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We consider electromagnetic fields having an angular momentum density in a locally nonrotating reference frame in
Schwarzschild, Kerr, and Kerr-Newman spacetimes. The nature of such fields is assessed with two families of observers, the
locally nonrotating ones and those of vanishing Poynting flux. The velocity fields of the vanishing-Poynting observers in the
locally nonrotating reference frames are determined using the 3 + 1 decomposition formalism. From a methodological point of
view and considering a classification of the electromagnetic field based on its invariants, it is convenient to separate the
consideration of the vanishing-Poynting observers into two cases corresponding to the pure and nonpure fields; additionally, if
there are regions where the field rotates with the speed of light (light surfaces), it becomes necessary to split these observers
into two subfamilies. We present several examples of relevance in astrophysics and general relativity, such as pure rotating
dipolar-like magnetic fields and the electromagnetic field of the Kerr-Newman solution. For the latter example, we see that
vanishing-Poynting observers also measure a vanishing super-Poynting vector, confirming recent results in the literature.
Finally, for all nonnull electromagnetic fields, we present the 4-velocity fields of vanishing Poynting observers in an arbitrary
spacetime.

1. Introduction

In general relativity, test electromagnetic fields are those that do
not perturb the spacetime geometry. In the case of magnetic test
fields around a black hole of mass M, they should satisfy [1]

B < < c4

G3/2 M⊙
M⊙
M

� �
~ M⊙

M

� �
1019 Gauss, ð1Þ

where M⊙ is the mass of the sun. According to estimations
given in [2], typical magnetic field scales are of the order B1 ~
108G near the horizon of a stellar mass black hole ðM ~ 10
M⊙Þ and of the order B2 ~ 104G near the horizon of a super-

massive black hole ðM ~ 109M⊙Þ. For the supermassive black
hole in M87, recent observations with the Event Horizon Tele-
scope have led to an estimatedmagnetic field strength of only 1-
30G near the event horizon [3]. Hence, all the above estimated
strengths are clearly weak test fields. Even the magnetic field B
~ 1015G of a ultramagnetized neutron star ðM < 3M⊙Þ could
be considered a test one [4]. So, it appears that important astro-
physical electromagnetic fields can be regarded as test ones.

In particular, electromagnetic fields on different gravita-
tional backgrounds have been important to understand the
nature and dynamics of accretion disks and relativistic jets [1,
5, 6, 7, 8, 9, 10, 11], pulsar magnetospheres [12, 13, 14], and
black hole magnetospheres [15, 16, 17] or to study the
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propagation of electromagnetic waves in the neighborhood of
massive bodies [18].

In this paper, we extend the analysis in our previous
work [19], where we focused on rotating electromagnetic
fields in Minkowski space times. Since these fields have a
Poynting vector tangent to closed lines around the rotation
axis, they have an angular momentum density [20] that
can be also determined using Noether’s theorem [21]. To
describe this class of electromagnetic fields, several families
of observers were introduced, among which a special family
of rotating observers for which the Poynting vector vanishes
and as such they measure no net flux of electromagnetic
energy, together with the opposite family of inertial
observers at rest with respect to the rotation axis who mea-
sure a net Poynting flux vector.

Here, we study stationary electromagnetic fields on the
backgrounds of the Schwarzschild and Kerr black holes from
the point of view of several families of observers. This approach
requires the introduction of sets of reference frames, understood
as an idealization of observers in some state of motion,
equipped with some measuring devices. Consequently, the set
of reference frames may be identified with a time-like congru-
ence representing the set of observers’ world lines. In its turn,
this congruence is described by a family of unit time-like vec-
tors, the observers’ 4-velocity field, sometimes called the monad
field, τ.

As well known, covariant electromagnetic fields can be
classified according to their first invariant, I1, as of magnetic,
electric, and null types. The second invariant, I2, generates
the pure and nonpure classes (see Section 2). Except for pure
null fields, it is well known that it is always possible to find
the reference frame where the Poynting vector vanishes
[22]. Mitskievich showed how to find such a reference frame
[23, 24]. Using the electromagnetic 2-form, he proved that
for any nonnull pure field, it is always possible to construct
a simple bivector from which it is possible to extract a unit
time-like vector which represents these special sets of refer-
ence frames.

Whenever the electromagnetic field rotates with the speed
of light, a causal barrier appears, the light surface (or light cylin-
der, in the case of rigid rotation [25, 26, 27]). In this case, it
becomes necessary to use two different families of rotating
observers, one for each side of the light surface. The electromag-
netic fields on the light surface are always of the pure null
type [19].

Next, we present the various families of observers in Kerr
spacetime that we will consider in this work. To identify them,
as well as the quantities measured in their corresponding refer-
ence frame, we use accents or Latin subscripts. These families
are as follows: Please review the indentation below, see the
manuscript.

(1) Locally nonrotating observers [28]: the world lines
congruence of these observers are not rotating with
respect to the local geometry; the associated 4-velocity
is represented by τ. Quantities without accents or sub-
scripts are measured or related to this reference frame.

(2) Vanishing Poynting observers: these observers measure
no net flux of electromagnetic energy; for them, the
Poynting vector vanishes.

(i) For pure electromagnetic fields ðI2 = 0Þ, we consider
two subfamilies:

(a) Observers who measure only a magnetic field having a
4-velocity field τI

(b) Observers who measure only an electric field having a
4-velocity field τII

(ii) For nonpure electromagnetic fields ðI2 ≠ 0Þ, we also
consider two subfamilies:

(a) Observers who measure parallel electric and magnetic
vectors, obeying I1 < 0; they have a 4-velocity field τA

(b) Observers who measure parallel electric and magnetic
vectors obeying I1 > 0; they have a 4-velocity field τB

(3) Carter observers: in Kerr-Newman spacetime, these
observers measure no net flux of electromagnetic
energy and gravitational superenergy; for them, the
Poynting vector and the super-Poynting vector
vanishes.

(i) World lines of these observers are rotating, their 4-
velocity in regions r < r− and r+ < r is represented
by ~τ, and the tilde quantities are measured in this
reference frame; for example, ~E is the electric field

measured in this frame, and eθα is the tetrad basis
associated to this frame

(ii) World lines of this observers are rotating; their 4-
velocity in regions r− < r < r+ is represented by τ̆
and the related quantities with check

(4) Wylleman observers: these observers also measure no
net flux of electromagnetic energy.

(i) In Kerr-Newmann spacetime, Wylleman
observers, with 4-velocity τ̆, have a relative motion
in the radial direction with respect to the rotating
Carter observers in regions r < r− and r+ < r; they
are mentioned briefly at the end of Section 7

(ii) In Kerr-Newmann spacetime, Wylleman
observers, with 4-velocity �τ, have a relative
motion in the radial direction with respect to
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the nonrotating Carter observers in the region r−
< r < r+; they are mentioned briefly at the end of
Section 7

(iii) General Wylleman observers are briefly discussed
in Section 8. For electromagnetic fields of the pure
electric type, they have the 4-velocity τE; for fields
of the pure magnetic type, they have the 4-velocity
τB; for fields of the nonpure electric type, they have
the four velocity τe; and finally, for fields of the
nonpure magnetic type, they have the 4-velocity
τb.

To consider these observer families, we use the theory of
arbitrary reference frames, also known as the monad formal-
ism or 3 + 1 decomposition [21, 29, 30].

The paper is organized as follows. Section 2 presents the
electromagnetism in arbitrary reference frames, the classifica-
tion of electromagnetic fields, and we recall a result on the
propagation of electromagnetic fields. Section 3 introduces the
locally nonrotating observers in Kerr spacetime. Section 4 deals
with test stationary axially symmetric electromagnetic fields in
Kerr spacetime that are discussed from the point of view of
the locally nonrotating observers in Kerr spacetime. Section 5
presents pure rotating electromagnetic fields described from
the point of view of both the locally nonrotating observers
and the rotating observers I and II; the velocity fields of the last
ones are determined with respect to the nonrotating ones. Sec-
tion 6 presents nonpure electromagnetic fields discussed from
the point of view of locally nonrotating observers and the rotat-
ing observers A and B; the velocity field of the rotating ones as
measured by the nonrotating ones is also presented. In Section
7, we give some examples of pure test dipolar-like magnetic
fields around Schwarzschild and Kerr black holes and provide
graphs of the charge and current densities together with the
light surface for each example. Also, the Kerr-Newman electro-
magnetic field is presented as an example of a nonpure electro-
magnetic field. In Section 8, it is shown that vanishing Poynting
observers are not unique. As a matter of fact, there is a multi-
tude of them for any spacetime filled with a nonnull electro-
magnetic field. Section 9 contains the conclusions.

In this paper, we use the theory of Cartan differential
forms [19], the 3 + 1-decomposition or the theory of arbitrary
reference frames, the space-time signature ð+, − , − , − Þ and
a system of units in which c = 1. Greek indices are taken to run
from 0 to 3 and adopt the standard summation convention on
repeated indices. Furthermore, we will represent three vectors
with bold symbols; they are 4-dimensional objects in the
three-dimensional space orthogonal to the field τ.

2. Electromagnetism in Arbitrary
Reference Frames

From the exterior derivative of the electromagnetic covector
potential, A = AμðxÞdxμ, we get the electromagnetic field 2-
form:

F = dA = 1
2 Fμνdx

μ∧dxν: ð2Þ

In a reference frame characterized by the monad field τ,
the field tensor decomposes into two terms

F = E∧τ+∗ B∧τð Þ ð3Þ

where E and B are correspondingly the electric and magnetic
covectors measured in that frame [21].

These electric and magnetic fields can also be extracted
from the electromagnetic 2-form

E = ∗ τ∧∗Fð Þ, B = ∗ τ∧Fð Þ: ð4Þ

In an arbitrary reference frame, the Poynting covector is
defined as

S = E × B
4π = 1

4π ∗ E∧τ∧Bð Þ: ð5Þ

See [19].
The electric current covector, in an arbitrary reference

frame, can be decomposed as

jμ = ρτμ + Jμ,⇒ρ = j · τ, and Jμ = bμν jν, ð6Þ

where ρ and Jμ are the charge and current densities mea-
sured in that arbitrary reference frame. Here, bμν is the
four-dimensional projector, b = g − τ ⊗ τ; it can also be used
as a metric tensor in the physical 3-space orthogonal to τ. It
is also used to define the three-dimensional scalar product
A•B = −bμνAμBν; see [19]. The three-dimensional velocity v
of any test particle can be written as

u = u
τð Þ
τ + vð Þ⇒ v = b

dx
ds

, ·
� �

, ð7Þ

where u ðτÞ = u · τ.
The classification of electromagnetic fields can be estab-

lished from their invariants (see [22] and [24])

I1 = −2 ∗ F∧∗Fð Þ = FμνF
μν = 2 B•B − E•Eð Þ,

I2 = 2 ∗ F∧Fð Þ = F∗
μνF

μν = 4E•B,
ð8Þ

where

F∗
μν =

1
2 EμνστF

στ: ð9Þ

According to them, the electromagnetic field can be clas-
sified in the following way: (1) magnetic type if I1 > 0, (2)
electric type if I1 < 0, and (3) null type if I1 = 0. The second
invariant introduces the subclassification: (a) pure if I2 = 0
and (b) not pure if I2 ≠ 0.

An important result in [24] connects the speed of the
vanishing Poynting observers with the invariants of the
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electromagnetic field:

0 ≤ vj j
1 + v2 = 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − I21 + I22

4 E2 + B2ð Þ2
s

= Ej j Bj j
E2 + B2 sin ψj j ≤ 1

2 :

ð10Þ

One can see that for nonnull electromagnetic fields, they
can always be introduced.

3. Locally Nonrotating Observers in
Kerr Spacetime

Kerr solution describes a rotating black hole with mass m
and angular momentum per unit of rest mass a. In Boyer-
Lindquist coordinates [28, 33, 34],

ds2 = 1 − 2mr
ρ2

� �
dt2 + 4amr sin2ϑ

ρ2
dtdϕ −

ρ2

Δ rð Þ dr
2,

−ρ2dϑ2 − r2 + a2 + 2a2mr sin2ϑ
ρ2

� �
sin2ϑ dϕ2,

ð11Þ

where

Δ rð Þ = r2 − 2mr + a2, ρ2 = r2 + a2 cos2ϑ: ð12Þ

From the physical point of view, acceptable solutions
correspond to m > a2; in this case, the Kerr–black hole pos-
sesses two horizons corresponding to ΔðrÞ = 0,

r± =m ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
: ð13Þ

Kerr black hole also possesses an ergosphere, a region
where an observer with 4-velocity u = u0∂t cannot be sta-
tionary, no matter how powerful their spaceship is. The four
velocity is a time-like unitary vector satisfying u · u = g00
ðu0Þ2 = 1. Notice that g00 ≤ 0 in the region r < re, where

re =m +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2 cos2ϑ

p
: ð14Þ

This region exists outside the event horizon r+, so a par-
ticle can enter it and still can escape without being captured
by the black hole.

In what follows we consider only the exterior region out-
side the exterior horizon r+ < r of the Kerr black hole, or the
Schwarzschild black hole if a = 0.

We first introduce the following orthonormal tetrad:

θ 0ð Þ = eαdt, θ 1ð Þ = eβdr, θ 2ð Þ = eγdϑ, θ 3ð Þ = eδ dϕ − Fdtð Þ,
ð15Þ

where

e2α = ρ2Δ

r2 + a2ð Þ2 − Δa2 sin2ϑ
, e2β = ρ2

Δ
, e2γ = ρ2,

e2δ = r2 + a2
� �2 − Δa2 sin2ϑ

ρ2
sin2ϑ, F = a

r2 + a2 − Δ

r2 + a2ð Þ2 − Δa2 sin2ϑ
:

ð16Þ

This tetrad has a singularity at the horizon ðΔ = 0Þ, but
this is only a singularity of the basis and the coordinate
system [35].

We consider a family of locally nonrotating observers
around the Kerr black hole; these observers are not rotating
relative to the local spacetime geometry, see exercise 33.3 in
[28]. The world lines of these observers are described by the
field

τ = θ 0ð Þ, ð17Þ

which does not rotate since ω = ∗ðθð0Þ∧dθð0ÞÞ = 0. Neverthe-
less, it is accelerated, G = − ∗ðθð0Þ∧∗dθð0ÞÞ ≠ 0; see [19].

4. Stationary Axially Symmetric Test-
Electromagnetic Fields in Kerr Spacetime

Let us consider the four potentials

A =M r, ϑð Þdt −N r, ϑð Þdφ: ð18Þ

Taking its exterior derivative, we find the electromag-
netic field:

F = M,rdr +M,ϑdϑð Þ∧dt − N ,rdr +N ,ϑdϑð Þ∧dφ: ð19Þ

In terms of the Kerr nonrotating tetrad (15), F can be
rewritten as follows:

F = M,r − FN ,rð Þ e−α−βθ 1ð Þ∧θ 0ð Þ

+ M,ϑ − FN ,ϑð Þ e−α−γθ 2ð Þ∧θ 0ð Þ −N ,r e
−β−δθ 1ð Þ∧θ 3ð Þ −N ,ϑ e

−γ−δθ 2ð Þ∧θ 3ð Þ:

ð20Þ

Other useful forms are

F = ∗ N ,ϑ e
−γ−δθ 0ð Þ∧θ 1ð Þ −N ,r e

−β−δθ 0ð Þ∧θ 2ð Þ
h

+ M,ϑ − FN ,ϑð Þ e−α−γθ 1ð Þ∧θ 3ð Þ − M ,r − FN ,rð Þ e−α−βθ 2ð Þ∧θ 3ð Þ
i
,

ð21Þ

F = M,r − FN ,rð Þ e−α−βθ 1ð Þ
h
+ M,ϑ − FN ,ϑð Þ e−α−γθ 2ð Þ

i
∧θ 0ð Þ−∗ N ,ϑ e

−γ−δθ 1ð Þ −N ,r e
−β−δθ 2ð Þ

� �
∧θ 0ð Þ

h i
:

ð22Þ
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Electric and magnetic covectors, in the locally nonrotat-
ing frame, are obtained by comparing (22) with (3)

E = M,r − FN ,rð Þ e−α−βθ 1ð Þ + M,ϑ − FN ,ϑð Þ e−α−γθ 2ð Þ, ð23Þ

B = −N ,ϑ e
−γ−δθ 1ð Þ +N ,r e

−β−δθ 2ð Þ: ð24Þ
The Poynting covector (5), in the same frame, is

S = −
1
4π N ,r M,r − FN ,rð Þ e−2β +N ,ϑ M,ϑ − FN ,ϑð Þ e−2γ
h i

e−α−δθ 3ð Þ:

ð25Þ

The four current covector, in the nonrotating basis, j =
ρθð0Þ + J, follows from Maxwell equations; it has the follow-
ing components:

ρ = −
1
4π M,r − FN ,rð Þ e−α−β+γ+δ

h i
,r
+

	
M,ϑ − FN ,ϑð Þe−α+β−γ+δ

h i
,ϑ



e−β−γ+δ,

ð26Þ

J = 1
4π F ,r M,r − FN ,rð Þ e−2α−2β+δ
h

− F ,ϑ M,ϑ − FN ,ϑð Þ e−2α−2γ+δ + N ,r e
α−β+γ−δ

� �
,r
e−α−β−γ

+ N ,ϑ e
α+β−γ−δ

� �
,ϑ
e−α−β−γ

�
θ 3ð Þ:

ð27Þ
The electromagnetic field invariants are

I1 = 2 N2
,r e

−2β +N2
,ϑ e

−2γ
� �

e−2δ
n
− M,r − FN ,rð Þ2 e−2β
h

+ M,ϑ + FNϑð Þ2 e−2γ�e−2α,
ð28Þ

I2 = 4 M,rN ,r −M,ϑNϑð Þ e−α−β−γ−δ: ð29Þ
Different types of electromagnetic fields may be consid-

ered according to the choices of the functions Mðr, ϑÞ and
Nðr, ϑÞ. Pure electromagnetic rotating fields correspond to
either M =MðNÞ or N =NðMÞ and the special case M = 0
and a ≠ 0 (the Poynting vector arises from the reference
frame dragging). In what follows we consider only the first
case M =MðNÞ, since the second one is quite similar. The
cases M = 0 or N = 0 are not considered since they result
in fields with a vanishing Poynting vector. Nonpure rotating
fields correspond to other choices of M and N .

5. Pure Rotating Electromagnetic Fields in
Kerr Spacetime

In this case, the first electromagnetic invariant (28) has the
following expression:

I1 = 2 N2
,r e

−2β−2δ +N2
,ϑ e

−2γ−2δ
� �

1 − ξ r, ϑð Þ2� �
, ð30Þ

where

ξ r, ϑð Þ = dM
dN

− F
� �

e−α+δ: ð31Þ

The electromagnetic field is of pure magnetic type in the
region jξj < 1, pure null type on the surface ξ = 1, and pure
electric type in the region jξj > 1. We shall see below that
the rotation speed of the vanishing Poynting observers is
related to the function ξ, with contributions from the elec-
tromagnetic field through dM/dN and from the frame drag-
ging in Kerr spacetime through F.

In the locally nonrotating frame, the electric and mag-
netic covectors are obtained from (23) and (24):

E = ξ r, ϑð Þ N ,r e
−β−δθ 1ð Þ +N ,ϑ e

−γ−δθ 2ð Þ
� �

, ð32Þ

B =N ,ϑ e
−γ−δθ 1ð Þ −N ,r e

−β−δθ 2ð Þ: ð33Þ
The resulting Poynting covector is

S = −
1
4π ξ r, ϑð Þ N ,r e

−2β +N ,ϑ e
−2γ

h i
e−2δθ 3ð Þ: ð34Þ

The charge density measured by nonrotating observers
follows from (26):

ρ = −
1
4π ξ r, ϑð ÞN ,r e

−β+γ
h i

,r
+ ξ r, ϑð ÞN ,ϑ e

β−γ
h i

,ϑ

	 

e−β−γ−δ,

ð35Þ

while the current density

J = 1
4π N ,r e

α−β+γ−δ
� �

,r

�	
+ N ,ϑ e

α+β−γ−δ
� �

,ϑ

�
e−α−β−γ + ξ r, ϑð Þ F ,rN ,r e

−α−2β − F ,ϑN ,ϑ e
−α−2γ

� �o
θ 3ð Þ

ð36Þ

is obtained from (27).
Since I2 = 0, the electromagnetic 2-form can be written

as a simple bivector. From (20), the electromagnetic field
tensor can be rearranged as

FI = ∗ −N ,ϑ e
−γ−δθ 1ð Þ +N ,r e

−β−δθ 2ð Þ
� �

∧ θ 0ð Þ − ξθ 3ð Þ
� �h i

,

ð37Þ

or, from (20), as

FII = ξ N ,r e
−β−δθ 1ð Þ +N ,ϑ e

−γ−δθ 2ð Þ
� �

∧ θ 0ð Þ −
1
ξ
θ 3ð Þ

� �
:

ð38Þ

We introduce in the following two new sets of rotating
observers, each one for the magnetic region jξj < 1 and for
the electric region jξj > 1, respectively, which measure no
Poynting vector. On the light surface, jξj = 1, where both
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electromagnetic invariants vanish, it is not possible to intro-
duce vanishing Poynting observers since they should move
with the speed of light; see (10).

5.1. The Pure Magnetic Type Region. From the field tensor
(37), after the normalization of the time-like covector, we
readily find the 4-velocity of the vanishing Poynting
observers:

τI =
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p θ 0ð Þ − ξθ 3ð Þ
� �

, ξj j < 1, ð39Þ

where the label I is used to distinguish these observers from
those mentioned above.

From the point of view of the locally nonrotating
observers (17), these observers are rotating around the Kerr
black hole with velocity:

vI = ξθ 3ð Þ: ð40Þ

Inserting (37) into (4), we find

EI = 0,

BI =
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

q
−N ,ϑ e

−γ−δθ 1ð Þ +N ,r e
−β−δθ 2ð Þ

� �
:

ð41Þ

Consequently the Poynting vector vanishes away for
observers I.

In the special case when u = τI is defined everywhere
outside the black hole horizon, the electromagnetic field is
of pure magnetic type, I1 > 0. Moreover, due to the interpre-
tation of ξ as the speed of vanishing Poynting observers I
(40), we notice that (32) may be regarded as a rotation-
induced unipolar electric field such that I2 = 4E · B = 0.
Hence, the ideal magnetohydrodynamic conditions in [36,
37] are satisfied, since the Lorentz force free condition,

∗ u∧∗Fð Þ = 0, ð42Þ

and Ohm’s law,

ηJ = ∗ u∧∗Fð Þ = 0, ð43Þ

are satisfied for a corotating plasma of infinite conductivity.
Here, η⟶ 0 is the resistivity of the corotating plasma, and
u = τI is its four velocity. The fulfillment of (43) follows from
the fact that EI = 0 and (4). However, some caution should
be taken since these conditions are considered as noncausal
ones when time evolution is taken into account [38].

5.2. The Pure Electric Type Region. From the field tensor
(38), after the normalization of the time-like covector, we
readily find the 4-velocity of the vanishing Poynting
observers:

τII =
ξj jffiffiffiffi
ξ2

p
− 1

θ 0ð Þ −
1
ξ
θ 3ð Þ

� �
,  ξj j > 1, ð44Þ

where the label II is used to distinguish these observers from
those mentioned above.

From the point of view of the locally nonrotating
observers (17), these observers are rotating around the Kerr
black hole with velocity

vII =
1
ξ
θ 3ð Þ: ð45Þ

Inserting (38) into (4), we find that observers II can only
measure an electric field:

BII = 0,

EII =
ffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 − 1

p
ξj j N ,r e

−β−δθ 1ð Þ +N ,ϑ e
−γ−δθ 2ð Þ

� �
:

ð46Þ

Consequently, the Poynting vector also vanishes for
them.

6. Nonpure Rotating Electromagnetic Fields

Now, we have to find the reference frame in which the elec-
tric and magnetic vectors are mutually parallel, which leads
to the vanishing of the Poynting vector. For this purpose,
we introduce an auxiliary 2-form [24].

F = cos αð ÞF + sin αð Þ ∗ F, ð47Þ

where αðxÞ is an arbitrary function chosen in such a way that
F becomes either a simple bivector or the dual conjugation
of a simple bivector.

The original electromagnetic field tensor can be readily
obtained from

F = cos αð ÞF − sin αð Þ ∗F: ð48Þ

Using the following auxiliary covectors:

E = E μð Þθ
μð Þ = ∗ θ 0ð Þ∧∗F

� �
andB = B μð Þθ

μð Þ = ∗ θ 0ð Þ∧F
� �

,

ð49Þ

we can rewrite F as

F = E∧θ 0ð Þ+∗ B∧θ 0ð Þ
� �

: ð50Þ

Furthermore, we introduce the following two invariants:

I 1 = −2 ∗ F∧∗Fð Þ = 2 B · B − E · Eð Þ, ð51Þ

I2 = 2 ∗ F∧Fð Þ = 4E · B, ð52Þ

where the latter is in fact a pseudoinvariant, since it changes
sign under coordinate transformations.
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The auxiliary 2-form (50) can be rewritten as [39, 40]

F = 1
E 1ð Þ

E∧ E 1ð Þθ
0ð Þ + B 3ð Þθ

2ð Þ − B 2ð Þθ
3ð Þ

� �
−
E · B
E 1ð Þ

θ 2ð Þ∧θ 3ð Þ,

ð53Þ

F = 1
E 2ð Þ

E∧ E 2ð Þθ
0ð Þ + B 1ð Þθ

3ð Þ − B 3ð Þθ
1ð Þ

� �
−
E · B
E 2ð Þ

θ 3ð Þ∧θ 1ð Þ,

ð54Þ

F = 1
E 3ð Þ

E∧ E 3ð Þθ
0ð Þ − B 1ð Þθ

2ð Þ + B 2ð Þθ
1ð Þ

� �
−
E · B
E 3ð Þ

θ 1ð Þ∧θ 2ð Þ:

ð55Þ
The following simple, but important, lemma can be

stated.

Lemma 1. The 2-form F is a simple bivector if and only if the
second invariant vanishes I 2 = 0.

Proof.

(i) If F = p∧q, then I 2 = ∗ðp∧q∧p∧qÞ ≡ 0
(ii) If I 2 = E · B = 0 then F = p∧q, using (53), (54), and

(55)

Consequently, putting I 2 = 0, we can express F as a sim-
ple bivector using either (53) or (54):

F = E∧ θ 0ð Þ −
B 2ð Þ
E 1ð Þ

θ 3ð Þ
 !

= E∧ θ 0ð Þ +
B 1ð Þ
E 2ð Þ

θ 3ð Þ
 !

: ð56Þ

Since

I 2 = 4E · B = 4 E 1ð ÞB 1ð Þ + E 2ð ÞB 2ð Þ
� �

= 0⇒
B 1ð Þ
E 2ð Þ

= −
B 2ð Þ
E 1ð Þ

,

ð57Þ

due to the fact that Eð3Þ = Bð3Þ = 0, see (58) and (59).
The auxiliary covectors can be readily found inserting

(47) in (49); they become

E = cos αE − sin αB, ð58Þ

B = sin αE + cos αB: ð59Þ

Here, E and B are given by (23) and (24). They are the
corresponding nonpure electric and magnetic field vectors
measured in the locally nonrotating reference frame.

Substituting (23) and (24) into (58) and (59), the non-
null components of the auxiliary covectors in the tetrad

(15) are

E 1ð Þ = cos αð Þ M,r − FN ,rð Þ e−α−β + sin αð ÞN ,ϑ e
−γ−δ,

E 2ð Þ = cos αð Þ M,ϑ − FN ,ϑð Þ e−α−γ − sin αð ÞN ,r e
−β−δ,

B 1ð Þ = sin αð Þ M,r − FN ,rð Þ e−α−β − cos αð ÞN ,ϑ e
−γ−δ,

B 2ð Þ = sin αð Þ M,ϑ − FN ,ϑð Þ e−α−γ + cos αð ÞN ,r e
−β−δ:

ð60Þ

Inserting (47) into (51) and (52), the auxiliary invariants
can be expressed in terms of the electromagnetic ones

I1 = cos 2αð ÞI1 + sin 2αð ÞI2, I 2 = cos 2αð ÞI2 − sin 2αð ÞI1:
ð61Þ

Hence, putting I 2 = 0, the function α becomes

tan 2αð Þ = I2
II
: ð62Þ

Notice that −ðπ/4Þ < α < ðπ/4Þ for I1 ≠ 0. The first auxil-
iary invariant becomes

I1 =
1

cos 2αð Þ I1: ð63Þ

It has the same sign as I1, since cos ð2αÞ > 0. Conse-
quently, nonpure electromagnetic fields of the electric type
correspond to I 1 < 0, while those of the magnetic type cor-
respond to I 1 > 0.

6.1. Nonpure Fields of the Electric Type. Nonpure fields of the
electric type can be obtained from (56), since its substitution
in (51) results in I 1 < 0.

Thus, for the 2-form of field (56), in the case when j
Eð1Þj > jBð2Þj, we can choose the monad field as

τA =
E 1ð Þ
��� ���ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

1ð Þ − B2
2ð Þ

q θ 0ð Þ −
B 2ð Þ
E 1ð Þ

θ 3ð Þ
 !

, ð64Þ

where the subscript A is used to distinguish the observers
related to this monad field from the ones already mentioned
above.

Comparing (64) with (7), one finds that in the locally
nonrotating reference frame (17), the velocity field of the
vanishing Poynting observers is given by

vA =
B 2ð Þ
E 1ð Þ

: ð65Þ

Inserting (56) into (48), we have

F = cos αð Þ p∧τAð Þ − sin αð Þ ∗ p∧τAð Þ½ �, ð66Þ
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where

p =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

1ð Þ − B2
2ð Þ

q
E 1ð Þ
��� ��� E: ð67Þ

The expressions for the electric and magnetic fields in
the frame (64) are readily obtained by comparing (56) with
(3):

EA = cos αð Þp, BA = − sin αð Þp: ð68Þ

Both covectors are parallel to each other; consequently,
the Poynting vector vanishes in this reference frame.

6.2. Nonpure Fields of the Magnetic Type. In the opposite
case, jBð2Þj > jEð1Þj, the auxiliary 2-form can be rewritten as

F = ∗ B∧ θ 0ð Þ −
E 1ð Þ
B 2ð Þ

θ 3ð Þ
 !" #

: ð69Þ

Its substitution in (51) results in I 1 > 0, which corre-
sponds to the nonpure magnetic type.

On the other hand, inserting (69) into (48) leads to

F = sin αð Þ q∧τBð Þ + cos αð Þ ∗ q∧τBð Þ, ð70Þ

where

q =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

2ð Þ − E2
1ð Þ

q
B 2ð Þ
��� ��� B, ð71Þ

τB =
B 2ð Þ
��� ���ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

2ð Þ − E2
1ð Þ

q θ 0ð Þ −
E 1ð Þ
B 2ð Þ

θ 3ð Þ
 !

, ð72Þ

here the subscript B is used to distinguish the observers
related to this monad field from the ones already mentioned
above.

Comparing (72) with (7), one finds that the velocity field
of the vanishing Poynting observers in the locally nonrotat-
ing reference frame (17) is given by

vB =
E 1ð Þ
B 2ð Þ

: ð73Þ

The expressions for the electric and magnetic fields in
the frame (72) are readily obtained by comparing (56) with
(3):

EB = sin αð Þq, BB = cos αð Þq: ð74Þ

Since both covectors are parallel to each other, one has a
zero Poynting vector in this frame.

7. Examples of Electromagnetic Fields around
Black Holes

7.1. Pure Fields. In this section, we present some graphics of
charge and electric current densities associated to rotating
dipolar-like test magnetic fields around black holes. In order
to see the nature of the electromagnetic field around the
black hole, we also present graphics of the function ξ,
according to which the electromagnetic field is of the pure
magnetic type if ξ < 1, of the pure null type if ξ = 1, and of
the pure electric type if ξ > 1; see equation (30). Since these
configurations are stationary ones, they may model the final
evolution stages of accretion disks around black holes, once
the infalling matter supply has been depleted.

In order to consider dipolar-like fields immediately out-
side the black hole’s horizon, r > r+, let us assume for Nðr, ϑÞ
the following form

N r, ϑð Þ = kΔ5/2 sin2ϑ
r6

, ð75Þ

where k is a constant that could be interpreted as the dipolar
moment.

Inserting (75) into (33), the magnetic field in the locally
nonrotating reference frame (17) is

B = −
Δ5/2

r5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 + a2ð Þ2 − a2Δ sin2ϑ

q 2k cos ϑ
r

θ 1ð Þ + k
ffiffiffiffi
Δ

p
sin ϑ

r2 θ 2ð Þ
" #(

−
5 mr − a2
� �

sin ϑffiffiffiffi
Δ

p
r2

θ 2ð Þ


:

ð76Þ

This field vanishes on the event horizon r = r+, since Δ
= 0, and behaves as that of a point magnetic dipole far away
from it:

B ≅ −
2k cos ϑ

r3
θ 1ð Þ + k sin ϑ

r3
θ 2ð Þ

� �
: ð77Þ

Hence, k can be interpreted as the dipolar moment.
Inserting (75) into (32), the unipolar induced electric field
in the locally nonrotating field (17) is

E = ξ Δ5/2

r5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 + a2ð Þ2 − a2Δ sin2ϑ

q −
k
ffiffiffiffi
Δ

p
sin ϑ

r2
θ 1ð Þ + 2k cos ϑ

r
θ 2ð Þ

" #(

+ 5 mr − a2
� �

sin ϑffiffiffiffi
Δ

p
r2

θ 1ð Þ


:

ð78Þ

Function MðNÞ (or its derivative) should be determined
from observations of the structure of the black hole’s magne-
tosphere. However, since there is little reliable information,
we present two examples, which differ by the choice of the
derivative of the function M.
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Example 1. Let us consider the function (75) with the con-
stant derivative

dM
dN

=Ω0: ð79Þ

For plotting, we use Ω0 = 1, k = 1, m = 1, and a ∈ f
0,0:5,0:9g. The profiles of revolution of the current density,
in the locally nonrotating reference frame, (36), are presented
in Figure 1, while those of the charge density, (35), are shown
in Figure 2. The nature of the electromagnetic field (its type) is
shown using the profiles of revolution of the function ξ: pure
magnetic field corresponds to lines where ξ < 0, pure null field
to lines where ξ = 0 and pure electric field to those lines where
ξ > 1; see (30). The light surface ξ = 1, with electromagnetic
fields rotating at the speed of light, is displayed in Figure 3.

Example 2. Let us consider the function (75) with exponen-
tial derivative

dM
dN

=Ω0 exp −
σ

N2

� �
: ð80Þ

The numerical values that we use in this case are Ω0 = 1,
k = 20, σ = 0:1, m = 1, and a ∈ f0,0:5,0:9g. The same quanti-
ties as in the previous case are presented in Figures 4–6,
respectively.

7.2. The Kerr–Newman Electromagnetic Field. One example
of a nonpure electromagnetic field is produced by a charged
rotating black hole. This field is not a test-one since it is a
solution of the Einstein-Maxwell equations. It has been
already considered by Bini et al. [41] and more recently by
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Figure 1: Contours of profiles of revolution around the vertical axis (rotation axis) depicting constant current density lines (36)
corresponding to Example 1 for three different values of the Kerr parameter a. The red curve corresponds to J = 0:0001, blue to J = −
0:0001, magenta to J = 0:00003, and green to J = −0:00003. The black circle is the black hole’s horizon.
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Figure 2: Contour plots of constant charge density lines according to (35). They correspond to the assumptions given in Example 1 for three
different values of the Kerr parameter a. Red lines are for ρ = 0:0008, blue for ρ = −0:0008, magenta for ρ = 0:0001, and green for ρ = −
0:0001; the black curve represents the black hole’s horizon.
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Wylleman et al. [52]. The latter group found that Carter
observers, i.e., those observers which measure a vanishing
gravitational super-Poynting vector, also measure a vanish-
ing electromagnetic Poynting vector. Below, we show that
both the Poynting vector and the super-Poynting vector also
vanish for the locally nonrotating observers as they approach
the horizon, due to the frame dragging.

The Kerr-Newman solution describes the spacetime of a
rotating black hole with charge Q. It has the well-known
form

ds2 = 1 − 2mr −Q2

ρ2

� �
dt2 + 2a 2mr −Q2� �

sin2ϑ
ρ2

dtdϕ

−
ρ2

ΔKN rð Þ dr
2 − ρ2dϑ2 − r2 + a2 + a2 2mr −Q2� �

sin2ϑ
ρ2

 !
sin2ϑ dϕ2,

ð81Þ

where

ΔKN rð Þ = r2 − 2Mr + a2 +Q2, ρ2 = r2 + a2 cos2ϑ: ð82Þ

For this metric, the horizons are located at r± =m ±ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2 −Q2

p
.

The electromagnetic four potential has the expression

A = −
Qr
ρ2

dt − a sin2ϑ dϕ
� �

, ð83Þ
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Figure 3: Contour plots depicting lines of constant ξ-values (31) for Example 1, using three different values of the Kerr parameter a. Red
lines correspond to ξ = 0:5, green to ξ = 1, and blue to ξ = 4. Along these lines the electromagnetic field is, respectively, of the pure magnetic
type, pure null type, and pure electric type; see (30). Green lines correspond to the light surfaces.
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Figure 4: Contours of profiles of revolution around the vertical axis (rotation axis) depicting constant current density lines (36)
corresponding to Example 2 for three different values of the Kerr parameter a. The red curve corresponds to J = 0:002, blue to J = −
0:002, magenta to J = 0:0001, and green to J = −0:0001. The black circle is the black hole’s horizon.
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and the corresponding electromagnetic field is given by

F = Q r2 − a2 cos2ϑ
� �

ρ4
dr∧ dt − a sin2ϑ dϕ
� �

+ 2Qra cos ϑ
ρ4

sin ϑdϑ∧ r2 + a2
� �

dϕ − a dt
� �

:

ð84Þ

In this spacetime, we can introduce two new sets of
observers, in the regions 0 < r < r− and r > r+. The first set
is described by the monad field

~τ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔKN rð Þp
ρ

dt − a sin2ϑ dϕ
� �

= r2 + a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 + a2ð Þ2 − ΔKNa2 sin2ϑ

q θ 0ð Þ −
a
ffiffiffiffiffiffiffiffiffi
ΔKN

p
sin ϑ

r2 + a2
θ 3ð Þ

" #
,

ð85Þ

together with the adapted tetrad to these observers

eθ 0ð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔKN rð Þp
ρ

dt − a sin2ϑ dϕ
� �

,

eθ 1ð Þ = ρffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔKN rð Þp dr,

eθ 2ð Þ = ρdϑ,

eθ 3ð Þ = sin ϑ

ρ
r2 + a2
� �

dϕ − a dt
� �

:

ð86Þ

On the other hand, in the region between horizons, r−
< r < r+, the monad field of the second set of observers is

τ̆ = ρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ΔKN rð Þp dr, ð87Þ
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Figure 5: Contour plots of constant charge density lines according to (35). They correspond to the assumptions given in Example 2 for three
different values of the Kerr parameter a. Red lines are for ρ = 0:01, blue for ρ = −0:01, magenta for ρ = 0:001, and green for ρ = −0:001; the
black curve represents the black hole’s horizon.
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Figure 6: Contour plots depicting lines of constant ξ-values (31) for Example 2, using three different values of the Kerr parameter a. Red
lines correspond to ξ = 0:1, green to ξ = 1, and blue to ξ = 10. Along these lines the electromagnetic field is, respectively, of the pure magnetic
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with the adapted tetrad

θ̆
0ð Þ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ΔKN rð Þp
ρ

dt − a sin2ϑ dϕ
� �

,

θ̆
1ð Þ = ρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−ΔKN rð Þp dr,

θ̆
2ð Þ = ρdϑ,

θ̆
3ð Þ = sin ϑ

ρ
r2 + a2
� �

dϕ − a dt
� �

:

ð88Þ

In this region, θ̆
ð1Þ

is a time-like covector, while θ̆
ð0Þ

is a
space-like one. Notice that the monad field (87) is a nonro-

tating one ∗ðθ̆ð1Þ∧dθ̆ð1ÞÞ = 0; hence, these Carter observers
can be regarded also as locally nonrotating observers. Hence,
let us call observers with four velocity field (85), Carter
observers, and observers with four velocity field (87), locally
nonrotating Carter observers.

In the regions 0 < r < r− and r+ < r, the observers repre-
sented by the velocity field (85) measure parallel electric
and magnetic (co)vectors

~E = Q r2 − a2 cos2ϑ
� �

ρ4
eθ 1ð Þ, ~B = 2aQr cos ϑ

ρ4
eθ 1ð Þ

: ð89Þ

On the other hand, in region r− < r < r+, the observers
with monad field (87) measure the parallel electric and mag-
netic covectors

Ĕ = Q r2 − a2 cos2ϑ
� �

ρ4
θ̆

0ð Þ, B̆ = 2aQr cos ϑ
ρ4

θ̆
0ð Þ
: ð90Þ

Hence, both sets of observers measure a vanishing
Poynting vector.

From the above expressions, it is easy to see that the elec-
tromagnetic field is quite diverse [24]. All types of electro-
magnetic fields are present; for example, there is a pure
electric type field on the equatorial plane, a pure magnetic
type on the surface r2 − a2 cos2ϑ = 0, a null nonpure on the
surface r4 − 6a2r2 cos2ϑ + a4 cos4ϑ = 0.

From (85), in the regions 0 < r < r− and r+ < r, we see
that the speed of Carter observers (90) as measured by the
locally nonrotating observers is

~v = −
a
ffiffiffiffiffiffiffiffiffi
ΔKN

p
sin ϑ

r2 + a2
θ 3ð Þ: ð91Þ

Near the horizon, the speed tends to zero (since ΔKN
⟶ 0), meaning that both kinds of observers become
comoving due to the dragging of reference frames. In the
region between both horizons, r− < r < r+, Carter observers
and locally nonrotating observes become totally comoving
ones.

7.2.1. Electromagnetic Energy Flux and Superenergy Flux in
Kerr–Newman Spacetime. There is no local definition for

the energy–momentum tensor of the gravitational field in
general relativity. Nevertheless, there is a tensor which could
be used to describe locally the strength of the gravitational
field, the Bel-Robinson superenergy tensor [42, 43]. It is con-
structed, in a similar manner as the electromagnetic field,
but using the Weyl curvature tensor:

Tαβλμ = Cαρλ
σC

μσβ
ρ + Cαρλ

∗ σC
μσβ
∗ ρ, ð92Þ

where the Hodge asterisk denote the dual conjugation on the
pair of indexes above it.

Cαρλ
∗ σ =

1
2 E

αρ
βγC

βγλ
σ: ð93Þ

The Bel-Robinson tensor is symmetric in all its indices

Tαβλμ = T αβλμð Þ ð94Þ

and has properties similar to those of the traditional energy-
momentum tensor. For instance, it possesses a positive-
definite time-like component, a causal “momentum” vector,
its divergence vanishes (in vacuum), etc. However, its units
are the square of the energy density units.

The components of the Weyl tensor in the rotating tet-
rad basis (86) are

~C 0ð Þ 1ð Þ 0ð Þ 1ð Þ = −~C 2ð Þ 3ð Þ 2ð Þ 3ð Þ = 2U r, ϑð Þ,
~C 1ð Þ 2ð Þ 1ð Þ 2ð Þ = ~C 1ð Þ 3ð Þ 1ð Þ 3ð Þ = −~C 0ð Þ 2ð Þ 0ð Þ 2ð Þ = −~C 0ð Þ 3ð Þ 0ð Þ 3ð Þ =U r, ϑð Þ,

~C 0ð Þ 1ð Þ 2ð Þ 3ð Þ = −2V r, ϑð Þ,
~C 1ð Þ 2ð Þ 3ð Þ 0ð Þ = ~C 1ð Þ 3ð Þ 0ð Þ 2ð Þ = −V r, ϑð Þ,

ð95Þ

where

U r, ϑð Þ = mr3 −Q2r2 − a2 3mr −Q2� �
cos2ϑ

r2 + a2 cos2ϑð Þ2
, ð96Þ

V r, ϑð Þ = a 3mr2 − 2Q2r − a2m cos2ϑ
� �

cos ϑ
r2 + a2 cos2ϑð Þ2

: ð97Þ

The nonnull components of the Bel-Robinson tensor in
the tetrad basis (86) are

~T
0ð Þ 0ð Þ 0ð Þ 0ð Þ = ~T

1ð Þ 1ð Þ 1ð Þ 1ð Þ = ~T
2ð Þ 2ð Þ 2ð Þ 2ð Þ = ~T

3ð Þ 3ð Þ 3ð Þ 3ð Þ = 6C r, ϑð Þ,
ð98Þ

~T
2ð Þ 2ð Þ 0ð Þ 0ð Þ = ~T

3ð Þ 3ð Þ 0ð Þ 0ð Þ = −~T 1ð Þ 1ð Þ 2ð Þ 2ð Þ = −~T 1ð Þ 1ð Þ 3ð Þ 3ð Þ = 4C r, ϑð Þ,
ð99Þ

~T
2ð Þ 2ð Þ 3ð Þ 3ð Þ = −~T 1ð Þ 1ð Þ 0ð Þ 0ð Þ = 2C r, ϑð Þ, ð100Þ
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where

C r, ϑð Þ = m2r2 − 2mQ2r + a2m2 cos2ϑ +Q4

r2 + a2 cos2ϑð Þ4
: ð101Þ

Notice that the two sets of tetrads (86) and (88) are
related thorough

θ̆
0ð Þ = ieθ 0ð Þ, θ̆ 1ð Þ = −ieθ 1ð Þ, θ̆ 2ð Þ = eθ 2ð Þ, θ̆ 3ð Þ =eθ 3ð Þ

: ð102Þ

Hence, it is easy to obtain T̆
ðκÞðλÞðμÞðνÞ

from (98), (99),
and (100).

The super-Poynting vector, representing the super-
energy flux, is defined as follows

P αð Þ = b αð Þ βð ÞT
βð Þ κð Þ λð Þ μð Þτ κð Þτ λð Þτ μð Þ: ð103Þ

Thus,

(i) In the regions r < r− and r > r+, using the monad ~τ

=eθð0Þ, eq. (85), the super-Poynting vector vanishes

~P αð Þ = ~b αð Þ βð Þ~T
βð Þ κð Þ λð Þ μð Þ

~τ κð Þ~τ λð Þ~τ μð Þ = 0 ð104Þ

(ii) In the region r− < r < r+, using the monad τ̆ = θ̆
ð1Þ
,

eq. (88), the super-Poynting vector vanishes

P̆ αð Þ = b̆ αð Þ βð ÞT̆
βð Þ κð Þ λð Þ μð Þ

τ̆ κð Þτ̆ λð Þτ̆ μð Þ = 0 ð105Þ

Hence, rotating Carter observers and locally nonrotating
Carter observers both measure a vanishing super Poynting
vector.

The calculation of the super-Poynting vector for the
locally nonrotating observers is more involved. We use the
nonrotating monad vector (17) written in terms of the rotat-
ing tetrad. We obtain

P = b αð Þ βð ÞT
βð Þ κð Þ λð Þ μð Þτ κð Þτ λð Þτ μð Þeθ αð Þ

= −18C t, rð Þτ 0ð Þτ 3ð Þ τ20ð Þ + τ23ð Þ
� �

τ 3ð Þeθ 0ð Þ + τ 0ð Þeθ 3ð Þ
� �

= −18C t, rð Þτ 0ð Þτ 3ð Þ τ20ð Þ + τ23ð Þ
� �

θ 3ð Þ,

ð106Þ

where Cðt, rÞ is defined in (101). Locally nonrotating
observers measure a net superenergy flux in the θð3Þ direc-
tion in agreement with the result reported by Herrera et al.

[44]. In addition, they also suggest that this flux may be
the cause of the reference frame dragging.

In order to deduce expression (106), we have used the
symmetry property of Bel-Robinson tensor (94), the short-

hand notation τ = τð0Þeθð0Þ + τð3Þeθð3Þ.
τ 0ð Þ =

r2 + a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 + a2ð Þ2 − Δ2

KN sin2ϑ
q , τ 3ð Þ =

a
ffiffiffiffiffiffiffiffiffi
ΔKN

p
sin ϑffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 + a2ð Þ2 − Δ2
KN sin2ϑ

q ,

ð107Þ

the property τ2ð0Þ − τ2ð3Þ = 1. Also, bðμÞðνÞ = gðμÞðνÞ − τðμÞτðνÞ
and

θ 3ð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 + a2ð Þ2 − Δ2

KN sin2ϑ
q a

ffiffiffiffiffiffiffiffiffi
ΔKN

p
sin ϑeθ 0ð Þ + r2 + a2

� �eθ 3ð Þ
� �

:

ð108Þ

Notice that τð3Þ = 0 on the horizons; consequently, P
⟶ 0 there. This does not mean that there is no net super-
energy flux at the horizon, but that nonrotating observers
become comoving with rotating Carter ones.

As a final remark, it has to be noticed that Carter
observers are not the only ones which measure vanishing
Poynting and super-Poynting vectors. In fact, as Wylleman
et al. have shown [52], any radially moving observer with
respect to the Carter observers also measures the vanishing
of both Poynting vectors (these authors use the term Weyl
observers instead of the Carter observer used here).

In the regions r < r− and r > r+ theseWylleman observers
have the following 4-velocity

τ̆ = cosh Ψð Þeθ 0ð Þ
− sinh Ψð Þeθ 1ð Þ, ð109Þ

where Ψ =ΨðxÞ is an arbitrary function of the space-
time coordinates.

These observers can readily be extended to the region
r− < r < r+; their 4-velocity is

�τ = cosh ϒð Þθ̆ 1ð Þ − sinh ϒð Þθ̆ 0ð Þ, ð110Þ

where ϒ =ϒðxÞ is also an arbitrary function of the coor-
dinates. They move in the time direction that of the spatial
tetrad vector X̆ð0Þ = ∂t , without detecting Poynting and super
Poynting flux vectors.

Contrary to our previous ideas, it seems that the state of
motion of both the electromagnetic field and the
gravitational-superenergy field cannot be established using
the criterion of the cancellation of the Poynting vector or
the Poynting supervector, and it is not possible to speak
about their state of motion at all.
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8. Vanishing Poynting Observers in
General Relativity

As the last example shows, observers measuring a null
Poynting vector are not unique. In a recent work by Wylle-
man et al. [52], it is shown how to find all these observers.
Now, using the presented formalism and without consider-
ing any concrete space-time, we can generalize our previous
results to show that these observers can always be intro-
duced for any nonnull electromagnetic field.

In order to do so, we introduce an arbitrary unitary
time-like covector τ and an arbitrary space-like covector p,
together with

p̂ = 1ffiffiffiffiffiffiffiffiffiffiffi−p · pp p: ð111Þ

(1) For the pure-electric type case, the electromagnetic
field tensor is always a simple bivector of the form
FE = p∧τ [compare with (38)]; observers measuring
a vanishing magnetic field have the following four-
velocity field:

τE = cosh ψð Þτ − sinh ψð Þp̂: ð112Þ

One can check that B = ∗ðτE∧FEÞ ≡ 0.

(2) For the pure-magnetic type case, the electromagnetic
field tensor is always the dual conjugate of a simple
bivector of the form FB = ∗ðp∧τÞ [compare with
(37)]; observers measuring a vanishing electric field
have the following four-velocity field:

τB = cosh ψð Þτ − sinh ψð Þp̂: ð113Þ

One can check that E = ∗ðτB∧FBÞ ≡ 0.

(3) The electromagnetic field tensor of a nonpure elec-
tromagnetic field can always be written as Fe = cos
ðαÞFe − sin ðαÞ ∗Fe; see Section 6 and (48). For
the electric type case, Fe is a simple bivector of the
form Fe = p∧τ [compared with (56)]; observers mea-
suring parallel electric and magnetic fields have the
following four-velocity field:

τe = cosh ψð Þτ − sinh ψð Þp̂: ð114Þ

One can check that

Ee = ∗ τe∧∗Feð Þ = cos α ∗ τe∧∗Feð Þ,
Be = ∗ τe∧Feð Þ = − sin α ∗ τe∧∗Feð Þ,

ð115Þ

are proportional to each other.

(4) The electromagnetic field tensor of a nonpure elec-
tromagnetic field can always be written in the form
Fb = cos ðαÞFb − sin ðαÞ ∗Fb; see Section 6, and
(48). For the magnetic type case, Fb is of the form
Fb = ∗ðp∧τÞ [compare with (69)]; observers measur-
ing parallel electric and magnetic fields have the fol-
lowing four-velocity field:

τb = cosh ψð Þτ − sinh ψð Þp̂: ð116Þ

One can check that

Eb = ∗ τb∧∗Fbð Þ = − sin α ∗ τb∧Fbð Þ,
Bb = ∗ τb∧∗Fbð Þ = − sin α ∗ τb∧Fbð Þ,

ð117Þ

are proportional to each other.
Here, ψ = ψðxÞ is an arbitrary function of space-time

coordinates. In all cases, the new observers move with a
speed v = tanh ðψÞ in the direction of the p-vector with
respect to a family of observers with 4-velocity field τ.

Thus, contrary to our previous ideas in [19], these results
show that the state of motion of the electromagnetic field
cannot be established using the criterion of the cancellation
of the Poynting vector, since there is a multitude of
observers in relative motion to each other that measure a
vanishing Poynting vector.

9. Conclusions

In this work, we have extended our previous study on rotat-
ing electromagnetic fields in special relativity [19] by consid-
ering axially symmetric test fields outside the event horizons
of Schwarzschild and Kerr black holes. We have also consid-
ered the nontest electromagnetic field of the Kerr-Newman
black hole. These rotating fields are also characterized by
having an angular momentum density regarding some refer-
ence frame. Similarly to the previous work, we have intro-
duced two families of observers, locally nonrotating
observers, and rotating vanishing Poynting observers.

The reference frame of the locally nonrotating observers
was used to describe the electric and magnetic fields and also
the charge and current densities associated with the different
fields considered here, as well as to characterize the motion
of the vanishing-Poynting observers. In their turn, the van-
ishing Poynting observers were used to describe, in their
frame of reference, the electric and magnetic fields. Consid-
ering the nature of the electromagnetic field, it was necessary
to divide the consideration of this last family of observers
into two cases:

(1) If the electromagnetic field is of the pure type (the
second electromagnetic invariant vanishes), we
introduce observers for which either the electric field
cancels or the magnetic field cancels. These
observers were labeled with subscripts I and II

(2) If the electromagnetic field is of the nonpure type
(the second invariant does not cancel), we introduce
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observers for which the electric and magnetic fields
are mutually parallel. These observers were labeled
with the subscripts A and B

Due to the presence of light surfaces, regions where the elec-
tromagnetic field is of the pure null type, it was necessary to
divide the observers in each of the previous cases into two sub-
families, each one on each side of the light surface.

In the case of pure fields, in the locally nonrotating refer-
ence frame, for each electromagnetic field of the form (18), with
M =MðNÞ (I2 = 0 for this choice), two subfamilies of rotating
observers measuring a vanishing Poynting vector were intro-
duced: In the pure magnetic type region, observers I with a
velocity field given by (40), while in the pure electric type region,
observers II with a velocity field given by (45), both fields are
related to the function ξ defined in (31). Also, in the locally non-
rotating reference frame, since the magnetic field does not
depend on the functionM, for a given magnetic field (33), there
were associated several different unipolar induced electric fields
(32), several different charge densities (35), and several different
current densities (36), one for eachM. An important difference
with respect to our previous work [19] is that there is a contri-
bution to the unipolar induced electric field from the frame
dragging. As a matter of fact, frame dragging alone is enough
to induce an electric field.

To show these latter features, several examples have been
given in Schwarzschild and Kerr spacetimes; different dipolar-
like magnetic fields (vanishing at the horizon) were used to
show the complex structure of the charge and the current den-
sities. To see the nature of the electromagnetic field and visual-
ize the light surface, we have also provided some plots showing
the profiles of revolution of the first electromagnetic field
invariant.

We have also shown that in the special case when the pure
electromagnetic field is of the pure magnetic type everywhere
outside the horizon, ideal magnetohydrodynamic conditions
are satisfied. Consequently, these fields might model the mag-
netospheres of neutron stars, or the final evolution stage of
accretion disks around nonrotating black holes, once the infall-
ing matter supply has been depleted.

In the case of nonpure fields, instead of test fields, we have
considered the electromagnetic field of the Kerr-Newman solu-
tion. We have found that there are regions where the electro-
magnetic field is also pure, as some other authors have
pointed out [24, 41]. Using the locally nonrotating Wylleman
observers, we have found that the electromagnetic Poynting
vector and the gravitational super-Poynting vector vanish for
these observers in the region between horizons. These observers
also measure parallel electric and magnetic vectors in the non-
pure regions, confirming results in [52]. Also, in this example,
we found how the rotating Carter observers and locally rotating
observers become comoving ones in the region between the
horizons, due to the effect of frame dragging.

Although we have restricted our considerations to station-
ary electromagnetic fields in the Kerr and Kerr-Newman space-
times, in Section 8, we extended our methodology to obtain the
vanishing Poynting observers for nonnull electromagnetic fields
in other geometries, using only the algebraic structure of the
electromagnetic field tensor.

The examples presented here can be used not only for
pedagogical purposes but also to complement studies about
numerical [45] and exact [46, 47] solutions of black hole mag-
netospheres or even unipolar induction [48, 49, 50, 51]. In par-
ticular, these examples suggest that black hole magnetospheres
may be quite diverse.
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