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In this work we are about to investigate the e�ects of quintessence dark energy on evolution of the computational complexity relating 
to the AdS/CFT correspondence. We use “���������� = ������” conjecture for a charged AdS black hole surrounded by the dark 
energy at the quintessence regime. �en we try to �nd some conditions on the quintessence parameters where the Lloyd bound is 
satis�ed in presence of a�ects of the quintessence dark energy on the complexity growth at the late time approximations. We compare 
late time approximation of the action growth by perturbed geometry in small limits of shi� function. Actually we investigate the 
evµolution of complexity when thermo�eld double state on the boundaries is perturbed by local operator corresponding to a shock 
wave geometry as holographically. Furthermore we seek spread of local shock wave on the black hole horizon in presence of the 
quintessence dark energy.

1. Introduction

In the perspective of gauge/gravity duality evolution of all 
dynamical �elds in the anti-de Sitter (AdS) gravity have dual 
pictures in the boundary �eld theories on which the gravity 
has been removed [1]. Actually this duality acts as a dictionary 
for all �eld theory characteristics in the language of black hole 
physics in AdS spacetime. One of important conjectures in the 
holographic context is about computational quantum com-
plexity which implies the minimum quantum gates necessary 
to produce states associated with boundary complexity from 
the reference state. �ese conjectures are based on the behavior 
of a patch created by the light rays emitted from �� on the le� 
boundary and �� on the right side of a two-sided eternal black 
hole, called Wheeler-DeWitt (WDW) patch [2, 3]. �e old 
conjecture states “complexity = volume” (CV), in which the 
volume of a maximal space-like slice in the black hole interior 
that connects �� and �� supposed to be appropriated with com-
putational complexity in its conformal �eld theory dual on the 
boundary [4]. �is conjecture is a result of the behavior of the 
interior volume of black hole which grows linearly with time, 
so it could be translated with the growth of computational 
complexity on the boundary with time [5, 6]. However, if the 
bulk contains a shock wave the interior volume of the black 

hole shrinks for a �nite time interval and shows an opposite 
behavior. In the new conjecture of “complexity = action” (CA), 
computational complexity of a holographic state on the 
boundary pictures is as the on-shell action in WDW patch. 
�is new conjecture has some preferences with respect to the 
old one and solve some problems which the “CV” conjecture 
su�ers. Lloyd showed [7] the growth rate of quantum com-
plexity has an upper bound which is related to the average 
energy of the orthogonal quantum states � such that

In this new conjecture, authors of the works [2, 3] concluded 
that the action growth of WDW patch obeys this bound at late 
time approximation which is provided us to work with 
orthogonal states. At this approximation we can have a general 
and universal form of the above bound for a rotating charged 
black hole as follows [8].

where + and − indicate the lowest and highest energy of states. 
�ese states for a black hole with multiple horizon happen at 
the most outer (�+) and the most inner (�−) horizons.

(1)
�(������)
�� ≤ 2�.

(2)
�A
�� ≤ (� − Ω� − ��)+ − (� − Ω� − ��)−,
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In the other side, shock waves near the horizon of an AdS 
black hole describe chaos in a thermal CFT [9–11] and could 
have interesting e�ects on the boundary complexity. From 
the point of view of holography dictionary the spreading of 
the shock wave near the horizon has butter©y e�ect in the 
boundary �eld theory. �is e�ect could be seen with a sudden 
decay a�er scrambling time �∗ = (�/2�)ln�, in which “�” 
stands for the black hole entropy. It is the necessary time for 
the black hole as the fastest scramblers to render the density 
matrix of a small essentially exactly thermal subsystem. �e 
spreading local shock waves in the bulk arise from throwing 
a few quanta into the horizon which corresponds to perturb 
thermo�eld double state |���⟩ on the boundaries by local 
operators. �e growth of spreading the shock wave on the 
boundary is identi�ed with butter©y velocity “v�” could be 
obtained by solving the equation of motions of perturbed 
geometry. Complexity growth rate and the e�ects of butter©y 
on it, are investigated on various gravity models for the bulk. 
In refs. [2, 3, 8] the authors investigated action growth for 
various AdS black holes and tested the Lloyd bound by con-
sidering the e�ects of charge. �e growth of holographic com-
plexity is studied in massive gravity in ref. [12], and in a more 
variety of other works [13–19]. On the other side, some of 
works have been done about studying the shock wave geom-
etry in di�erent gravity models in the bulk [9–11, 20, 21] and 
e�ects of them were investigated on the action growth by 
obtaining butter©y velocity and comparing them with other 
simple models [22, 23].

Motivation of studying the e�ect of dark energy arises 
from several works in holographic context. For instance Chen 
et al. found that quintessence dark energy can a�ect 
the s-wave and p-wave holographic superconductor [24]. In 
the other side, Kuang et al. studied the holographic fermionic 
spectrum dual to AdS black brane in 4 dimensions in the pres-
ence of quintessence dark energy and showed that this fermi-
onic system exhibits a nonFermi liquid behavior [25]. So it 
would be natural to investigate other aspects of holographic 
e�ects of this quintessence dark energy such as its impact on 
complexity growth or its e�ect on the spread of chaos on 
boundary. Quintessence dark energy introduced by an equa-
tion of state arisen from its energy tensor has a state parameter 
which is varied like −1 < � < −1/3. �is state parameter which 
is a factor to explain the accelerating expansion of the universe, 
could de�ne various regimes and could be �xed by regarding 
some cosmological observations. Here we like to study e�ects 
of this factor on the holographic complexity of a AdS black 
hole which is perturbed with a shock wave matter �eld. It can 
help us to get more profound understanding from the entropy 
of the black hole in presence of the quintessence dark energy 
by attention to some related bounds like Lloyd bound. Also it 
could help us to have more information about quintessence 
state parameter to get a better understanding of late time accel-
eration of the universe. Furthermore it could be interesting 
how the spreading of a chaos could be sensitive for changes of 
�. �is could give a comprehensive and statistical study for 
di�erent regimes of the used gravity theory during the evolu-
tion of the action. Moreover, from [26] we know free param-
eter � emerged from quintessence energy tensor should be 
considered as  thermodynamic variable and so its physical 

insight needs to investigation more. So as next work we are 
interested to study dual CFT perspective of this variable to 
approach to goal of this article.

In the present work we consider the e�ects of quintessence 
dark energy on the AdS black holes geometry, and therefore 
we will see how it changes the action growth rate and butter©y 
velocity in the shock wave geometry. Quintessence dark 
energy is a canonical scalar �eld which is one of the successful 
theories to explain the acceleration phase of the universe 
[27–29]. In this model which was �rst introduced by Kiselev 
[30] an additional energy-momentum tensor of quintessence 
counterpart must be added to the Einstein equation as 
G = �(������� + �quintessence) = �T . �e e�ects of quintessence 
have been studied in a wide range of works and thermody-
namics of the various black holes have been investigated when 
they are surrounded by the dark energy [30–35]. It would be 
challenging to see how it a�ects the holographic characteristics 
as well. Layout of this work is as follows.

We �rst study the action growth in the presence of quintes-
sence dark energy in Section 2. �en we discuss about condi-
tions where the Lloyd bound [7] could be hold with new charge 
associated with this new �eld. In Section 3 we calculate the 
butter©y velocity related to the spreading of perturbation and 
compare the action growth in the presence of a local shock wave 
geometry in the gravity model under consideration. Section 4 
denotes to concluding remarks and outlook of the work.

2. The Rate of Action Growth in Presence of the 
Dark Energy

We consider RN-AdS black hole surrounded by the quintes-
sence dark energy in four dimensional curved space time. It 
could be described by the following action functional.

where the �rst part is related with the bulk action contains 
Einstein-Maxwell Lagrangian density de�ned in the AdS spa-
cetime as follows.

In the above action the cosmological constant is related to the 
AdS space radius � by Λ = −3/�2 in four dimension. �e sec-
ond term in the action (4), L� implies on the lagrangian of the 
quintessence dark energy as a barotropic perfect ©uid de�ned 
by [36]

in which � is the light speed and �0 is integral constant which 
is come from singularity cut-o�. Also the quintessence dark 
energy barotropic index satis�es −1 < � < −1/3   . It comes from 
the quintessence dark energy equation of state as � = ���2 in 
which � is energy density and � is corresponding isotropic 
pressure.

In the other side the Gibbons-Hawking-York (GHY) 
boundary part of the action term within the WDW patch at 
the late time approximation is de�ned by

(3)S = S�� + S��.

(4)S�� = 116��∫�����
4�(√−g[� − 2Λ − ������] + L�).

(5)L� = −��2(1 + �ln( ��0)),
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where ℎ stands for the determinant of induced metric on the 
boundary of AdS bulk and � represents the trace of extrinsic 
curvature. We should note the authors of the work [37] showed 
that “CA” conjecture su�ers from some ambiguities related to 
the null surface’s parametrization and they found joint and 
boundary terms which are absent in this proposal. However 
authors of the works [38, 39] proved that the action growth at 
late time approximation does not need these extra terms. So 
for the present work, all other boundary terms and joint terms 
vanish at late time approximation.

In general, a line element for spherically symmetric static 
geometry in the Schwarzschild coordinates could be given by

with the following solution in presence of the quintessence 
dark energy e�ect [30].

where the positive constant “�” treats as normalization factor 
for density of the quintessence dark energy via � = −3��/2�3(�+1).  
�e electromagnetic tensor �eld ��� is de�ned by 4-vector 
potential �� as ��� = ���� − ����. �is is a gauge �eld and 
so for a spherically symmetric static metric (7) we can take its 
form as spherically symmetric time independent function for 
simplicity reasons as follows.

Substituting the metric solution (7) with (8) one can calculate 
the Ricci scalar as

To study the evolution of WDW action of this model it is 
useful to depict its Penrose diagram at late time approxima-
tion. As the black hole solution (7) has multiple horizons so 
we must consider its behavior between the lowest and the 
highest energy which happen at �− and �+, respectively. In 
Figure 1, we depicted the evolution of WDW patch for black 
hole containing the multiple horizons at late time approxi-
mation [40]. By increasing the time on the boundary the 
patch terminates at location of � = �����(��, ��) for all charged 
black holes. Time transition says us that the action growth 
at late time approximation only relates to the dark blue region 
behind the future horizon in Figure 1. Of course, the tiny 
part above the meet line is in second order �2 which is 
negligible.

Now by studying time dependence behavior of total action 
(3) in the quintessence regime of dark energy, we can evaluate 
holographic complexity growth. By considering the Ricci sca-
lar (10) and the quintessence lagrangian density (5) one can 
calculate the action growth of the bulk such that

(6)S�� = 18��∫boundary�
3�√−ℎ�,

(7)
��2 = −�(�)��2 + ��

2

�(�) + �
2��→� 22,

(8)�(�) = 1 − 2�� −
Λ�2
3 +
�2�
�2 −
�
�3�+1 ,

(9)� = � ��� = −��(1� −
1
�+)��.

(10)� = 4Λ + 3��(3� − 1)�3(�+1) .

in which

and we put �0 ≡ 3�/2. It is simple to show �(�) > 0 and 
�(�) > 0 in quintessence regime −1 < � < −1/3 as follows. By 
setting Ω2/4�� = 1 (11) reads

It is also easy to see (� + (�/3�)) > 0 for quintessence regime 
−1 < � < −1/3.

To obtain the action growth of the boundary part we must 
evaluate the extrinsic curvature associated to the metric solu-
tion (7) for which we have

where the prime � notes to derivative with respect to “�”. By 
this de�nition time derivative of the second part of the action 
(3) leads to the following form.

(11)

�S��
�� =

1
16�� ∫∫

�+

�−
�2(2Λ + 3��(3� − 1)�3(�+1) +

2�2�
�4

+�(�) 1�3�+1 + 
(�)
ln (�)
�3�+1 )���Ω2,

(12)
�(�) = −3��2 (1 + � ln (−�)),

�(�) = 9��
2(� + 1)
2 ,

(13)

�S��
�� = −

1
2�2 (�

3
+ − �3−) − �

2
�
2 (
1
�+ −
1
�−)

− �(3� − 1)4 (
1
�3�+
− 1�3�−
)

− 112�(	 +
�
3�)(
1
�3�+
− 1�3�−
)

− �12�(
ln (�+)
�3�+
− ln (�−)�3�−

).

(14)� = 1�2
�
��(�2√�(�)) = 2� √�(�) + �

�(�)
2√�(�) ,

→
tL tL
+∈→

← tR

r 1 r1

r2

r3

r4

r2
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Figure 1: Penrose diagram for a two sided black hole with multiple 
horizons in which WDW patch evolves at late time approximation 
and terminates at meet point with tL = tR and t = 0. r0 is the null spatial 
in�nity and the wavy lines indicate the singularities at r = 0, also r∞ 
stands for r = −∞.
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in which �± = ��/�± stands for chemical potential, A± = −1/2�3�±
is conjugated potential for parameter “�”. As we expect for � = 0
the second line in the above result vanishes. If we take “�” for 
the average energy of the quantum states then the rate of quan-
tum complexity satis�es the Lloyd bound [7] as

�is satisfaction arises from the conditions � > 0, � > 0 and 
� + �/3� > 0 which are mentioned in the above for the quin-
tessence regime −1 < � < −1/3.

3. Butterfly Effect with Shock Wave Geometry

�e shock wave geometry happens when our black hole solu-
tion is perturbed by a small amount of energy. Study of the 
shock wave geometry can be done by calculating the butter©y 
velocity which is the velocity of shock wave near the horizon. 
To do so we �rst rewrite the black hole solution (7) in the 
Kruskal coordinates system such that

where we de�ned

and ℎ(�, v) = �2 where and from now on we mark outer hori-
zon by �ℎ instead of �+ for simplicity reasons. As we know that 
there are the following relationship between the null Kruskal 
coordinates and the spherical coordinates.

with the thermodynamic parameter � = 1/��� in which � is 
temperature and �� is the Boltzmann constant. Also 
�∗ = ∫ ��/�(�) called as the tortoise spatial radial coordinate. 
For neighborhood of the exterior horizon �ℎ the tortoise coor-
dinate is approximated with the following form.

Now by rewriting the metric (22) in the new coordinates we 
can study the e�ects of disturbance as a shock wave geometry. 
Actually when a scalar operator � acts on the boundary at 
�� < 0 this shock wave creates. If �� be large enough then this 
shock creates a particle of null matter which travels along � = 0
in the bulk. Suppose that the metric has form like (22) for � < 0
but it is changed to a perturbed metric in which v is replaced 
by v + �(��) [8]. �(��) is called the (red) shi� function which 
shows a boundary perturbation in the direction of ��. �is shi� 
function creates some similarities for WDW patch with unper-
turbed geometry at late time approximation which is studied 
in previous section. In fact when the shi� function takes some 
large values then the light rays of WDW patch run into the 
past singularity which is similar to early time approximation, 

(21)
�C
�� ≤
2�
�ℏ .

(22)��2 = −2�(�, v)���v + ℎ(�, v)��→� 22,

(23)�(�, v) = − 4�v
�(�)
[��(�ℎ)]2

,

(24)
� = �(2�/�)(−�+�∗(�)),
v = −�(2�/�)(�+�∗(�)),

(25)�∗ ≈ 1��(�ℎ)
ln(� − �ℎ�ℎ ) + ⋅ ⋅ ⋅ .

Adding (13) and (15) we obtain total growth action for quin-
tessence RN-AdS black hole such as follows.

Solving the horizon equation �(�±) = 0 one can obtain the 
following expressions for charge and mass of the RN-AdS 
black hole.

By attention to these expressions the total growth rate (17) 
could be rewritten as follows.

Looking to the works presented by Brown et al. [2, 3], one can 
infer there are some extra terms due to the presence of quin-
tessence dark energy. If we rewrite this expression with respect 
to thermodynamic variables we �nd

(15)

�S��
�� =

1
8��∫boundary�Ω2(√−ℎ�)

= [��(�) + �
2��(�)
4 ]

�+

�−

= (�+ − �−) + 32�2 (�
3
+ − �3−) + �

2
�
2 (
1
�+ −
1
�−)

+ 3�(� − 1)4 (
1
�3�+
− 1�3�−
).

(16)

�S
�� = (�+ − �−) +

�3+ − �3−
�2 −
�
2(
1
�3�+
− 1�3�−
)

− 112�(� +
�
3�)(
1
�3�+
− 1�3�−
)

− �12�(
ln(�+)
�3�+
− ln(�−)�3�−

).

(17)�2� = �+�−[1 + 1�2 �
3
+ − �3−
�+ − �− − �

�−3�+ − �−3�−
�+ − �− ],

(18)
� = 12[(�+ + �−) + 1�2 �

4
+ − �4−�+ − �−

+�2 �+�3�− (�+ − �−)(
�−�+ − (�−�+)

3�)].

(19)

�S
�� = −�

2
�( 1�+ −

1
�−) +
�
2(
1
�3�+
− 1�3�−
)

− 112�(� +
�
3�)(
1
�3�+
− 1�3�−
)

− �12�(
ln(�+)
�3�+
− ln(�−)�3�−

).

(20)

�S
�� = (� − �+�� −A+�) − (� − �−�� −A−�)

− 112�(� +
�
3�)(
1
�3�+
− 1�3�−
)

− �12�(
ln(�+)
�3�+
− ln(�−)�3�−

),
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is called as “butterfly velocity”. In fact, this velocity as it is 
mentioned before is the spread of the local perturbation on 
the boundary of space-time. In our case ℎ(�) = �2 and so the 
butter©y velocity (33) reads

Regarding the quintessence dark energy counterpart in the 
present work we see that the butter©y velocity is depend on 
the quintessence parameters such as normalization factor �
and the state parameter �. It could be calculated by attention 
to Hawking temperature � = ��(�ℎ)/4� as

in which �ℎ is the outer horizon. To study the action growth 
in this perturbed geometry two parts must be included: the 
action of WDW patch behind the (I) past and (II) future hori-
zons. By attention to [3, 22] these two parts are de�ned respec-
tively by 

at which �� is the Lyapunov exponent proportional to the 
Hawking temperature and � is the length of the transverse 
direction �. �e upper bound of this coordinate called maxi-
mal transverse coordinate is |�| = v�(���������� − �∗ − ��) that guar-
antees the emergence of shock wave e�ect. Time dependence 
of the action of WDW patch yields:

where A is amplitude of shock wave in (31). As we can see by 
disturbing the geometry the perturbation spreads on the hori-
zon and the action growth get corrected by an extra term 
which has linear dependence to the speed of perturbation. As 
the shock wave initially starts from the le� side boundary of 
our two sided black hole and reaches the right side so the extra 
part depends only on ��. By vanishing any perturbation term 
A→ 0 one can re-derive non-perturbative situation which 
has same rate of growth with respect to both �� and ��.

Now it would be useful to study the e�ect of dark energy 
on the butter©y velocity for the same gravity model. As we can 
see dark energy leads to an extra term to v� which is addressed 
as the last term in (35). Since −1 < � < −1/3 so this term has 
negative sign. Horizon radius �ℎ as we know is a solution of 
�(�ℎ) = 0. In a charged black hole solution with no dark energy 
around it we should set � = 0 in the equation (8) as

and so the corresponding butter©y velocity ṽ� will be obtain 
from (35) without the last term and with di�erent horizon 
radius �̃ℎ obtained from �̃(�̃ℎ) = 0. From (8) and (38) it is 

(34)v� = √���ℎ .

(35)v� = 12 √
1
�2ℎ
+ 3�2 −
�2�
�4ℎ
+ 3���3�+3ℎ

(36)
Sfuture = 2���� ∫ ln �

��(|��|−�∗+��−(|�|/v�))��,

Spast = 2���� ∫ ln �
��(|��|−�∗−��−(|�|/v�))��,

(37)
SWDW = Sfuture + Spast

= 2�(�� + ��) + 2A�v�(���������� − �∗ − ��)2,

(38)�̃(�) = 1 − 2�̃� − Λ�
2

3 + �̃
2
�

�2 .

since for small shi� function similar to the late time approxi-
mation, these light rays meet each other behind the past hori-
zon [3]. Applying some new transformations as

in which �(�) represents the Heaviside step function, the met-
ric line element (22) then takes the new form as follows.

where �(�) denotes to the well known “Dirac” delta function. 
It is simple to see for � = � < 0 the above metric reduces to 
old one (22).

�e injected null matter stress-energy tensor, �matter, can 
be written before the injection of disturbance into the bound-
ary as (22) which in the Kruskal coordinates become

where G is the Einstein tensor. A�er injection this tensor could 
be expressed in the new coordinates such that

By attention to [11, 41] one can consider a massless particle 
at � = 0 which moves in the v-direction with the speed of light, 
the stress-energy tensor of this particle which is corresponds 
to the shock wave stress-energy tensor is:

where � is a dimensionless constant and �(�) is a local source 
of perturbation which for simplicity reasons we take to be as 
Dirac delta function, i.e. �(�) = �(�). By considering the 
stress-energy tensor of this disturbance the Einstein equation 
reads (1/�)G = �matter + �shock which should be solved. �is 
equation at the leading order term near the horizon can be 
solved as follows.

where,

and v� given by

(26)

� = �,
� = v + �(�)�(��),
�� = ��,

(27)
��2 = −2�(�,�)���� + ℎ(�,�)��→� 2

2

+ 2�(�,�)�(�)�(�)��2,

(28)

1
�G{�,v} = �matter = 2��v���v + �����2 + �vv�v2 + �����→� 22,

(29)

1
�G{�,�} = �matter

= 2(��� − ����(��)�(�))���� + �����2

+ (��� + ����2(��)�2(�)

−2����(��)�(�))��2 + �����→� 2
2.

(30)�(�ℎ���)�� = ��4 �(2�/�)��(�)�(�),

(31)�(�, ��) ∼ �−�(|��|−v��),

(32)� = √�
�(�ℎ)ℎ�(�ℎ)
2 ,

(33)v� = 2��� = √
��(�ℎ)
2ℎ�(�ℎ)
.
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hole solution is surrounded by quintessence dark energy [30]. 
�e e�ects of this kind of dark energy is investigated earlier 
in various works [29–34] and it seems challenging to see how 
it a�ects the holographic characteristics. We found some extra 
terms related to the quintessence dark energy are added to the 
total action growth. Also it is proved that by attention to the 
conjugated potential for the quintessence parameter the Lloyd 
bound [7] is satis�ed for all parameter states de�ned in regime 
of the quintessence dark energy.

We also investigate the action growth of this model for 
shock wave geometry [9]. Actually when the boundary is per-
turbed by a small amount of energy, the geometry in the bulk 
is a�ected. �e local shock wave spreads near the horizon with 
the “butter©y velocity” which could be obtained by the equa-
tion of motion for the new stress-energy tensor. In fact its form 
is same as of the old stress tensor but with an extra term which 
comes from the shock wave and has only �� component. It 
is due to a massless particle moving at null hypersurface � = 0
with the speed of light. We showed that the e�ect of the quin-
tessence dark energy causes to spread the shock wave with 
slower butter©y velocity near the horizon, so the complexity 
growth would be slower as well.
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