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In this paper, we have investigated the density perturbations and cosmological evolution in the FLRW universe in the presence of
a cosmic magnetic field, which may be assumed to mimic primordial magnetic fields. Such magnetic fields have sufficient strength
to influence galaxy formation and cluster dynamics, thereby leaving an imprint on the CMB anisotropies. We have considered the
FLRW universe as a representative of the isotropic cosmological model in the 1 + 3 covariant formalism for f ðRÞ gravity. The
propagation equations have been determined and analyzed, where we have assumed that the magnetic field is aligned
uniformly along the x-direction, resulting in a diagonal shear tensor. Subsequently, the density perturbation evolution
equations have been studied, and the results have been interpreted. We have also indicated how these results change in the
general relativistic case and briefly mentioned the expected change in higher-order gravity theories.

1. Introduction

The study of density perturbation evolution in the presence of
a primordial magnetic field (PMF) with higher curvature con-
tributions in the gravitational actions is of considerable impor-
tance in determining the physical viability of a cosmological
model in any theory of gravity. These PMFs in the early uni-
verse are expected to be the origin of the large-scale cosmic
magnetic fields. The widespread existence of magnetic fields
in the universe [1] possesses sufficient strength to suggest that
galaxy formation and cluster dynamics are, to some extent,
influenced by magnetic forces. Although large-scale magnetic
fields are not expected to survive an epoch of inflation, such
fields could also be generated even at the end of inflation or
during the subsequent phase transitions [2, 3]. Even though
the origin of such magnetic fields may be debated upon [4],
their effects on the anisotropies present in the cosmic micro-
wave background (CMB) due to both the electromagnetic
and gravitational interactions will provide a better under-
standing of the early evolutionary phase of the universe.

Even though people initially thought that PMFs did not
produce any relevant effect after recombination, later it

was realized that PMFs might have a significant role in sev-
eral fundamental processes which occurred in the initial 105
years, e.g., it may have affected the big bang nucleosynthesis,
the dynamics of some phase transitions, and baryogenesis
[5]. The hypercharge component of PMF has a net helicity
(Chern-Simon number), which, using the Abelian anomaly,
may have been converted into baryons and leptons. Thus,
PMF plays an important role in the production of the
matter-antimatter asymmetry of the universe [6]. Moreover,
cosmic magnetic fields must exist everywhere in our uni-
verse. Recent astronomical studies have revealed that the
magnetic fields are crucial for the origin and evolution of dif-
ferent astrophysical systems such as solar flares, fast radio
bursts, binary systems, Gamma-ray pulsars, magnetars,
active galactic nuclei jets, and galaxy-cluster evolution
[7–11]. Consequently, different varieties of cosmological
processes also can produce relatively high primordial mag-
netic fields of strength 10−10 − 10−9 gauss at the redshift z
∼ 5 [6]. Recently, the effect of these PMFs on the CMB
anisotropies on smaller scales than the mean-free path of
the CMB photons has been investigated [12]. The measure-
ments of CMB anisotropies may be used to compare the
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predictions of a given cosmological model with the observed
values to establish the viability of a chosen model of the
universe.

The universe is in a state of accelerated expansion in the
current epoch [13, 14]. This observed acceleration is usually
addressed by either modifying the Einstein-Hilbert action or
by introducing a “dark energy” component in the energy-
momentum tensor of matter [15–17]. The simplest dark
energy (DE) model which is consistent with the observations
is the Lambda cold dark matter (ΛCDM) model. However,
the extraordinary fine-tuning necessary for the value of the
cosmological constant to be compatible with the observa-
tional results led researchers to explore other models includ-
ing the dynamical DE ones, as well as modified gravity
models. The simple version of the modified gravity models
is the f ðRÞ gravity model, where the Einstein-Hilbert action
includes higher power terms of the scalar curvature R
[18–21]. The first f ðRÞ gravity which passes solar tests was
proposed in [22]. Several reviews of modified gravity models
can be found in literature [23–30].

In [31], the authors have linked the problem of dark
energy to the issue of the generation of PMF. They studied
the PMF generation during the large-scale structure formation
of the universe by coupling the electromagnetic field to an
evolving pseudoscalar field which accounts for the dark energy
dynamics. Though the origin and composition of DE still
remain unresolved, the observational data can be used to test
the dynamic property of DE [32]. The study of these dynamic
properties can give us crucial information about the PMF and
its interaction with the pseudoscalar field. Another interesting
aspect of this scenario is that magnetic fields present in the
early universe are capable of generating and amplifying bary-
onic matter density perturbations through the Lorentz force,
and the presence of gravitational coupling enables these den-
sity perturbations to propagate to the dark matter fluid as well,
leading to a significant change not only in the distribution of
density fluctuations but also in the structure formation [33].

In 1967, Field and Shepley [34] studied the density per-
turbations in cosmological models and demonstrated that
density perturbations with long wavelengths are unstable
for all time. In 1984, Kodama and Sasaki reviewed and refor-
mulated extensively the linear perturbation theory of spa-
tially homogeneous and isotropic universes [35]. Souradeep
and Sahni [36] studied the contributions to the observed
large-scale anisotropy in the cosmic microwave background
radiation (CMBR) arising from gravitational waves and adi-
abatic density perturbations generated by a common infla-
tionary mechanism in the early universe. They also found
that in the inflationary models predicting power-law pri-
mordial spectra, i.e., jδkj2 ∝ kn, the relative contributions
to the quadrupole anisotropy from gravity waves and scalar
density perturbations depend on n.

Tsagas and Maartens [2] performed a fully relativistic
treatment on all the effects on the growth of density perturba-
tions, rotational instabilities, and anisotropic deformation in
the density distribution, incorporating the magnetocurvature
coupling that arises in a relativistic approach. Marklund
et al. [37] investigated the dynamics of electromagnetic fields

in an almost-Friedmann-Robertson-Walker universe using
the covariant and gauge-invariant approach of Ellis and Bruni
[38]. They have shown that the coupling between gravitational
waves and a weak magnetic test field can generate electromag-
netic waves. Barrow et al. [39] reviewed the spacetime dynam-
ics in presence of large-scale electromagnetic fields and then
considered the effects of the magnetic component on pertur-
bations to a spatially homogeneous and isotropic universe.
Gao et al. also studied the other properties of gravity, such as
the scattering of Dirac spinors and the scalar fields, which
can also be very useful in the study of PMFs [40, 41].

The linear theory of perturbations in a FLRW universe
with a cosmological constant was studied by Vale and Lemos
[42], and the equations for the evolution of the perturbations
were derived in the fully relativistic case. In [43], the
Einstein-Maxwell field equations for orthogonal Bianchi V
I0 cosmologies with a γ-law perfect fluid and a pure, homo-
geneous source-free magnetic field were expressed as an
autonomous differential equation in terms of expansion-
normalized variables. Pereira et al. [44] described the theory
of cosmological perturbations around a homogeneous and
anisotropic universe of the Bianchi I type. In [45], the
authors extended the standard theory of cosmological per-
turbations to homogeneous but anisotropic universes using
the case of a Bianchi I model, with residual isotropy between
two spatial dimensions, which is undergoing complete iso-
tropization at the onset of inflation. Recently in [46], the
authors examined the effect of a magnetic field on the
growth of cosmological perturbations by developing a math-
ematical treatment in which a perfect fluid and a uniform
magnetic field evolve together in a Bianchi I universe.

In the papers [47, 48], the evolution equations for small
perturbations in the metric, energy density, and material
velocity for an anisotropic viscous Bianchi I universe were
studied. In [49], the authors examined the growth of pertur-
bations in an expanding Bianchi type-I metric dominated by
dust and a cosmological constant. Barrow and Hervik [50]
investigated the Bianchi type-I brane-worlds with a pure
magnetic field filled with a perfect fluid to find new proper-
ties of such brane-worlds. Clarkson et al. [51] examined the
qualitative properties of the class of spatially homogeneous
Bianchi type-VIo cosmological models containing a perfect
fluid with a linear equation of state, a scalar field with an
exponential potential, and a uniform cosmic magnetic field,
using dynamical systems techniques.

Watanabe et al. [52] investigated the statistical nature of
primordial fluctuations from an anisotropic inflation con-
ceptualized by a vector field coupled to an inflation. They
found the cross-correlation between the curvature perturba-
tions and gravitational waves, which never occurs in conven-
tional inflation. Bamba et al. [53] demonstrated that the
subhorizon approximation in cosmological perturbation
theory is not always a good approximation at least in the
case of the k-essence model of dark energy. They showed
that the sound speed in these models has a huge influence
on the time evolution of the matter density perturbation,
and future observations may clarify the differences between
the ΛCDM model and the k-essence model.
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Ellis and Mac Callum [54] provided a detailed study of
homogeneous cosmological models. In [55], Wainwright
and Hsu considered the problem of describing the asymp-
totic states of orthogonal spatially homogeneous cosmolo-
gies, near the big bang and late times. The paper [56]
describes the partially locally rotationally symmetric (LRS)
perfect fluid cosmologies. In 1997, Elst and Uggla [57]
explicitly discussed the dynamical equations of an extended
1 + 3 orthonormal frame approach in the relativistic descrip-
tion of spacetime geometries. In the paper [58], the authors
studied the growth of density perturbations in Kantowski-
Sachs cosmologies with a positive cosmological constant,
using the 1 + 3 and 1 + 1 + 2 covariant formalisms.

In their paper [59], the authors investigated the cosmo-
logical dynamics of a uniform magnetic field in the orthog-
onal spatially homogeneous (OSH) anisotropic Bianchi I
universe with viable f ðRÞ gravity models. They found that
there exists an additional fixed point before the emergence
of the standard matter epoch, which shows the existence of
the primordial magnetic fields and the anisotropy of space-
time before the universe expands to assume isotropic geom-
etry. In [60–62], the authors formulated several versions of
f ðRÞ gravity, and its modified form is consistent with realis-
tic cosmology, which were compatible with solar system
tests. Matsumoto [63] investigated the oscillating solutions
of the matter density perturbation in f ðRÞ gravity models
using appropriate approximations. It was concluded that
the condition f RR/f RRR > 0 helps us to generate a model
which yields almost equivalent background evolution to
the ΛCDM model but yields different evolution of the mat-
ter density perturbation compared to the ΛCDM model.

Amendola and Tsujikawa [64] identified the class of f ð
RÞ dark energy models which have a matter-dominated
epoch followed by a late-time acceleration. The representa-
tive models that satisfy both cosmological and local gravity
constraints take the asymptotic form mðrÞ = Cð−r − 1Þp with
p > 1 as r approaches −1 where the deviation from a ΛCDM
model ð f = R −ΛÞ is quantified by the function m = Rf ,RR/
f ,R. In [65], the authors obtained the equations governing
the shear evolution in Bianchi spacetimes for general f ðRÞ
theories of gravity. The paper [66] investigated the past evo-
lution of an anisotropic Bianchi I universe in R + R2 gravity.

An analytic solution for density perturbations in the
matter component during the matter-dominated stage was
obtained in the paper [67] in terms of hypergeometric func-
tions for a class of viable f ðRÞ models in which the deviation
from the Einstein gravity decreases as an inverse power of
the Ricci scalar. An analytical expression for the matter
transfer function was also obtained at scales much smaller
than the present Hubble scale. The authors in [68] studied
the evolution of linear cosmological perturbations in f ðRÞ
models of accelerated expansion with a minimally coupled
matter in fourth-order gravitational dynamics. These models
predict a testable set of linear phenomena which are accessi-
ble with current and future data giving stringent tests of gen-
eral relativity on cosmological scales.

In the paper [69], the authors obtained field equations in
a special f ðRÞ gravity in the presence of external, linear/non-

linear electromagnetic fields. The paper [70] gave a detailed
mathematically well-defined presentation of the covariant
and gauge-invariant theory of scalar perturbations of a
FLRW universe for fourth-order gravity, where the matter
is described by a perfect fluid with a barotropic equation of
state. They obtained exact solutions of the perturbations
equations for scales much bigger than the Hubble radius
and discussed their various interesting features. In [71], the
authors studied matter density perturbations in both metric
and Palatini formalisms. Considering a general function of
the Ricci scalar R, they derived the equation of matter den-
sity perturbations in each case, in a number of gauges, dem-
onstrating that for viable f ðRÞ models that satisfy
cosmological and local gravity constraints (LGC), and mat-
ter perturbation equations derived under a subhorizon
approximation are valid even for super-Hubble scales pro-
vided the oscillating mode (scalaron) does not dominate
over the matter-induced mode. Scalar perturbations of the
metric for nonlinear f ðRÞmodels have been studied by some
authors in the case of the universe at the late stage of its evo-
lution [72]. A review of the investigations on the structure
formation in f ðRÞ-gravity based on the covariant and
gauge-invariant approach to scalar perturbations is available
in [73].

Maartens and Taylor [74] examined the kinematic and
dynamic properties of fluid spacetimes in higher-order grav-
ity and extended the general equations of Ehlers and Ellis
governing relativistic fluid dynamics from general relativity
(GR) to the higher-order theory. In [75], the authors
extended the equations of relativistic fluid dynamics given
by Ehlers and Ellis for GR and by Maartens and Taylor for
quadratic theories, to generalised f ðRÞ theories of gravity.
The dynamics of OSH Bianchi cosmologies were studied
by Goheer et al. in Rn-gravity [76].

In [77], the cosmological scalar perturbations of stan-
dard matter are investigated in the context of extended tele-
parallel f ðTÞ gravity theories using the 1 + 3 covariant
formalism. The authors concluded that f ðTÞ models contain
a richer set of observationally viable structure growth sce-
narios that can be tested against observational data and are
consistent with currently known features of the large-scale
structure power spectrum in the GR and ΛCDM limits. De
Felice and Suyama [78] derived the equation of matter den-
sity perturbations on subhorizon scales around a flat FLRW
background for the general Lagrangian density f ðR,GÞ, that
is, a function of a Ricci scalar R and a Gauss-Bonnet term G
demonstrating the effective gravitational constant generi-
cally scales as distance squared at small distances.

Harko et al. [79] proposed and discussed in detail the
modified f ðR, TÞ theory of gravity, where the gravitational
Lagrangian is given by an arbitrary function of the Ricci sca-
lar R and of the trace of the stress-energy tensor R. Subse-
quently, in the paper [80], the authors studied the
evolution of scalar cosmological perturbations in the metric
formalism in the context of f ðR, TÞ theories of gravity. They
found the complete set of differential equations for the mat-
ter density perturbations, where in the case of sub-Hubble
modes, the density contrast evolution reduces to a second-
order equation. In [81], a class of spatially homogeneous
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and anisotropic Bianchi-V massive string models have been
studied in a modified f ðR, TÞ theory of gravity in the pres-
ence of a magnetic field. They found that the expanding
solution is stable against the perturbation with respect to
anisotropic spatial direction.

This work is an extension of the previous works in the
f ðRÞ theory to examine the effect of the magnetic field in
the evolution of density perturbation. We find that the effect
of the magnetic field is expected as it behaves like an effective
magnetized fluid in the matter sector of the action. The
paper is organized as follows: Section 2 describes the back-
ground equations in 1 + 3 covariant formalisms in the pres-
ence of a cosmic magnetic field. The linearized equations are
given in Section 3, followed by the subhorizon approxima-
tion and ultrarelativistic approximation in Section 4. In Sec-
tion 5, we have presented the evolution equations in the
general relativistic case and other higher-order theories.
We end with some discussions of the results obtained and
our conclusive statements in Section 6.

2. Background Equations in 1 + 3
Covariant Formalisms in the Presence of
Magnetic Field in f ðRÞ Theory

Let us consider the action for the f ðRÞ gravity model in the
following form [63].

S =
1
2κ2

ð
d4x

ffiffiffiffiffiffi
−g

p
R + f Rð Þ½ � + Smatter, ð1Þ

where f ðRÞ is an arbitrary function of the scalar curvature R,
which represents the deviation from the Einstein gravity.
Here, κ2 = 8πG = 1/M2

pl, G being the gravitational constant,
Mpl is the reduced Planck mass, and Smatter is the matter part
of the action. We want to point out that contrary to the pop-
ularly used functional form (i.e., f ðRÞ), we have used this
decomposed version R + f ðRÞ in the action. This choice of
the f ðRÞ function helps us to keep track of the curvature
terms in the equations, and we can quickly derive the corre-
sponding equations for GR by simply setting f ðRÞ = 0. This
is also in conformity with the functional form of the action
in the Starobinsky model where the function is R + αR2.
According to our choice, f ðRÞ = αR2. This is only for math-
ematical convenience; the physical interpretation does not
get affected by it.

Varying the above action with respect to the metric gab,
and after some manipulations (see standard literature on f
ðRÞ gravity), the gravitational field equation can be reduced
to the following form:

Rab =
1

1 + f Rð Þ
1
2
gab R + f Rð Þð Þ − gabg

cd − gcag
d
b

� �
Scd + Tab

� �
,

ð2Þ

where Sab = ∇a∇bð1 + f RÞ.

Let us define the energy-momentum tensor Tab as

Tab = ρuaub + phab +Qaub +Qbua +Πab, ð3Þ

where hab = gab + uaub is the induced metric, which is asso-
ciated with the spatial hypersurface. The four-velocity given
by ua = ð1, 0, 0, 0Þ is orthogonal to hab (i.e., habua = 0). More-
over, Qa denotes the energy flux such that Qau

a = 0, and the
symmetric trace-free anisotropic pressure is denoted byΠab.
Here, Πa

a = 0 andΠabu
a = 0 are all relative to ua [65]. Now,

let us consider a uniform magnetic field, so that electromag-
netic contributions will be present in the energy-momentum
tensor. Consequently, the energy-momentum tensor in (3)
can be decomposed into two parts as the following:

Tab = TPF
ab + TEM

ab , ð4Þ

where TPF
ab is the energy-momentum tensor of the uncharged

matter assumed to be represented by a perfect fluid, and
therefore, it can be expressed using ua as the following:

TPF
ab = ρmuaub + pmhab: ð5Þ

In order to know the full functional expression of the
energy-momentum tensor, we must also have the expression
of the contribution responsible for the electromagnetic inter-
actions (in this case a uniform magnetic field). Conse-
quently, TEM

ab is the energy-momentum tensor for the
Maxwell field, which is given by

TEM
ab = FacF

c
b −

1
4
gabFcdF

cd , ð6Þ

where Fab is the field strength and defined by the following
expression:

Fab =
1
2
u a½ Eb� + ηabcdH

cud: ð7Þ

Here, Ea and Ha are the electric and magnetic fields,
respectively. In this work, we will assume the energy-
momentum tensor of the Maxwell field to be a pure mag-
netic case. For simplicity of calculations, let us assume that
the uniform magnetic field is aligned in the x-direction only.
Therefore, we can take the magnetic fields with components
as Ha = ð0, ~H, 0, 0Þ [43].

We can treat the energy-momentum tensor of the Max-
well fields as analogous to the case of a perfect fluid [50],
having an expression described by the following:

TEM
ab = ρEMuaub + pEMhab +Πab, ð8Þ

where the energy density of the electromagnetic field is

ρEM = 1/2~H2
, the pressure is given by pEM = 1/6~H2

, and
Πab is given by

Πab =
1
3
H2hab −HaHb: ð9Þ
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The quantity H2 ≡HaH
a = ~H

2
is the magnitude of mag-

netic fields expressed in terms of the field strength.
As the energy-momentum tensor of the Maxwell field is

trace-free (gabTEM
ab = TEM = 0), the energy density ρ and the

pressure p can be decomposed into the matter and the mag-
netic parts as the following:

ρ = ρPF + ρEM , ρPF = ρm, ρEM =
1
2
~H
2, 

p = pPF + pEM , pPF = pm, pEM =
1
6
~H
2
:

ð10Þ

Now, we will describe the propagation equations [54–57]
for the f ðRÞ gravity in 1 + 3 covariant formalism. The 1 + 3
orthogonally spatially homogeneous formalism uses the
fluid velocity as time-like vector fields which orthogonalize
along with the spatial vector fields. We will be assuming a
LRS geometry on the spacetime, where the spatial vector
fields span the space-like hypersurface along with a preferred
spatial direction. As there is local rotational symmetry, the
spatial vectors remain invariant under the rotation of the
preferred spatial axis (the x-direction, parallel to our chosen
magnetic field). Using our previous expression for the Ricci
tensor in Equation (2), we can always split [65, 75] Rab into
the following forms:

R = 1 + f Rð Þ−1 T + 2f − 3Sð Þ, ð11Þ

Rabu
aub = 1 + f Rð Þ−1 Tabu

aub −
1
2
f + habSab

� �
, ð12Þ

Rabu
ahbc = 1 + f Rð Þ−1 Sabu

ahbc − qc
� �

, ð13Þ

Rabh
a
c h

b
d = 1 + f Rð Þ−1 Πcd − p +

1
2
f + S

� �
hcd + Sabh

a
c h

b
d

� �
,

ð14Þ
and similarly, for the Sab the same decomposition can be
done as

S = −f R′ €R +Θ _R
� �

− f R ′′ _R
2, ð15Þ

Sabu
aub = f R ′€R + f R ′′ _R

2, ð16Þ

Sabh
ab = −f R ′Θ _R: ð17Þ

An explicit study of the 1 + 3 covariant analysis in the
f ðRÞ gravity models can be found in Refs. [65, 76]. Following
the above analysis (using (17)), we obtain the Raychaudhuri
equation as given in the following:

_Θ +
1
3
Θ2 + 2Σ2 +

1
1 + f Rð Þ ρ −

1
2
f + habSab

� �
= 0⇒ _Θ

+
1
3
Θ2 + 2Σ2 +

1
1 + f Rð Þ ρ −

1
2
f − f R ′Θ _R

� �
= 0,

ð18Þ

and subsequently, we take the first integral of the above
Equation (18) to get the Friedmann equation in the follow-
ing:

1
3
Θ2 − Σ2 −

1
1 + f Rð Þ ρ + 3p + f − 3S + 2habSab

� �
= 0⇒ 1

3
Θ2

− Σ2 −
1

1 + f Rð Þ ρ +
1
2

1 + f Rð ÞR − fð Þ − f R ′Θ _R
� �

= 0:

ð19Þ

A very important thing to note here is that, both in (18)
and (19), the effect of the magnetic field is present via the
parameters ρ and p of the effective cosmic fluid, influencing
the evolution of the universe via the rate of expansion and
the rate of Ricci scalar. Moreover, the shear propagation
equation is given as follows:

_Σab +ΘΣab =
1

1 + f Rð Þ πab − f R ′ _RΣab

� �
, ð20Þ

where Θ ≡Θabh
ab is the rate of volume expansion, Σ2 ≡ 1/2

ΣabΣ
ab is the magnitude of the shear tensor Σab (with Σab

=Θab − 1/3habΘ, Σa
a = 0, and Σabu

a = 0).
We know that during structure formation, the shear

plays a very important role. Therefore, the evolution of the
shear tensor is very crucial, and the effect of the magnetic
field in the evolution of the shear tensor is very much evi-
dent from the above Equation (20). The magnetic field is
affecting the structure formation via the anisotropic pressure
like term Πab, which directly depends on the magnetic field
strength.

Now, we decompose the tetrad field into the orthonor-
mal frame according to [56, 57]. Here, we align the frame
in such a way so that e0 = u = ∂/∂t, where u is the fluid vector
field, and the spatial triad feαg spans the tangent space. The
commutation relationship between the vectors is

ea, eb½ � = γcabec: ð21Þ

Here, the purely spatial components, γcab, are being
decomposed into an object aa, and a symmetric object nab
as follows:

γabc = 2a b½ δ
a
c� + ϵbcdn

da, ð22Þ

where ϵabc is the totally antisymmetric 3D permutation ten-
sor. It is to be noted that we have the algebraic constraint
nabΣ

b
c = Σa

bn
b
c , and using this freedom [43, 51], we can simul-

taneously diagonalize Σab and nab as the following:

Σab = diag Σ11, Σ22, Σ33ð Þ ≡ diag Σ1, Σ2, Σ3ð Þ, & nab
= diag n1, n2, n3ð Þ:

ð23Þ

There is also another constraint, which is nabH
b = 0. For

the sake of simplicity, we can always align the direction of
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the magnetic field along with that of the shear eigenvector.
Therefore, our shear propagation equation gets diagonalized
and reduces to a vector equation from a tensor equation.
This can be seen in the following.

_Σa +ΘΣa =
1

1 + f Rð Þ Πa − f R ′ _RΣa

� �
, ð24Þ

where the analogous anisotropic magnetic pressure becomes
Πa ≡Πaa, and Πaa is the diagonal element of the Πab
tensor.

Using the conservation of energy-momentum tensor
along with the source-free of the Maxwell field, we obtain
[43] the propagation equation of matter parts described as
follows:

_ρm = − 1 +wð ÞρmΘ, ð25Þ

_~H = −
2
3
Θ~H + Σ1 ~H = −

2
3
Θ~H − 2 Σ2 + Σ3ð Þ~H: ð26Þ

In order to emphasize the effect of the magnetic field on
the entire dynamics of the universe, we present another use-
ful relation among the Ricci curvature and the Raychaudhuri
variables. With the help of the Raychaudhuri equation (18)
and the Friedmann equations (19), we can obtain the follow-
ing relation as

R = 2 _Θ +
4
3
Θ2 + 2Σ2: ð27Þ

Note that the magnetic field is not visible in the equa-
tion, but from the Raychaudhuri equation, it is evident that
the term _Θ is being influenced by the magnetic field, i.e.,
not only the structure formation but even the rate of expan-
sion of the universe is also influenced by the magnetic field.
Therefore, the role of the magnetic field in the evolution of
the universe cannot be understated. It is to be noted that
we are using the isotropic FLRW spacetime as the back-
ground with an anisotropic magnetic field in order to closely
mimic an almost isotropic magnetized universe without
magnetocurvature coupling. We are not addressing specifi-
cally the exact anisotropic magnetized solutions of the
Einstein-Maxwell system. This is done for mathematical
convenience where we have attributed the anisotropy not
to the background spacetime but to the magnetic field.
Therefore, this present study deals with isotropic spacetimes
having magnetic field anisotropy in f ðRÞ theories, which
may lead to anisotropic effects. We do so because we want
to study the effects of magnetized background on the density
perturbations in such cases. In the subsequent sections, we
have shown how the presence of such magnetic field affects
the cosmological evolution and how it affects the density
perturbation.

3. Linearized Equations in 1 + 3
Covariant Formalisms in the Presence of
the Magnetic Field

In order to see the effect of magnetic fields on the density
perturbation, we will consider the spatially flat Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric which is given
in the following form:

ds2 = a2 ηð Þ dη2 − 〠
3

i=1
dxidxi

 !
: ð28Þ

Consequently, we express the Friedmann-Lemaitre
equations in the following way:

3H ′
a2

1 + f Rð Þ − 1
2

R + fð Þ − 3H
a2

f R ′ = −κ2ρ, ð29Þ

1
a2

H ′ + 2H 2
� �

1 + f Rð Þ − 1
2

R + fð Þ − 1
a2

H f R′ + f R′ ′
� �

= κ2wρ,

ð30Þ

where the Ricci tensor is given by R = 6a−2ðH ′ +H 2Þ and
the derivative of the f ðRÞ function with respect to R is being
expressed as f R ≡ df ðRÞ/dR. Here, the prime represents the
differentiation with respect to conformal time η. Also, the
energy density of the matter is given by ρ, which is coming
from the variation of Smatter, and w is the equation of state
parameter defined by w = p/ρ. The Hubble rate with respect
to conformal time is expressed byH which is defined by the
relation H ≡ a′/a. The equation of continuity can be written
as follows:

ρ′ + 3 1 +wð ÞHρ = 0: ð31Þ

Finally, the Friedmann-Lemaitre equations along with
the continuity equation form the background equations of
the Universe.

In order to find the perturbation equations for matter
density, we begin with the FLRW metric in the Newtonian
gauge:

ds2 = a2 ηð Þ 1 + 2Φð Þdη2 − 1 + 2Ψð Þ〠
3

i=1
dxidxi

" #
: ð32Þ

Moreover, the elements of the linearized Einstein equa-
tion in the Fourier space (i.e., ð00Þ, ðiiÞ, ð0iÞ = ði0Þ, and ðijÞ
, i ≠ j components) are represented, respectively, as follows:

1 + f Rð Þ −k2 Φ +Ψð Þ − 3H Φ′ +Ψ′
� �

+ 3H ′ − 6H 2
� �

Φ − 3H ′Ψ
n o

+ f R′ −9HΦ + 3HΨ − 3Ψ′
� �

= κ2ρa2δ:

ð33Þ

This equation involves only the first derivative in
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conformal time. Next, we have

1 + f Rð Þ Φ′′ +Ψ′′ + 3H Φ′ +Ψ′
� �

+ 3H ′Φ + H ′ + 2H 2
� �

Ψ
n o

+ f R′ 3HΦ −HΨ + 3Φ′
� �

+ f ′′R 3Φ −Ψð Þ = c2s κ
2ρa2δ:

ð34Þ

Interestingly, this equation involves second derivatives in
conformal time along with the first derivatives. Then, we
have

1 + f Rð Þ Φ′ +Ψ′ +H Φ +Ψð Þ
n o

+ f R′ 2Φ −Ψð Þ = −κ2ρa2 1 +wð Þv:
ð35Þ

This equation also involves first derivatives in conformal
time, and finally, we have the expression involving a double
derivative in R (unlike the previous three where we have f R):

Φ −Ψ −
2f RR

a2 1 + f Rð Þ 3Ψ′′ + 6 H ′ +H 2
� �

Φ + 3H Φ′ + 3Ψ′
� �

− k2 Φ − 2Ψð Þ
n o

= 0:

ð36Þ

Here, the sound speed is defined by c2s ≡ δp/δρ, and the
matter density perturbation is expressed as δ ≡ δρ/ρ: Next,
we perturb the equation of continuity, ∇μT

μν = 0, and we
have the following relations:

3Ψ′ 1 +wð Þ − δ′ + 3H w − c2s
� �

δ + k2 1 +wð Þv = 0, ð37Þ

Φ +
c2s

1 +w
δ + v′ +Hv 1 − 3wð Þ = 0: ð38Þ

4. Subhorizon Approximation and
Ultrarelativistic Approximation in the
Presence of Magnetic Field

In this section, we derive the differential equation of the
matter density perturbation in the subhorizon approxima-
tion. Firstly, let us assume the quasistatic approximation, i.
e., ∂/∂η ∼H . We also need to take into consideration the
small-scale approximation, which is given by H ≪ k. There-
fore, in the subhorizon approximation, we combine these
two conditions to have ∂/∂η ∼H ≪ k. Next, we apply sub-
horizon approximation to the linearized Einstein equations
in the Fourier space to deduce the equation of the matter
density perturbation. Necessary precautions regarding this
problem were discussed in detail in the paper [63].

Unlike in the case of the exact calculations, the proce-
dure to derive the equation of the matter density perturba-
tion is not unique in the approximated calculations. We
follow the process recommended in [63], and using the limit
j f RRjk2/a2 ≪ 1, we get the evolution equation of the density

perturbation as the following:

δρ′′
ρ

+ H −
2ρ′
ρ

 !
δρB
ρ

� �
+

δρm
ρ

� �	 

−
δρ

ρ

ρ′′
ρ

+
3a2Ωm

2 1 + f Rð Þ

 !
= 0:

ð39Þ

The above equation can be decomposed into the form:

δρm
ρ

� �
+H

δρm
ρ

� �
−

3a2Ωm

2 1 + f Rð Þ
δρm
ρ

+OB = 0: ð40Þ

Now, if we take the approximation of a weak magnetic
field compared to the matter contribution, i.e., ρm ≫ ρB,
then the total energy density can be approximated as ρ ∼
ρm. This transforms the above evolution equation into the
following expression:

δm ′′ +Hδm ′ −
3a2Ωm
2 1 + f Rð Þ δm +OB = 0, ð41Þ

where OB is given by

OB ≡
~H
ρ
δ~H ′′ + δ~H ′

ρ
2~H ′ + H −

2ρ′
ρ

 !
~H

" #

+
δ~H
ρ

~H ′′ + ~H ′ −
~Hρ′
ρ

 !
H −

2ρ′
ρ

 !
− ~H

ρ′′
ρ

+
3a2Ωm

2 1 + f Rð Þ

 !" #
:

ð42Þ

The expression in (41) represents the density perturba-
tion equation in a weak magnetic field. The higher contribu-
tion from the magnetic field is enclosed in the term OB. We
note that in absence of the magnetic field our result in Equa-
tion (41) reduces to the density perturbation equation
obtained in [63], thereby extending their results to a uni-
verse dominated by a magnetic field.

Similarly, when j f RRjk2/a2 ≫ 1, we have the following
equation by using the subhorizon approximation:

δm ′′ +Hδm ′ −
2a2Ωm
1 + f Rð Þ δm + ~OB = 0, ð43Þ

where similarly, the magnetic contribution ~OB is given by

~OB ≡
~H
ρ
δ~H ′′ + δ~H ′

ρ
2~H ′ + H −

2ρ′
ρ

 !
~H

" #

+
δ~H
ρ

~H ′′ + ~H ′ −
~Hρ′
ρ

 !
H −

2ρ′
ρ

 !
− ~H

ρ′′
ρ

+
2a2Ωm

1 + f Rð Þ

 !" #
:

ð44Þ

Therefore, in both regimes, we recover the expression of
the density perturbation equation for a nonmagnetic case
discussed in [63]. It may be noted that both OB and ~OB

are of the second-order in δ~H and depend inversely on the
total energy density, i.e., the larger the matter contribution
is, the smaller the magnetic contribution is. It is as if the
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magnetic contributions are evolving side by side depending
on the fluctuations in the magnetic field strength, although
one must notice that these are not completely independent
of the matter part as there are coupling terms present in both
the cases.

We know that oscillating solutions cannot be obtained
by subhorizon approximation, and therefore, we employ
the ultrarelativistic approximation, i.e., ∂/∂η ∼ k, and small-
scale approximation H ≪ k, instead. We will only briefly
describe how the ultrarelativistic approximation can be done
in the presence of a uniform magnetic field. In short, we say
that to obtain the equation of δ, we first assume a relation
Φ ≈ −Ψ from the leading terms of Equation (34), and using
Equation (36), we arrive at the following:

Ψ + 3f RR
a2 1 + f Rð Þ Ψ′′ + k2Ψ

� �
≈ 0: ð45Þ

Now, if we assume the condition j f RRjk2/a2 ≪ 1, then the
f ðRÞ gravity models which satisfy such a condition do not
possess oscillating solutions of Ψ and δ of the type ∼eikη.
But if we consider j f RRjk2/a2 ≫ 1, then Ψ satisfies the equa-
tion, Ψ′′ + k2Ψ ≈ 0, and the general solutions are of the
form:

Ψ = α1e−ikη + α2eikη, ð46Þ

where α1 and α2 are integration constants. Consequently, we
can combine Equations (37) and (38) to obtain a relation
between δ and Ψ, as δ′′ ≈ 2Ψ′′. Finally, we can compute
the general solutions of δ of the form:

δ = 2α1e−ikη + 2α2eikη + α3η + α4, ð47Þ

where α3 and α4 are integration constants. To understand
the effect of the magnetic field on these oscillating solutions,
we need to analyze these equations without approximations.
Moreover, the behavior of the oscillating solutions cannot be
determined only by the leading order terms. We will be deal-
ing with such issues in our future works.

5. Evolution Equations in the General
Relativistic Case and Other Higher-
Order Theories

We now derive the density perturbation evolution equation
in a general relativistic scenario where we can treat it as a
special case of our more general result by substituting f ðRÞ
= 0 in (1) and subsequent equations. Therefore, from (40),
we obtain the GR case

δρm
ρ

� �
+H

δρm
ρ

� �
−
3a2Ωm

2
δρm
ρ

+OGR
B = 0: ð48Þ

Note that the higher curvature terms are absent in (48)
unlike (40). Consequently, with appropriate approximations
mentioned at the beginning of this section, Equation (48)

can be expressed as follows:

δm ′′ +Hδm ′ −
3
2
a2Ωmδm +OGR

B = 0, ð49Þ

where OGR
B is given by

OGR
B ≡

~H
ρ
δ~H ′′ + δ~H ′

ρ
2~H ′ + H −

2ρ′
ρ

 !
~H

" #

+
δ~H
ρ

~H ′′ + ~H ′ −
~Hρ′
ρ

 !
H −

2ρ′
ρ

 !
− ~H

ρ′′
ρ

+
3a2Ωm

2

 !" #
:

ð50Þ

Similarly in the subhorizon approximation, Equation
(43) becomes

δm ′′ +Hδm ′ − 2a2Ωmδm + ~OGR
B = 0, ð51Þ

where the magnetic contribution ~OGR
B is given by

~OGR
B ≡

~H
ρ
δ~H ′′ + δ~H ′

ρ
2~H ′ + H −

2ρ′
ρ

 !
~H

" #

+
δ~H
ρ

~H ′′ + ~H ′ −
~Hρ′
ρ

 !
H −

2ρ′
ρ

 !
− ~H

ρ′′
ρ

+ 2a2Ωm

 !" #
:

ð52Þ

We can see that in (49) and (51), the effect of higher cur-
vature is absent as opposed to (41) and (43), and the equa-
tions reduce to the standard density perturbation equations

with the magnetic terms denoted by OGR
B and ~OGR

B . We can
easily check that if we switch off the magnetic field, our den-
sity perturbation equation reduces to the standard form in
general relativity without any magnetic field.

Finally, it may be noted that our results can be extended
to other higher-order variations of gravity like Rn gravity,
and the evolution equations will change accordingly. For
example, the evolution of density perturbation is then given
by the following equation:

δm ′′ +Hδm ′ −
3a2Ωm
2nRn−1 δm +ORn

B = 0, ð53Þ

where ORn
B is given by

ORn

B ≡
~H
ρ
δ~H ′′ + δ~H ′

ρ
2~H ′ + H −

2ρ′
ρ

 !
~H

" #

+
δ~H
ρ

~H ′′ + ~H ′ −
~Hρ′
ρ

 !
H −

2ρ′
ρ

 !
− ~H

ρ′′
ρ

+
3a2Ωm

2nRn−1

 !" #
:

ð54Þ

For n = 1, the above equations reduce to GR. For any
other value of n, appropriate equations can be obtained.
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6. Discussions and Conclusions

In this paper, we have studied the evolution of the modes of the
density perturbations in the universe in presence of a cosmic
magnetic field. The occurrence of a primordial magnetic field
(PMF) in the universe is unavoidable, and it has a myriad of
effects on the cosmological scenario. The stress-energy tensor
of the PMF can induce additional metric perturbations, besides
the primordial curvature perturbations, and also its Lorentz
force affects themotion of primordial plasma. Small-scale PMFs
can produce fluctuations in the baryon density field, which can
affect the CMB anisotropy. Therefore, we have studied the effect
of such magnetic fields on the density perturbation evolution in
f ðRÞ gravity models, i.e., in the presence of dark energy or
higher curvature gravitational theories, to see whether their
coexistence is physically viable, in other words, whether the evo-
lutionary consequences are realistic or not.

Here, we have introduced a uniform magnetic field in
order to approximate the effect of PMF. We have shown
that, when the primordial magnetic field aligns with the pre-
ferred spatial direction of the LRS spacetime, it diagonalizes
the shear tensor, making the shear propagation equation
simpler. The effect of this PMF on the Raychaudhuri equa-
tion and other evolution equations of cosmological variables
has also been analyzed. Consequently, we have demon-
strated the role of the PMF in structure formation. We have
also found that in the subhorizon approximation, our results
on scalar density perturbation conform to that of Matsu-
moto [63] in the appropriate limits, validating our results.
We found that the density perturbations have an almost sep-
arate component for the magnetic field contributions in the
weak-field limit. Further, the more the matter dominates
over the magnetic field energy contributions, the weaker
the contribution of the magnetic field perturbations on the
density perturbation sector, which is a viable physical fea-
ture. This kind of approximation is possible for weak mag-
netic field limits, i.e., when the source of the magnetic field
is weak or it is far away from the system, which is a viable
approximation for the large-scale study of the universe as a
whole. Therefore, this is not applicable to the study of local
magnetized systems in the f ðRÞ gravity.

It is to be noted that the coupling between curvature and
magnetic field in the action itself is very important for the
generation of a primordial magnetic field in the Rn gravity,
but we must clarify that in our case that we have not consid-
ered any coupling as such, i.e., we are not interested in the
origin of the PMF as such but in the effect of it on density
perturbation evolution in the weak-field limit. In such a case,
PMF is acting like any other cosmic or astrophysical mag-
netic field except that the strength of the field is very weak,
and that is why our approximations holds true.

This study creates the ground work for the future studies
of PMF in higher-order gravity theories. The robustness of
the result comes from the reproducibility of the previous the-
oretical results. It also shows that for higher-order gravities,
the contribution of the magnetic term increases. It is clear
from our analysis that the magnetic contribution is increasing
steadily from GR to f ðRÞ and subsequently to Rn, i.e., OGR

B <
OB <ORn

B , showing increasing interplay between the magnetic

field and baryons. This effect will surely get amplified further if
the coupling term between curvature and the magnetic field is
taken into account. Consequently, this will have a significant
impact on structure formation and will affect the
temperature-polarization anisotropies correlation in CMBR.
The effect of the magnetic field energy on the expansion of
the universe cannot be neglected either. Therefore, density
perturbations in presence of PMF will affect the formation of
cosmic defects. It can also influence the baryon to photon ratio
and the relic neutrino temperature. Other astrophysical events
like the amplified effect of PMF on the scattering of Dirac
spinors around rotating spheroids may also occur. The pres-
ence of magnetic field will change the scattering cross-
section and different gravity theories, say in the Rn gravity,
so it should be measurably different when we also consider
the presence of amplified PMF in the reheating epoch.

Similar analysis can be done following the argument of [63]
for oscillating solutions in the ultrarelativistic regime, but such
investigations will be carried out in our future work. A detailed
unapproximated analysis is required for such cases. In conclu-
sion, our work gives an approximate analysis of the density per-
turbation evolution in the presence of a weak uniform PMF for
the f ðRÞ gravity and for other higher-order gravity theories
related to it. Our study not only extends the findings of Matsu-
moto on the density perturbation evolution but also demon-
strates how the interplay between the magnetic field and
density perturbations increases with higher-order curvature
terms in gravity theories.
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