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In perturbative QCD approach, based on the first order of isospin symmetry breaking, we study the direct CP violation in the
decay of �B0

s ⟶ ρðωÞK∗0 ⟶ π+π−K∗0. An interesting mechanism is applied to enlarge the CP violating asymmetry involving
the charge symmetry breaking between ρ and ω. We find that the CP violation is large by the ρ − ω mixing mechanism when

the invariant masses of the π+π− pairs are in the vicinity of the ω resonance. For the decay process of �B0
s ⟶ ρðωÞK∗0 ⟶ π+

π−K∗0, the maximum CP violation can reach −59:12%. Furthermore, taking ρ − ω mixing into account, we calculate the

branching ratio for �B0
s ⟶ ρðωÞK∗0. We also discuss the possibility of observing the predicted CP violation asymmetry at the

LHC.

1. Introduction

Charge-parity (CP) violation is an open problem, even though
it has been known in the neutral kaon systems for more than
five decades [1]. The study of CP violation in the heavy quark
systems is important to our understanding of both particle
physics and the evolution of the early universe. Within the
standard model (SM), CP violation is related to the nonzero
weak complex phase angle from the Cabibbo-Kobayashi-
Maskawa (CKM) matrix, which describes the mixing of the
three generations of quarks [2, 3]. Theoretical studies pre-
dicted large CP violation in the B meson system [4–6]. In
recent years, the LHCb collaboration has measured sizable
direct CP asymmetries in the phase space of the three-body
decay channels of B± ⟶ π±π+π− and B± ⟶ K±π+π−

[7–9]. These processes are also valuable for studying themech-
anism of multibody heavy meson decays. Hence, more atten-
tion has been focused on the nonleptonic B meson three-
body decay channels in searching for CP violation, both theo-
retically and experimentally.

The direct CP violation in the b hadron decays occurs
through the interference of at least two amplitudes with differ-

ent weak phase ϕ and strong phase δ. The weak phase difference
ϕ is determined by the CKM matrix elements, while the strong
phase can be produced by the hadronic matrix elements and
interference between the intermediate states. The hadronic
matrix elements are not still well determined by the theoretical
approach. The mechanism of two-body B decays is still not
quite clear, although many physicists are devoted to this field.
Many factorization approaches have been developed to calcu-
late the two-body hadronic decays, such as the naive factoriza-
tion approach [10–13], the QCD factorization (QCDF)
[14–18], perturbative QCD (pQCD) [19–21], and soft-
collinear effective theory (SCET) [22–24]. Most factorization
approaches are based on heavy quark expansion and light-
cone expansion in which only the leading power or part of
the next to leading power contributions are calculated to com-
pare with the experiments. However, the different methods
may present different strong phases so as to affect the value of
the CP violation. Meanwhile, in order to have a large signal of
CP violation, we need an appeal to some phenomenological
mechanism to obtain a large strong phase δ. In Refs. [25–30],
the authors studied the direct CP violation in hadronic B
(including Bs and Λb) decays through the interference of tree
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and penguin diagrams, where ρ-ωmixing was used for this pur-
pose in the past few years and focused on the naive factorization
and QCD factorization approaches. This mechanism was also
applied to generalize the pQCD approach to the three-body
nonleptonic decays in B0,± ⟶ π0,±π+π− and Bc ⟶D+

ðsÞπ
+

π−, where even larger CP violation may be possible [31, 32].
In this paper, we will investigate directCP violation of the decay
process �B0

s ⟶ ρðωÞK∗0 ⟶ π+π−K∗0 involving the same
mechanism in the pQCD approach.

The three-body decays of heavy Bmesons are more compli-
cated than the two-body decays as they receive both resonant
and nonresonant contributions. Unlike the two-body case, to
date, we still do not have effective theories for hadronic three-
body decays, though attempts along the framework of pQCD
and QCDF have been used in the past [33–36]. As a working
starting point, we intend to study ρ-ω mixing effect in three-
body decays of the B meson. The ρ − ω mixing mechanism is
caused by the isospin symmetry breaking from the mixing
between the u and d flavors [37, 38]. In Ref. [39], the authors
studied the ρ − ω mixing and the pion form factor in the
time-like region, where ρ − ω mixing comes from three part
contributions: two from the direct coupling of the quasi-two-
body decay of �B0

s ⟶ ρK∗0 ⟶ π+π−K∗0 and �B0
s ⟶ ωK∗0

⟶ π+π−K∗0 and the other from the interference of �B0
s ⟶

ωK∗0 ⟶ ρK∗0 ⟶ π+π−K∗0 mixing. Generally speaking,
the amplitudes of their contributions are as follows: �B0

s ⟶ ρ

K∗0 ⟶ π+π−K∗0>�B0
s ⟶ ωK∗0 ⟶ ρK∗0 ⟶ π+π−K∗0>

�B0
s ⟶ ωK∗0 ⟶ π+π−K∗0. ω⟶ π+π− and ω⟶ ρ⟶ π+

π− were used to obtain the (effective) mixing matrix element
~ΠρωðsÞ [40–42]. The magnitude has been determined by the
pion form factor through the data from the cross section of e+

e− ⟶ π+π− in the ρ and ω resonance region [39, 42–45].
Recently, isospin symmetry breaking was discussed by incor-
porating the vector meson dominance (VMD) model in the
weak decay process of the meson [27, 32, 46–49]. However,
one can find that ρ − ω mixing produces the large CP viola-
tion from the effect of isospin symmetry breaking in the
three and four bodies decay process. Hence, in this paper,
we shall follow the method of Refs. [27, 32, 46–49] to inves-
tigate the decay process of �B0

s ⟶ ρðωÞK∗0 ⟶ π+π−K∗0 by
the isospin symmetry breaking.

The remainder of this paper is organized as follows. In Sec.
2, we will present the form of the effective Hamiltonian and
briefly introduce the pQCD framework and wave functions.
In Sec. 3, we give the calculating formalism and details of the
CP violation from ρ − ω mixing in the decay process �B0

s ⟶

ρðωÞK∗0 ⟶ π+π−K∗0. In Sec. 4, we calculate the branching
ratio for the decay process of �B0

s ⟶ ρ0ðωÞK∗0. In Sec. 5, we
show the input parameters. We present the numerical results
in Sec. 6. Summary and discussion are included in Sec. 7. The
related functions defined in the text are given in the Appendix.

2. The Framework

Based on the operator product expansion, the effective weak
Hamiltonian for the decay processes �B0

s ⟶ ρ0ðωÞK∗0 can

be expressed as [50]

Heff =
GFffiffiffi
2

p VubV
∗
ud C1 μð ÞQu

1 μð Þ + C2 μð ÞQu
2 μð Þ½ � − VtbV

∗
td 〠

10

i=3
Ci μð ÞQi μð Þ

" #( )

+H:c:,

ð1Þ

where GF represents the Fermi constant, CiðμÞ (i = 1,⋯, 10)
are the Wilson coefficients, and Vub, Vud , Vtb, and Vtd are
the CKMmatrix elements. The operators Oi have the follow-
ing forms:

Ou
1 = �dαγμ 1 − γ5ð Þuβ�uβγμ 1 − γ5ð Þbα, ð2Þ

Ou
2 = �dαγμ 1 − γ5ð Þuα�uβγμ 1 − γ5ð Þbβ, ð3Þ

O3 = �dαγμ 1 − γ5ð Þbα〠
q′
q′βγμ 1 − γ5ð Þq′β, ð4Þ

O4 = �dαγμ 1 − γ5ð Þbβ〠
q′
q′βγμ 1 − γ5ð Þq′α, ð5Þ

O5 = �dαγμ 1 − γ5ð Þbα〠
q′
q′βγμ 1 + γ5ð Þq′β, ð6Þ

O6 = �dαγμ 1 − γ5ð Þbβ〠
q′
q′βγμ 1 + γ5ð Þq′α, ð7Þ

O7 =
3
2
�dαγμ 1 − γ5ð Þbα〠

q′
eq′q′βγμ 1 + γ5ð Þq′β, ð8Þ

O8 =
3
2
�dαγμ 1 − γ5ð Þbβ〠

q′
eq′q′βγμ 1 + γ5ð Þq′α, ð9Þ

O9 =
3
2
�dαγμ 1 − γ5ð Þbα〠

q′
eq′q′βγμ 1 − γ5ð Þq′β, ð10Þ

O10 =
3
2
�dαγμ 1 − γ5ð Þbβ〠

q′
eq′q′βγμ 1 − γ5ð Þq′α, ð11Þ

where α and β are the SU(3) color indices, eq′ is the electric

charge of quark q′ in the unit of ∣e ∣ , and the sum extend
over q′ = u, d, s, c or b quarks. In Eq. (11) Ou

1 and Ou
2 are

the tree operators, O3–O6 are the QCD penguin operators,
and O7–O10 are the operators associated with electroweak
penguin diagrams.

The Wilson coefficient CiðμÞ in Eq. (1) describes the
coupling strength for a given operator and summarizes the
physical contributions from scales higher than μ [51]. They
are calculable perturbatively with the renormalization group
improved perturbation theory. Usually, the scale μ is chosen
to be of order OðmbÞ for B meson decays. Since we work in
the leading order of perturbative QCD (OðαsÞ), it is consis-
tent to use the leading order Wilson coefficients. So, we
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use the numerical values of CiðmbÞ as follow [19, 21]:

C1 = −0:2703,

C2 = 1:1188,

C3 = 0:0126,

C4 = −0:0270,

C5 = 0:0085,

C6 = −0:0326,

C7 = 0:0011,

C8 = 0:0004,

C9 = −0:0090,

C10 = 0:0022,

ð12Þ

The combinations a1–a10 of the Wilson coefficients are
defined as usual [52–55]:

a1 = C2 +
C1
3

,

a2 = C1 +
C2
3
,

ai = Ci +
Ci±1
3

i = 3 − 10ð Þ,

ð13Þ

where the upper (lower) sign applies, when i is odd (even).
For the two-body decay processes of �B0

s ⟶M2M3, we
denote the emitted or annihilated meson as M2, while the
recoiling meson is M3. The meson M2 (ρ or ω) and the final
state meson M3 (K

∗0) move along the direction of n = ð1, 0
, 0TÞ and v = ð0, 1, 0TÞ in the light-cone coordinates, respec-
tively. The decay amplitude can be expressed as the convolu-
tion of the wave functions ϕBs

, ϕM2
, and ϕM3

and the hard
scattering kernel TH in the pQCD. The pQCD factorization
theorem has been developed for the two-body nonleptonic
heavy meson decays, based on the formalism of Botts,
Lepage, Brodsky, and Sterman [56–59]. The basic idea of
the pQCD approach is that it takes into account the trans-
verse momentum of the valence quarks in the hadrons
which results in the Sudakov factor in the decay amplitude.
Then, the decay channels of �B0

s ⟶ ρ0ðωÞK∗0 are conceptu-
ally written as the following:

A �B0
s ⟶ ρ0 ωð ÞK∗0

� �
=
ð
d4k1d

4k2d
4k3 Tr

� C tð ÞϕBs
k1ð ÞϕM2 k2ð ÞϕM3 k3ð ÞTH k1, k2, k3, tð Þ

h i
,

ð14Þ

where kiði = 1, 2, 3Þ is the momentum of light quark in each
meson. Tr denotes the trace over Dirac structure and color
indices. CðtÞ is the short distance Wilson coefficients at the
hard scale t. The meson wave functions ϕBs

and ϕMðm = 2,
3Þ, including all nonperturbative contribution during the
hadronization of mesons, can be extracted from the experi-

mental data or other nonperturbative methods. The hard
kernel THðk1, k2, k3, and tÞ describes the four quark opera-
tor and the spectator quark connected by a hard gluon,
which can be perturbatively calculated including all possible
Feynman diagrams of the factorizable and nonfactorizable
contributions without endpoint singularity.

The ρ0ðωÞ and K∗0 mesons are treated as a light-light
system. At the Bs meson rest frame, they are moving very
fast. We define the ratios rK∗0 =MK∗0/MBs

, rρ =Mρ/MBs
,

and rω =Mω/MBs
. In the limits MK∗0 , Mρ, and Mω⟶0,

one can drop the terms of proportional to r2K∗0 , r2ρ, and r2ω
safely. The symbols PB, P2, and P3 refer to the �B0

s meson
momentum, the ρ0ðωÞ meson momentum, and the final
state K∗0 meson momentum, respectively. The momenta of
the participating mesons in the rest frame of the Bs meson
can be written as:

PB =
MBsffiffiffi
2

p 1, 1, 0Tð Þ, P2 =
MBsffiffiffi
2

p 1, 0, 0Tð Þ, P3 =
MBsffiffiffi
2

p 0, 1, 0Tð Þ:

ð15Þ

One can denote the light (anti-)quark momenta k1, k2,
and k3 for the initial meson �B0

s and the final mesons ρ0ðωÞ
and K∗0, respectively. We can choose

k1 = x1
MBsffiffiffi
2

p , 0, k1⊥
� �

, k2 = x2
MBsffiffiffi
2

p , 0, k2⊥
� �

, k3

= 0, x3
MBsffiffiffi
2

p , k3⊥
� �

,
ð16Þ

where x1, x2, and x3 are the momentum fractions. k1⊥, k2⊥,
and k3⊥ refer to the transverse momentum of the quark,
respectively. To extract the helicity amplitudes, we parame-
terize the following longitudinal polarization vectors of the
ρ0ðωÞ and K∗0 as the following:

ϵ2 Lð Þ = P2
Mρ ωð Þ

−
Mρ ωð Þ
P2 · v

v,

ϵ3 Lð Þ = P3
MK∗0

−
MK∗0

P3 · n
n,

ð17Þ

which satisfy the orthogonality relationship of ϵ2ðLÞ · P2 =
ϵ3ðLÞ · P3 = 0, and the normalization of ϵ22ðLÞ = ϵ23ðLÞ = −1.
The transverse polarization vectors can be adopted directly
as

ϵ2 Tð Þ = 0, 0, 1Tð Þ,
ϵ3 Tð Þ = 0, 0, 1Tð Þ:

ð18Þ

Within the pQCD framework, both the initial and the
final state meson wave functions and distribution ampli-
tudes are important as nonperturbative input parameters.
For the Bs meson, the wave function of the meson can be
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expressed as

ΦBs
=

iffiffiffi
6

p PBs
+MBs

� �
γ5ϕBs

kð Þ, ð19Þ

where the distribution amplitude ϕBs
is shown in Refs.

[60–62]:

ϕBs x, bð Þ =NBs
x2 1 − xð Þ2 exp −

M2
Bs

2

2ω2
b

−
1
2

ωbbð Þ2
" #

: ð20Þ

The shape parameter ωb is a free parameter and NBs
is

a normalization factor. Based on the studies of the light-
cone sum rule, lattice QCD or be fitted to the measure-
ments with good precision [63], we take ωb = 0:50GeV
for the Bs meson. The normalization factor NBs

depends
on the values of the shape parameter ωb and decay
constant f Bs , which is defined through the normalization

relation
Ð 1
0dxϕBs

ðx, 0Þ = f Bs
/ð2 ffiffiffi

6
p Þ.

The distribution amplitudes of vector meson (V=ρ, ω, or
K∗), ϕV , ϕ

T
V , ϕ

t
V , ϕ

s
V , ϕ

v
V , and ϕaV , can be written in the fol-

lowing forms [64, 65]:

ϕρ xð Þ = 3f ρffiffiffi
6

p x 1 − xð Þ 1 + 0:15C3/2
2 tð Þ	 


,

ϕω xð Þ = 3f ωffiffiffi
6

p x 1 − xð Þ 1 + 0:15C3/2
2 tð Þ	 


,

ϕK∗ xð Þ = 3f K∗ffiffiffi
6

p x 1 − xð Þ 1 + 0:03C3/2
1 tð Þ + 0:11C3/2

2 tð Þ	 

,

ϕTρ xð Þ = 3f Tρffiffiffi
6

p x 1 − xð Þ 1 + 0:14C3/2
1 tð Þ	 


,

ϕTω xð Þ = 3f Tωffiffiffi
6

p x 1 − xð Þ 1 + 0:14C3/2
1 tð Þ	 


,

ϕTK∗ xð Þ = 3f TK∗ffiffiffi
6

p x 1 − xð Þ 1 + 0:04C3/2
1 tð Þ + 0:10C3/2

2 tð Þ	 

,

ϕtV xð Þ = 3f TV
2
ffiffiffi
6

p t2 ,

ϕsV xð Þ = 3f TV
2
ffiffiffi
6

p −tð Þ ,

ϕvV xð Þ = 3f V
8
ffiffiffi
6

p 1 + t2
� �

,

ϕaV xð Þ = 3f V
4
ffiffiffi
6

p −tð Þ ,

ð21Þ

where t = 2x − 1. Here, f ðTÞV is the decay constant of the vec-
tor meson with longitudinal (transverse) polarization. The

Gegenbauer polynomials Cν
nðtÞ can be defined as [66, 67]

C3/2
1 tð Þ = 3t,

C3/2
2 tð Þ = 3

2
5t2 − 1
� �

:
ð22Þ

3. CP Violation in �B0
s�!ρ0ðωÞK∗0 ⟶ π+π−K∗0

Decay Process

3.1. Formalism. The decay width Γ for the processes of �B0
s

⟶ ρ0ðωÞK∗0 is given by

Γ =
Pc

8πM2
Bs

〠
σ=L,T

A σð Þ†A σð Þ, ð23Þ

where Pc is the absolute value of the three-momentum of the
final state mesons. The decay amplitude AðσÞ which is
decided by QCD dynamics will be calculated later in the
pQCD factorization approach. The superscript σ denotes
the helicity states of the two vector mesons with the longitu-
dinal (transverse) components L(T). The amplitude AðσÞ for
the decays BsðPBs

Þ⟶VρðωÞðP2, ε∗2μÞ + VK∗0ðP3, ε∗3μÞ can be
decomposed as follows [67–70]:

A σð Þ =M2
Bs
AL +M2

Bs
ANϵ

∗
2 σ = Tð Þ · ϵ∗3 σ = Tð Þ

+ iATε
αβγρε∗2α σð Þε∗3β σð ÞP2γP3ρ,

ð24Þ

where ε∗ is the polarization vector of the vector meson. The
amplitude Ai (i refers to the three kinds of polarizations,
longitudinal (L), normal (N), and transverse (T)) can be
written as

M2
Bs
AL = a ε∗2 Lð Þ · ε∗3 Lð Þ + b

M2M3
ε∗2 Lð Þ · P3 ε

∗
3 Lð Þ · P2,

M2
Bs
AN = a,

AT =
c

M2M3
,

ð25Þ

where a, b, and c are the Lorentz-invariant amplitudes. M2
and M3 are the masses of the vector mesons ρ0ðωÞ and
K∗0, respectively.

The longitudinal H0 and transverse H± of helicity ampli-
tudes can be expressed

H0 =M2
Bs
AL, ð26Þ

H± =M2
Bs
AN ∓M2M3

ffiffiffiffiffiffiffiffiffiffiffiffi
κ2 − 1

p
AT , ð27Þ

where H0 and H± are the penguin level and tree level helicity
amplitudes of the decay process �B0

s ⟶ ρðωÞK∗0 ⟶ π+π−

K∗0 from the three kinds of polarizations, respectively. The
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helicity summation satisfies the relation

〠
σ=L,R

A σð Þ†A σð Þ = H0j j2 + H+j j2 + H−j j2: ð28Þ

In the vector meson dominance model [71, 72], the pho-
ton propagator is dressed by coupling to vector mesons.
Based on the same mechanism, ρ − ω mixing was proposed
and later gradually applied to B meson physics [29, 39, 47,
73]. According to the effective Hamiltonian, the amplitude
A (�A) for the three-body decay process �B0

s ⟶ π+π−K∗0

(B0
s ⟶ π+π− �K∗0) can be written as follows [47]:

A = <π+π−K∗0 HT�� ���B0
s > + < π+π−K∗0 HP�� ���B0

s > , ð29Þ

�A = <π+π− �K∗0 HT�� ��B0
s > + < π+π− �K∗0 HP�� ��B0

s > , ð30Þ

where HT and HP are the Hamiltonian for the tree and pen-
guin operators, respectively.

The relative magnitude and phases between the tree and
penguin operator contribution are defined as follows:

A = <π+π−K∗0 HT�� ���B0
s > 1 + rei δ+ϕð Þ
h i

, ð31Þ

�A = <π+π− �K∗0 HT�� ��B0
s > 1 + rei δ−ϕð Þ
h i

, ð32Þ

where δ and ϕ are the strong and weak phase differences,
respectively. The weak phase difference ϕ can be expressed
as a combination of the CKM matrix elements, and it is ϕ
= arg ½ðVtbV

∗
tdÞ/ðVubV

∗
udÞ� for the b⟶ d transition. The

parameter r is the absolute value of the ratio of the tree
and penguin amplitudes:

r ≡
<π+π−K∗0 HP

�� ���B0
s >

<π+π−K∗0 HT
�� ���B0

s >

�����
�����: ð33Þ

The parameter of CP violating asymmetry, ACP , can be
written as

ACP =
Aj j2 − �A

�� ��2
Aj j2 + �A

�� ��2
=
−2 T2

0r0 sin δ0 + T2
+r+ sin δ+ + T2

−r− sin δ−
� �

sin ϕ

∑i=0+−T
2
i 1 + r2i + 2ri cos δi cos ϕ
� � ,

ð34Þ

where Ti ði = 0,+,−Þ represent the tree level helicity ampli-
tudes of the decay process �B0

s ⟶ π+π−K∗0 from H0, H+,
and H− of Eq. (27), respectively. rjðj = 0,+,−Þ refer to the
absolute value of the ratio of the tree and penguin ampli-
tude for the three kinds of polarizations, respectively. δkð
k = 0,+,−Þ are the relative strong phases between the tree
and penguin operator contributions from the three kinds
of the helicity amplitudes, respectively. We can see explic-
itly from Eq. (34) that both weak and strong phase differ-

ences are needed to produce CP violation. In order to
obtain a large signal for the direct CP violation, we intend
to apply the ρ − ω mixing mechanism, which leads to large
strong phase differences in hadron decays.

With the ρ − ω mixing mechanism, the process of the �B0
s

⟶ ρðωÞK∗0 ⟶ π+π−K∗0 decay is shown in Figure 1. In
the isospin representation, the decay amplitude M�B0

s
⟶ ρðωÞ

⟶ π+π− in Figure 1 can be written as [31, 39, 48, 74]

M�B0
s⟶π+π− =MρI⟶ππ

1
sρ
M�B0

s⟶ρI
+MρI⟶ππ

1
sρ
Πρω

1
sω
M�B0

s⟶ωI
:

ð35Þ

Introducing the ε =Πρω/sρ − sω [31, 39, 48, 74], we have
identified the physical amplitudes as

Mρ⟶ππ =MρI⟶ππ,

Mω⟶ππ = εMρI⟶ππ,

M�B0
s⟶ρ =M�B0

s⟶ρI
− εM�B0

s⟶ωI
,

M�B0s⟶ω =M�B0
s⟶ωI

+ εM�B0
s⟶ρI

:

ð36Þ

From the physical representation, we can obtain the decay
amplitude:

M�B0
s⟶π+π− =Mρ⟶ππ

1
sρ
M�B0

s⟶ρ +Mρ⟶ππ

Πρωsρ
sρ − sω

1
sρsω

M�B0
s⟶ω,

ð37Þ

where Oðε2Þ corrections are neglected and Mρ⟶ππ = gρ,

M�B0
s⟶ρ=t

i
ρ or piρ, and M�B0

s⟶ω=t
i
ω or piω are used. So, we

can get ~Πρω=Πρωsρ/sρ − sω. ~Πρω is the effective ρ − ω mix-
ing amplitude which also effectively includes the direct cou-
pling ω⟶ π+π−. At the first order of the isospin
violation, we have the following tree and penguin amplitudes
when the invariant mass of π+π− pair is near the ω reso-
nance mass [26, 47]:

<π+π−K∗0 HT�� ���B0
s > =

gρ

sρsω
~Πρωt

i
ω +

gρ
sρ

tiρ, ð38Þ

<π+π−K∗0 HP�� ���B0
s > =

gρ

sρsω
~Πρωp

i
ω +

gρ
sρ

piρ, ð39Þ

where tiρðpiρÞ and tiωðpiωÞ are the tree (penguin) level helicity

amplitudes for �B0
s ⟶ ρ0K∗0 and �B0

s ⟶ ωK∗0, respectively.
The amplitudes tiρ, t

i
ω, p

i
ρ, and piω can be found in Sec. 3.2.

gρ is the coupling constant for the decay process ρ0 ⟶

π+π−. sV , mV , and ΓV(V=ρ or ω) are the inverse propagator,
mass, and decay width of the vector meson V, respectively.
sV can be expressed as

sV = s −m2
V + imVΓV , ð40Þ
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with
ffiffi
s

p
being the invariant masses of the π+π− pairs. The

ρ − ω mixing parameters ~ΠρωðsÞ = Re ~Πρωðm2
ωÞ + Im ~Πρωð

m2
ωÞ are [75]

Re ~Πρω m2
ω

� �
= −4760 ± 440MeV2,

Im ~Πρω m2
ω

� �
= −6180 ± 3300MeV2:

ð41Þ

From Eqs. (29), (31), (38), and (39), one has

reiδi eiϕ =
~Πρωp

i
ω + sωp

i
ρ

~Πρωtiω + sωtiρ
, ð42Þ

defining [25, 76]

piω
tiρ

≡ r′ei δiq+ϕð Þ,

tiω
tiρ

≡ αeiδ
i
α ,

piρ
piω

≡ βeiδ
i
β ,

ð43Þ

where δiα, δ
i
β, and δiq are the strong phases of the decay pro-

cess �B0
s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0 from the three kinds of

polarizations, respectively. One finds the following expression
from Eqs. (42) and (43):

reiδi = r′eiδiq
~Πρω + βeiδ

i
βsω

~Πρωαeiδ
i
α + sω

: ð44Þ

αeiδ
i
α , βeiδ

i
β , and r′eiδiq will be calculated in the perturba-

tive QCD approach. In order to obtain the CP violating
asymmetry in Eq. (34), ACP, sinϕ, and cosϕ are needed. ϕ
is determined by the CKM matrix elements. In the Wolfen-
stein parametrization [77], the weak phase ϕ comes from ½
VtbV

∗
td/VubV

∗
ud�. One has

sin ϕ =
ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ 1 − ρð Þ − η2½ �2 + η2
q , ð45Þ

cos ϕ =
ρ 1 − ρð Þ − η2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ 1 − ρð Þ − η2½ �2 + η2
q , ð46Þ

where the same result has been used for b⟶ d transition
from Ref. [28, 78].

3.2. Calculation Details.We can decompose the decay ampli-
tudes for the decay processes �B0

s ⟶ ρ0ðωÞK∗0 in terms of
the tree and penguin contributions depending on the CKM
matrix elements of VubV

∗
ud and VtbV

∗
td . From Eqs. (34),

(42), and (43), in the leading order to obtain the formulas
of the CP violation, we need to calculate the amplitudes tρ,
pρ, tω, and pω in the perturbative QCD approach. The rele-
vant function can be found in the Appendix from the pertur-
bative QCD approach.

In the pQCD, there are eight types of the leading order
Feynman diagrams contributing to �B0

s ⟶ ρ0ðωÞK∗0 decays,
which are shown in Figure 2. The first row is for the
emission-type diagrams, where the first two diagrams in
Figures 2(a) and 2(b) are called factorizable emission dia-
grams and the last two diagrams in Figures 2(c) and 2(d)
are called nonfactorizable emission diagrams [68, 79]. The
second row is for the annihilation-type diagrams, where
the first two diagrams in Figures 2(e) and 2(f) are called fac-
torizable annihilation diagrams and the last two diagrams in
Figures 2(g) and 2(h) are called nonfactorizable annihilation
diagrams [62, 80]. The relevant decay amplitudes can be eas-
ily obtained by these hard gluon exchange diagrams, and the
Lorenz structures of the mesons wave functions. Through
calculating these diagrams, the formulas of �B0

s ⟶ ρK∗0 or
�B0
s ⟶ ωK∗0 are similar to those of B⟶ ϕK∗ and Bs ⟶

K∗−K∗+ [79, 81]. We just need to replace some correspond-
ing Wilson coefficients, wave functions, and corresponding
parameters.

With the Hamiltonian Equation (1), depending on CKM
matrix elements of VubV

∗
ud and VtbV

∗
td , the tree dominant

decay amplitudes AðiÞ for �B0
s ⟶ ρK∗0 in pQCD can be writ-

ten as

ffiffiffi
2

p
A ið Þ �B0

s ⟶ ρ0K∗0
� �

=VubV
∗
udT

i
ρ −VtbV

∗
tdP

i
ρ, ð47Þ

where the superscript i denote the different helicity ampli-
tudes L, N , and T . The longitudinal t0ρðωÞ and transverse

t±ρðωÞ of helicity amplitudes satisfy relationship from Eq.

(27). The amplitudes of the tree and penguin diagrams can
be written as Ti

ρ = tiρ/VubV
∗
ud and Pi

ρ = piρ/VtbV
∗
td ,

𝜌I

+

K∗0

K∗0

Π𝜌𝜔

𝜔I 𝜌I

–
Bs

π+

π–

π+

π–

0

–
Bs

0

Figure 1: The diagram for the �B0
s ⟶ π+π−K∗0 decay with the ρ

− ω mixing mechanism for the first order of the isospin violation
in the isospin representation.
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respectively. The formula for the tree level amplitude is

Ti
ρ =

GFffiffiffi
2

p f ρF
LL,i
Bs⟶K∗ a2½ � +MLL,i

Bs⟶K∗ C2½ �
n o

, ð48Þ

where f ρ refers to the decay constant of ρ meson. The pen-
guin level amplitudes are expressed in the following:

Pi
ρ = −

GFffiffiffi
2

p f ρF
LL,i
Bs⟶K∗ −a4 +

3
2
a7 +

3
2
a9 +

1
2
a10

� �

−MLR,i
Bs⟶K∗ −C5 +

1
2
C7

� 
+MLL,i

Bs⟶K∗ −C3 +
1
2
C9 +

3
2
C10

� 

−MSP,i
Bs⟶K∗

3
2
C8

� 
+ f Bs

FLL,i
ann −a4 +

1
2
a10

� 

− f Bs F
SP,i
ann −a6 +

1
2
a8

� 
+MLL,i

ann −C3 +
1
2
C9

� 

−MLR,i
ann −C5 +

1
2
C7

� �
:

ð49Þ

The tree dominant decay amplitude for �B0
s ⟶ ωK∗0 can

be written as

ffiffiffi
2

p
Ai �B0

s ⟶ ωK∗0
� �

=VubV
∗
udT

i
ω −VtbV

∗
tdP

i
ω, ð50Þ

where Ti
ω = tiω/VubV

∗
us and Pi

ω = piω/VtbV
∗
ts refer to the tree

and penguin amplitude, respectively. We can give the tree
level contribution in the following:

Ti
ω =

GFffiffiffi
2

p f ωF
LL,i
Bs⟶K∗ a2½ � +MLL,i

Bs⟶K∗ C2½ �
n o

, ð51Þ

where f ω refers to the decay constant of ω meson. The pen-

guin level contribution is given as follows:

Pi
ω =

GFffiffiffi
2

p f ωF
LL,i
Bs⟶K∗ 2a3 + a4 + 2a5 +

1
2
a7 +

1
2
a9 −

1
2
a10

� �

−MLR,i
Bs⟶K∗ C5 −

1
2
C7

� 
+MLL,i

Bs⟶K∗ C3 + 2C4 −
1
2
C9 +

1
2
C10

� 

−MSP,i
Bs⟶K∗ 2C6 +

1
2
C8

� 
+ f Bs F

LL,i
ann a4 −

1
2
a10

� 

− f Bs F
SP,i
ann a6 −

1
2
a8

� 
+MLL,i

ann C3 −
1
2
C9

� 
−MLR,i

ann C5 −
1
2
C7

� �

ð52Þ

Based on the definition of Eq. (43), we can get

αeiδ
i
α =

tiω
tiρ
, ð53Þ

βeiδ
i
β =

piρ
piω

, ð54Þ

r′eiδiq = Pi
ω

Ti
ρ

×
VtbV

∗
td

VubV
∗
ud

����
����, ð55Þ

where

VtbV
∗
td

VubV
∗
ud

����
���� =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ 1 − ρð Þ − η2½ �2 + η2

q
1 − λ2/2
� �

ρ2 + η2ð Þ : ð56Þ

From above equations, the new strong phases δiα, δ
i
β, and

δiq are obtained from the tree and penguin diagram contri-
butions by the ρ − ω interference. Substituting Eqs. (53),
(54), and (55) into (44), we can obtain total strong phase
δi in the framework of the pQCD. Then in combination with
Eqs. (45) and (46), the CP violating asymmetry can be
obtained.

𝜌(𝜔)

K∗0Bs
–0

(a)

𝜌(𝜔)

K∗0Bs
–0

(b)

𝜌(𝜔)

K∗0Bs
–0

(c)

𝜌(𝜔)

K∗0Bs
–0

(d)

𝜌(𝜔)

K∗0

Bs
–0

(e)

𝜌(𝜔)

K∗0

Bs
–0

(f)

𝜌(𝜔)

K∗0

Bs
–0

(g)

𝜌(𝜔)

K∗0

Bs
–0

(h)

Figure 2: Leading order Feynman diagrams for �B0
s ⟶ ρ0ðωÞK∗0.
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4. Branching Ratio of �B0
s ⟶ ρ0ðωÞK∗0

Based on the relationship of Eqs. (23) and (28), we can cal-
culate the decay rates for the processes of �B0

s ⟶ ρ0ðωÞK∗0

by using the following expression:

Γ =
Pc

8πM2
Bs

H0j j2 + H+j j2 + H−j j2� �
, ð57Þ

where

Pc =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBs

− Mρ/ω +MK∗0
� �2h i

MBs
− Mρ/ω −MK∗0
� �2h ir

2MBs

ð58Þ

is the c.m. momentum of the product particle and Hiði = 0,
+,−Þ are the helicity amplitudes.

In this case, we take into account the ρ − ω mixing con-
tribution to the branching ratio, since we are working on the
first order of isospin violation. The derivation is straightfor-
ward, and we can explicitly express the branching ratio for
the processes �B0

s ⟶ ρ0ðωÞK∗0 [28, 82]:

BR �B0
s ⟶ ρ0 ωð ÞK∗0

� �
=

τB0
s
Pc

8πM2
Bs

Hρω0
�� ��2 + Hρω+

�� ��2 + Hρω−
�� ��2� �

,

ð59Þ

where τB0
s
is the lifetime of the Bs meson and

Hρωi i=0,+,−ð Þ = VubV
∗
udj jTi

ρ − VtbV
∗
tdj jPi

ρ

� �

+ VubV
∗
udj jTi

ω − VtbV
∗
tdj jPi

ω

� � ~Πρω

sρ −M2
ω

� �
+ iMωΓω

ð60Þ

take into account the helicity amplitudes of the ρ meson and
ω meson contribution involved in the tree and penguin
diagrams.

5. Input Parameters

The CKM matrix, which elements are determined from
experiments, can be expressed in terms of the Wolfenstein
parameters A, ρ, λ, and η [77, 83]:

1 −
1
2
λ2 λ Aλ3 ρ − iηð Þ

−λ 1 −
1
2
λ2 Aλ2

Aλ3 1 − ρ − iηð Þ −Aλ2 1

0
BBBBB@

1
CCCCCA, ð61Þ

where Oðλ4Þ corrections are neglected. The latest values for

the parameters in the CKM matrix are [84]

λ = 0:22650 ± 0:00048, A = 0:790+0:017−0:012, ð62Þ

�ρ = 0:141+0:016−0:017, �η = 0:357 ± 0:011, ð63Þ
where

�ρ = ρ 1 −
λ2

2

 !
, �η = η 1 −

λ2

2

 !
: ð64Þ

From Eqs. (63) and (64), we have

0:127 < ρ < 0:161, 0:355 < η < 0:378: ð65Þ

The other parameters and the corresponding references
are listed in Table 1.

6. The Numerical Results of CP Violation and
Branching Ratio

6.1. CP Violation via ρ − ω Mixing in �B0
s ⟶ ρ0ðωÞK∗0

⟶ π+π−K∗0. We have investigated the CP violating asym-
metry, ACP, for the �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0 of the
three-body decay process in the perturbative QCD. The
numerical results of the CP violating asymmetry are shown
for the �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0 decay process in
Figure 3. It is found that the CP violation can be enhanced
via ρ − ω mixing for the decay channel �B0

s ⟶ ρ0ðωÞK∗0

⟶ π+π−K∗0 when the invariant mass of π+π− pair is in
the vicinity of the mω resonance within perturbative QCD
scheme.

The CP violating asymmetry depends on the weak phase
difference ϕ from CKM matrix elements and the strong
phase difference δ in the Eq. (34). The CKM matrix ele-
ments, which relate to �ρ, A, �η, and λ, are given in Eq. (63).
The uncertainties due to the CKM matrix elements are
mostly from ρ and η since λ is well determined. Hence, we
take the central value of λ = 0:226 in Eq. (65). In the numer-
ical calculations for the �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0

decay process, we use ρ, η, and λ = 0:226 which vary among
the limiting values. The numerical results are shown from
Figure 3 with the different parameter values of CKM matrix
elements. The solid line, dotted line, and dashed line corre-
spond to the maximum, middle, and minimum CKMmatrix
element for the decay channel of �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+

π−K∗0, respectively. We find that the numerical results of
the CP violation are not sensitive to the CKM matrix ele-
ments for the different values of ρ and η. In Figure 3, we
show the plot of CP violation as a function of

ffiffi
s

p
in the per-

turbative QCD. From the figure, one can see the CP viola-
tion parameter is dependent on

ffiffi
s

p
and changes rapidly by

the ρ − ω mixing mechanism when the invariant mass of
π+π− pair is in the vicinity of the mω resonance. From the
numerical results, it is found that the CP violating asymme-
try is large and ranges from -50:19% to 43:02% via the ρ − ω
mixing mechanism for the process. The maximum CP
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violating parameter can reach -48:22+1:97−2:04% for the decay

channel of �B0
s ⟶ π+π−K∗0 in the case of (ρ, η). This error

corresponds to the CKM parameters.
From Eq. (34), one can find that the CP violating param-

eter is related to r and sinδ. In Figures 4 and 5, we show the
plots of sin δ0 (sin δ+ and sin δ−) and r0 (r+ and r−) as a
function of

ffiffi
s

p
, respectively. We can see that the ρ − ω mix-

ing mechanism produces a large sin δ0 (sin δ+ and sin δ−) in
the vicinity of the ω resonance. As can be seen from Figure 4,
the plots vary sharply in the cases of sin δ0, sin δ+ and sin δ−

in the range of the resonance. Meanwhile, sin δ+ and sin δ−
change weakly compared with the sin δ0. It can be seen from
Figure 5 that r0, r+, and r− change more rapidly when the
π+π− pairs in the vicinity of the ω resonance. Since ampli-
tude AT is a small quantity, it contributes so little to the
transverse H+ and H− of the helicity amplitudes in which
they are almost equal in Eq. (27). So, we can see that the
two curves sin (δ+) and (δ−) of Figure 4 are the different in
the region of resonance but almost the same in other
regions.

Table 1: Input parameters.

Parameters Input data References

Fermi constant (in GeV−2)

GF = 1:16638 × 10−5: [84]

MB0s
= 5366:88,

τB0
s
= 1:515 × 10−12s:

Mρ0 770ð Þ = 775:26,
Γρ0 770ð Þ = 149:1:

Masses and decay widths (in MeV)

Mω 782ð Þ = 782:65,
Γω 782ð Þ = 8:49: [84]

Mπ = 139:57,
MK∗ = 895:55:
f ρ = 215:6 ± 5:9,
f Tρ = 165 ± 9:

Decay constants (in MeV)

f ω = 196:5 ± 4:8,
f Tω = 145 ± 10: [65, 85, 86]

f K∗ = 217 ± 5,
f TK∗ = 185 ± 10:

0.770 0.775 0.780 0.785 0.790 0.795 0.800

–0.4

–0.2

0.0

0.2

0.4

√s(GeV)

A
C
P

Figure 3: The CP violation, Acp, as a function of
ffiffi
s

p
for different CKM matrix elements. The solid line, dotted line, and dashed line

correspond to the maximum, middle, and minimum CKM matrix elements for the decay channel of �B0
s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0,

respectively.
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We have shown that the ρ − ω mixing does enhance the
direct CP violating asymmetry and provide a mechanism for
large CP violation in the perturbative QCD factorization
scheme. In other words, it is important to see whether it is
possible to observe this large CP violating asymmetry in
the experiments. This depends on the branching ratio for
the decay channel of �B0

s ⟶ ρ0K∗0. We will study this prob-
lem in the next section.

6.2. Branching Ratio via ρ − ω Mixing in �B0
s ⟶ ρ0ðωÞK∗0.

In the pQCD, we calculate the value of the branching ratio

via ρ − ω mixing mechanism for the decay channel �B0
s

⟶ ρ0ðωÞK∗0. The numerical result is shown for the
decay process in Figure 6. Based on a reasonable parameter

range, we obtain the maximum branching ratio of �B0
s ⟶ ρ0ð

ωÞK∗0 as (3:05+0:25−0:20) × 10−7, which is consistent with the result

0.770 0.775 0.780 0.785
√s(GeV)

0.790 0.795 0.800

–1.0

–0.5

0.0sin
δ

0.5

1.0

Figure 4: Plot of sin δ as a function of
ffiffi
s

p
corresponding to central parameter values of CKM matrix elements for �B0

s ⟶ ρ0ðωÞK∗0 ⟶

π+π−K∗0. The solid line, dotted line, and dashed line correspond to sin δ0, sin δ+, and sin δ−, respectively.

0.770 0.775 0.780 0.785 0.790 0.795 0.800
0

2

4r

6

8

√s(GeV)

Figure 5: Plot of r as a function of
ffiffi
s

p
corresponding to central parameter values of CKM matrix elements for �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+

π−K∗0. The solid line, dotted line, and dashed line correspond to r0, r+, and r−, respectively.
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in [81, 87]. The error comes fromCKMparameters. On the one
hand, although we calculate the branching ratio due to ρ − ω
mixing in the pQCD factorization scheme, we find that the con-

tribution of ρ − ω mixing to the branching ratio of �B0
s ⟶ ρ0ð

ωÞK∗0 is small and can be neglected. This is because branching
ratio is proportional to the contribution of jHρωiði=0,+,−Þj2 in Eq.
(59). The square of the ρ − ωmixing parameter j ~Πρωj2 is about
10−6 GeV 2, which leads to large suppression for the contribu-

tion of the branching ratio of �B0
s ⟶ ωK∗0 and the effect of

the width Γρ of the resonances ρ from sρ in Eq. (60). On the
other hand, the ρ − ωmixing mechanism produces new strong

phase differences. In �B0
s ⟶ ρ0ðωÞK∗0 decay, we take into

account the ρ − ω mixing contribution to the branching ratio,
and we find that the two decays interfere with each other to gen-
erate a new resonance region around 1.1 GeV. By expanding the
factor ~Πρω/ðsρ −M2

ωÞ + iMωΓω from Eq. (60), the denomina-

tor ðsρ −M2
ωÞ + iMωΓω produces a new propagator s − ðM2

ρ

+M2
ωÞ + iðMρΓρ +MωΓωÞ. This is the reason why the dips

of the curves in Figure 6 does not appear in the region of reso-

nance but around 1.1 GeV ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

ρ +M2
ω

q
≈ 1:1GeVÞ.

The Large Hadron Collider (LHC) is a proton-proton
collider that has started at the European Organization for
Nuclear Research (CERN). With the designed center-of-
mass energy 14 TeV and luminosity L = 1034cm−2s−1, the
LHC provides a high energy frontier at TeV-level scale and
an opportunity to further improve the consistency test for
the CKM matrix. LHCb is a dedicated heavy flavor physics
experiments and one of the main projects of LHC. Its main
goal is to search for indirect evidence of new physics in CP
violation and rare decays in the interactions of beauty and
charm hadrons systems, by looking for the effects of new
particles in decay processes that are precisely predicted in
the SM. Such studies can help us to comprehend the matter-

antimatter asymmetry of the universe. Recently, the LHCb
collaboration found clear evidence for direct CP violation in
some three-body decay channels of B meson. Large CP viola-
tion is obtained for the decay channels of B± ⟶ π±π+π− in
the localized phase spaces region m2

π+π−low < 0:4 GeV 2 and
m2

π+π−high > 15 GeV 2 [7, 88]. A zoom of the π+π− invariant
mass from the B+ ⟶ π+π+π− decay process is shown the
region m2

π+π−low < 1 GeV 2 zone in Ref. [88]. In addition, the

branching ratio of �B0
s ⟶ π+π−ϕ is probed in the π+π− invari-

ant mass range 400 <mðπ+π−Þ < 1600 MeV/c2 [89]. In the
next years, we expect the LHCb collaboration to collect date
for detecting our prediction of CP violation from the �B0

s ⟶
ρ0ðωÞK∗0 ⟶ π+π−K∗0 decay process when the invariant
mass of π+π− is in the vicinity of the ω resonance.

At the LHC, the b hadrons come from pp collisions. The
possible asymmetry between the numbers of the b hadrons
Hb and those of their antiparticles �Hb has been studied by
using the intrinsic heavy quark model and the Lund string
fragmentation model [90, 91]. It has been shown that this
asymmetry can only reach values of a few percent. In the fol-
lowing discussion, we will ignore this small asymmetry and
give the numbers of Hb

�Hb pairs needed for observing our
prediction of the CP violating asymmetries. These numbers
depend on both the magnitudes of the CP violating asymme-
tries and the branching ratios of heavy hadron decays which
are model dependent. For one-standard deviation (1σ) sig-
nature and three-standard deviation (3σ) signature and the
numbers of Hb

�Hb pairs, we need [92–94]

NHb
�Hb

1σð Þ ~ 1

BR �B0
s ⟶ ρ0K∗0

� �
A2
CP

1 − A2
CP

� �
,

NHb
�Hb

3σð Þ ~ 9

BR �B0
s ⟶ ρ0K∗0

� �
A2
CP

1 − A2
CP

� �
,

ð66Þ
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𝜌
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Figure 6: The branching ratio, BRð�B0
s ⟶ ρðωÞK∗0Þ, as a function of ffiffi

s
p

for the different CKMmatrix elements. The solid line, dotted line, and

dashed line correspond to the maximum, middle, and minimum CKMmatrix elements for the decay channel of �B0
s ⟶ ρ0ðωÞK∗0, respectively.
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where ACP is the CP violation in the process of �B0
s ⟶ ρ0ð

ωÞK∗0 ⟶ π+π−K∗0. Now, we can estimate the possibility
to observe CP violation. The branching ratio for �B0

s ⟶ ρ0ð
ωÞK∗0 is of the order 10−7, and then, the number NHb

�Hb
ð1

σÞ is 106 for 1σ signature and 107 for 3σ signature, theoret-
ically, in order to achieve the current experiments on b had-
rons, which can only provide about 107Bs

�Bs pairs. Therefore,
it is very possible to observe the large CP violation for �B0

s
⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0 when the invariant masses of
π+π− pairs are in the vicinity of the ω resonance in experi-
ments at the LHC.

7. Summary and Conclusion

In this paper, we have studied the direct CP violation for
the decay process of �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0 in per-
turbative QCD. It has been found that, by using ρ − ω
mixing, the CP violation can be enhanced at the area of
ω resonance. There is the resonance effect via ρ − ω mix-
ing which can produce large strong phase in this decay
process. As a result, one can find that the maximum CP
violation can reach -50:19% when the invariant mass of
the π+π− pair is in the vicinity of the ω resonance. Fur-
thermore, taking ρ − ω mixing into account, we have cal-
culated the branching ratio of the decays of
�B0
s ⟶ ρ0ðωÞK∗0. We have also given the numbers of Bs

�Bs pairs required for observing our prediction of the CP
violating asymmetries at the LHC experiments.

The ρ − ω mixing is a small effect duo to the isospin
violation. One can estimate the contributions by compar-
ing the two terms on the right-hand side of Eqs. (38)
and (39). However, when the invariant mass squared of
the π+π− pair is in the vicinity of the omega, sω ~ imωΓω
, it becomes comparable with ~Πρω. In other words, the ρ
− ω mixing becomes important in the vicinity of the
omega. This is also the reason why we only see large CP
violation in the vicinity of ω. At the same time, the mixing
parameter has determined the magnitude, and s depen-
dence of the effective ρ − ω mixing matrix element ~Πρωðs
Þ fits to e+e− ⟶ π+π− data in the vicinity of the ω reso-
nance. We can make the Taylor expansion for ~ΠρωðsÞ at

s =m2
w and ignore the s dependence of ~ΠρωðsÞ in practice.

It will cause a large resonance near invariant masses of the
π+π− pairs, and the effect will be negligible in distant
regions. In the ρ − ω mechanism, we will ignore the con-
tribution of the final state interaction between the pions
in the resonant regions associated with ρ and ω in the
decay process of �B0

s ⟶ ρ0ðωÞK∗0 ⟶ π+π−K∗0.
In our calculation, there are some uncertainties. The

major uncertainties come from the input parameters. In
particular, these include the CKM matrix element, the
particle mass, the perturbative QCD approach, and the
hadronic parameters (decay constants, the wave func-
tions, the shape parameters, etc.). We expect that our
predictions will provide useful guidance for future
experiments.

Appendix

Related Functions Defined in the Text

In this appendix, we present explicit expressions of the fac-
torizable and nonfactorizable amplitudes in the perturbative
QCD [19–21, 60]. The factorizable amplitudes FLL,i

Bs⟶K∗ðaiÞ,
FLL,i
annðaiÞ, and FSP,i

annðaiÞ (i = L, N, T) are written as

f M2
FLL,L
Bs⟶K∗ aið Þ = 8πCFM

4
Bs
f M2

ð1
0
dx1dx3

�
ð∞
0
b1db1b3db3ϕBs x1, b1ð Þ ai tað ÞEe tað Þf

× r3 1 − 2x3ð Þ ϕs3 x3ð Þ + ϕt3 x3ð Þ� �	
+ 1 + x3ð Þϕ3 x3ð Þ�he x1, x3, b1, b3ð Þ
+ 2r3ϕs3 x3ð Þai ta′

� �
Ee ta′
� �

he x3, x1, b3, b1ð Þ
o
,

ðA:1Þ

f M2
FLL,N
Bs⟶K∗ aið Þ = 8πCFM

4
Bs
f M2

r2

ð1
0
dx1dx3

�
ð∞
0
b1db1b3db3ϕBs x1, b1ð Þ he x1, x3, b1, b3ð Þf

× Ee tað Þai tað Þ 2r3ϕv3 x3ð Þ + r3x3 ϕv3 x3ð Þð½
− ϕa3 x3ð ÞÞ + ϕT3 x3ð Þ� + r3 ϕ

v
3 x3ð Þ½

+ ϕa3 x3ð Þ�Ee ta′ð Þai ta′ð Þhe x3, x1, b3, b1ð Þg,
ðA:2Þ

f M2
FLL,T
Bs⟶K∗ aið Þ = 16πCFM

4
Bs
f M2

r2

ð1
0
dx1dx3

�
ð∞
0
b1db1b3db3ϕBs x1, b1ð Þ he x1, x3, b1, b3ð Þf

× 2r3ϕv3 x3ð Þ − r3x3 ϕv3 x3ð Þ − ϕa3 x3ð Þð Þ½
+ ϕT3 x3ð Þ
Ee tað Þai tað Þ + r3 ϕ

v
3 x3ð Þ½

+ ϕa3 x3ð Þ�Ee ta′ð Þai ta′ð Þhe x3, x1, b3, b1ð Þg,
ðA:3Þ

f Bs F
LL,L
ann aið Þ = 8πCFM

4
Bs
f Bs

ð1
0
dx2dx3

�
ð∞
0
b2db2b3db3 ai tcð ÞEa tcð Þ x3 − 1ð Þϕ2 x2ð Þϕ3 x3ð Þ½f

− 4r2r3ϕs2 x2ð Þϕs3 x3ð Þ + 2r2r3x3ϕs2 x2ð Þ ϕs3 x3ð Þð
− ϕt3 x3ð Þ��ha x2, 1 − x3, b2, b3ð Þ + x2ϕ2 x2ð Þϕ3 x3ð Þ½
+ 2r2r3 ϕs2 x2ð Þ − ϕt2 x2ð Þ� �

ϕs3 x3ð Þ + 2r2r3x2 ϕs2 x2ð Þð
+ ϕt2 x2ð Þ�ϕs3 x3ð Þ�ai tc′

� �
Ea tc′
� �

ha 1 − x3, x2, b3, b2ð Þg,
ðA:4Þ
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f Bs
FLL,N
ann aið Þ = −8πCFM

4
Bs
f Bs

r2r3

ð1
0
dx2dx3

�
ð∞
0
b2db2b3db3 Eaf tcð Þai tcð Þha x2, 1 − x3, b2, b3ð ÞÞ

× x3 ϕv2 x2ð Þϕa3 x3ð Þ + ϕa2 x2ð Þϕv3 x3ð Þð Þ½
+ 2 − x3ð Þ ϕv2 x2ð Þϕv3 x3ð Þ + ϕa2 x2ð Þϕa3 x3ð Þð Þ�
− ha 1 − x3, x2, b3, b2ð Þ 1 + x2ð Þ ϕa2 x2ð Þϕa3 x3ð Þð½
+ ϕv2 x2ð Þϕv3 x3ð ÞÞ − 1 − x2ð Þ ϕa2 x2ð Þϕv3 x3ð Þð Þ
+ ϕv2 x2ð Þϕa3 x3ð Þ�Ea tc′ð Þai tc′ð Þg,

ðA:5Þ

f Bs F
LL,T
ann aið Þ = −16πCFM

4
Bs
f Bs

r2r3

ð1
0
dx2dx3

�
ð∞
0
b2db2b3db3 x3 ϕa2 x2ð Þϕa3 x3ð Þð½f

+ ϕv2 x2ð Þϕv3 x3ð ÞÞ + 2 − x3ð Þ ϕa2 x2ð Þϕv3 x3ð Þð
+ ϕv2 x2ð Þϕa3 x3ð ÞÞ�Ea tcð Þai tcð Þha x2, 1 − x3, b2, b3ð Þ
+ ha 1 − x3, x2, b3, b2ð Þ 1 − x2ð Þ ϕa2 x2ð Þϕa3 x3ð Þð½
+ ϕv2 x2ð Þϕv3 x3ð ÞÞ − 1 + x2ð Þ ϕa2 x2ð Þϕv3 x3ð Þð
+ ϕv2 x2ð Þϕa3 x3ð ÞÞ�Ea tc′ð Þai tc′ð Þg,

ðA:6Þ

f Bs
FSP,L
ann aið Þ = 16πCFM

4
Bs
f Bs

ð1
0
dx2dx3

ð∞
0
b2db2b3db3

� x3 − 1ð Þr3ϕ2 x2ð Þ ϕs3 x3ð Þ + ϕt3 x3ð Þ� �	�
− 2r2ϕs2 x2ð Þϕ3 x3ð Þ�ai tcð ÞEa tcð Þha x2, 1 − x3, b2, b3ð Þ
− 2r3ϕ2 x2ð Þϕs3 x3ð Þ + r2x2 ϕs2 x2ð Þð½
− ϕt2 x2ð Þ�ϕ3 x3ð Þ�ai tc′

� �
Ea tc′
� �

ha 1 − x3, x2, b3, b2ð Þg,
ðA:7Þ

f Bs F
SP,T
ann aið Þ = 2f Bs F

SP,N
ann aið Þ = −32πCFM

4
Bs
f Bs

ð1
0
dx2dx3

�
ð∞
0
b2db2b3db3 r2 ϕa2 x2ð Þ + ϕv2 x2ð Þð ÞϕT3 x3ð Þ�

× Ea tcð Þai tcð Þha x2, 1 − x3, b2, b3ð Þ + r3ϕ
T
2 x2ð Þ

× ϕv3 x3ð Þ − ϕa3 x3ð Þð ÞEa tc′ð Þai tc′ð Þha 1 − x3, x2, b3, b2ð Þg,
ðA:8Þ

with the color factor CF = 4/3, ai represents the correspond-
ing Wilson coefficients for the specific decay channels and
f M2

and f Bs
refer to the decay constants of M2 (ρ or ω)

and �B0
s mesons. In the above functions, r2ðr3Þ =MV2

ðMV3
Þ

/MBs
and ϕ2ðϕ3Þ = ϕρ/ωðϕK∗Þ, withMBs

andMV2
ðmV3

Þ being
the masses of the initial and final states.

The nonfactorizable amplitudes MLL,i
Bs⟶K∗ðaiÞ, MLR,i

Bs⟶K∗ð
aiÞ, MSP,i

Bs⟶K∗ðaiÞ, MLL,i
annðaiÞ, and MLR,i

annðaiÞ (i = L, N, T) are

written as

MLL,L
Bs⟶K∗ aið Þ = 32πCFM

4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þϕ2 x2ð Þ
× 1 − x2ð Þϕ3 x3ð Þ − r3x3 ϕs3 x3ð Þð½f
− ϕt3 x3ð Þ��ai tbð ÞEe′ tbð Þ × hn x1, 1 − x2, x3, b1, b2ð Þ
+ hn x1, x2, x3, b1, b2ð Þ × r3x3 ϕs3 x3ð Þ + ϕt3 x3ð Þ� �	
− x2 + x3ð Þϕ3 x3ð Þ�ai tb′

� �
Ee′ tb′
� �

g,
ðA:9Þ

MLL,N
Bs⟶K∗ aið Þ = 32πCFM

4
Bs
r2/

ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þ

× x2 ϕv2 x2ð Þ + ϕa2 x2ð Þð ÞϕT3 x3ð Þ	�
− 2r3 x2 + x3ð Þ ϕa2 x2ð Þϕa3 x3ð Þ + ϕv2 x2ð Þϕv3 x3ð Þð Þ�
× hn x1, x2, x3, b1, b2ð ÞEe′ tb′ð Þai tb′ð Þ
+ 1 − x2ð Þ ϕv2 x2ð Þ + ϕa2 x2ð Þð ÞϕT3 x3ð Þ
× Ee′ tbð Þai tbð Þhn x1, 1 − x2, x3, b1, b2ð Þg,

ðA:10Þ

MLL,T
Bs⟶K∗ aið Þ = 64πCFM

4
Bs
r2/

ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þ Ee′ tb′ð Þai tb′ð Þf

× x2 ϕv2 x2ð Þ + ϕa2 x2ð Þð ÞϕT3 x3ð Þ	
− 2r3 x2 + x3ð Þ ϕv2 x2ð Þϕa3 x3ð Þð
+ ϕa2 x2ð Þϕv3 x3ð ÞÞ�hn x1, x2, x3, b1, b2ð Þ
+ 1 − x2ð Þ ϕv2 x2ð Þ + ϕa2 x2ð Þ½ �ϕT3 x3ð Þ
× Ee′ tbð Þai tbð Þhn x1, 1 − x2, x3, b1, b2ð Þg,

ðA:11Þ

MLR,L
Bs⟶K∗ aið Þ = 32πCFM

4
Bs
r2/

ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs x1, b1ð Þ

× hn x1, 1 − x2, x3, b1, b2ð Þ 1 − x2ð Þϕ3 x3ð Þ ϕs2 x2ð Þð½f
+ ϕt2 x2ð Þ� + r3x3 ϕs2 x2ð Þ − ϕt2 x2ð Þ� �

ϕs3 x3ð Þð
+ ϕt3 x3ð Þ� + 1 − x2ð Þr3 ϕs2 x2ð Þ + ϕt2 x2ð Þ� �

ϕs3 x3ð Þð
− ϕt3 x3ð Þ��ai tbð ÞEe′ tbð Þ − hn x1, x2, x3, b1, b2ð Þ
� x2ϕ3 x3ð Þ ϕs2 x2ð Þ − ϕt2 x2ð Þ� �

+ r3x2 ϕs2 x2ð Þð	
− ϕt2 x2ð Þ� ϕs3 x3ð Þ − ϕt3 x3ð Þ� �

+ r3x3 ϕs2 x2ð Þð
+ ϕt2 x2ð Þ� ϕs3 x3ð Þ + ϕt3 x3ð Þ� ��ai tb′

� �
Ee′ tb′
� �

g,
ðA:12Þ
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MLR,T
Bs⟶K∗ aið Þ = 2MLR,N

Bs⟶K∗ aið Þ = 64πCFM
4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þ × r3x3ϕ
T
2 x2ð Þ ϕv3 x3ð Þð

− ϕa3 x3ð ÞÞ × Ee′ tbð Þai tbð Þhn x1, 1 − x2, x3, b1, b2ð Þf
+ Ee′ tb′ð Þai tb′ð Þhn x1, x2, x3, b1, b2ð Þg,

ðA:13Þ

MSP,L
Bs⟶K∗ aið Þ = 32πCFM

4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þϕ2 x2ð Þ
× x2 − x3 − 1ð Þϕ3 x3ð Þ + r3x3 ϕs3 x3ð Þ + ϕt3 x3ð Þ� �	 
�
× ai tbð ÞEe′ tbð Þhn x1, 1 − x2, x3, b1, b2ð Þ
+ ai tb′
� �

Ee′ tb′
� �

× x2ϕ3 x3ð Þ + r3x3 ϕt3 x3ð Þ�	
− ϕs3 x3ð ÞÞ�hn x1, x2, x3, b1, b2ð Þg,

ðA:14Þ

MSP,N
Bs⟶K∗ aið Þ = 32πCFM

4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þr2 × x2 ϕv2 x2ð Þðf

− ϕa2 x2ð ÞÞϕT3 x3ð ÞEe′ tb′ð Þai tb′ð Þhn x1, x2, x3, b1, b2ð Þ
+ hn x1, 1 − x2, x3, b1, b2ð Þ 1 − x2ð Þ ϕv2 x2ð Þð½
− ϕa2 x2ð ÞÞϕT3 x3ð Þ − 2r3 1 − x2 + x3ð Þ ϕv2 x2ð Þϕv3 x3ð Þð
− ϕa2 x2ð Þϕa3 x3ð ÞÞ�Ee′ tbð Þai tbð Þg,

ðA:15Þ

MSP,T
Bs⟶K∗ aið Þ = 64πCFM

4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db1b2db2ϕBs

x1, b1ð Þr2 × x2 ϕv2 x2ð Þðf

− ϕa2 x2ð ÞÞϕT3 x3ð ÞEe′ tb′ð Þai tb′ð Þhn x1, x2, x3, b1, b2ð Þ
+ hn x1, 1 − x2, x3, b1, b2ð Þ 1 − x2ð Þ ϕv2 x2ð Þð½
− ϕa2 x2ð ÞÞϕT3 x3ð Þ − 2r3 1 − x2 + x3ð Þ ϕv2 x2ð Þϕa3 x3ð Þð
− ϕa2 x2ð Þϕv3 x3ð ÞÞ�Ee′ tbð Þai tbð Þg,

ðA:16Þ

MLL,L
ann aið Þ = 32πCFM

4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db2b2db2ϕBs x1, b1ð Þ hna x1, x2, x3, b1, b2ð Þf

× r2r3x3 ϕs2 x2ð Þ − ϕt2 x2ð Þ� �
ϕs3 x3ð Þ + ϕt3 x3ð Þ� �	

− x2ϕ2 x2ð Þϕ3 x3ð Þ + 4r2r3ϕs2 x2ð Þϕs3 x3ð Þð Þ
+ r2r3 1 − x2ð Þ ϕs2 x2ð Þ + ϕt2 x2ð Þ� �

ϕs3 x3ð Þð
− ϕt3 x3ð Þ��ai tdð ÞEa′ tdð Þ + hna′ x1, x2, x3, b1, b2ð Þ
× 1 − x3ð Þϕ2 x2ð Þϕ3 x3ð Þ + 1 − x3ð Þr2r3 ϕs2 x2ð Þð½
+ ϕt2 x2ð Þ� ϕs3 x3ð Þ − ϕt3 x3ð Þ� �

+ x2r2r3 ϕs2 x2ð Þð
− ϕt2 x2ð Þ� ϕs3 x3ð Þ + ϕt3 x3ð Þ� ��ai td′

� �
Ea′ td′
� �

g,
ðA:17Þ

MLL,N
ann aið Þ = −64πCFM

4
Bs
r2r3/

ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db2b2db2ϕBs x1, b1ð Þ ϕv2 x2ð Þϕv3 x3ð Þ½

+ ϕa2 x2ð Þϕa3 x3ð Þ�Ea′ tdð Þai tdð Þhna x1, x2, x3, b1, b2ð Þ,
ðA:18Þ

MLL,T
ann aið Þ = −128πCFM

4
Bs
r2r3/

ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð∞
0
b1db2b2db2ϕBs

x1, b1ð Þ ϕv2 x2ð Þϕa3 x3ð Þ½
+ ϕa2 x2ð Þϕv3 x3ð Þ�Ea′ tdð Þai tdð Þhna x1, x2, x3, b1, b2ð Þ,

ðA:19Þ

MLR,L
ann aið Þ = 32πCFM

4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð
b1db1b2db2ϕBs

x1, b1ð Þ hna x1, x2, x3, b1, b2ð Þf
× r2 x2 − 2ð Þ ϕs2 x2ð Þ + ϕt2 x2ð Þ� �

ϕ3 x3ð Þ	
+ r3 1 + x3ð Þϕ2 x2ð Þ ϕs3 x3ð Þ − ϕt3 x3ð Þ� �


ai tdð ÞEa′ tdð Þ
+ hna′ x1, x2, x3, b1, b2ð Þ −r2x2 ϕs2 x2ð Þð½
+ ϕt2 x2ð Þ�ϕ3 x3ð Þ + r3 1 − x3ð Þϕ2 x2ð Þ ϕs3 x3ð Þð
− ϕt3 x3ð Þ��ai td′

� �
Ea′ td′
� �

g,
ðA:20Þ

MLR,T
ann aið Þ = 2MLR,N

ann aið Þ = −64πCFM
4
Bs
/
ffiffiffi
6

p ð1
0
dx1dx2dx3

�
ð
b1db1b2db2ϕBs

x1, b1ð Þ hna ′ x1, x2, x3, b1, b2ð Þ
n

× r2x2 ϕv2 x2ð Þ + ϕa2 x2ð Þð ÞϕT3 x3ð Þ	
− r3 1 − x3ð ÞϕT2 x2ð Þ ϕv3 x3ð Þ − ϕa3 x3ð Þð Þ
Ea′ td′ð Þai td′ð Þ
+ r2 2 − x2ð Þ ϕv2 x2ð Þ + ϕa2 x2ð Þð ÞϕT3 x3ð Þ	
− r3 1 + x3ð ÞϕT2 x2ð Þ ϕv3 x3ð Þ − ϕa3 x3ð Þð Þ

× Ea′ tdð Þai tdð Þhna x1, x2, x3, b1, b2ð Þg:

ðA:21Þ
The hard scale t are chosen as the maximum of the vir-

tuality of the internal momentum transition in the hard
amplitudes, including 1/bi:

ta =max ffiffiffiffiffi
x3

p
MBs

, 1/b1, 1/b3
� �

, ðA:22Þ

ta′ =max ffiffiffiffiffi
x1

p
MBs

, 1/b1, 1/b3
� �

, ðA:23Þ

tb =max ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∣1 − x1 − x2 ∣ x3

p
MBs

, 1/b1, 1/b2
n o

,

ðA:24Þ

tb′ =max ffiffiffiffiffiffiffiffiffi
x1x3

p
MBs

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∣x1 − x2 ∣ x3

p
MBs

, 1/b1, 1/b2
n o

,

ðA:25Þ

tc =max
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3

p
MBs

, 1/b2, 1/b3
n o

, ðA:26Þ
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tc′=max ffiffiffiffiffi
x2

p
MBs

, 1/b2, 1/b3
� �

, ðA:27Þ

td =max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 − x3ð Þ

p
MBs

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1 − x1 − x2ð Þx3

p
MBs

, 1/b1, 1/b2
n o

,

ðA:28Þ

td′ =max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 − x3ð Þ

p
MBs

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∣x1 − x2 ∣ 1 − x3ð Þ

p
MBs

, 1/b1, 1/b2
n o

:

ðA:29Þ
The function h, coming from the Fourier transform of

hard part H, are written as
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where J0 and Y0 are the Bessel function with Hð1Þ
0 ðzÞ = J0ðz

Þ + iY0ðzÞ.
The threshold resums factor St follows the parameterized

St xð Þ = 21+2cΓ 3/2 + cð Þffiffiffi
π

p
Γ 1 + cð Þ x 1 − xð Þ½ �c, ðA:35Þ

where the parameter c = 0:4 [60].
The evolution factors Eð

e′Þ and Eð
a′Þ entering in the expres-

sions for the matrix elements are given by

Ee tð Þ = αs tð Þ exp −SB tð Þ − SM3
tð Þ	 


, E′e tð Þ = αs tð Þ exp
� −SB tð Þ − SM2

tð Þ − SM3
tð Þ	 
��

b1=b3
,

ðA:36Þ

Ea tð Þ = αs tð Þ exp −SM2
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tð Þ	 

, E′a tð Þ = αs tð Þ exp
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��
b2=b3

,

ðA:37Þ
in which the Sudakov exponents are defined as
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where γq = −αs/π is the anomalous dimension of the quark.
The explicit form for the function sðQ, bÞ is

s Q, bð Þ = A 1ð Þ

2β1
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where the variables are defined by

q̂ ≡ ln Q/
ffiffiffi
2

p
Λ

� �h i
, b̂ ≡ ln 1/ bΛð Þ½ �, ðA:42Þ
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and the coefficients AðiÞ and βi are

β1 =
33 − 2nf

12
,

β2 =
153 − 19nf

24
,

ðA:43Þ

A 1ð Þ =
4
3
,

A 2ð Þ =
67
9

−
π2

3
−
10
27

nf +
8
3
β1 ln

1
2
eγE

� �
,

ðA:44Þ

where nf is the number of the quark flavors and γE is the
Euler constant.
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