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We study a phenomenological model that mimics the characteristics of QCD theory at finite temperature. The model involves
fermions coupled with a modified Abelian gauge field in a tachyon matter. It reproduces some important QCD features such as
confinement, deconfinement, chiral symmetry, and quark-gluon-plasma (QGP) phase transitions. The study may shed light on
both light and heavy quark potentials and their string tensions. Flux tube and Cornell potentials are developed depending on the
regime under consideration. Other confining properties such as scalar glueball mass, gluon mass, glueball-meson mixing states,
and gluon and chiral condensates are exploited as well. The study is focused on two possible regimes, the ultraviolet (UV) and
the infrared (IR) regimes.

1. Introduction

Confinement of heavy quark states �QQ is an important sub-
ject in both theoretical and experimental studies of high-
temperature QCD matter and quark-gluon-plasma phase
(QGP) [1]. The production of heavy quarkonia such as the
fundamental state of�cc in the Relativistic Heavy Iron Collider
(RHIC) [2] and the Large Hadron Collider (LHC) [3] pro-
vides basics for the study of QGP. Lattice QCD simulations
of quarkonium at finite temperature indicate that J/ψ may
persist even at T = 1:5Tc [4], i.e., a temperature beyond the
deconfinement temperature. However, in simple models
such as the one under consideration, confinement is obtained
at T < Tc, deconfinement and QGP phase at T ≥ Tc. Several
approaches of finite temperature QCD have been studied
over some period now, but the subject still remains opened
because there is no proper understanding of how to consoli-
date the various different approaches [5–10]. Ever since, the
Debye screening of heavy �QQ potential was put forward
[11], leading to the suppression of quarkonia states such as
J/ψ. Attention has been directed to investigations to under-

stand the behavior of �QQ at the deconfined phase by nonrel-
ativistic calculations [12–16] of the effective potential or
lattice QCD calculations [4–8, 17].

We will study the behavior of light quarks such as up (u),
down (d), and strange (s) quarks and also heavy quarks such
as charm (c) and other heavier ones with temperature (T).
We will elaborate on the net confining potential, vector
potential, scalar potential energy, string tension, scalar glue-
ball masses, glueball-meson mixing states, and gluon con-
densate with temperature. Additionally, confinement of
quarks at a finite temperature is an important phenomenon
for understanding the QGP phase. This phase of matter is
believed to have formed few milliseconds after the Big Bang
before binding to form protons and neutrons. Consequently,
the study of this phase of matter is necessary for understand-
ing the early universe. However, creating it in the laboratory
poses a great challenge to physicists, because immensely high
energy is needed to break the bond between hadrons to form
free particles as it existed at the time. Also, the plasma, when
formed, has a short lifetime, so they decay quickly to elude
detection and analyses. Some theoretical work has been done
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in tracing the signature of plasma formation in a series of
heavy ion collisions. Nonetheless, a phenomenological model
that throws light on the possible ways of creating this matter
is necessary. In this model, the QGP is expected to be created
at extremely high energy and density by regulating tempera-
ture, T > Tc. Besides these specific motivations for this paper,
all others pointed out in [18, 19] are also relevant to this con-
tinuation. This paper is meant to complement the first two
papers in this series [18, 19]. Particularly, it is a continuation
of [18]. We will try as much as possible to maintain the nota-
tions in [18] in order to make it easy to connect the two. That
notwithstanding, we will redefine some of the terms for better
clarity to this paper when necessary. Generally, we will inves-
tigate how thermal fluctuations affect confinement of the fer-
mions at various temperature distribution regimes. The
Lagrangian adopted here has the same structure as the one
used in [18], so we will not repeat the discussions.

Even though strong interactions are known to be born
out of non-Abelian gauge field theory, no one has been able
to compute confining potentials through this formalism.
Therefore, several phenomenological models have been
relied upon to describe this phenomenon. Common among
which are linear and Cornell potential models. Bound states
of heavy quarks form part of the most relevant parameters
for understanding QCD in high-energy hadronic collisions
together with the properties of QGP. As a result, several
experimental groups such as CLEO, LEP, CDF, D0, Belle,
and NA5 have produced data, and currently, ongoing exper-
iments at BaBar, ATLAS, CMS, and LHCb are producing
and are expected to produce more precise data in the near
future [20–26].

The paper is organized as follows: In Section 2, we pres-
ent the model and further calculate the associated potentials
and string tensions in the ultraviolet (UV) and the infrared
(IR) regimes. In Section 3, we present the technique for intro-
ducing temperature into the model. We divide Section 4 into
three subsections where we elaborate on vector potential in
Section 4.1, scalar potential energy in Section 4.2, the quark
and gluon condensates in Section 4.3, and chiral condensate
in Section 4.4. In Section 5, we present our findings and
conclusions.

2. The Model

We start with the Lagrangian density:

L = −
1
4G ϕð ÞFμνF

μν + 1
2 ∂μϕ∂

μϕ −V ϕð Þ
− �ψ iγμ∂μ + qγμAμ −mqG ϕð Þ� �

ψ,
ð1Þ

with a potential given as

V ϕð Þ = 1
2 αϕð Þ2 − 1
� �2

: ð2Þ

The Lagrangian together with the potential and tachyon
condensation governed by the color dielectric function GðϕÞ
and dynamics of the scalar field produces the required QCD
characteristics.

The equations of motion are

∂μ∂
μϕ + 1

4
∂G ϕð Þ
∂ϕ

FμνFμν +
∂V ϕð Þ
∂ϕ

− �ψmqψ
∂G ϕð Þ
∂ϕ

= 0, ð3Þ

− iγμ∂μ + qγμAμ

� �
ψ +mqG ϕð Þψ = 0, ð4Þ

∂μ G ϕð ÞFμν½ � = −�ψqγνψ, ð5Þ

where μ, ν = 0, 1, 2, 3. We are interested in studying static
confining potentials that confine the electric flux generated
in the model framework, leaving out the magnetic flux which
will not be necessary for the current study. With this in mind,
we choose magnetic field components Fij = 0, such that Fμν

Fμν = −Fj0Fj0 = 2E2 and the current density jν = �ψqγνψ
restricted to charge density, i.e., jν = ðρ, 0!Þ, where ρ = q/ðð4/
3ÞπR3Þ. Thus, in spherical coordinates, Equation (5) becomes

Er =
λ

r2G ϕð Þ , ð6Þ

where λ = q/4πε0. Expanding Equation (3) in spherical coor-
dinates, we obtain1

d2ϕ
dr2

+ 2
r
dϕ
dr

= ∂
∂ϕ

V ϕð Þ + λ2

2
1

V ϕð Þ
1
r4

− �ψmqψV ϕð Þ
" #

;

ð7Þ

we set GðϕÞ = ð2πα′Þ2VðϕÞ and ignore the term in the order
λ2. Shifting the vacuum of the potential such that ϕðrÞ⟶
ϕ0 + η, where ηðrÞ is a small perturbation about the vacuum
ϕ0 = 1/α. We can express Equation (7) as

∇2η = 4α2 1 − qmqδ r!
� �� �

η: ð8Þ

We can also determine the bosonic mass from the relation

m2
ϕ =

∂2V
∂ϕ2

�����
ϕ0

= 4α2: ð9Þ

Also, we define the Dirac delta function such that

δ r!
� �

=
1
4π lim

R⟶0
3
R3

	 

, if r ≤ R,

0, r > R,

8><>: ð10Þ

where R is the radius of the hadron and r is the interparticle
separation distance between the quarks. Now, developing the
Laplacian in Equation (8) for particles inside the hadron gives

∇2η = m2
ϕ − qm2

q

� �
η ; ð11Þ

2 Advances in High Energy Physics



here, we have set

R =
3m2

ϕ 2πα′
� �2
4mqπ

0B@
1CA

1/3

: ð12Þ

A similar expression can be seen in [27, 28], where the
mass of the tachyonic mode is determined to be inversely

related to the Regge slope, i.e., M2 ∝ 1/α′ and R∝
ffiffiffiffiffi
α′

p
.

Accordingly, m2
ϕ can be identified as the scalar glueball mass

obtained from the bound state of gluons (quenched approxi-
mation) through the tachyon potential VðϕÞ. Thus, the
tachyonic field ϕ determines the dynamics of the gluons.
Expanding Equation (11) leads to

η″ + 2
r
η′ + Kη = 0, ð13Þ

whereK = qm2
q −m2

ϕ. This equation has two separate solutions
representing two different regimes, i.e., the infrared (IR) and
the ultraviolet (UV) regimes:

η rð Þ =
cosh

ffiffiffiffiffiffiffiffiffi
2 Kj jp

r
� �

αr
ffiffiffiffiffiffiffiffiffi
2 Kj jp ,

η rð Þ =
sin

ffiffiffiffiffiffi
2K

p
r

� �
αr

ffiffiffiffiffiffi
2K

p ,

ð14Þ

for r ≤ R,respectively. We can now determine the confinement
potential from the electromagnetic potential

Vc rð Þ = ∓
ð
Erdr, ð15Þ

where Er is the electric field modified by the color dielectric
function GðrÞ. From Equation (6), we can write

Er =
λ

r2G rð Þ : ð16Þ

With the shift in the vacuum, ϕ⟶ η + ϕ0, the tachyon
potential and the color dielectric function take the form

V ηð Þ =G ηð Þ =V ϕð Þjϕ0 +V ′ ϕð Þ ϕ0
η + 1

2V
″ ϕð Þ

���� ����
ϕ0

η2 =
m2

ϕ

2 η2,

ð17Þ

and the net confining potential becomes

Vc r,mq

� �
= −λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ϕ +m2
q

� �r
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 m2

ϕ +m2
q

� �r
r

� 
ffiffiffi
2

p :

ð18Þ

Here, we choose the negative part of Equation (15) corre-

sponding to the potential of antiparticle; consequently, we
choose q = −1 corresponding to an anticolor gluon charge.
Besides, confinement in this regime increases with interquark
separation r until a certain critical distance r = r∗; beyond r∗,
hadronization sets in. Since λ depends on the charge q, we

can choose λ = −1. Noting that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðm2

ϕ +m2
qÞ

q
r≪ 1, the string

tension can be determined from Equation (18) as

σc mq

� �
≃m2

ϕ +m2
q ≃m2

L, ð19Þ

wherem2
L can be identified as the glueball-meson mixing state

obtained from unquenched approximation [29–32]. Now,
using σc ~ 1GeV/fm as adopted in [18, 19] and m2

ϕ = 0:99
GeV2 corresponding to mϕ = 995MeV, while r∗ = 1/ ffiffiffiffiffiffiffi2σc

p
[33]. This glueball mass is closer to the scalar glueball mass
determined for isoscalar resonance of f0ð980Þ reported in
the PDG as ð990 ± 20ÞMeV [34]. This choice of glueball
mass was considered appropriate because we expect mq

to be small but not negative or zero. This choice leads
to mq = 100MeV; this is also within the range of strange (s)
quark mass. In the PDG report, �ms = ð92:03 ± 0:88ÞMeV,
but much higher values up to 400MeV are obtained using
various fit approaches [35–37], and �msð1GeVÞ = ð159:50 ±
8:8ÞMeV are obtained using various sum rules [38, 39]. In

this model, the hadronization is expected to start when r∗ =

1/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðm2

ϕ +m2
qÞ

q
= 0:71 fm, but for string models such as this,

r≫ r∗ [33].
On the other hand, the potential in the UV regime

becomes

Vs r,mq

� �
≃ −

1
2r +

m2
q −m2

ϕ

� �
r

3 +O r3
� �24 35: ð20Þ

Here, we chose the positive part of the potential, i.e., a
potential of a particle, so we set λ = q = 1. Also, with the
string tension

σs =
m2

q −m2
ϕ

3 = m2
s

3 ; ð21Þ

in both cases, we have set the integration constants (~c) to
zero (~c = 0) for simplicity. Assuming that σs ~ 1GeV/fm as
used in [18], we can determine ms = 1:73GeV, precisely
the same as the lightest scalar glueball mass of quantum
number JPC = 0++ [34, 40–44], and the critical distance is
r∗s = 1/ ffiffiffiffiffi

σs
p

. The string tension σ is related to the glueball
mass by mð0++Þ/ ffiffiffi

σ
p = const:, where the magnitude of the

constant is dependent on the approach adopted for the par-
ticular study. In this model framework, we have two differ-
ent ratios, one in the IR regime and the other in the UV
regime, i.e., mL/

ffiffiffiffiffi
σc

p = 1 and ms/
ffiffiffiffiffi
σs

p = 1:73, respectively.
Hence, the ratio is dependent on the regime of interest.
The string tension and the dimensionless ratio are precisely
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known physical quantities in QCD, because their corrections
are known to be the leading order of Oð1/N2

c Þ in SUð∞Þ
limit. These quantities have been determined by lattice cal-
culations, QCD sum rules, flux tube models, and constituent
glue models to be exact [45–47].

From the afore analyses, we can determine mq = 2GeV,
while a bound state of quark-antiquark pair would be m2

q =
4GeV2. This is compared with the mass of a charm quark
�mcð�mcÞ = ð1:280 ± 0:025ÞGeV as reported by PDG [34] and
a slightly higher values up to mc = 1:49GeV in various fits
[35–37]. Of cause, the model can take any quark mass
greater than one (mq > 1) but less than some critical mass
m. Hence, it could be used to successfully study chamo-
nia and bottomonium properties. The only restriction
here is that mϕ <mq ≤m in the UV regime for the model
to work efficiently. In fact, the major results in this sec-
tion, i.e., the potentials and the string tensions, were
reached in [18] and thoroughly discussed at T = 0. So,
an interested reader can refer to it for step-by-step com-
putations and justifications.

In the model framework, we developed two different
potentials, linear confining potential in the IR and a
Cornell-like potential in the UV regimes. The potentials
obtained from the UV and the IR regimes have confining
strengths, m2

s and m2
L, respectively. Linear confining models

have been studied by several groups [48–59], and its outcome
establishes a good agreement with experimental data for
quarkonium spectroscopy together with its decay properties.
This potential is motivated by the string model for hadron,
where quark and an antiquark pair are seen to be connected
by a string that keeps them together. In spite of the successes
of this model, it fails to explain the partonic structure of the
color particles as observed from deep-inelastic scattering
experiments. Consequently, since the QCD theory has gener-
ally been accepted as the fundamental theory governing
strong interactions, the linear confining model gives a com-
prehensive description of some sectors of the theory, identi-
fied as the IR regime [60, 61]. The Cornell potential, on the
other hand, calculated in the UV regime of the model is moti-
vated by lattice QCD (LQCD) calculations [62–72]. Gener-
ally, it is represented as

V rð Þ = −
e
r
+ σr, ð22Þ

where e and σ are positive constants which are determined
through fits. It consists of Coulomb-like part with strength
e = 0:5 due to single gluon exchange and the linear confin-
ing part with strength σ =m2

s /3 in the model framework
[33, 73, 74]. It is a useful potential in QCD theory because
it accounts for the two most important features of the the-
ory, i.e., color confinement and asymptotic free nature of
the theory. It reproduces the quarkonium spectrum as
well. Also, e and σ can be determined in the framework
of heavy quark systems through fitting to experimental
data [48–50, 75].

Moreover, the IR model takes in quark masses in the
range of 0 to 1GeV, while the UV model takes in masses

greater than
ffiffiffi
3

p
; consequently, there is intermediate mass

that can be exploited between 1 and
ffiffiffi
3

p
GeV. This mass

range is expected to show hadronization in the IR regime
and an asymptotic free behavior in the UV regime without
a stable linear confining contribution (QGP). Likewise, the
energy suitable for investigating the IR properties is 1:4
GeV and below, deducing from the critical distance r∗, while
in the UV regime the maximum energy for confinement is
1GeV and below judging from the magnitude of r∗s, but
the process takes place at enormously high energy r⟶ 0,
where Coulomb potential contribution is dominant. As a
result, the model does not account for the behavior of the
particles at the intermediate energy regime, apart from
knowing that the particles are “asymptotically free” at
r⟶ 0 and confined at r⟶ r∗s and beyond. How the par-
ticles behave at the intermediate energy regimes is beyond
the scope of this paper. Additionally, perturbative QCD
(PQCD) involves hard scattering contribution which
requires higher energy and momentum transfer in order to
take place. This is referred to as the “asymptotic limit”; thus,
the initial and final states of the processes are clearly distinct.
Therefore, it has been widely argued that the current energy
regime for exploring the QCD theory describes the “suba-
symptotic” regime, calling for a revision in pure perturbation
treatment of the theory. In this case, new mechanisms or
models are required to investigate the dynamics of elastic
scattering in the intermediate energy region [76–80]. One
way to investigate this energy region (“soft” behavior) is to
use dispersion relation together with operator product
expansion (quark-hadron duality) which are collectively
referred to as the QCD sum rule [81–83]. Thus, we can study
the IR behavior at the lower end of the intermediate energy
region while the UV regime lies within the upper end of the
intermediate energy region to infinity. The CEBAF (Contin-
uous Electron Beam Accelerator Facility) at Jefferson LAB
was initially built to experimentally investigate these inter-
mediate energy regions before it was recently upgraded to
cover the high-energy regime.

3. Thermal Fluctuations

In this section, we discuss and propose how temperature can
be introduced into the model. Since we have determined in
the previous section that the string tension which keeps the
quark and antiquark pair in a confined state is dependent
on the glueball-meson mixing states mL and ms [29, 32], we
can determine the confining potentials at a finite temperature
if we know exactly how the glueball-meson states fluctuate
with temperature. We calculate the temperature fluctuating
glueball-meson states directly from Equation (1). Here, we
will write the equations in terms of the glueball field η, rede-
fined in dimensionless form such that χ = η/ϕ0 for mathe-
matical convenience. The difference between the gluon field
and the glueball fields η is that the glueball fields are massive
while the gluon fields are not. In this paper, the field ϕ that
describes the dynamics of the gluons contains a tachyonic
mode; when the tachyons condense, they transform into
glueballs η with mass mϕ. Accordingly,
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m∗2
ϕ ϕ20 = −

∂2L
∂χ2

* +
= α2ϕ20 2πα′

� �2
FμνFμν

� �
+ 4α2ϕ20

− 4mq α2ϕ20
� �

2πα′
� �2

�ψψh i
ð23Þ

[84], where the factor ð2πα′Þ2 was introduced to absorb the
dimensionality of VðηÞ and render GðηÞ dimensionless as
explained above. Besides, the theory of gluodynamics is clas-
sically invariant under conformal transformation giving rise
to vanishing gluon condensation hFμνF

μνi = 0 [18, 19]. How-
ever, when the scale invariance is broken by introducing
quantum correction, say −jεvj, the gluon condensate becomes
nonvanishing, i.e., hFμνF

μνi ≠ 0. This phenomenon is
referred to as the QCD energy momentum tensor trace (θμμ)
anomaly [85]. In this paper, if one disregards the fermions
and considers only the gluon dynamics in Equation (1), the
potential VðϕÞ breaks the scale symmetry and brings about
gluon condensation. This phenomenon has been elaborated
below in Section 4.3.

To determine the thermal fluctuations, we need to define
the field quanta distribution of the mean gauge field hFμνFμνi,
hΔ2i with χ = �χ + Δ and the spinor fields h�ψψi. We find that
the fluctuating scalar glueball mass m∗2

ϕ does not directly
depend on the glueball field χ; hence, no correction to the sca-
lar field will be required. The field quanta distribution of the
fields is2

FμνFμν

� �
= −

ν

2π2

ð∞
0

p4dp
EA

nB EAð Þ,

�ψψh i = νq
2π2

ð∞
0

mqp
2dp

Eψ

nF Eψ

� �
,

ð24Þ

where nBðEBÞ = ðeβEA − 1Þ−1 is the Bose-Einstein distribution

function and nFðEψÞ = ð1 + eβEψÞ−1 is the Fermi-Dirac distri-
bution function. Also, ν and νq are the degeneracies of the
gluons and the quarks, respectively, and β = 1/T. We can
now analytically solve these integrals by imposing some few
restrictions. We assume a high-energy limit, such that E ≈ p
for c = 1 = ℏ corresponding to a single particle energy E2 =
m∗2 + p2; therefore, we find [86, 87]

FμνFμν

� �
= −

ν

2π2

ð∞
0
dp

p4

EA

1
eβEA − 1 = −

T4ν

2π2

ð∞
0

x3dx
ex − 1

= −
νπT4

30 = −
T4

T4
cA

FμνFμν

� �
0,

ð25Þ

which results in3

FμνFμν

� �
= FμνFμν

� �
0 1 − T4

T4
cA

� 
, ð26Þ

and from

�ψψh i = mqνq
2π2

ð∞
0
dp

p2

Eψ

nF Eψ

� �
=
νqmqT

2

2π2

ð∞
0

xdx
ex + 1 = T2

4T2
cψ

�ψψh i0,

ð27Þ

we find the quark condensate4

�ψψh i = −
�ψψh i0
4 1 − T2

T2
cψ

" #
: ð28Þ

Here, we used the transformation x = E/T and the critical
temperatures

TcA =
30 FμνFμν

� �
0

νπ2

 !1/4

,

Tcψ =
6 �ψψh i0
νqmq

 !1/2

:

ð29Þ

However, from Equation (23), we can define the dimen-

sionless quantity α2ϕ20ð2πα′Þ
2 = ~g2; as a result,

m∗2
ϕ ϕ20 = ~g2 FμνFμν

� �
+ 4α2ϕ20 − 4mq~g

2 �ψψh i: ð30Þ

Now, substituting the thermal averages in Equations (26)
and (28) of the fields into the above equation while we
absorb the second term derived from the potential into the
definition of the first and the third terms at their ground
states,

m∗2
ϕ ϕ20 = ~g2 FμνFμν

� �
0 1 − T4

T4
cA

� 
+ ~g2mq �ψψh i0 1 − T2

T2
cψ

" #
:

ð31Þ

To proceed, we use the standard definition for determin-
ing the QCD vacuum:

θμμ = 4V − ϕ
dV
dϕ

: ð32Þ

Using this expression and Equation (2), we obtain

θμμ = 2 αϕð Þ4 − 2 αϕð Þ2 + 1
� �

− 2 αϕð Þ4 − 2 αϕð Þ2� �
= 2 − 2 αϕð Þ2 ;

ð33Þ

maintaining the term with dependence on ϕ and discarding
the constant, the vacuum becomes B0 =m2

ϕϕ
2
0/2 [84]. Noting

that hFμνFμνi0 = B0 represents the vacuum gluon
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condensate, we can express

m∗2
ϕ =m2

ϕ 1 − T4

T4
cA

� 
+m2

q 1 − T2

T2
cψ

" #
; ð34Þ

here, we set ~g2 = 2, hFμνFμνi0/ϕ20 ≈m2
ϕ/2 and h�ψψi0/ϕ20 ≈mq

/2. The string tension is determined by QCD lattice calcula-
tions to reduce sharply with T, vanishing at T = Tc represent-
ing melting of hadrons [88–90]. At T = 0, we retrieve the result
for glueball-meson mixing state m2

L in Equation (19), i.e.,

m∗2
ϕ 0ð Þ =m2

L =m2
ϕ +m2

q: ð35Þ

We can also retrieve the result in the UV regime m2
s if

we set m2
ϕ ⟶ −m2

ϕ in Equation (34) at T = 0. The nonper-
turbative feature of QGP is accompanied by a change in
the characteristics of the scalar or the isoscalar glueballs
and the gluon condensate [91]. This is evident in lattice
QCD calculation of pure SUð3Þc theory, pointing to sign
changes [86, 87]. Using Equations (17) and (34), the glueball
potential can be expressed as

G r, Tð Þ =
cosh

ffiffiffi
2

p
m∗

ϕr
h i
m∗

ϕr

0@ 1A2

=
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 m2

ϕ 1 − T4/T4
cA

� �
+m2

q 1 − T2/T2
cψ

h i� �r
r

� 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ϕ 1 − T4/T4
cA

� �
+m2

q 1 − T2/T2
cψ

h ir
r

0BBB@
1CCCA

2

:

ð36Þ

Accordingly, we can express Equations (18), (19), (20),
and (21) in terms of temperature as

Vc r, T ,mq

� �
=
m∗

ϕ tanh
ffiffiffi
2

p
m∗

ϕr
h i
ffiffiffi
2

p , ð37Þ

with string tension

σc mq, T
� �

=m∗2
ϕ , ð38Þ

Vs r,mq, T
� �

= −
1
2r +

m2
q 1 − T2/T2

cψ

h i
−m2

ϕ 1 − T4/T4
cA

� �� �
r

3 ,

ð39Þ
with string tension

σs mq, T
� �

=
m2

q 1 − T2/T2
cψ

h i
−m2

ϕ 1 − T4/T4
cA

� �� �
3 : ð40Þ

As the temperature is increasing, the confining part
shows some saturation near T ≈ Tcψ ≈ TcA ≈ Tc and vanishes
completely at T = Tc indicating the commencement of
deconfinement and the initiation of the QGP phase. This

weakens the interaction of the particles such that the string
tension that binds the �Q and Q reduces and eventually
becomes asymptotically free at T = Tc. Beyond the critical
temperature T > Tc, we have the QGP state where the
quarks behave freely and in a disorderly manner [92, 93].
The possibility of studying the QGP state in detail with this
model exists, but that is beyond the scope of this paper.
When we set σcðmq, TÞ = 0 and calculate for a common crit-
ical temperature by assuming Tcψ = TcA = 1 and m2

ϕ = σc −
m2

q, we will have

m2
ϕ 1 − T4

T4
cA

� 
+m2

q 1 − T2

T2
cψ

" #
= 0,

σc − σc −m2
q

� �
T4 −m2

qT
2 = 0,

ð41Þ

where in the last step we substitute m2
ϕ = σcð0Þ −m2

q, and in
solving the equation, we bear in mind that σc ≃ 1GeV/fm.
Therefore,

Tc1 =
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−1 +m2
q

q ; ð42Þ

consequently,

σc Tð Þ =m2
ϕ 1 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−1 +m2
q

q
0B@

1CA
4

T4

T4
c1

264
375 +m2

ϕ 1 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−1 +m2

q

q
0B@

1CA
2

T2

T2
c1

264
375:

ð43Þ

On the other hand, the common critical temperature in
the UV regime can be calculated from

m2
q −m2

ϕ

3 −
m2

qT
2

3 +
m2

ϕT
4

3 = 0,

σs −
m2

qT
2

3 +
m2

q − 3σs 0ð Þ
� �

T4

3 = 0:

ð44Þ

Substituting σs ≃ 1GeV/fm and solving the equation

Tc2 =
ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−3 +m2

q

q ; ð45Þ

accordingly,

σs Tð Þ =
m2

q 1 −
ffiffiffi
3

p
/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−3 +m2

q

q� �2
T2/T2

c2

� 
−m2

ϕ 1 −
ffiffiffi
3

p
/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−3 +m2

q

q� �4
T4/T4

c2

� 
3 :

ð46Þ

It has been found that the bound state of the charm-
anticharm state dissolves at T = 1:1Tc [94]. However, the
question as to whether heavier quark bound states dissolve
at T = Tc [95–97] or temperatures higher than
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deconfinement temperature T > Tc [4, 6, 10] still remains
open. These two separate pictures have informed different
phenomenological models based on confinement and decon-
finement transitions to QGP states to explain the observed
suppression of J/ψ produced in the RHIC. We present a
simple model based on the projection that the �QQ bound
state melt at T = Tc.

4. Vector and Scalar Potentials and Gluon and
Chiral Condensates

4.1. Vector Potential. To determine the vector potential, we
solve Equation (11) outside the hadron, i.e., δð r!Þ = 0, so

η″ + 2
r
η′ + K0η = 0, ð47Þ

where K0 = −m2
ϕ. The solutions of this equation are

η rð Þ =
cosh

ffiffiffiffiffiffiffiffiffiffiffi
2 K0j jp

r
� �

αr
ffiffiffiffiffiffiffiffiffiffiffi
2 K0j jp ,

η rð Þ = sin ffiffiffiffiffiffiffiffi2K0
p

r
� �

αr
ffiffiffiffiffiffiffiffi2K0

p ,

ð48Þ

for IR and UV regimes, respectively; these solutions are
equivalent to the solutions in Equation (14) at mq = 0.
Now, substituting the solution at the left side of Equation
(48) into (16) and into (15), we can determine the vector
potential to be

Vv rð Þ = ∓λ
mϕ tanh

ffiffiffi
2

p
mϕr

� �
ffiffiffi
2

p , ð49Þ

with string tension

σv ≃ ∓λm2
ϕ: ð50Þ

In terms of temperature fluctuations, the potential can
be expressed as

Vv T , rð Þ = ∓λ
m∗

ϕA tanh
ffiffiffi
2

p
m∗

ϕAr
� �
ffiffiffi
2

p , ð51Þ

bearing in mind that

m∗2
ϕA =m2

ϕ 1 − T4

T4
cA

� 
, ð52Þ

the corresponding temperature fluctuating string tension
[98] becomes

σv Tð Þ ≃ ∓λm∗2
ϕA: ð53Þ

These results can also be derived from Equation (34)
for mq = 0.

4.2. Scalar Potential Energy. The scalar potential energy
[99–101] for confinement is calculated by comparing
Equation (4) with the Dirac equation

cbα p̂ + bβm0c
2 + S rð Þ

h i
ψ = 0, ð54Þ

where bα and bβ are Dirac matrices and SðrÞ, which is well
defined inside and on the surface of the hadron, and zero
otherwise is the scalar potential (for detailed explanations,
see [18]). Hence, the scalar potential obtained by compar-
ing Equations (4) and (54) can be expressed as

S rð Þ =mqG rð Þ = 2α2mqη
2

=
mq

m2
ϕ − qm2

q

� �
r2

cosh2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 m2

ϕ − qm2
q

� �r
r

	 
24 35: ð55Þ

For an antiparticle, we set q = −1, so we can rewrite the
scalar potential in terms of the temperature as

S r,mq, T
� �

=
mq

m∗2
ϕ r2

cosh2
ffiffiffi
2

p
m∗

ϕr
� �" #

: ð56Þ

We can now write the net potential energy by adding
the vector potential energy and the scalar potential energy;
hence,

Vnet rð Þ = ∓
q2mϕ tanh

ffiffiffi
2

p
mϕr

� �
4
ffiffiffi
2

p
π

+
mq

m2
ϕr

2 cosh2
ffiffiffi
2

p
m∗

ϕ 0ð Þr
� �" #

ð57Þ

[102, 103], and in terms of temperature, we can express

Vnet r,mq, T
� �

= ∓
q2m∗

ϕA tanh
ffiffiffi
2

p
m∗

ϕAr
� �

4
ffiffiffi
2

p
π

+
mq

m∗2
ϕ r2

cosh2
ffiffiffi
2

p
m∗

ϕr
� �" #

:

ð58Þ

4.3. Gluon Condensates. We calculate the energy momen-
tum tensor trace, θμμ, from the relation

θμμ = 4V ηð Þ + η□η: ð59Þ
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Substituting the equation of motion Equation (3) into
the above equation yields

θμμ = 4V ηð Þ − η
∂V
∂η

−
η

4
∂G
∂η

FμνFμν + qδ r!
� �

mqη
∂G
∂η

= 4~V + ~GFμνFμν − 4qδ r!
� �

mq
~G = 4~Veff + ~GFμνF

μν,

ð60Þ

where

~V =V −
η

4
∂V
∂η

,

~G = −
η

4
∂G
∂η

,

~Veff = ~V − qδ r!
� �

mq
~G:

ð61Þ

Moreover, the energy momentum tensor trace θμμ for
the classical QCD chiral effective Lagrangian [93, 104] is
given as

θμμ =〠
f

mf qf �qf −
bαs
8π FaμνFa

μν, ð62Þ

where βðgÞ = −bαs/ð4πÞ (b = 11 depicts pure gluody-
namics) is the QCD β-function, mf is the current quark

mass matrix, and qf is the quark field. Simplifying ~Veff
in Equation (60), we find

~Veff ηð Þ = 1
4m

2
ϕη

2 − qmqδ rð Þ −
m2

ϕ

4 η2
 !

= 1
4m

2
Lη

2, for q = 1,

ð63Þ

so

θμμ =
1
4m

2
Lη

2 −
G ηð Þ
2 FμνF

μν, whereG ηð Þ =V ηð Þ = m2
ϕη

2

2 :

ð64Þ

Accordingly, comparing this with (62), we can identify
∑f mf =m2

L (glueball-meson mixing mass), ∑f qf �qf = η2

(glueball field), and bαs/ð4πÞ =GðηÞ = −βð1/r2Þ QCD β-
function. To determine the strong running coupling, we
note that GðηÞ = ηG′ðηÞ/2, so using the renormalization
group theory [105]

β Q2� �
=Q2 dαs Q2� �

dQ2 , ð65Þ

we can deduce

β
1
r2

	 

= −η

d
dη

1
2G ηð Þ
	 


; ð66Þ

consequently, the strong running coupling becomes αs
ð1/r2Þ =GðηÞ/2, where we can relate Q⟶ 1/r. Using the
solution at the right side of Equation (14), we can express

αs
1
r2

	 

= 1 − 2Kr2

3

� 

= 1 +
2 m2

ϕ +m2
q

� �
r2

3

24 35, for q = −1⟶ αs q2
� �

= 1 − 2
3
m2

L

q2

� 
:

ð67Þ

Noting that Q2 ≡ −q2, where Q2 is the space-like
momentum and q2 is the four-vector momentum. To elim-
inate the Landau ghost pole that occurs at q2 ⟶ 0, we
assume that there is dynamically generated “gluon mass”
at q2 ⟶ 0, i.e., q2 ≅m2

A [106, 107]. Now, relating the
results in Equation (60) with the standard vacuum expecta-
tion value of QCD energy momentum tensor trace,

θμμ

D E
= −4 εvj j ð68Þ

[18, 19], we can write

~G ϕð ÞFμνFμν

D E
= −4 εvj j + ~V eff ηð Þ� �

: ð69Þ

Now, we rescale ~Veff with the QCD vacuum energy
density −jεvj such that ~Veff ⟶ −jεvj~Veff , and using the
potential of the glueball fields defined in Equation (17),
we obtain

m2
ϕη

2

4 FμνFμν

* +
= 4 εvj j 1 − m2

Lη
2

4

� �
; ð70Þ

here, we used ~Veff = 1/4ðm2
ϕ + qm2

qÞη2 = ðm2
L/4Þη2 for q = 1.

Also, at the classical limit εv ⟶ 0, we have vanishing
gluon condensate hFμνF

μνi = 0. The vacuum expectation
value (VEV) of the gluon condensate was determined in
[108–110] using Yang Mills theory with an auxiliary field
ϕ, where the fluctuations around ϕ give rise to the glueball
mass, mð0++Þ. It was observed that in the nonvanishing
VEV, the gluon acquire a common mass, mA, and the ratio
mð0++Þ/mA in the leading order is

m 0++ð Þ
mA

≅
ffiffiffi
6

p
: ð71Þ

The nonvanishing condensate was attributed to the
pair condensate of transverse gluons. Juxtaposing that to
the results in Equation (70), we can identify

m2
A =

m2
L

4 : ð72Þ

Other calculations based on QCD theory [111] also
show that the nonvanishing gluon condensate in the
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absence of fermions can be expressed in terms of the gluon
mass as

m2
g =

34Nπ2

9 N2 − 1
� � αs

π
GμνGμν

D E !1/2

, ð73Þ

where N is the number of colors and αs is the strong cou-
pling constant. This relation also show a proportionality
between gluon mass and the nonvanishing condensate—-
more discussions relating to this subject can also be found
in [112, 113]. Again, from the left side of Equation (70), we can
deduce the expression hðGðηÞ/2ÞFμνFμνi = hαsð1/r2ÞFμνFμνi;
hence, the expression in the angle brackets at the right side
of Equation (70) is equivalent to Equation (67). Following
the discussions at the latter part of Section 2, mL = 1GeV so
we can determine the gluon mass as mA = 500MeV. This
can be compared to the result determined from QCD lattice
simulation, projecting the gluon mass to be mA = 600 ~ 700
MeV [114–116]. Some heavier gluon masses have also been
determined closed to ~ 1GeV using phenomenological analy-
sis [117, 118] and some QCD lattice studies [119]. Quark and
gluon condensates are responsible for confinement, glueball
formation, and hadron mass formation [80, 104, 120, 121].
The QCD vacuum at the ground state enables us to study
the characteristics of the QGP, dynamics of phase transitions,
and hadronization. All these properties are a result of the non-
perturbative nature of QCD theory in some regimes (IR) and
cannot be studied using the usual perturbative QCD theory.

To determine the temperature fluctuations in the gluon
mass mA and the gluon condensate, we need to correct the
temperature in the glueball field χ. The gluon mass is formed
due to screening of the gluons in the vacuum or at a temper-
ature where the constituent quarks dissolve into gluons
[122]. The temperature can be introduced by defining the
glueball field such that χ = �χ + Δ, so η = ϕ0ð�χ + ΔÞ, with the
restriction hΔi = 0 to avoid the occurrence of cross-terms in
the thermal average. Again, �χ represents the mean glueball
field, and the angle brackets represent the thermal average.
We express the fluctuation hΔ2i in terms of field quanta dis-
tribution as defined for the gauge and the fermion fields in
Equations (26) and (27), respectively, i.e.,

Δ2� �
= 1
2ϕ20π2

ð∞
0
dk

k2

Eη

1
eβEη − 1

= T2

2ϕ20π2

ð∞
0

xdx
ex − 1 = T2

12ϕ20
:

ð74Þ
Reverting to Equation (3) and the definition η = ϕ0ð�χ +

ΔÞ, we can determine the thermal average directly from the
equation of motion to be

1
4
∂G
∂η

FμνFμν

� �
= ∂V ηð Þ

∂η
qmqδ rð Þ − 1
� �� �

,

m2
ϕη

4 FμνFμν

* +
= − m2

ϕ − qm2
q

� �
η

D E
;

ð75Þ

clearly, �η = �χ = 0 is a solution; hence, hη2i = ϕ20hΔ2i.

Moreover, substituting Equation (74) for temperature
fluctuations in η2 into Equation (70), the gluon condensate
becomes

m2
ϕη

2

4 FμνFμν

* +
= 4 εvj j 1 − m2

Lϕ
2
0

4
T2

12ϕ20

	 
� 

= 4 εvj j 1 − T2

T2
cη

" #
, whereT2

cη =
48
m2

L

:

ð76Þ

The QCD vacuum at an extremely high temperature and
density has an important significance in both elementary
particle physics and cosmology. In cosmology, it can be used
to explain the evolution of the universe at extremely higher
temperatures when matter becomes super dense and hadrons
dissolve into a “soup” of their constituents—quarks and
gluons. At such superdense matter regimes, the quarks
become very close and asymptotically free, so the quarks
are no longer confined into hadrons. It is important to note
that the energy density is related to temperature as ρ∝ T4,
so the density increases with temperature. This phase of
matter was proposed [123, 124] after the asymptotic free
[125, 126] nature of the QCD theory [127] was determined.
Currently, almost all the accepted models for the cooling of
the universe are based on phase transitions, either first or sec-
ond order of spontaneous symmetry breaking of fundamen-
tal interactions [128–130]. On the other hand, the standard
model (SM) of elementary particle physics suggests two
of such phase transitions [130]. It shows an electroweak
symmetry (EW) breaking at temperatures in the order of
T ~ 100GeV which generates mass to elementary particles
such as quarks. It is also associated with the observed
baryon-number-violation of the universe [131]. This tran-
sition is determined to be an analytical crossover in lattice
simulations [132].

Again, spontaneous chiral symmetry breaking is next; it
is known to occur at temperatures in the order of T ~ 200
GeV. Nevertheless, we have hadronic matter below this tem-
perature, and above it, we have an expected transit into the
QGP phase. This phase is also important in understanding
the evolution of the early universe. Some references on this
subject using nonperturbative lattice QCD models can be
found in [133, 134]. Particularly, knowing that the baryon
chemical potential μB is expected to be smaller than the usual
hadron mass, μB ≈ 45MeV at

ffiffiffiffiffiffiffiffi
sNN

p = 200GeV [135], and
almost vanishing μB ≈ 0GeV in the early universe. It is suit-
able to model inflation of the early universe at high tempera-
tures and low baryon densities. There is strong evidence that
confinement of quarks into hadrons is a low-energy phenom-
enon [133, 136, 137], but it strongly suggests that QCD phase
transition is a crossover. Numerically, it has been established
that at μB = 0GeV, the two-phase transitions possibly coin-
cide, i.e., deconfinement and chiral symmetry restoration
rendering the chiral effective theory invalid [138]. From our
model framework, Equation (76), we obtain confinement at
T < Tc, deconfinement and restoration of chiral symmetry
at T = Tc, and QGP phase at T > Tc.
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Deducing from Equation (76), the thermal fluctuating
gluon mass becomes

m∗2
A = m2

L

48ϕ20

	 

T2 = g2T2, ð77Þ

where g2 =m2
L/48ϕ20 is a dimensionless coupling constant

[122, 139]. This results look similar to the Debye mass
obtained from the leading order of QCD coupling expansion
at higher temperatures and zero chemical potential,mD = gT
[140]. This mass is obtained from the lowest order perturba-
tion QCD theory [141], but it is known to be resulting from
the IR behavior of the theory [142]. This mass occurs at tem-
peratures greater than the deconfinement temperature Tc
due to the melting of �QQ bound states [11, 140]; generally,
it is referred to as Debye screening mass of color charges.

Furthermore, the experimental evidence of QCD vacuum
condensates dates back from the pre-QCD era 1950-1973 to
post-QCD after 1974, and it still remains an issue of interest.
The QCD vacuum condensate informs color confinement
and chiral symmetry breaking which are fundamentals of
strong interactions. The condensate is a very dense nonper-
turbative state of matter consisting nonvanishing gluon and
quark condensates, in theories containing effective quarks,
interacting in a haphazard manner [80]. Since quarks and
gluons are not observed directly in nature, these characteris-
tics are difficult to observe experimentally; only colorless
(baryons) or color neutral (mesons) hadrons are observed.
However, much is known about the QCD vacuum, credit
to the fast-evolving QCD sum rule which explores the
gauge invariant formalism to explain the nonperturbative
nature of the condensates [143, 144]. That notwithstanding,
the QCD sum rule gives good results at the intermediate
energy region and poses some short falls at large distance
regimes where color confinement and chiral symmetry
breaking are more pronounced. So, a resort is made to the
Vacuum Correlator Method (VCM) to give a comprehen-
sive description of all the possible QCD phenomena
involved ([145–148]. The VCM is based on gauge invariant
Green’s function of colorless or color neutral objects
expressed in path integral formalism using field correlators
instead of propagators.

4.4. Chiral Condensate. Chiral symmetry breaking is one of
the known physical properties of the nonperturbation regime
of QCD theory besides the famous color confinement. Mass
splitting of the chiral partner observed in the hadron spec-
trum and Goldstone bosons (π± andπ0) which appear due
to spontaneous symmetry breaking leading to color confine-
ment are strong evidence of chiral symmetry breaking
[149–151] in QCD vacuum [152]. The presence of quark
mass breaks the chiral symmetry explicitly. With these back-
ground and other theoretical considerations, it is believed
that there is chiral condensate in the vacuum which is pro-
portional to the expectation value of the fermionic operator
or the quark condensate h�ψψi. However, increasing temper-
ature augments the thermal excitations of the hadrons due to
an increase in the density (ρ∝ T4) of their quark constitu-

ents. This decreases the vacuum condensate until it eventu-
ally vanishes at a critical temperature Tcq resulting into
restoration of the chiral symmetry. At this temperature, the
hadrons undergo phase transition to deconfinement and
quark-gluon plasma (QGP) phase. Increasing baryon density
has the same consequences on the QGP phase and chiral
condensate similar to temperature increase [153, 154]. To
begin the calculation of the chiral condensate, one needs to
take into account the dependence of the hadron masses on
the current quark mass mq. Some known first principle
approaches to this subject that give a consistent account of
hadrons and their quark mass dependent are Chiral Pertur-
bation Theory (ChPT) [155], lattice QCD (lQCD) [156],
and Dyson-Schwinger Equation (DSE) [157, 158].

However, the dominant degrees of freedom for QCD at
low energies are hadrons [159, 160]. Particularly, pions and
kaons interact weakly according to Goldstone theory; hence,
they can be treated as free particles. Consequently, the stan-
dard relation for calculating the chiral condensate, h�qqi, can
be derived from Equation (1) as

�qqh i = −
∂L
∂mq

* +
ð78Þ

[155], where h�qqi is significant for spontaneous chiral symme-
try breaking (SχSB) and the angle brackets represent thermal
average. Subtracting the fundamental vacuum condensate
h�qqi0 to ensure that the condensate has its maximum T = 0
[161], we can express the above relation as

�qqh i = �qqh i0 −
∂L
∂mq

* +
; ð79Þ

here, details of the vacuum condensate h�qqi0 [162, 163] are of
no importance to the analyses. All the information needed to
study the contributions of the hadrons is contained in the
medium dependent term. From Equation (1) and using the
expression in Equation (17) derived from ϕðrÞ⟶ ϕ0 + η,
we obtain

∂L
∂mq

* +
= G ηð Þ�ψψh i = m2

ϕη
2

2
�ψψ

* +
: ð80Þ

Thus, the chiral condensate is proportional to the glue-
ball potential GðηÞ which has its maximum condensate at
GðηÞ⟶ 0 [18, 19]. The quark density h�ψψi is a measure
of the strength of the condensate and SχSB. At h�ψψi = 0,
we have an exact chiral symmetry, deconfinement, and
QGP phase, while nonvanishing quark condensate, h�ψψi
≠ 0, is the regime with SχSB and color confinement [164,
165]. Therefore, h�ψψi serves as an order parameter that
determines the phase transitions. Since the explicit pion
degrees of freedom is significant for studying chiral sym-
metry restoration at low temperature and quark densities,
h�ψψi is constituted with up (u) and down (d) quarks.
Eventually, protons and neutrons are also composed of
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Figure 3: A graph of string tension, σcðTÞ/σ0, against T/Tc1 for different values of mq (a) and mq ⟶∞ (b).
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Figure 1: A graph of glueball potential Gðr, TÞ, against r, T for mq = 0:1 (a) and mq ⟶∞ (b).
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Figure 2: A graph of net confining potential, Vcðr, TÞ, against r, T for mq = 0:1 (a) and mq ⟶∞ (b).
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similar quark constituents; hence, in QCD with two flavor
constituents,

�ψψh i = �qiqih i = �uuh i + �dd
� �

: ð81Þ
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Figure 4: A graph of net potential in the UV regime, Vsðr, TÞ, against (r, T) for mq = 2 (a) and mq ⟶∞ (b).
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Additionally, in terms of temperature

�qqh i = �qqh i0 −
m2

ϕ

2
T2

12

	 

mqνqT

2

24

 !" #

= �qqh i0 −
m2

ϕmqνq
576 T4

" #
= �qqh i0 1 − T4

T4
cq

" #
,

ð82Þ

where in the first step, we used the results in Equations
(27) and (74), bearing in mind that hη2i ≃ ϕ20hΔ2i and

Tcq =
576

m2
ϕmqνq

�qqh i0
 !1/4

: ð83Þ

Thus, at T = Tcq, the chiral symmetry gets restored in
the model framework. If one intends to investigate the
behavior of the chiral condensation with varying quark
mass mq, we can define the critical temperature as

Tcq =
576
m2

ϕνq
�qqh i0

 !1/4

, ð84Þ

corresponding to a condensate

�qqh i = �qqh i0 1 −mq
T4

T4
cq

" #
: ð85Þ

Also, an evidence from lQCD confirms that at the con-
finement phase the chiral symmetry is spontaneously bro-
ken down [165, 166] to the flavor group, i.e.,

SU 2ð ÞR × SU 2ð ÞL ⟶ SU 2ð ÞV , ð86Þ

with associated three Goldstone bosons (π± andπ0) which
spontaneously break the chiral symmetry. For three quark
flavors, we have

SU 3ð ÞR × SU 3ð ÞL ⟶ SU 3ð ÞV ; ð87Þ

here, there are eight Goldstone bosons (π±, π0, K±, K0, �K0,
and η) involved (see References [167, 168]).

Again, a highly excited state in high-energy hadronic col-
lisions leads to the formation of disoriented chiral conden-
sate which can later decay into ordinary vacuum through
coherent emission of low momentum pions. This process is
theoretically synonymous to the Higgs mechanism that leads
to the release of Goldstone bosons. This leaves a signature of
color confinement eventually [169]. Even though the idea of
chiral condensate was speculative at its inception in the
1990’s [170–174], it has attracted several theoretical and
experimental attention subsequently. Besides its simplicity,
it is also motivated by the discovery of the “so-called”
Centauro events in cosmic ray [175–177] where clusters con-
sisting charged and neutral pions were observed. The chiral
condensate has also been studied theoretically in the light
of high-energy heavy ion collisions [178, 179] due to the high
energies involved at the collision zone; a hot chirally symmet-
ric state (QGP) is formed in the process. Because of the fast
expanding nature of the system at the early stages, it is
quenched down to a low temperature where chiral symmetry
is spontaneously broken down. Several experiments have since
been set up to investigate this phenomena, keys among them
are the cosmic ray experiment [175, 176], nucleon-nucleon
collisions at CERN [180–182], Fermi LAB [183], particularly,
MiniMAX experiment [184], nucleon-nucleon collisions at
CERN SPS ([185–188], and the RHIC [189, 190]. It also forms
part of the heavy ion collision programme carried out with the
multipurpose detector ALICE, at LHC [191, 192].

5. Conclusion

Following the discussions in [18] for the constituent quark
masses, we can deduce that the constituent quark masses of
this model are Mðr⟶ r∗Þ = 2mq = 200MeV and Mðr⟶
0Þ = 2mq = 4GeV for the IR and the UV regimes, respec-
tively. Thus, the potential in the IR and the UV regimes can
take masses within the ranges 0 ≤mq ≤ 200MeV and 2 ≤mq

≤ 4GeV, respectively. Hadronization is expected to set in,
in the IR and the UV regimes for mq > 200 and mq > 4,
respectively, since we have adopted the lattice simulation
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Figure 8: A graph of scalar potential energy, Sðr, TÞ, against r, T for mq = 0:1 (a) and mq ⟶∞ (b).
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results for the string tension σ ~ 1GeV/fm, and noticing that
σ = 1/ð2πα′Þ as shown in many confining string models [28,

193]. The choice ð2πα′Þ2 = 1 used throughout the paper is in
order. In the framework of the model, the glueball field χ
does not contribute to the fluctuations in the scalar glueball
mass m∗2

ϕ , while the only candidate that contributes to the

fluctuating gluon mass m∗2
A is the glueball field. On the other

hand, the gauge fields, the spinor fields, and the glueball fields
all contribute to the gluon condensate hðm2

ϕη
2/4ÞFμνFμνi and

chiral condensate. Thus, the condensates are important in
understanding QCD theory but difficult to study experimen-
tally due to the haphazard nature of interactions among these
fields in the vacuum. Also, νq and ν are the degeneracies of
quarks and gluons, and they take in the values, 6 and 16 for
SUð2Þ and SUð3Þ representations, respectively. These degen-
eracies are important in determining the critical tempera-
tures of the model. The critical temperatures are small
when the degeneracies are infinitely large, and when there
is no degeneracies at all (ν, νq ⟶ 0), the critical temperature
becomes infinitely large; same is true for quarks and gluons as
presented in Equations (29) and (86).

The model produces two forms of temperature correc-
tions to the string tension, −T2 coming from the spinors
(quarks) and −T4 from the gauge fields (gluons). The −T2

correction to the string tension has been corroborated by
some QCD lattice calculations [89, 194, 195] and some phe-
nomenological models [19]. That notwithstanding, −T4
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Figure 12: A phase diagram for Tc1 and Tc2 against quark massmq.
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Figure 9: A graph of net potential energy, Vnetðr, TÞ, against r, T for mq = 0:1 and an infinite mq.
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correction to the string tension has also been proposed by
some phenomenological models [28]. Both corrections give
the correct behavior of the string tension, i.e., it should
reduce sharply with temperature and break or vanish at
T = Tcfor simple models such as the one discussed here. For
simplicity, we used TcA = Tcψ for some of the analyses—parti-
cularly, the potentials—but there is no evidence that these two
critical temperatures have the same magnitude. In any case,
such assumption is informed and does not affect the results
or the analyses. However, there is a discussion in [196] sug-
gesting that Tcψ > TcA (Tcψ ~ 270MeV and TcA ~ 170MeV)
or at least a discrepancy of about 3% reported in [197]. Using
the magnitude of the string tension and the scalar glueball
mass mϕ calculated above, we obtained two different glueball-
meson states corresponding to mL = 1GeV and ms = 1:73
GeVfor the IR and UV regimes, respectively. The gluon mass
was also determined as mA = 500MeV. The critical distance
for confinement in the IR regime has been determined to be
r∗ = 0:71 fm, and its corresponding value in the UV regime
is r∗s = 1/ ffiffiffiffiffi

σs
p = 1 fm. Similarly, r∗ and r∗s can be expressed

as a function of temperature like the string tensions.
Some of the major results obtained are displayed on a

graph to make it easy to see their behavior. Since we have
extensively studied and discussed the corresponding results
for T = 0 in [18], we will concentrate on the results with tem-
perature fluctuations. We plot the glueball potential Equation
(36) and its behavior with temperature in Figure 1. The con-
fining potential Equation (37) in the IR regime for finite and
infinite mq is plotted in Figure 2 and its string tension Equa-
tion (38) plotted in Figure 3. The potential in the UV regime
Equation (39) is plotted in Figure 4 displaying how Cornell-
like potential obtained varies with temperature for finite and
infinite quark mass limits and their string tension in Equa-
tion (40) displayed in Figure 5. The gluon mass Equation
(77) which possesses all the characteristics of Debye mass is
displayed in Figure 6. The vector potential Equation (51)
which represents chromoelectric flux confinement is dis-
played in Figure 7. The scalar potential energy Equation
(55) and the corresponding net potential energy Equation
(58) for finite and infinite mq are plotted in Figures 8 and 9,

respectively. The gluon condensates calculated in Equations
(70) and (76) are also displayed in Figures 10 and 11, respec-
tively. The color dielectric function in Equation (17) repre-
sents the glueball potential. We have higher glueball
condensation when GðrÞ⟶ 0, so it follows the same discus-
sions as Figures 8 and 9. Also, an increase in quark mass mq

will lead to an increase in glueball condensation [198, 199].
We explored a phase transition from the low-energy IR
regime to the high-energy UV regime by studying the charac-
teristics of Tc1 and Tc2 in Equations (42) and (45) displayed
in Figure 12. We find that the critical temperatures decrease
with an increase in quark mass thereby increasing the
strength of confinement. We observed that the light quarks
that are confined in the IR regime 0 ≤mq ≤ 1 are relegated
to the QGP phase in the UV regime which confines quarks
with mq >

ffiffiffi
3

p
. Finally, the chiral condensate h�qqi is calcu-

lated in Equation (85) and displayed in Figure 13.
The glueball condensation increases with an increase in

depth of the curve. Hence, the condensate increases from
T = 0:9Tc (black), T = 0:5 (red), to T = 0 (blue).

As it is shown in Figure 2(a), the gradient of the graph
increases with decreasing temperature from T = 0:9Tc
(black), T = 0:5 (red), to T = 0 (blue) [26, 93]. Within this
temperature range, there is confinement and chiral symmetry
breaking. In the right panel, we show how an increase in
mq ⟶∞ affects the behavior of the potential and confine-
ment of the particles. As mq is increasing, the potential
increases and the confinement becomes stronger.

Here, we show the behavior of the string tension in the IR
regime with varying temperatures. The string breaks quickly
for light quarks while the heavier quarks have relatively lon-
ger life time even though they all vanish at T = Tc1. A regime
is where all the bond states are expected to dissolve into a
“soup” of their constituents. It also gives an insight into the
behavior of the string tension for chiral limit mq = 0 and chi-
ral effective mq ≠ 0 regimes.

From Figure 4(a), the gradient of the curves decreases with
increasing T from T = 0 (blue), T = 0:5Tc (red), to T = 0:9Tc
(black), indicating a decrease in binding of the quarks as the
energy of the system is increasing. At T = Tc (dashed), we have
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Figure 13: A graph of chiral condensate against T/Tcq for different values of mq (a) and mq ⟶∞ (b).
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a deconfinement phase and restoration of the chiral symmetry
[200, 201].

Figure 5 follows the same behavior as discussed in
Figure 3. However, in this regime, the string breaking is
explicit as the curves intercept the T/Tc2 axis at different
points. That notwithstanding, the bond states of the light
and the heavy quarks will dissolve at T = Tc2. Also, the fluc-
tuating glueball mass m2

s ðTÞ in this regime is related to the
string tension by msðTÞ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3σsðTÞ

p
.

Figure 7 is similar to Figure 2 for mq = 0, T = 0 (blue),
T = 0:5Tc (red), and T = 0:9Tc (black). This means that the
gluons remain confined even if the quark mass is “removed”
(mq = 0) after confinement. This is known as chromoelectric
flux confinement.

Confinement is stronger with increasing depth of the
curves [18, 33]. Thus, the smaller the minima of the curves,
the more condensed the glueballs and stronger the confine-
ment. The minima increases from T = 0 (blue), T = 0:5Tc
(red), to T = 0:9Tc (black).

The magnitude of the net potential decreases with
increasing temperature, from T = 0 (blue), T = 0:7Tc (red),
to T = 0:9Tc (black).

The condensation has its maximum value at �η = 0 and
reduces steadily with increasing �η until it vanishes.

The condensate reduces sharply with increasing temper-
ature until it vanishes at T = Tcη.

We show a transition between the IR regime correspond-
ing to lighter quark masses to the UV regime corresponding
to heavier quark masses. The nonphysical behavior of Tc1 at
masses mq ≤ 1 is the regime where confinement of light
quarks is observed in the IR regime. The curve becomes con-
stant near Tc1 ≃ 1, the point where the string tension in the IR
regime gets saturated and begins to degenerate. Consequently,
the IR regime can take masses within 0 ≤mq ≤ 1; beyond this
threshold, hadronization sets in and the string tension starts
decaying. On the other hand, the UV regime takes in heavier
quarkmasses (green curve),mq >

ffiffiffi
3

p
. The nonphysical behav-

ior observed formq ≤
ffiffiffi
3

p
corresponds to the QGP regime with

negative and constantly decaying σs. As mq increases, Tc2
decreases and the confinement becomes stronger.

An increase in quark mass courses the condensate to
reduce sharply and eventually vanish at T/Tcq [153, 162].
This behavior is opposite to that of the string tension in
Figures 3 and 5 as expected in QCD lattice simulations
[202]. Consequently, confinement increases with increasing
quark mass while the chiral condensate decreases with
increasing quark mass.

6. Endnotes
1It is important to state at this point that the color dielectric

function and the potential are related as GðϕÞ = ð2πα′Þ2V
ðϕÞ [203], where α′ is the Regge slop with dimension of
length squared. So, it absorbs the dimension of the potential
rendering the GðϕÞ dimensionless. But we set ð2πα′Þ = 1
throughout the paper for simplicity.

2This follows the Matsubara formalism of field theory at
finite temperature where space time becomes topological.
Here, one makes use of the Euclidean imaginary time and
solve the path integral by imposing a periodic condition on
the gauge field, ωn = 2nπT , and an antiperiodic condition,
ωn = ð2n + 1ÞπT , for the fermion fields for n ∈ℤ. The imagi-
nary time [204, 205] transforms as β = 1/T , where T is
temperature.

3We used the standard integralsð∞
0

x3dx
ex − 1 = π4

15 ,ð∞
0

xdx
ex − 1 = π2

6 :

ð88Þ

4Here, we used ð∞
0

xdx
ex + 1 = π2

12 : ð89Þ
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