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Three-body B decays not only significantly broaden the study of B meson decay mechanisms but also provide information of
resonant particles. Because of complicate dynamics, it is very hard for us to study the whole phase space in a specific approach.
In this review, we take B⟶KðR⟶ ÞK+K− decays as examples and show the application of the perturbative QCD (PQCD)
approach in studying the quasi-two-body B decays, where two particles move collinearly with large energy and the bachelor
one recoils back. To describe the dynamics of two collinear particles, the S, P, and D-wave functions of kaon-pair with
different waves are introduced. By keeping the transverse momenta, all possible diagrams including the hard spectator
diagrams and annihilation ones can be calculated in PQCD approach. Most results are well consistent with the current
measurements from BaBar, Belle, and LHCb experiments. Moreover, under the narrow-width approximation, we can extract
the branching fractions of the two-body decays involving the resonant states and also predict the branching fractions of the
corresponding quasi-two-body decays B⟶KðR⟶ Þπ+π−. All predictions are expected to be tested in the ongoing LHCb
and Belle-II experiments.

1. Introduction

It is well known that B meson hadronic decays provide us
unique information on three fronts: CP violation and the
angles of the CKM matrix, the structure of QCD in the pres-
ence of heavy quarks and energetic light particles, and new
particles beyond the standard model (SM) physics in the
quark sector. In past twenty years, experimental information
on nonleptonic B decays has been collected progressively, at
CLEO, two B-factories BaBar and Belle [1], the Tevatron,
and currently at the LHC, most prominently at LHCb [2].
In addition, the running Belle-II also includes serious plans
for analyses of nonleptonic B decays [3] with higher preci-
sion. Because of large combinatoric backgrounds, studies of
charmless B decays have concentrated mainly on two-body
decay processes. Although with complex kinematics, three-
body decays could not only significantly broaden the study
of B meson decay mechanisms and provide additional possi-

bilities for direct CP violation searches but also provide
information of resonant particles. In past decades, more
and more analyses of three-body decays have been per-
formed by the BaBar, Belle, CLEO, and LHCb, and the
branching fractions and CP violations have been measured
with high precision. Motivated by the accumulated experi-
mental results, many theoretical studies of various three-
body B hadronic decays have been performed in different
frameworks, such as approaches based on the symmetry
principles [4–8], the QCD factorization (QCDF) [9–19],
the perturbative QCD (PQCD) approach [20–28], and other
theoretical methods [29–31].

Differing from the two-body B decays where the kine-
matics is fixed, the momentum of each final state in three-
body decays is variable. Moreover, both resonant and non-
resonant contributions are involved; therefore, how to dis-
entangle the resonant and nonresonant contributions
reliably is also very important in studying the multibody
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decays. For clarity, we define the kinematics of the three-
body decay as

B pBð Þ⟶Ma p1ð ÞMb p2ð ÞMc p3ð Þ: ð1Þ

It is customary to take these variables as two invariant
masses of two pairs of final-state particles:

m2
12 = p1 + p2ð Þ2,

m2
13 = p1 + p3ð Þ2:

ð2Þ

Thus, the amplitude of the three-body decay is a function
of the two kinematic variables, m2

12 and m2
13, and the corre-

sponding distribution in the phase-space region is called a
Dalitz plot, which can be divided in different regions with
characteristic kinematics, as shown in Figure 1. As usual, we
refer to the B-meson rest frame. In the centre of the Dalitz plot,
the three final-state particles almost have a large energy
(E ~mB/3) and none of them flies collinearly to any others.
The corners imply that one final particle is approximately at
rest, and the other two fly back-to-back energetically, leading
to that one invariant mass is large, and the other two are small.
Specially, the central part of the edges means that two particles
move collinearly with large energy and the other particle
recoils back. In the naive factorization, the contribution at
the centre of the Dalitz plot is viewed to be both power sup-
pressed and αs suppressed with respect to that at the edge,
because two hard gluons are needed. However, recent studies
based on QCD factorization showed that the power correc-
tions are large, which means that the centre region maybe as
important as the regions at the edge [10, 11]. Assuming that
these different regions can be well described by the respective
calculations, it is a very challenging work to determine how
well these descriptions merge at intermediate kinematical
regimes. So, the theory of three-body nonleptonic decays is
still in an early stage of development.

In the past decades, the B meson two-body hadronic
decays have been explored systematically in the context of
QCD factorization, soft-collinear effective theory, or PQCD
approach. It is natural to ask if the accumulated experience
can be used to study the multibody B decays. Inspired by
this, we paid much attention to the edge regions of the Dalitz
plot, in which the two energetic particles are collinear and
form a moving-fast meson-pair, and the interactions
between the meson-pair and the bachelor particle are power
suppressed naturally. This kind of process is also called
quasi-two-body process. The interactions in the meson-
pair can be absorbed into the two-meson wave function. In
this case, the obvious generalization of the factorization the-
orem for two-body decays applies. It is reasonable for us to
assume the validity of the factorization for these quasi-two-
body B decays. In the PQCD framework that is based on
the kT factorization, the decay amplitude of quasi-two-
body B decays can be decomposed as the convolution [33].

A B⟶M3 R⟶ð ÞM1M2ð Þ
= C tð Þ ⊗ΦB ⊗H ⊗ΦM1M2

⊗ΦM3
⊗ exp −S tð Þ½ �, ð3Þ

where the ΦB and ΦM3
are the wave functions of B meson

and the light bachelor meson, respectively. The newly intro-
duced ΦM1M2

is the two-meson wave function, which
describes how four quarks are combined into two mesons.
It should be emphasized that both resonant and nonreso-
nant contributions to the hadron-pair system are included
into the wave function. The Wilson coefficient CðtÞ covers
all physics above mb scale. The exponential term is the so-
called Sudakov form factor caused by the additional scale
introduced by the intrinsic transverse momenta kT , which
suppresses the soft dynamics effectively. The hard kernel
H for the b quark decay, similar to the two-body case, starts
with the diagrams of single hard gluon exchange, and it can
be calculated perturbatively.

In the following, we will take B⟶ KðR⟶ ÞK+K−

decay as examples to show how to study quasi-two-body
processes in the PQCD approach at leading order, where
K+K−-pair move collinearly and combine into resonances
with different waves, such as f0ð980Þ, ϕð1020Þ, and f 2′ð1525
Þ. In Section 2, we will introduce the definitions of the
two-kaon wave functions with different waves and present
the typical Feynman diagrams in PQCD. In Section 3, the
numerical results and discussions will be given. At last, we
summarize this review in Section 4.

2. Framework

In the quasi-two-body region of phase space, the Dalitz plot
analysis allows one to describe the decay amplitude in the
isobar model, where the decay amplitude is represented by
a coherent sum of amplitudes from N individual decay
channels with different resonances,

A = 〠
N

j=1
cjA j, ð4Þ

where the A j is the amplitude corresponding to certain res-
onance and cj is the complex coefficient describing the rele-
vant magnitude and phase of the different decay channel.
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Figure 1: Phase space of the three-body decay B− ⟶K+K−π− in
terms of the invariants m12 and m13 [32].
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When we calculate the amplitude A j in PQCD, the most
important inputs are the nonperturbative wave functions.
For the decay B0 ⟶ K0ðR⟶ ÞK+K−, the wave functions
of the B meson and the bachelor meson K0 have been well
determined by comparing the theoretical predictions with
those well-measured experimental data of the two-body B
decays. For the sake of brevity, we shall not discuss them
anymore, and their explicit expressions can be found in refs.
[34–36]. As aforementioned, in the quasi-two-body decays,
the newly introduced ingredient is the two-meson wave
function corresponding to different resonances with differ-
ent spin [22].

We firstly discuss the S-wave two-meson wave function
of the kaon-pair,

ΦKK ,S =
1ffiffiffiffiffiffiffiffi
2Nc

p nPϕS z, ζ, ω2� �
+ ωϕsS z, ζ, ω2� ��

+ ω nn nv−1ð ÞϕtS z, ζ, ω2� ��
,

ð5Þ

where z is the momentum fraction of the spectator quark
and ζ is the momentum fraction of one kaon in the pair.
Nc = 3 is the number of colors, and ω and P are the invariant
mass and momentum of the kaon-pair, respectively. n =
ð1, 0, 0TÞ and v = ð0, 1, 0TÞ are two dimensionless vectors.
The ϕS, ϕ

s
S, ϕ

t
S, are the twist-2 and twist-3 distribution ampli-

tudes, and they are parameterized as [37]

ϕS z, ζ, ω2� �
= 9ffiffiffiffiffiffiffiffi

2Nc
p FS ω2� �

aSz 1 − zð Þ 2z − 1ð Þ, ð6Þ

ϕsS z, ζ, ω2� �
= 1
2

ffiffiffiffiffiffiffiffi
2Nc

p FS ω2� �
, ð7Þ

ϕtS z, ζ, ω2� �
= 1
2

ffiffiffiffiffiffiffiffi
2Nc

p FS ω2� �
1 − 2zð Þ: ð8Þ

The Gegenbauer moment aS = −0:8 is determined with
the experimental data [38]. We have to adopt the asymptotic
form within the SU(3) symmetry, as the reliable theoretical
studies are still absent.

Specially, the function FSðω2Þ is the S-wave time-like
form factor, which contains the interactions between the
two kaons in the kaon-pair. For most resonances, the form
factors are usually taken to be relativistic Breit-Wigner
(RBW) line shapes [39]

FS ω2� �
=

m2
j

m2
j − ω2 − imjΓj ωð Þ , ð9Þ

where mj is the mass of the resonance and ΓðωÞ is the mass-
dependent width [39, 40]. However, the case of f0ð980Þ is
complicated. Because there is an anomalous structure corre-
sponding to the enhancement from the KK system found
around 980MeV in the π+π- scattering [41, 42], it can be
interpreted as a two-channel resonance combining the ππ
and KK channels. In order to include these effects, Equation
(9) is modified to the Flatté form [43–45] as

FS ω2� �
=

m2
f0 980ð Þ

m2
f0 980ð Þ − ω2 − imf0 980ð Þ gππρππ + gKKρKK F

2
KK

� � ,

ð10Þ

where gππ and gKK are the f0ð980Þ coupling constants to the
ππ and KK final states, respectively. The phase space factors
ρππ and ρKK are given as

ρππ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

π

ω2

r
, ρKK =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

K

ω2

r
: ð11Þ

The factor FKK = e−αq
2
with α ≈ 2:0GeV−2 is introduced

to suppress the K �K contribution [45], q being the momen-
tum of each kaon in the K �K rest frame.

It should be noted that we only consider the contribu-
tions from three scalar resonances f0ð980Þ, f0ð1500Þ, and
f0ð1710Þ, which have been well analyzed by BaBar experi-
ments [38, 46]. The coefficients of the coherence summation
of these three resonances in Equation (4) are set to be
cf0ð980Þ = 2:9, cf0ð1500Þ = 1:0, and cf0ð1710Þ = 0:5, which have
been determined by the experimental measurements already
[38, 46].

Next, we come to the P-wave two-kaon wave function.
Because the third bachelor kaon in B0 ⟶ K0K+K− decay
is a pseudoscalar one, therefore only the longitudinal part
contributes, and its form can be expressed as

ΦKK ,P =
1ffiffiffiffiffiffiffiffi2Nc

p
�

nPϕP z, ζ, ωð Þ + ωϕsP z, ζ, ωð Þ

+

np1 np2 − np2 np1
ω 2ζ − 1ð Þ ϕtP z, ζ, ωð Þ

�
,

ð12Þ

where p1ð2Þ is the momentum of each kaon in the K �K-pair.
The corresponding twist-2 and twist-3 distribution ampli-
tudes that can be decomposed as Gegenbauer polynomials
are given as

ϕ0P z, ζ, ωð Þ = 3F∥
P ω2� �
ffiffiffiffiffiffiffiffi2Nc

p z 1 − zð Þ

� 1 + a0PC
3/2
2 2z − 1ð Þ� �

2ζ − 1ð Þ,
ð13Þ

ϕsP z, ζ, ωð Þ = 3F⊥
P ω2� �

2 ffiffiffiffiffiffiffiffi2Nc
p 1 − 2zð Þ 1 + asP 1 − 10zð½

+ 10z2
�� 2ζ − 1ð Þ,

ð14Þ

ϕtP z, ζ, ωð Þ = 3F⊥
P ω2� �

2 ffiffiffiffiffiffiffiffi2Nc
p 2z − 1ð Þ2

� 1 + atPC
3/2
2 2z − 1ð Þ� �

2ζ − 1ð Þ,
ð15Þ

with a0P = −0:6, asP = −0:8, and atP = −0:3. Similarly, the P
-wave time-like form factor F∥

Pðω2Þ is also taken to be
the RBW line shape in Equation (9). As for F⊥

P ðω2Þ, the
relation [47]
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F∥
P ω2� �

F⊥
P ω2ð Þ ≈

f V
f TV

, ð16Þ

will be used, where f V and f TV are the vector and tensor
decay constants.

At last, we will discuss the wave function of D-wave
kaon-pair in which the information of tensor meson reso-
nances is included. In previous studies of B meson decays
involving a tensor [48, 49], it is found that the polarization
components ±2 of tensor meson do not contribute of the
amplitudes, due to the conservation of the angular momen-
tum. Hence, the form of D-wave two-kaon wave function is
the same as that of the P-wave,

ΦKK ,D = 1ffiffiffiffiffiffiffiffi2Nc
p

nP
ϕD z, ζ, ωð Þ + ωϕsD z, ζ, ωð Þ

�

+

np1 np2 − np2 np1
ω 2ζ − 1ð Þ ϕtD z, ζ, ωð Þ

�
:

ð17Þ

The distribution amplitudes are given as

ϕD z, ζ, ωð Þ =
ffiffiffi
2
3

r
9F∥

D ω2� �
ffiffiffiffiffiffiffiffi2Nc

p z 1 − zð Þa0D 2z − 1½ �P2 ζð Þ, ð18Þ

ϕsD z, ζ, ωð Þ = −
ffiffiffi
2
3

r
9F⊥

D ω2� �
4 ffiffiffiffiffiffiffiffi2Nc
p a0D 1 − 6z + 6z2

� �
P2 ζð Þ, ð19Þ

ϕtD z, ζ, ωð Þ =
ffiffiffi
2
3

r
9F⊥

D ω2� �
4 ffiffiffiffiffiffiffiffi2Nc
p a0D 2z − 1ð Þ 1 − 6z + 6z2

� �
P2 ζð Þ,

ð20Þ

with a0D = 0:6 and P2ðζÞ = 1 − 6ζ + 6ζ2. Likewise, we use the
RBW line shape for describing the time-like form factor
F∥
D and determine the F⊥

D by the similar relation as Equation
(16).

According to the effective Hamiltonian of b quark decay,
we can draw the possible Feynman diagrams as shown in
Figure 2. In diagram (a), the spectator quark enters to the
bachelor particle, and the KK-pair is emitted. In order to
make the spectator quark from soft to hard, the hard gluon
is needed, and it can come from any quark participating in
the four-quark weak interaction. So, with three wave func-
tions, we could calculate amplitude with different operators
in the PQCD approach. In practice, we keep the transverse
momenta of each quark for smearing the end-point
singularities.

For decays B± ⟶ K±ðR⟶ ÞK+K−, the spectator
quark can also enter into the recoiled meson pair, as shown
in diagram (b). Besides these two kinds of contributions, the
annihilation diagrams (c) and (d) also play important roles,
which can be calculated quantitatively without introducing
new parameters. Due to the space limit, we cannot list all
amplitudes of these diagrams, and one can find them in
ref. [20].

3. Results and Discussions

With the calculated amplitude A , we then obtain the differ-
ential branching fraction

d2B
dζdω

=
τBω p

!
1

			
			 p
!

3

			
			

32π3m3
B

Aj j2, ð21Þ

where τB is the lifetime of the B meson. The magnitudes of
three momenta of one kaon and the bachelor particle in
the rest frame of the KK-pair are given by

∣p!1∣ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ ω2,m2

K ,m2
K

� �q

2ω , p
!
3

			
			 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ m2

B,m2
K , ω2� �q

2ω , ð22Þ

with the standard Källén function λða, b, cÞ = a2 + b2 + c2 −
2ðab + ac + bcÞ.

Integrating out the variables ζ and ω, we could obtain the
branching fractions of the quasi-two-body decays B⟶
KðR⟶ ÞK+K−, and the CP averaged branching fractions
are presented in Table 1. As aforementioned, the theoretical
studies of multibody B hadronic decays are on the early
stage, so there are many uncertainties in our calculations.
The first and foremost parameters uncertainties are from
nonperturbative parameters, including the shape parameter
in the heavy B wave function, the Gegenbauer moments in
the distribution amplitudes of kaon-pair and kaon. We call
for the results with higher precision from nonperturbative
approaches, such as QCD sum rules and lattice QCD. The
second uncertainties originated from the PQCD approach
itself, including the unknown QCD radiative corrections
and the power corrections. Although some higher order
and higher power corrections have been explored, the
complete calculations are still in absence. The last kind
of uncertainties is caused by the CKM matrix elements.
In the table, the currently available experimental measure-
ments are also given for comparison. It is obvious that within
the uncertainties, most of our results are in good agreement
with experimental results, except decay mode B0 ⟶ K0

ð f0ð1710Þ⟶ ÞK+K−.
In Figure 3, we show the K+K− invariant mass-

dependent differential branching fractions for the quasi-
two-body decays B0 ⟶ K0ðϕð1020Þ⟶ ÞK+K−. It can be
seen that the contribution of ϕð1020Þ is dominate in the
region near 1GeV. Under the narrow-width approximation,
the three-body decay and corresponding two-body one sat-
isfy the relation

B B⟶ P3 R⟶ð ÞP1P2ð Þ ≈B B⟶ P3Rð Þ ×B R⟶ P1P2ð Þ,
ð23Þ

with R being the resonance. With the experimental results
Bðϕ⟶ K+K−Þ = ð49:2 ± 0:5Þ% [39], we obtain BðB0 ⟶
K0ϕÞ = ð6:4+2:9−2:0Þ × 10−6, which is in agreement with above
experimental results with uncertainties.

Although the conventional quark model has achieved
great success, the quark structures of scalar particles are still
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quite controversial, especially for the light scalar ones.
Although there are many hints that the light scalars are
four-quark states, the wave functions of these particles have
not established, and we left it as our future work. Currently,
we here still regard f0ð980Þ as a two-quark structure. Many
experimental evidences indicate that both s�s and q�q are
involved in the f0ð980Þ, so the mixing form is supposed to be

f0 980ð Þj i = q�qj i sin θ + s�sj i cos θ, ð24Þ

with q�q = ðu�u + d�dÞ/ ffiffiffi
2

p
and the mixing angle θ = 40° [50].

For the heavier scalar mesons, there are glueball contents in
isosinglet scalar mesons f0ð1370Þ, f0ð1500Þ, and f0ð1710Þ. It

is commonly accepted that f0ð1710Þ is dominated by the sca-
lar glueball, while f0ð1500Þ is an approximately SU(3) octet
with negligible glueball component. So, the glueball content
of f0ð1500Þ can be neglected.

In Figure 4, we show the dependencies of the differential
branching ratios dBðB+ ⟶ K+ðR⟶ ÞK+K−Þ/dω on the
kaon-pair invariant mass ω with the S-wave resonances
f0ð980Þ, f0ð1500Þ, and f0ð1710Þ and the D-wave particles
f 2′ð1525Þ and f2ð2010Þ. From the figure, it is obvious that
the f0ð980Þ production is apparently dominant, and it is
about ten times larger than that of f0ð1710Þ. In fact, it has
been shown that within present experimental and theoretical
uncertainties, the narrow peak at 980MeV in the K �K system

Table 1: CP averaged branching fractions (in 10−6) of B⟶ KðR⟶ ÞK+K− decays in PQCD [20] together with experimental data [39].

Decay modes PQCD EXP [39]

B+ ⟶ K+ ϕ 1020ð Þ⟶ð ÞK+K− 3:81+1:44+0:64+0:27−1:03−0:33−0:00 4:48 ± 0:22+0:33−0:24

B+ ⟶ K+ f0 980ð Þ⟶ð ÞK+K− 10:13+5:60+2:22+0:71−4:38−2:44−0:00 9:4 ± 1:6 ± 2:8
B+ ⟶ K+ f0 1500ð Þ⟶ð ÞK+K− 0:60+0:24+0:07+0:05−0:24−0:06−0:02 0:74 ± 0:18 ± 0:52
B+ ⟶ K+ f0 1710ð Þ⟶ð ÞK+K− 1:64+0:89+0:42+0:08−0:70−0:46−0:02 1:12 ± 0:25 ± 0:50

B+ ⟶ K+ f 2′ 1525ð Þ⟶

 �

K+K− 0:68+0:37+0:13+0:07−0:29−0:14−0:00 0:69 ± 0:16 ± 0:13

B+ ⟶ K+ f2 2010ð Þ⟶ð ÞK+K− 1:18+0:65+0:26+0:12−0:50−0:19−0:00

B0 ⟶K0 ϕ 1020ð Þ⟶ð ÞK+K− 3:22+1:36+0:48+0:18−0:98−0:18−0:08 3:48 ± 0:28+0:21−0:14

B0 ⟶K0 f0 980ð Þ⟶ð ÞK+K− 9:10+5:12+2:19+0:69−3:89−2:11−0:00 7:0+2:6−1:8 ± 2:4
B0 ⟶K0 f0 1500ð Þ⟶ð ÞK+K− 0:57+0:26+0:09+0:04−0:22−0:15−0:00 0:57+0:25−0:19 ± 0:12
B0 ⟶K0 f0 1710ð Þ⟶ð ÞK+K− 1:48+0:82+0:39+0:11−0:63−0:42−0:00 4:4 ± 0:7 ± 0:5

B0 ⟶K0 f 2′ 1525ð Þ⟶

 �

K+K− 0:58+0:31+0:12+0:05−0:27−0:13−0:01 0:13+0:12−0:08 ± 0:16

B0 ⟶K0 f2 2010ð Þ⟶ð ÞK+K− 1:09+0:57+0:26+0:11−0:48−0:23−0:00

b

q̄

1 2

3 4

(a)

b

q̄

(b)

b

q̄

5

6

7

8

(c)

b

q̄

(d)

Figure 2: Typical Feynman diagrams for the quasi-two-body decay B⟶ KðR⟶ ÞK+K− in PQCD, where the black squares stand for the
weak vertices, large (purple) spots on the quark lines denote possible attachments of hard gluons, the green ellipse represents kaon-pair, and
the red one is the light bachelor K meson [20].
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may be interpreted as a cusp phenomenon with large width
and does not necessarily imply that there exists a narrow res-
onance in that region. Because of large width, the contribu-
tion of the tail of f0ð980Þ is still larger than the total effect
of f0ð1500Þ. We also find that the contributions of f0ð1710Þ
and f0ð1500Þ overlap with each other, so that it is very hard
for us to disentangle two resonances at the region about
1.5GeV. Unlike S-wave, the contributions from D-wave res-
onances do not overlap anymore because of the narrow width
of f 2′ð1525Þ. As for the f2ð1270Þ, although there are some
studies on it [51], the mixing between different quark compo-
nents is quit complicated, so its contribution has not been
included.

As aforementioned, the narrow-width approximation is
invalid in describing the scalar particle f0ð980Þ, but it still
holds in the processes B⟶ Kð f0ð1500Þ⟶ ÞK+K−.
Again, we could obtain the branching fractions of B⟶
Kf0ð1500Þ as

B B0 ⟶ K0 f0 1500ð Þ� �
= 13:7 ± 6:1ð Þ × 10−6, ð25Þ

B B+ ⟶ K+ f0 1500ð Þð Þ = 13:9 ± 5:8ð Þ × 10−6, ð26Þ
within Bð f0ð1500Þ⟶ K+K−Þ ≃ 4:3%. For the decay B0

⟶ K0 f0ð1500Þ, our result agrees with experimental data
ð1:3+0:7−0:6Þ × 10−5 [39]. As for the decay B+ ⟶ K+ f0ð1500Þ,
the centre value of prediction is about 3.7 times larger than
that averaged experimental data ð3:7 ± 2:2Þ × 10−6 [39], but
both theoretical and experimental uncertainties are very
larger.

Under the narrow-width approximation, we get a ratio
as

R1 =
B f0 1500ð Þ⟶ K+K−ð Þ
B f0 1500ð Þ⟶ π+π−ð Þ

≈
B B⟶ K f0 1500ð Þ⟶ð ÞK+K−ð Þ
B B⟶ K f0 1500ð Þ⟶ π+π−ð Þð Þ :

ð27Þ

Using the experimental data Bð f0ð1500Þ⟶ K+K−Þ =
4:3% and Bð f0ð1500Þ⟶ π+π−Þ = 23:27% [39], we can get
the fraction R1 = 0:185. Thereby, the branching fractions of
B⟶ Kð f0ð1500Þ⟶ π+π−Þ decays are estimated to be

B B+ ⟶ K+ f0 1500ð Þ⟶ð Þπ+π−ð Þ = 3:24 ± 1:35ð Þ × 10−6,
ð28Þ

B B0 ⟶ K0 f0 1500ð Þ⟶ð Þπ+π−� �
= 3:15 ± 1:40ð Þ × 10−6:

ð29Þ
Similarly, we also define another ratio as

R2 =
B f0 1710ð Þ⟶ K+K−ð Þ
B f0 1710ð Þ⟶ π+π−ð Þ

≈
B B⟶ K f0 1710ð Þ⟶ð ÞK+K−ð Þ
B B⟶ K f0 1710ð Þ⟶ð Þπ+π−ð Þ :

ð30Þ

With the experimental result Γð f0ð1710Þ⟶ ππÞ/Γð f0
ð1710Þ⟶ K �KÞ = 0:23 ± 0:05 [39], we then predict the
branching fractions of B⟶ Kð f0ð1710Þ⟶ Þπ+π− decays
as

B B+ ⟶ K+ f0 1710ð Þ⟶ð Þπ+π−ð Þ = 5:0+3:9−3:4
� �

× 10−7,

B B0 ⟶ K0 f0 1710ð Þ⟶ð Þπ+π−� �
= 4:5+3:9−3:4
� �

× 10−7:
ð31Þ

All above predictions are expected to be measured in
LHCb and Belle-II experiments.

4. Summary

In this review, we took B⟶ KðR⟶ ÞK+K− decays as
examples and showed the application of PQCD in studying
the quasi-two-body B decays. In this approach, we here only
discussed the region at the central part of the edges, where
two particles move collinearly with large energy and the
other particle recoils back. In order to describe the dynamics
of two collinear particles, the wave functions of kaon-pair

B0 0(f0(980) )K+K–

B0 0(f0(1500) )K+K–

B0 0(f0(1710) )K+K–
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B0 0(f2(2010) )K+K–
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Figure 4: The ω-dependence of differential branching fractions
from f0ð980Þ, f0ð1500Þ, f0ð1710Þ, f 2′ð1525Þ, and f2ð2010Þ for the
B0 ⟶K0K+K− decay [20].
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Figure 3: The ω-dependence of differential branching fractions for
the B0 ⟶ K0K+K− decay [20].
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with different spins are introduced. By keeping the trans-
verse momenta, all possible diagrams at leading order were
calculated, including the hard spectator diagrams and anni-
hilation ones. Most of our numerical results are well consis-
tent with the current experimental data. Under the narrow-
width approximation, we extracted the branching fractions
of the corresponding two-body decays involving the reso-
nances, such as the B⟶ Kϕ, whose branching fractions
agree with the current experimental data well. We also pre-
dicted the branching fractions of the corresponding quasi-
two-body decays B⟶ KðR⟶ Þπ+π−. All predictions are
expected to be tested in the ongoing LHCb and Belle-II
experiments.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

Y. Li thanks Q-X Li and X Liu for collaborations. This work
was supported in part by the National Natural Science Foun-
dation of China under the Grant No. 11975195, by the Nat-
ural Science Foundation of Shandong province under the
Grant No. ZR2019JQ04, and by the Project of Shandong
Province Higher Educational Science and Technology Pro-
gram under Grant No. 2019KJJ007.

References

[1] A. J. Bevan, B. Golob, T. Mannel et al., “The physics of the B
factories,” The European Physical Journal C, vol. 74, no. 11,
p. 3026, 2014.

[2] R. Aaij, C. Abellán Beteta, B. Adeva et al., “Observation of sev-
eral sources of CP violation in B+ ⟶ π+π+π− decays,” Physi-
cal Review Letters, vol. 124, no. 3, article 031801, 2020.

[3] Belle-II Collaboration, E. Kou, P. Urquijo et al., “The Belle II
Physics Book,” Progress of Theoretical and Experimental Phys-
ics, vol. 2019, article 12123C01, 2019.

[4] M. Gronau and J. L. Rosner, “Symmetry relations in charmless
B⟶ PPP decays,” Physical Review D, vol. 72, no. 9, article
094031, 2005.

[5] G. Engelhard, Y. Nir, and G. Raz, “SU(3) relations and the CP
asymmetry in B⟶ PPP,” Physical Review D, vol. 72, article
075013, 2005.

[6] M. Imbeault and D. London, “SU(3) breaking in charmless B
decays,” Physical Review D, vol. 84, no. 5, article 056002, 2011.

[7] B. Bhattacharya, M. Gronau, and J. L. Rosner, “CP asymme-
tries in three-body B± decays to charged pions and kaons,”
Physics Letters B, vol. 726, no. 1-3, pp. 337–343, 2013.

[8] X.-G. He, G. N. Li, and D. Xu, “SU(3)and isospin breaking
effects on B⟶ PPP amplitudes,” Physical Review D, vol. 91,
no. 1, article 014029, 2015.

[9] B. El-Bennich, A. Furman, R. Kaminski, L. Lesniak, B. Loiseau,
and B. Moussallam, “CP violation and kaon-pion interactions
in B⟶ Kπ+π− decays,” Physical Review D, vol. 79, article
094005, 2009.

[10] S. Kränkl, T. Mannel, and J. Virto, “Three-body non-leptonic
B decays and QCD factorization,” Nuclear Physics B,
vol. 899, pp. 247–264, 2015.

[11] J. Virto, Charmless non-leptonic multi-body B decays, vol. 2016,
PoS FPCP, 2017.

[12] H.-Y. Cheng and K. C. Yang, “Nonresonant three-body decays
of D and B mesons,” Physical Review D, vol. 66, no. 5, article
054015, 2002.

[13] Y. Li, “Comprehensive study of �B0
⟶K0ð�K0ÞK∓π± decays in

the factorization approach,” Physical Review D, vol. 89, no. 9,
article 094007, 2014.

[14] Y. Li, “Branching fractions and direct CP asymmetries of B0
s

⟶K0h+h′−ðhð′Þ = K, πÞ decays,” Science China Physics,
Mechanics & Astronomy, vol. 58, no. 3, article 031001, 2015.

[15] T. Huber, J. Virto, and K. K. Vos, “Three-body non-leptonic
heavy-to-heavy B decays at NNLO in QCD,” Journal of High
Energy Physics, vol. 2020, no. 11, article 103, 2020.

[16] Z.-H. Zhang, X.-H. Guo, and Y.-D. Yang, “CP violation in
B± ⟶ π±π+π− in the region with low invariant mass of one
π+π− pair,” Physical Review D, vol. 87, no. 7, article 076007,
2013.

[17] C.Wang, Z.-H. Zhang, Z.-Y. Wang, and X.-H. Guo, “Localized
direct CP violation in B± ⟶ ρ0ðωÞπ± ⟶ π+π−π±,” Euro-
pean Physical Journal C, vol. 75, no. 11, p. 536, 2015.

[18] J.-J. Qi, Z.-Y. Wang, X.-H. Guo, Z.-H. Zhang, and C. Wang,
“Study of CP violation in B− ⟶ K−π+π− and B− ⟶ K−σð
600Þ decays in the QCD factorization approach,” Physical
Review D, vol. 99, no. 7, article 076010, 2019.

[19] B. El-Bennich, A. Furman, R. Kaminski, L. Lesniak, and
B. Loiseau, “Interference between f 0ð980Þ and ρ−ð770Þ reso-
nances in B⟶ π+π−K decays,” Physical Review D, vol. 74,
article 114009, 2006.

[20] Z.-T. Zou, Y. Li, Q. X. Li, and X. Liu, “Resonant contributions
to three-body B⟶ KKK decays in perturbative QCD
approach,” The European Physical Journal C, vol. 80, no. 5,
p. 394, 2020.

[21] C.-H. Chen and H. N. Li, “Three body nonleptonic B decays in
perturbative QCD,” Physics Letters B, vol. 561, no. 3-4,
pp. 258–265, 2003.

[22] W.-F. Wang, H.-C. Hu, H.-n. Li, and C. D. Lü, “Direct CP
asymmetries of three-bodyBdecays in perturbative QCD,”
Physical Review D, vol. 89, no. 7, article 074031, 2014.

[23] W.-F. Wang, H.-n. Li, W. Wang, and C. D. Lü, “S-wave reso-
nance contributions to the B0

ðsÞ ⟶ J/ψπ+π− and Bs ⟶ π+π−

μ+μ− decays,” Physical Review D, vol. 91, no. 9, article
094024, 2015.

[24] Y. Li, A. J. Ma, W. F. Wang, and Z. J. Xiao, “Quasi-two-body
decays BðsÞ ⟶ Pρ⟶ Pππ in the perturbative QCD
approach,” Physical Review D, vol. 95, no. 5, article 056008,
2017.

[25] C. Wang, J.-B. Liu, H.-n. Li, and C.-D. Lu, “Three-body decays
B⟶ φðρÞKγ in perturbative QCD approach,” Physical
Review D, vol. 97, no. 3, article 034033, 2018.

[26] Z. Rui, Y. Li, and W. F. Wang, “The S-wave resonance contri-
butions in the B0

s decays into ψð2S, 3SÞ plus pion pair,” The
European Physical Journal C, vol. 77, no. 3, p. 199, 2017.

[27] Z.-T. Zou, L. Yang, Y. Li, and X. Liu, “Study of quasi-two-body
BðsÞ ⟶ ð f0ð980Þ/f2ð1270Þ⟶ Þππ decays in perturbative
QCD approach,” European Physical Journal C, vol. 81, no. 1,
p. 91, 2021.

[28] L. Yang, Z. T. Zou, Y. Li, X. Liu, and C. H. Li, “Quasi-two-body
BðsÞ ⟶Vππ decays with resonance f0ð980Þ in the PQCD
approach,” Physical Review D, vol. 103, no. 11, article
113005, 2021.

7Advances in High Energy Physics



[29] W.-H. Liang, J.-J. Xie, and E. Oset, “B0, B− and B0
s decays into

J/ψ and KK̂ or πη,” European Physical Journal C, vol. 75,
no. 12, p. 609, 2015.

[30] H. A. Ahmed, Z.-Y. Wang, Z.-F. Sun, and C. W. Xiao, “Study
the B0

ðsÞ decays into ϕ and a scalar or vector meson,” European
Physical Journal C, vol. 81, no. 8, p. 695, 2021.

[31] Y.-J. Shi, U.-G. Meißner, and Z.-X. Zhao, “Resonance contri-
butions in B− ⟶K+K−π− within the light-come sum rule
approach,” https://arxiv.org/abs/2111.05647.

[32] H.-Y. Cheng, C. K. Chua, and Z. Q. Zhang, “Direct CP viola-
tion in charmless three-body decays of B mesons,” Physical
Review D, vol. 94, no. 9, article 094015, 2016.

[33] H.-N. Li, “QCD aspects of exclusive B meson decays,” Progress
in Particle and Nuclear Physics, vol. 51, no. 1, pp. 85–171, 2003.

[34] Y.-Y. Keum, H. N. Li, and A. I. Sanda, “Fat penguins and imag-
inary penguins in perturbative QCD,” Physics Letters B,
vol. 504, no. 1-2, pp. 6–14, 2001.

[35] C.-D. Lu, K. Ukai, and M.-Z. Yang, “Branching ratio and CP
violation of B⟶ ππ decays in perturbative QCD approach,”
Physical Review D, vol. 63, article 074009, 2001.

[36] A. Ali, G. Kramer, Y. Li et al., “Charmless nonleptonic Bs
decays to PP, PV , and VV final states in the perturbative
QCD approach,” Physical Review D, vol. 76, no. 7, article
074018, 2007.

[37] M. Diehl, T. Gousset, B. Pire, and O. Teryaev, “Probing par-
tonic structure in γ ∗ γ⟶ ππ near threshold,” Physical
Review Letters, vol. 81, pp. 1782–1785, 1998.

[38] BaBar Collaboration, J. P. Lees, V. Poireau et al., “Amplitude
analysis and measurement of the time-dependent CP asymme-
try of B0 ⟶K0

SK
0
SK

0
S decays,” Physical Review D, vol. 85, arti-

cle 054023, 2012.
[39] Particle Data Group, P. A. Zyla, R. M. Barnett et al., “Review of

particle physics,” Progress of Theoretical and Experimental
Physics, vol. 2020, no. 8, article 083C01, 2020.

[40] J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics,
Springer, New York, 1952.

[41] M. Alston-Garnjost, A. Barbaro-Galtieri, S. M. Flatte et al.,
“Observation of an anomaly in the π+π− system at 980-
MeV,” Physics Letters, vol. 36B, pp. 152–156, 1971.

[42] S. M. Flatte, M. Alston-Garnjost, A. Barbaro-Galtieri et al.,
“Analysis of the observed anomaly in ππ s-wave scattering
near K ¯K threshold,” Physics Letters, vol. 38, no. 4, pp. 232–
236, 1972.

[43] S. M. Flatte, “Coupled - channel analysis of the π η and KK+

systems near K ¯K threshold,” Physics Letters, vol. 63B,
pp. 224–227, 1976.

[44] D. V. Bugg, “Reanalysis of data ona0(1450)anda0(980),” Phys-
ical Review D, vol. 78, no. 7, article 074023, 2008.

[45] LHCb Collaboration, R. Aaij, R. Abellán Beteta, B. Adeva et al.,
“Measurement of resonant and CP components in B0

S ⟶ J/
ψπ+K+K−K0

S decays,” Physical Review D, vol. 89, no. 9, article
092006, 2014.

[46] BaBar Collaboration, J. P. Lees, V. Poireau, V. Tisserand et al.,
“Study of CP violation in Dalitz-plot analyses of B+ ⟶K+

K−K+ and B+ ⟶K0
SK

0
SK

+,” Physical Review D, vol. 85, article
112010, 2012.

[47] W.-F. Wang and H. N. Li, “Quasi-two-body decays B⟶ Kρ
⟶ Kππ in perturbative QCD approach,” Physics Letters B,
vol. 763, pp. 29–39, 2016.

[48] Z.-T. Zou, X. Yu, and C. D. Lü, “Nonleptonic two-body
charmless B decays involving a tensor meson in the perturba-

tive QCD approach,” Physical Review D, vol. 86, no. 9, article
094015, 2012.

[49] H.-Y. Cheng and K. C. Yang, “Charmless hadronic B decays
into a tensor meson,” Physical Review D, vol. 83, no. 3, article
034001, 2011.

[50] H.-Y. Cheng, “Hadronic D decays involving scalar mesons,”
Physical Review D, vol. 67, no. 3, article 034024, 2003.

[51] Y. Li, A. J. Ma, Z. Rui, W. F. Wang, and Z. J. Xiao, “Quasi-two-
body decays BðsÞ ⟶ Pf2ð1270Þ⟶ Pππ in the perturbative
QCD approach,” Physical Review D, vol. 98, no. 5, article
056019, 2018.

8 Advances in High Energy Physics

https://arxiv.org/abs/2111.05647

	Charmless Quasi-Two-Body B Decays in Perturbative QCD Approach: Taking B&xrarr;KR&xrarr;K+K− as Examples
	1. Introduction
	2. Framework
	3. Results and Discussions
	4. Summary
	Conflicts of Interest
	Acknowledgments

