλσ



hκλσ

hρ∂μ∂νh
μνρ = hμνρ

□

18 6P 1ð Þ
22 + 18P 0ð Þ

22 + 3
ffiffiffiffiffiffiffiffiffiffiffi
D + 1

p
P 1ð Þ
12

��	

+ P 1ð Þ
21
��μνρ

κλσ



hκλσ + hμνρ

□

18 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 D − 1ð Þ

p
P 0ð Þ
12

��	

+ P 0ð Þ
21

��μνρ

κλσ



hκλσ

m2hμνρh
μνρ = hμνρ m2 P 3ð Þ

11 + P 2ð Þ
11 + P 1ð Þ

11
�	

+ P 1ð Þ
22 + P 0ð Þ

11 + P 0ð Þ
22

�μνρ

κλσ



hκλσ

m2hμh
μ = hμνρ

m2

9 3 D + 1ð ÞP 1ð Þ
11 + 3P 1ð Þ

22 + 3 D − 1ð ÞP 0ð Þ
11

�	

+ 9P 0ð Þ
22

�μνρ

κλσ



hκλσ + hμνρ

m2

9 3
ffiffiffiffiffiffiffiffiffiffiffi
D + 1

p
P 1ð Þ
12

��	

+ P 1ð Þ
21

�
+ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 D − 1ð Þ

p
P 0ð Þ
12 + P 0ð Þ

21

� ��μνρ

κλσ



hκλσ:

ðA:1Þ

Collecting all these terms, one can write the first andmost
tedious term of the Lagrangian density given by (8).
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