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We have previously developed the BRST quantization on the hypersurface V_, embedded in N-dimensional Euclidean space Ry
in both Hamiltonian and Lagrangian formulation. We generalize the formalism in the case of L-dimensional manifold V;
embedded in Ry with 1 <L <N. The result is essentially the same as the previous one. We have also verified the results
obtained here using a simple example of particle motion on a torus knot.

1. Introduction

In the previous work [1] we have considered the BRST
quantization of the motion on a hypersurface V, embed-
ded in the N-dimensional Euclidean space R based on
Batalin-Fradkin-Fradkina-Tyutin (BFFT) Abelianized Batalin-
Fradkin-Vilkovisky (BFV) and Batalin-Vilkovisky (BV) for-
malisms. It is a well-known result in differential geometry
that any N-dimensional Riemann manifold can be locally
embedded in the N(N + 1)/2-dimensional Euclidean space
but cannot be embedded in (N +1) dimension generally
[2]. In this sense, the considerations in the previous manu-
script [1] should be extended to general Riemannian mani-
folds. This is the motivation of the present manuscript.

It is well known in the literature that the quantization of
the system in curved space has been extensively studied
about the ordering problem using two different approaches,
canonical and path integral [3-17]. At the same time, the
quantization of dynamical systems constrained to curved
manifolds embedded in the higher-dimensional Euclidean
space has been extensively investigated as one of the quan-
tum theories [18-24]. Here, a nonrelativistic particle con-
strained to move on a curved surface embedded in the
higher dimensional Euclidean space [25, 26] has been taken.
These systems and the various properties they possess have
been investigated by many authors [27-51]. This has moti-

vated us to extend our previous work [1] to more general
class of systems discussed in [26].
Becchi-Rout-Stora-Tyutin (BRST) quantization [52-55]
is on of the most significant technique to deal with a system
with constraints. It has also been found to be symmetry of
general class of constrained systems [56-61]. In this quanti-
zation method, we enlarge the total Hilbert space of the
gauge system under study and bring back the gauge symme-
try of the gauge fixed action in the extended phase space,
keeping the physical contents of the theory unchanged.
BRST symmetry plays very significant role in renormaliza-
tion of spontaneously broken gauge theories like standard
model and hence is of very high significance for different
kind of systems. To the best of our knowledge, there is no
literature available which studied the BRST symmetry for a
particle moving on a hypersurface V, (1 <L < N) embedded
in the Euclidean space Ry. This motivates us in the study of
BRST symmetry for this system. We will do the constraint
analysis of this system using the Dirac’s technique. The sys-
tem is shown to contain second-class constraints. The BFFT
method will be used to convert the second class constraints
to first class one [62-76]. Then, the BRST charge and sym-
metries will be constructed for this BEFT Abelianized system
using BFV method [77-79] with the help of Faddeev-
Senjanovic technique [80, 81]. In the limit L — (N - 1),
the system will return to system in [1]. The results developed
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in the manuscript have been verified using a model of parti-
cle on torus knot [82-86]. At the end, BV-BRST quantiza-
tion of the BFFT Abelianized system will be investigated
[87-90]. Recently, Lagrangian Abelianization procedure for
constrained systems has also been developed [91, 92].

This is the second and final part of the work. In this part,
we will discuss BRST quantization of embedding V; in
Euclidean space Ry, where 1 <L <N. The paper has been
organized in the following way. In the second section, we
have reviewed motion in curved space and also calculated
all the possible constraints of the theory using Dirac’s
constraint analysis method. In the third section, we have
reviewed BFFT formalism. In Section 4, we have constructed
first-class constraints and Hamiltonians for the general class
of systems under study. In the next section, we will construct
BRST symmetry for this system based on BFV formalism. In
Section 6, we have shown consistency of our results in the
limit L — (N —1). In Section 7, we have given a simple
example of this kind of systems. In Section 8, we have
discussed BV quantization of this system based on BFFT
formalism. In the next section, concluding remarks have
been made. In the end, we have discussed some important
calculations in the appendix.

2. Classical Mechanics on V; in RY

Let us consider an N-dimensional Euclidean space Ry, a
point in which is specified by a set of Cartesian coordinates

XA {xl,xz,---,xN}. (1)
Further consider in Ry an L-dimensional Riemann sub-

space, V; (1< L < N), a point of which is specified by a set of
coordinates g~ [26],

q:{q.qq"}. (2)

The metric of this system is defined as gij(qk). We can
construct in Ry a set of curvilinear coordinates including
(4% q")

¢ :{q"q"q"q"" . q"}. (3)

Let us assume that {q'**}(a : 1 ~ N — L) are the intrinsic
coordinates normal to V; [26]. We can also use the notation

Q' =q¢""a:1~N-L. (4)
Then, the subspace V; can be defined as
Qa — qL+a =0. (5)

The metric for the curvilinear coordinates g in Ry is

defined as
~ éij Ny
gyv = ~ > (6)
Nja Gab
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where N, and G, are defined as

N Gy = gy:L+a,v:L+b' (7)

ia = gﬂ:i,V:Lﬂl’
It is worth noting that the metric g;; = gij(qk, Q°=0) is
induced metric on V; and the metric G, = G,,(q~, Q" = 0)

can be defined as some function on V. Using this assump-
tion, we will get N = 0, when Q = 0. So, the metric on V have

form
gij 0
gyv = ~ 2 (8)
0 Gy

and the inverse matrix is defined as

(9" 0
T G
0o G

which implies that
9.9, =", (10)
which can further be written as
9" gy =0, GG, =8 (11)
We know that g,,,, can also be written as
ox ox
g =(—)-(=]. 12
T (aq"> <aq”> .
From here, we can obtain following relations [26]:
ox ox
o=(-21).(=
ogk Q"
ox Ox
) =) (2= =Vt A
9ij (q ) (aqi> <aqf> - ;e, i (13)
ox ox
Y= (2 ). [ =Yt on,
Gab (q ) (aQu) (8Qb) ; a b

where e/ and h are defined as

#()=(5)], )= ()

Here, e are called the natural frame and gives the

induced metric on V. The inverse metric of g, is given by

:Ze?.h;‘,
A

Q=0

Q=0

(14)

Q=0 Q=0

g =Vvq"-vq’, (15)
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where V=0/0x. From this, we obtain
g" = gﬂv|on =Vq"- V‘1v|on- (16)

The Lagrangian for the particle motion on V is defined
as [26]

L= % &k, = V(x) +4,Q%(x). (17)

Here, “A" varies between 1 to N and “a” from 1to N — L.
The metric for the coordinate x* is §,5. A,'S are variables
independent of x*, and the dot denotes the time derivative.
The canonical momentum conjugate to x* and A* can be
written as

oL
Py=— =i,
47 9ih 19
H“Ea—.L =0
oA

Hamiltonian corresponding to Lagrangian in Equation
(17) can be written as

H,= % PP+ V(x) - 1,Q(x). (19)

2.1. Hamiltonian Analysis. The primary constraint for the
system under study is defined as

1, ~0. (20)

After including the primary constraint, the new Hamilto-
nian is written as

H, = % PP V(x) - A, Q%) +u T4 (21)

where u,'S are a set of Lagrange multipliers for the system.
Now, we will perform the constraint analysis of the given sys-
tem using the Dirac’s technique of constraint analysis
[56-61]. All the constraints of the theory can be calculated
in the following manner [26]:

1" = {11, H;} , = Q%,
II"={Q" Hy},=P*-0,Q", (22)

Ha(3) _ {DQa, HT}P _ DZQa_VQu . V(V — Ade>.

The constraint I1°%) = 0 determines the u,'S, and the
procedure is over. So, the explicit form of the constraints are

Q¢ =1 ~ 0,
@g = Qa = 0)
@ = DQ* ~ 0, (23)

@ = PAPP,0,Q"-VQ" - v(v - Ade)
=D*Q-VQ* - VO = 0.

Here, D and @ are defined as D= P49, ®=(V - 1,Q°).
Also, the product of partial derivatives is defined as Vf - Vg =
2.404f 0,49

The Poisson brackets between the constraints are defined
as [26]

{or.0}} =-va'-vQ'=-a®,

{o5.00} =vQ-vQ'=a®,

{on0} =2ver- (vDQ') =-p,

{5, @§}P =2v(DQ")-v(DQ")-vQ" - v =,
{o5.04} =v(pQ)-vQ'-ve'-v(DQ') = p",
{@;;, @i}P =2 [vcpz -V(DQ")-V! - V(DQ”)} = e,

(24)
Other Poisson brackets vanish. It is worth noting that

a® = a4, (symmetric),

p® = —p", (antisymmetric), (25)

" = —¢, (antisymmetric).

Thus, the matrix A?jb between the constraints has the

form
0 0 0 -—a®
0 0 aab _pab
AY=]lps @bl = P (26)
1 ! J P ab ab ab
0 -« -y

It is worth noting here that a,b=1, ---, (N — 1). Hence,
each element of the matrix A?jb isa (N—1)x (N - 1) matrix.
Thus, the matrix Af}b isa4(N-1)x4(N - 1) matrix.



3. BFFT Formalism

In this section, we will discuss the main results of BFFT
technique, which is used to Abelianize the second class
constraint systems. The basic idea behind the scheme is to
introduce additional phase space variables ®, besides the
existing physical degrees of freedom (gq,p) of the system
such that all the constraints in the extended space of the sys-
tem are first class. This means that the original constraints
and Hamiltonian have to be modified accordingly by putting
BFFT-extension terms in them. To achieve this, we will use
the results discussed in [66, 68, 69]. Let us consider a set of
constraints (P}, A;) and a Hamiltonian operator H. We
know from the Dirac’s constraint analysis that second-class
constraints of a constrained system satisfy an open algebra.
These constraints and Hamiltonian satisfy following algebra:

{@7(9.p) (g, p)} = A% (g p) #
{@(ap), M(a.p)} =0,
{Aj(‘J)P)’At(

{A(qp),

3.p)} =0,

H(q,p)} = 0.

"~ means that the equality holds on the constraint
surface. The additional fields satisfy the symplectic algebra:

{©,0.} =w,, (28)

where w! is a constant quantity and det w] #0. The
constraints are now defined in terms of auxiliary feld ) as

D, =P, (.p:6},). (29)
This modified constraint satisfies the boundary condition

D, (9 p30) =D (q, p)- (30)

These modified constraints should satisfy first-class
constraints algebra. So, the Poisson bracket between the
constraints are defined as

{d);”,éj} 0. (31)

The solution of Equation (31) can be achieved by consid-
ering an expansion of @}, as

", (32)

M8

) =

n

=
]

0

where ®"® = O(®). The first-order correction in the field
is [66, 68, 69]

o =X (9, p)©, (33)
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Putting the expression of Equation (33) in Equation (31)
and using the boundary condition given in Equations (30)
and (27) as well as Equation (28), we get

Ay + X X3 = 0. (34)

We notice that Equation (34) does not give a single solu-
tion for Xf"f’, because there is still unknown matrix w;]b. We

can make choices for wa in such a way that the newly
defined variables are unconstrained in nature. Using the

value of the matrix a)ijh, we can calculate the possible solu-

tions of X“b from Equatlon (34). Using the value of X

we can obtain @ Lt o + @ " i strongly involutive in
nature, then series will end otherwise, it will continue in
the same way till we do not get strongly involutive con-
straints. The explicit expression of higher order corrections
in the field @ is

ij >

~m(k+l) ¢ vbd eg m(
@) T 2®X wigB M, k=1, (35)
where B% is defined as
k
phak) — Z {éb(k_l), éa(”}
rs o r s (@)
G (b xa(is2
+Z{(Dr( ), “(+>} , k=2, (36)
©)

In the above expressions, we have defined

X XI7 = il ol = 8,80, (37)

C

Another important part of the BFFT formalism is that
any dynamical variable f(q, p) has also to be modified in
the same way as discussed above in order to be strongly
involutive with the modified constraints @, . Denoting the
modified quantity by f(q, p; ®), we then have

{cb;”,}} =0. (38)

Apart from that, modified variable f must also satisfy the
boundary condition given below:

f(@p30)=£(ap). (39)

To obtain f as an analogous expansion to Equation (32),
we will consider

f=21", (40)
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where j‘<k) is also a term which is of the order n in ®'s. The

expression in Equation (38) above gives us ]N‘(l)
7 =Xt (. {1}, (41)

where ™" and X%, are the inverses of w? and X"
The corrections in the physical varlable f can be written
in the more general form as

~(k+1)

a no c k
f - k ®n ab I;m(q p) (f) m( )’ (42)
where
G = Zk: { ok f(l) + & {q)b(k h f(l+2)}
©oalr T Sy g U ©)

(43)

In the similar way, we can find the involutive form of
other variables using the BFFT method described above.

Let us take the initial fields as g and p. Then, the involu-
tive form of these fields (g and p) will satisfy the following
relations.

{d,q} = {D.p}=0. (44)

Similarly, any function of the physical variables g and p
will also satisfy the strong involution relation, since

{(Z), Iv(q,p)} {@ q} gF {(5) p} OF . (45)

op
So, if we are taking any dynamical variable in the original
phase space, it can be written in involutive form as
F(q,p) — F(4p) = F(. p)- (46)
It is very much obvious that the initial boundary condi-
tion in the BFFT formalism, namely, the reduction of the

involutive physical variables to the original physical vari-
ables, when the new fields are set to zero, remains preserved.

4. Construction of the First-Class
Constraint Theory

We can easily observe that all the constraints of the theory in
Equation (23) are of second class in nature. To change them
in the first-class constraints, we will introduce 4L set of
possible BFFT fields 0, @2 @103) @**) Here, each set
of newly introduced fields will correspond to a set of con-
straints. We will define some relation between these BFFT
fields which will help us in the Abelianization of the con-
straints of the theory. Using the relation between newly
introduced fields, we will define w which will give us the

possible solution of Equation (34). Here, we will discuss
the Abelianiaztion of constraints and Hamiltonian for
the Particle motion on the surface V;(1<L<N) in the
Riemann manifold Ry (based on [75]).

Our choice of Poisson Bracket between the fields @1,
e?,0°%), @™, (a=1,--,N-1) are

{Qa(l))®b(3)} =%, {@a(Z), @b(4)} =19, (47)

where I? is a (N = 1) x (N — 1) unitary matrix.
From the relation between the fields ®, we can find

tri ij
matrix w, as

W = . (48)

Using the matrix ©**/ defined above and the matrix A’
between the constraints in Equation (26), we can calculate
the possible value of matrix ijb. Now, using the matrix

ijb, we can write the modified constraints as

@ =11 - 0°0), @ = Q* + ©°®) (PA Q0! )aAQ“,

= (P -2'Q,0") (P* - 8"Q.0")3,0,Q"0"
-0,V-0°Q" +1,0,Q"0"Q" +0,Q"0" Q.0
(49)
It is worth to mention here that all the barred quantities
defined in Equation (49) are function of coordinates x* and
fields ©@*® and will take the form of the original unbarred

quantities in the limit ©®*?) — 0. Here, any field f(x%,
®“<2)) will be written as [75]

(x e ) Zf (50)

Also, the partial differentiation of field f wrt. any field x*
can be written as [75].

fi=Qu{f 0™}, (51)

Then, the Poisson bracket between these modified set of
constraints is

¥a =a
{(Di,(Dj}:O, (52)
where i,j=1,2,3,4, and a,b=1,2,---,N — 1. We can con-

clude from Equation (52) that the modified constraints are
involutive in nature. Hence, we have successfully converted



the second class constraints of the theory into first-class
constraints.

Now, we will construct the involutive Hamiltonian for
this system.

Corrections in the Hamiltonian due to different fields ®
can be calculated as follows. We will start it by calculating
the inverse of the matrices w*®/ and Xf}b. The inverse of

the matrix w*®/ can be easily written as

o o0 -I* o
o o0 o -—I®

The total Hamiltonian with corrections due to BFFT
field can be written as

A= (p ~9,Q,6% ) (pA - aAQC@f“))

(54)
V(x) - (A +0, )(Q“( )+@“<2>).

1
2
+

Here, o, 3,9, p,¢ are (N—1)x (N —1) matrices, and
@ (i=1,2,3,4) takes 4(N — 1) possible values.

Now, by calculating the Poisson bracket between the
modified constraints and the Hamiltonian H, it can be easily
verified that modified Hamiltonian is involutive in nature.

{H, dbf} =0, (55)

wherei=1,2,3,4anda=1,2,---,N - 1.

5. Hamiltonian BRST Quantization

5.1. Charge and Symmetry. In this section, we will construct
BRST symmetry for the particle motion on the surface
V. (1<L<N) in the Riemann manifold Ry. To construct
that, we will use the Hamiltonian BRST formalism, also
called BFV-BRST formalism [60, 61, 77-79].

In the BFV-BRST technique associated to a general class
of system with first-class constraints, we introduce two
canonical set of ghost and anti-ghost fields (C, P) with ghost
number 1 and -1, respectively, and (P, C) with ghost number
-1 and 1, respectively, with Lagrange multiplier fields (N, B)
for each set of constraints. As there are 4(N — 1) set of con-
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straints, we will introduce two 4(N — 1) sets of canonical
ghost and anti-ghost fields (C*, P!), (P, C7) and Lagrange
multiplier fields (N*, Bf). These fields and corresponding
momenta satisfy the following superalgebra:

a pb a Fb a a
{ck,pl}={pk,c,}:{N",B?}=6,kI b (56)

Now, using the BFV formalism, we can write the gen-
eral expression for nilpotent BRST charge, gauge-fixing
fermion, and BRST invariant Hamiltonian for the system
under study as

Qusr = [ (i + PiBy), (57)
deN (Pka +c Xk) (58)
Hy=Hp+ Hgp — {Qprsr> ¥'}- (59)

In the BFV-BRST formulation, the generating functional
does not depend on gauge fixing fermion [77-81]; hence, one
has freedom to choose it in the convenient form. It is also
worth noting here that gauge-fixing fermion xj is Hermitian
in nature and of the similar Grassmann parity as of @*. They
also satisfy

det HXZ’ d)ﬁ,}‘ #0. (60)

We will apply the general results obtained above to the
particle on surface V embedded in RV,

Syis = Jdt[PAxA+Hga®k+BzN + Pt O -

— Hpp + [Qpgsr> Y] |-

(61)

For the system under study, the modified constraints @,
have been calculated in Equation (49).

Our choice of gauge condition x{ for the motion on
the surface V; in the Riemann manifold Ry is @f in
Equation (23).

Here, H=Hp+ Hy, is taken as the BFFT-modified
Hamiltonian for this system obtained in Equation (54).

We will define the canonical brackets for all dynamical
variables as

x4, Py] = 8% [@?,1‘[{;’] = [A?,Hbf} =8I {ck, } Sl ; {cg, Cbl}:—iéil“b. (62)
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Nilpotent BRST transformations corresponding the
action in Equation (61) can be easily constructed using the
relation SpperI” = —[Qpger» I'l,.- Its relation with infinitesimal
BRST transformation Spper can be established as Sprep =
Sprer'0A. SA defined here is an infinitesimal BRST param-
eter. Here, “~” and “+” signs are defined for bosonic and
fermionic variables, respectively. The BRST transformation
for the particle motion on general class of Riemann sur-
faces embedded in higher dimensional Euclidean spaces
is written as

SprsTN *=p ak> SBRSTP = d)ak’ SrsT Cak = —Bak)
(63)
SBRSTPA = SBRSTCak = Sprerl1 * = SgrsTP * =0.

It can be easily verified that these transformations are
nilpotent in nature.

Using the expressions for BRST charge Qgpqr and gauge-
fixing fermion ¥, effective action in Equation (61) can be
written as

Seff = Jdt [PAXA +IT5, OF + BINS + PG+ Pl - |
— PEPL 4 NSOk + Biyk + CiCE].
(64)

The generating functional for this effective action can be
written as

Zy = J[D¢]e(iseff). (65)

The Liouville measure D¢ for the generating functional
is defined as

Dy =] [4&: (66)

Here, Z; are all dynamical variables (P,, x4, I15 , ©%,
Nk B2, C¥, P9, C% P) of the theory. Now, performing the
integration over ghost and antighost momenta P¢ and P,
we will get

. . cazk o~
Z,= Jqu’ exp {i J dt {PAxA +IT5, 65 + BINS + CiC, — H
+ N9 — kel - BZX’;} ] .
(67)

Here, Do’ is the new path integral measure for the
effective action after the performance of integral over
the fields P and P. Further performance of integral over

fields BX will give us the new effective generating func-
tional as

ca  eazk o~
Z,= JD(p"eXp int Pt + 15,0, + C,C, - H
(68)

R
+ NP, - ChCy -

where Dg'’ is the new path integral measure which corre-
sponds to all the dynamical variables left out after integra-
tion. Now, the new BRST transformation for the modified
action in Equation (68) is written as
. ak _ . ak
SprstN“ = C" ’SBRSTCuk =N -y,
(69)
k k k
SBRSTPA = SprsrC™ = SprsrB" = Sppsr P = 0.

It is well known in the literature that BRST charges are
nilpotent in nature. We also know that the operation of these
charges on the states of total Hilbert space gives us the phys-
ical subspace of the system.

Qgrsr[Phys) =0,  [phys) # Qpgsr-**), (70)
which can be further written in more explicit form for this
system as

iCZ@};|phys> =0, ié:Nﬂphys) =0. (71)

The result of Equation (71) implies that the first-class
constraints of the system under study will annihilate the
physical subspace of the total Hilbert space of the system.

6. Consistency with Previous Result

We can check the consistency of the results of this system in
the limit of N—L=1 [1]. In this limit, elements of the
matrix will transform as

b

a” — a, ﬁ“b — ﬁ, y“b — . (72)

From the antisymmetry (25),
Pt — 0,6 —0. (73)

The inverse matrix elements will transform under this
limit as

A—)—%,B—> EZ,C—> %,D—)—lg E,F—0.
o o o

(74)

Here, E, F vanishes due to asymmetry.



Also, under the transformation Q% — f(x), the modi-
fied constraints in Equation (49) takes the form of modified
constraints of L=N — 1 case:

®,=f() + 6",
D, = (P’“ - akf(x)®<4>) 3f (%),

@, = (P" - akf(x)@<4>) (Pl - a’f(x)®<4>) 3,9,f (%)
— 0,V - 0 F (x) + A0 f (x)0%F (x) + 0, f (x)9f (x)©".

(75)

The form of modified Hamiltonian in Equation (54)
under these transformations is

H= % : (Pk - a,j(x)®<4)) (13" - a"f(x)@<4>) +V(x)

- (/\ + @<1>) (f(x) + @<2>).
(76)

Similary, BRST charge and BRST symmetry can be writ-
ten in this limit as

Qprsr = C* @, + P*B,,
k_ K =k ok ok
SgrstN" = C ', SgrerC =—-N" - x*, (77)
SurerP® = SpperCF = SpperBX = SprerPF =0
BRST BRST BRST BRST .

These are the same constraints, Hamiltonian, BRST
charge, and symmetry which we have obtained in our previ-
ous work [1]. This shows that all the results obtained here,
(49), (54), (63), and (69), using BFFT formalism are consis-
tent with the previous results [1] in the limit L — (N - 1).

7. Examples of L(1 <L < N)-
Dimensional Embedding in RV

As an example of L-dimensional embedding in RV, we will
discuss particle on torus knot [82-86]. We will discuss all
the important results developed for general system in this
case.

7.1. Particle on Torus Knot. Particle on torus knot is a one-
dimensional surface embedded in three-dimensional space.
It is a special kind of knot that lies on the surface of
unknotted torus in R®. It is specified by a set of co-prime
integers p and q. A torus knot of type (p,q) winds p times
around the rotational symmetry axis of the torus and g times
around a circle in the interior of the torus. The toroidal
coordinate system is a suitable choice to study this system.
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Toroidal coordinates are related to Cartesian coordinates
(%1, X5, x3) in following ways:

a sinh 7 cos ¢ asin 0

~ cosh#—cos@ "  cosh - cos 6" cosh 7 —cos 6’
(78)

a sinh # sin ¢

Xy

where 0 <7 <00, -m <0<, and 0 < ¢ < 27. A toroidal sur-
face is represnted by some specific value of # (say #,).
Parameters a and 7, are written as a>=R? - d” and cosh
#, = R/D, where R and D are major and minor radius of
torus, respectively.

Lagrangian for a particle constrained to move on the
surface of torus knot is

o a2 g 2
L=l t0 ¥sibnd 50 a6),  (9)

2 (cosh 7 — cos 0)
where (r, 60, ¢) are toroidal coordinates for toric geometry
and A is the Lagrange multiplier. The canonical Hamiltonian
corresponding to the Lagrangian in Equation (79) is then
written as

_ (cosh 77— cos 0|, Pi B
ST L s R A2
(80)

where p,, py, py, and p, are the canonical momenta conju-
gate to the coordinate #, 0, ¢, and A, respectively, defined as

ma’n ma*0
pr] = 2 ’pG = 2’
(cosh 77— cos 0) (cosh 77— cos 0) (81)
ma? sinh*n¢
by = Py =0.

(cosh 17— cos 6)* '

The p, is the primary constraint of the theory.
After inclusion of primary constraint, our new Hamilto-
nian has the form

H, = (cosh 17— cos 6)° l s o Pé ]

+pp +
2ma? Py +Pe sinh’y (82)

—A(pO + q¢) + up,.

Now, using Dirac’s method of Hamiltonian analysis, we
will calculate all the possible constraints of the theory as

pr=1{ppHr}p=(p0+q$) =0, (83)

pa={(p0+4q¢), Hr}p
_ (cosh 1 — cos 0) |:Ppg . qpy } (84)

ma?

sinh?#
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cosh 1 — cos 6)? qp
p(3)={( dulal) [ppe+ . “;}HT}
sinh“y »

A ma?

_ (cosh 77— cos 6)?

ma? sinh 1

_ 24py cosh 77(cosh # - cos 0) }p (cosh 7 — cos )
1

2
Hpra sinh 7 + Py

sinh3;1 ma?
. qpby (cosh 17— cos 0)
2
oS 9(17179 " sinhzq) 0 ma?
(coshp—cos 0) | . s Pé
—p—— 5 sin O p, +rs+ by -Ap
2
+A 1 5 } = 0.
sinh“y
(85)

pSCl) will vanish, and the value of u will be determined
from it. All the constraints can be written as

D =p),

Py =Q" = (p0 +4q¢),

. . (cosh#—cos 9)2 { qpy }
O =DQ'=~>— —~ + R
’ Q2 ma? PPy sinhzn

@7 = PAPP3,0,Q"-VQ" -V (V - /\de> = D*Q*-VQ" - VO

_ (cosh 17— cos 6)° , 2qp,
e 2ppg sinh 77 + sinh 7
~ 2qp4 cosh #(cosh 7 — cos 0) (cosh 7 — cos 6)
sinh’z 1 ma’
) qpg (cosh # — cos 0)
2
+2sin0 <pp6 ! sinh217> be ma?
_ (coshn—cosf) | . ) Pi 3
pT sin 0 PytPot sinh’x A
2
T 5 ] .
sinh“y

(86)

Now, the Poisson brackets between the constraints have
following values:

{(D‘f, @Z}P - VQ*-VQ

_ (cosh#—cos 0)?°T, 1
- ma? Pt g T
sinh“y

9
a bl —une. b_(COSh’?_COSG)Z 2 T
{(Dz’ (D3 }P =vQvQT= ma? * Sil‘lhzi’]
= aab)
(88)
{q)g, @Z}P =2VQ*- (VDQb>
(cosh 77— cos 0)°
T
. {p{pp,7 sinh 77 + sin 9(pp9 + .qp¢2 ) }
sinh“y
. q{ .‘ZP,7 (1 _ cosh 11(cosh2;7 — cos 6))
sinh 1 sinh“y
sin 6
+ sinby (qpe ‘PP¢> H
= —ﬁ“b.
(89)

Similarly, the Poisson bracket between other constraints
(D%, DY) (A1), (D4, DL) (A.2), and (D}, DY) (A.3) has been
explicitly calculated in the appendix. All these brackets will
be nonzero and will be equal to y*°, p?, and &®. Thus, the
matrix between the constraints will take exactly the same
form of matrix A?jb in Equation (26).

As all the constraints of the theory (86) are second class,
we will follow the method of Section 4 and introduce four
possible fields e, @@ ¢ g™ corresponding to each
constraint. Relation between these fields will provide us pos-
sible value of w®¥, Our choice of Poisson bracket between the
fields will be same as one taken for the general case. Hence,
the matrix w®” will have the form of Equation (48).

Using the matrix @ and the matrix A”, in Equation
(33), one can find many possible value of matrix X;jb.

Now, applying the results developed in Section 4, we can
calculate the modified constraints as

Dy =p, -0,
@, = (p0 +q¢) + ©°C),

& - (cosh 1 — cos (6 - (@“(2)/217) ) ) ’

ma?

(p¢ - q®<4“>> q
sinh’y

& = (cosh 1 - cos (9 - <®“(2)/2p> ) ) 2

ma?

. [ {Zp (Pe _p@(4a)> - 2q (p¢ - q®<4a>>

: |:<P9 -pO*)p+

sinh 1



10

) o)

sinh®s

<cosh 1 — cos (9— <®“(2)/2p>>> . (9 ®a(2))
+2sin [ 0 -

Py ma? 2p
(4a) 1 (p ¢ q®(4a>> (4a)
) P(PG_P® )"’W <P9_P@ >
' (cosh 1 — cos (9 - (@“(2>/2p) ))
ma?

L <cosh 17— cos (6 ; <®“(2>/2p> )) {sin <9 B @ﬂ(2)>

ma 2p

_ g0\’
pz * (p9 _p®(4a)>2 ’ <p¢ sirtli}(iﬂ ) A sirf]:lzn

N ((cosh 1 — cos (9 - (@a(z)/Zp))) 7 7 ) o |

ma? sinhzn

(90)

The Poisson bracket between these modified constraints
vanishes which shows that modified constraints are involu-
tive. Hence, we have converted the second class constraints
of the theory into first class.

Now, we will construct first-class Hamiltonian for this
system using the results in Section 5.

The total involutive Hamiltonian for this system will
take the form as [75]

. (cosh 1 — cos (9 - (@“(2>/2p> ))2

2ma?

_ 0t
o o)y BT

- (A+(~)“(1>) (p9+ q¢ +®“(2)>.
It can be easily verified that the Hamiltonian H is

involutive by computing its Poisson bracket with modified
constraints of the theory.

{H, dbf} =0, (92)

where i=1,2,3,4.
BRST charge for this first-class system can be written
using above expression, as

Qprsy = iC D] + iP' BY, (93)

a
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and corresponding BRST symmetry transformation can be
written as

SgrsTN *=p ak, SBRSTP = djﬂk, SBRSTCak = _Bak>
(94)
SBRSTPA = SBRSTCak = Sprsr!1 * = SprsTP * =0.

This shows that the result obtained in Section 4 is true
for any L(1 < L < N)-dimensional surface embedded in RY.

8. Batalin-Vilkovisky Quantization

In the current section of the manuscript, we are going to dis-
cuss the quantization of the Particle motion on the surface
V(1 <L < N) in the Riemann manifold Ry using the field-
antifield formalism [87-89] developed for BFFT systems in
[90]. We will start by introducing 4(N — 1) set of antifields
(D’Ij* = (x5, ©*, A%, C**) corresponding to the fields @ =
(x4, 0%, A%, C). Here, fields x*, ©%, and A are bosonic
in nature and have ghost number zero, whereas the ghost
fields C** are fermionic in nature and have ghost number
one. Antifields corresponding to these fields have opposite
Grassmann parity, and their ghost numbers are given by
minus the ghost number of the corresponding fields minus
one.

BV-action for this system in terms of fields and antifields
is written as

S=S,+ [dt [x;{xf‘,db’;} <y @;;k{@bk, @i}c;‘ + A’;*CZ},
(95)
where action S is defined as

Sy = J dt [PAch +ITEO) - A4 — H} . (96)

Here (ID? and H are modified constraints and modified
Hamiltonian in Equation (49) and Equation (54), respec-
tively. The BV-action defined in Equation (95) satisfies the
classical master equation

(S, 8)=0, (97)

N =

where the antibracket between any two dynamical variables
X[@, ®*] and Y[@, ®*] is defined as

_8X8Y §XoY

K1) = 5060, ~ da; 000 )

Here, de Witt’s notation of sum and integration over
intermediary variables will be assumed, whenever necessary.
The BRST differential in the BV formalism can be intro-
duced using the relation sX = (X, S) for any local functional
X[®, @] of fields. Nilpotentcy of the BRST operator s can be
proved using classical master equation and Jacobi identity.
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So, the BV action satisfying the master equation is equivalent
to its BRST invariance.

To fix gauges, we will extend the Hilbert space to
introduce 4(N — 1) pairs of ghost-antighost fields and corre-
sponding momenta (C’;,P’;), (C};*,Pﬁ*), as well as gauge-
fixing fermions V. These antifields can be easily eliminated
by choosing @}, = 0¥/0@". One of the possible forms of ¥

we can choose for the given system is

v =C'or. (99)

We have liberty to make other possible choices also.
Now, we will extend the BV action defined above to a non-
minimal action

§—8,,, =S+ J dtPrC;”, (100)

in order to implement the many set of gauge fixing condi-
tions introduced by ¥. Now, the generating functional for
gauge-fixed action is defined as

e i 2
2,= [[d0idol 1] exp 15,000} = 520

(101)

Now, we will replace the original classical field-antifield
action S by some quantum action X which is expressed as a
local functional of fields and antifields and also satisfy a new
equation called quantum master equation defined as

(2, %) - ihAZ =0. (102)

N —

11

Then, the gauge symmetries of the extended action are
not obstructed at quantum level. Here, A acts as an operator

and is defined as
(&)(&)
Y0 6@;

It is also assumed here that the quantum action X can be
expanded in powers of /1 in the following manner:

(103)

2[@”, w*} =S[¢DH, w*} + ihPMp {wﬂ,@;] (104)

b u
p=1

The first two term of the quantum master Equation
(102) reads as

(S,8)=0, o9
105
(M), ) = iAS.

It can be easily observed that if AS is nonzero and gives a
nontrivial result, then there exists some M,; which can be
expressed in terms of local fields such that Equation (105)
is satisfied. Using the cohomological arguments, it can be
easily shown that the quantum master equation for the first
order systems with pure second-class constraints converted
to first class by the use of the BFFT procedure can always
be solved. BRST transformations for the fields and antifields
for the BFFT Abelianized system can be written as follows:

k _
SprsTN v =C", SBRSTCkv =0, SBRSTCkV = Pk, SBRSTPk" =0,

k
0S 0*S ~k _ _
* kx _ kx _ kxv _ =kxv
SpRsTXA T T oxA UBRSTOY T TSy SprsNy =D, SgrsrP =C

106
o (106)

* * =k ix sk rhx ~kx
SBRSTCi(; =—XA{XA’CDV}_®; {®£”®v}_N »Sprs €, = 0.

The symmetry transformations obtained in Equation
(106) are identical to the one obtained in Equation (63)
using BFV formalism. Also, we can easily show on the basis
of argument given in [90] that the enlarged symmetries due
to the compensating fields (BFFT variables) are nonanoma-
lous in nature. These BFFT fields also plays very significant
role at the quantum level because of the existence of a coun-
terterm, by modifying the expectation values of the relevant
physical quantities.

9. Result and Discussion

The BRST symmetry for a particle moving in a curved space
V(1< L < N) embedded in a Euclidean space Ry, is investi-
gated in both Hamiltonian and Lagrangian formalism. All
the constraints of the system have been calculated using
Dirac’s Hamiltonian analysis. Using the algebra of con-
straints, we have found that all the constraints of the system
are second class. To construct a gauge invariant theory, we
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have used the BFFT technique. Using this technique, all the
second class constraints of the system are converted into
first-class constraints, and corresponding Hamiltonian is
also constructed explicitly. Using the involution of Hamilto-
nian with first-class constraints, this Hamiltonian is shown
to be first class. In the limit of ® — 0, the constraints and
Hamiltonian returns to original second-class constraints
and Hamiltonian. Now, using this gauge invariant system,
we have constructed BRST charge, symmetries, and the
BRST invariant action. For constructing BRST symmetry
from the first-class constraint system, BFV formalism is
used. These BRST charges acting on the states of the total
Hilbert space will annihilate the physical subspace of it.
From it, we have deduced that first-class constraints operat-
ing on total Hilbert space of the system will annihilate its
physical subspace which can be used as a physicality criteria
for the BRST invariant system. We have shown that the gen-
eral results derived here for any surface embedded in RV is
consistent with the results of previous work [1]. We have
also discussed particle motion on the torus knot surface as
an example of this kind of system. In this example, we have
explicitly calculated all the constraints of this system and
converted them to first-class constraints. It has been found
that diagonal elements p and & of matrix (of the Poisson’s
bracket between the constraints) are nonzero if we take
two different torus knot systems. In the limit of a — b,
the p, e will vanish, and we will achieve the commutative
case of [1]. We have also constructed the first-class Hamilto-
nian, BRST charge, and symmetry for this system. It has
been shown that all the results deduced for the general sys-
tem are consistent with this system. At the end, we have dis-
cussed Batalin-Vilkovisky quantization of this system based
on BFFT formalism. Here, also, we have explicitly calculated
the BRST symmetry for the general system which is consis-
tent with the symmetry derived from Hamiltonian formal-
ism. This again proves the equivalence between the
Hamiltonian and Lagrangian formalism. Recently, a more
general technique of Lagrangian Abelianization has been
developed [91, 92]. It will be interesting to apply this tech-
nique to the motion in Riemann manifold.

Appendix

Poisson Bracket between the Constraints of the
Particle on Torus Knot System

The calculation of Poisson bracket between some of the con-
straints for particle on the torus knot model is straightfor-
ward but cumbersome process. We have calculated these
brackets explicitly here.

The Poisson bracket between constraints (D%, %) is
written as

{cbg’, @Z}P =2V(DQ%) -V (DQb) —VQ" -Vt

_ 4
-, (cosh # — cos 0) {smh . (PP@ q% )

m3a® sinh? n
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qp cosh r(cosh 7 — cos 6)}

sinh’y
) qpy
. h
{PPQ s sinh #
cosh #(cosh 7 — cos 6
_ By ;7(. 5 1 )—ppqsinG}
sinh’y
(cosh 17— cos 6)* q%
4Ta6 sin 0 ppy + sinhzn

: {ppn sinh 7 + sin G(ppe + i) }

sinh’s

ma?

— 2 —
_p (cosh 1 2c:os 0) lz sin 0 (cosh # — cos 0)
ma

. 2qp,
. {{pre sinh # + sinh 7

2gp,, cosh 7(cosh 17— cos 0) (cosh 17— cos 0)
- Py ma

sinh’z 2

) q¢ (cosh #7 — cos 0)
2
+2sinf (PP@ i sinh2n> 0 ma?

__(coshn—cosb) | . s o pf,, B
pT sin 6 p,tpg+ sinhzrl Ap

2 q22 " (cosh ;7 —zcos 0)?
sinh“y ma
. cosh # (cosh 17— cos 0)
) 0 .
{ q sin Op sinb’y L i
2 2 h h#—cos0
+ {pre sinh 7 + .qp¢ _ 2Py 8 ﬂ(CO: 17 )}
sinh % sinh’
p, sin® qps '\ (cosh n— cos 0)
. ’Ima2 +2py cos 0 <pp9 + Sinhr o)
) qPy \ pgsin®  pgsin 6
+2sin <pp9 + sinh217> ]

pZ
) {sin 0 (pz +pg + 5 ) Ap}

cosh 7 —cos 6 PZ B
—pcos@—( " 5 ><p2+p§+ ¢ >]E—yh.

ma sinh®y

(A1)

Poisson bracket (@4, DY) is written as

(on0t),

V(DQ") - VQ'-VQ*- V(DQ")
h 7 — cos 6° s
{ (cos 17 cos )(Ppga . q¢ )

sinh”#e
cosh 1% — cos 6°
 (cosh '~ cos ")

ma?

P
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b
_p (cosh #* — cos 0“)2 5 (COSh r]b —cos 8 )

2

ma? ma
b
. ! + q (/5 = ub.
<p Per sinh®#? P

Similarly, (@4, @) can be written as

(A2)

{@3, ch;}P =2 [VCDZ - V(DQ")-V! - V(DQ“)}

(cosh #” — cos 6%)

=2
ma?

sinh #* [{preu sinh #*

2Py 2qPys cosh n?(cosh #* — cos 0“)}

sinh 1’[“ sinhsrl“
h 7 — ?
. (cosh 77 2cos 0%) 5 sin 6°
ma
_ qe° (cosh #* — cos %)
(ppgu ’ sinhzq”) o ma?
p (cosh #* — cos 6”)

ma?

pza
L sin 07 p+ pRa+ 22 -\
{Sln <P,7 e Sinh2’7“> P}

e T 1 . (cosh #® — cos 0°)

sinh’#e ma?

4gp . cosh 1?

. l{zz;pea COSh ;/l“ — LG
sinh“n?

2gpy(cosh 1 — cos 6)

sinh?#2
APy cosh®#?(cosh #® — cos 9“)}
+6

sinh*ze
Py sinh n*

2

(cosh #* — cos 67) .
" ma? ma
2qp¢ﬂ
sinh 74

. {preu sinh ” +

2qpye cosh n(cosh 7" — cos 6°)
sinh’7¢

2qpge cosh 1™\ (cosh 1* — cos 6%)
ma?

—4sin 6’ ( —
sinh”#*

- pge + 2 sin 0" (ppga + ‘qp(ga )
sinh“#n?

sinh #* sinh #*
ma? 1o ma?

. a p2a a
. {sm 0 (pz + P + sinlf%“) -A p}
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o Pje cosh r]“}

+2
P sinh®#2

ma?

(cosh #* — cos 6%) {sin@

2 a
e COS3h U
sinh’#?

m2a*

C b cos 0 ’
] 2(osh11 b)

qp 4t
sinh nb

~{pp9h sinh 7” +

qpg» cosh nt (cosh b — cos 9”)

. b
sinh’s Py Sind }

. qPye
a
{ PPge sinh 1 + Sinh 1

(cosh % — cos 8%)°
2 m2at

qpg. cosh #(cosh 1 — cos 6”)

- pp,. sin 6°
sinh’7¢ PPy }

cosh 7 — cos 6°
( )

-2
ma?

sinh nb {{ 2ppgp sinh nb

2qp g 2qpy cosh nt (cosh n’ — cos Gb)
" sinh nb sinh®#?
(cosh n’ — cos 0b>

ma?

b Wh
Py +2sin 6 (ppeb + m)]]eb

cosh 5 — cos 6”
( )

cosh 5 — cos 6"
( )
' ma?

ma?

2
{sin 0°( p3, + p2 + Py )\ _ Ap b AP T
'7 o sinhznb sinhznb

2
cosh % — cos 6" 4 cosh #?
( ) [{preb cosh 1? - 2py COSUTT

-p

+

ma’ sinh?#?
2qp g (cosh - cos Gb)
sinh?#?

gpg cosh’n? (cosh nt - cos Gb)
6
sinh*z?

+

(cosh b - cos 9b> p, sinh i
+ 2

Py ma? ma
2qp¢b

2qp4 cosh nt (cosh b - cos Ob)
- sinh’#?
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4 in gt <2qp¢b cosh nb) (cosh b — cos Gb)
— 4 sin

: Pyt
s1nh311h ma?

qp 4 sinh nb
yar,

sinh’yt) ma?

sinhn” | (5, pé" b
R {sm@ (p'lb+p9b+sinh271b A

(cosh nt - cos Gb) pfb,, cosh 7
+2p sin 0

ma’ sinh’#?

+25sin 0" (ppeh +

Abq cosh #* + 5 sin 6° (cosh #* — cos 8%)
sinh’#? ma?

) %
. {{prea sinh #* + sinh 17

2gpye cosh 7 (cosh 1 — cos 6°)
sinh’7¢ "
(cosh #* — cos 67) o ( q¢* >
2 +25sin 6 o+ ——— | Py
ma2 pp@ sinhzna p@
(cosh #* — cos 67) p (cosh #* — cos 6%)

ma? ma?

Py 7
. : ea Za ZlZ /\a Aa
{sm (p” TPy h2;7 ) P} " smh2 }

. (cosh #* — cos O )

ma?
, cosh #* (cosh #” — cos 6%)
-2 0°p o P
{ qsint p, sinh’ye " ma2
+ { 2ppge sinh n” + 24Py
o sinh #4

ma

2gpye cosh 7 (cosh #* — cos 6°) | p,. sin 6
sinh’#¢ .

a h #* — a
+ 2Py cos 0" (pPG“ + Py > (cosh #* — cos 6%)

sinh?# ma?
. dPge \ pge sin 0°  pga sin 6°
+2sin 6” o + -
sin (PPe sinh? ;1“) ) )

Py
dsin 0% ph o+ pl+ —2 -2
{sm (P,, Py sinhzna> P}

h #® — a 2“
—pcos@“—(COS 1 2C059)<P,2,H+P§a+ 'p¢, )1

ma smhzr]“

(cosh n’ — cos Gb)3

m2at

. eb
pp,p sinh n +ppgs + W}

sinh?#?
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(cosh n® — cos 8°)°

m2a*

b qpg sin 6°
. a in + a —_—
PPy sinh "+ ppy + sinh?#¢

cosh n — cos Gb)
2 sin 6°

ma2

200"
{{preb sinh #? + qp¢b

sinh 7

v coshn (cosh n’ — cos 9b> }

sinh’#b

ma sinh®#?

cosh - cos 6" b
pfl( . )+231n6b<pp6b+ 9¢ )pg

(cosh P — cos Oh) (cosh n’ — cos 6b>

ma? P ma?

2
dsin 6 p2, + p2, + Py ) _ Ap b+ b T
TR0 sinh?yb sinh?#?

2
cosh #? — cos Qb) b

+ ( ! —2g sin Gbp¢b cosh 7

ma? sinh®#?

(cosh n — cos Ob) 61P¢h
Py + 4 2ppge sinh 17 +

ma? sinh nb

ma

2qp cosh nt (cosh n’ — cos 6b> }pnb sin 6°

sinh’#? 2

Wy ) (cosh P — cos 6b>

sinh®#? ma’

+2pgs COS 6 (ppeh +

b . b
b qpgr '\ pg sin 0"  pg sin 0
+2sin0 (ppeb ’ sinhznb> ma®  ma?

p2
. {sin Gb (pzh +p§b + Sin}firlb> - /\bp} —pcos eb

<cosh - cos 0b> %
. pih +P§h + —¢ = Sub.

ma’ sinhqu
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