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We have previously developed the BRST quantization on the hypersurface VN−1 embedded in N-dimensional Euclidean space RN
in both Hamiltonian and Lagrangian formulation. We generalize the formalism in the case of L-dimensional manifold VL
embedded in RN with 1 ≤ L <N . The result is essentially the same as the previous one. We have also verified the results
obtained here using a simple example of particle motion on a torus knot.

1. Introduction

In the previous work [1] we have considered the BRST
quantization of the motion on a hypersurface VN embed-
ded in the N-dimensional Euclidean space RN based on
Batalin-Fradkin-Fradkina-Tyutin (BFFT) Abelianized Batalin-
Fradkin-Vilkovisky (BFV) and Batalin-Vilkovisky (BV) for-
malisms. It is a well-known result in differential geometry
that any N-dimensional Riemann manifold can be locally
embedded in the NðN + 1Þ/2-dimensional Euclidean space
but cannot be embedded in ðN + 1Þ dimension generally
[2]. In this sense, the considerations in the previous manu-
script [1] should be extended to general Riemannian mani-
folds. This is the motivation of the present manuscript.

It is well known in the literature that the quantization of
the system in curved space has been extensively studied
about the ordering problem using two different approaches,
canonical and path integral [3–17]. At the same time, the
quantization of dynamical systems constrained to curved
manifolds embedded in the higher-dimensional Euclidean
space has been extensively investigated as one of the quan-
tum theories [18–24]. Here, a nonrelativistic particle con-
strained to move on a curved surface embedded in the
higher dimensional Euclidean space [25, 26] has been taken.
These systems and the various properties they possess have
been investigated by many authors [27–51]. This has moti-

vated us to extend our previous work [1] to more general
class of systems discussed in [26].

Becchi-Rout-Stora-Tyutin (BRST) quantization [52–55]
is on of the most significant technique to deal with a system
with constraints. It has also been found to be symmetry of
general class of constrained systems [56–61]. In this quanti-
zation method, we enlarge the total Hilbert space of the
gauge system under study and bring back the gauge symme-
try of the gauge fixed action in the extended phase space,
keeping the physical contents of the theory unchanged.
BRST symmetry plays very significant role in renormaliza-
tion of spontaneously broken gauge theories like standard
model and hence is of very high significance for different
kind of systems. To the best of our knowledge, there is no
literature available which studied the BRST symmetry for a
particle moving on a hypersurface VLð1 ≤ L <NÞ embedded
in the Euclidean space RN . This motivates us in the study of
BRST symmetry for this system. We will do the constraint
analysis of this system using the Dirac’s technique. The sys-
tem is shown to contain second-class constraints. The BFFT
method will be used to convert the second class constraints
to first class one [62–76]. Then, the BRST charge and sym-
metries will be constructed for this BFFT Abelianized system
using BFV method [77–79] with the help of Faddeev-
Senjanovic technique [80, 81]. In the limit L⟶ ðN − 1Þ,
the system will return to system in [1]. The results developed
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in the manuscript have been verified using a model of parti-
cle on torus knot [82–86]. At the end, BV-BRST quantiza-
tion of the BFFT Abelianized system will be investigated
[87–90]. Recently, Lagrangian Abelianization procedure for
constrained systems has also been developed [91, 92].

This is the second and final part of the work. In this part,
we will discuss BRST quantization of embedding VL in
Euclidean space RN , where 1 ≤ L <N . The paper has been
organized in the following way. In the second section, we
have reviewed motion in curved space and also calculated
all the possible constraints of the theory using Dirac’s
constraint analysis method. In the third section, we have
reviewed BFFT formalism. In Section 4, we have constructed
first-class constraints and Hamiltonians for the general class
of systems under study. In the next section, we will construct
BRST symmetry for this system based on BFV formalism. In
Section 6, we have shown consistency of our results in the
limit L⟶ ðN − 1Þ. In Section 7, we have given a simple
example of this kind of systems. In Section 8, we have
discussed BV quantization of this system based on BFFT
formalism. In the next section, concluding remarks have
been made. In the end, we have discussed some important
calculations in the appendix.

2. Classical Mechanics on VL in RN

Let us consider an N-dimensional Euclidean space RN , a
point in which is specified by a set of Cartesian coordinates

XA : x1, x2,⋯, xN
� �

: ð1Þ

Further consider in RN an L-dimensional Riemann sub-
space, VLð1 ≤ L <NÞ, a point of which is specified by a set of
coordinates qk [26],

qk : q1, q2,⋯, qL
� �

: ð2Þ

The metric of this system is defined as gijðqkÞ. We can
construct in RN a set of curvilinear coordinates including
ðq1, q2,⋯, qLÞ

qμ : q1, q2,⋯, qL, qL+1,⋯, qN
� �

: ð3Þ

Let us assume that fqL+agða : 1 ~N − LÞ are the intrinsic
coordinates normal to VL [26]. We can also use the notation

Qa ≡ qL+a, a : 1 ~N − L: ð4Þ

Then, the subspace VL can be defined as

Qa = qL+a = 0: ð5Þ

The metric for the curvilinear coordinates qμ in RN is
defined as

~gμν =
~gij Nib

N ja
~Gab

 !
, ð6Þ

where Nia and ~Gab are defined as

Nia ≡ ~gμ=i,ν=L+a, ~Gab ≡ ~gμ=L+a,ν=L+b: ð7Þ

It is worth noting that the metric gij = ~gijðqk,Qa = 0Þ is
induced metric on VL and the metric Gab = ~Gabðqk,Qa = 0Þ
can be defined as some function on VL. Using this assump-
tion, we will get N = 0, whenQ = 0. So, the metric on VL have
form

gμν =
~gij 0

0 ~Gab

 !
, ð8Þ

and the inverse matrix is defined as

gμν =
gij 0

0 Gab

 !
, ð9Þ

which implies that

gμζ:gζν = δμν, ð10Þ

which can further be written as

gij · gjk = δik, Gab ·Gbc = δac: ð11Þ

We know that ~gμν can also be written as

~gμν =
∂x
∂qμ

� �
· ∂x

∂qν

� �
: ð12Þ

From here, we can obtain following relations [26]:

0 =
∂x
∂qk

� �
·

∂x
∂Qa

� �����
Q=0

=〠
A

eAk · h
A
a ,

gij qk
� �

=
∂x
∂qi

� �
·

∂x
∂qj

� �����
Q=0

=〠
A

eAi · e
A
j ,

Gab qk
� �

=
∂x
∂Qa

� �
·

∂x
∂Qb

� �����
Q=0

=〠
A

hAa · h
A
b ,

ð13Þ

where eAi and hAa are defined as

eAi qk
� �

≡
∂xA

∂qi

� �����
Q=0

, hAa qk
� �

≡
∂xA

∂Qa

� �����
Q=0

: ð14Þ

Here, eAi are called the natural frame and gives the
induced metric on VL. The inverse metric of ~gμν is given by

~gμν = ∇qμ · ∇qν, ð15Þ
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where ∇≡∂/∂x. From this, we obtain

gμν = ~gμνjQ=0 = ∇qμ · ∇qνjQ=0: ð16Þ

The Lagrangian for the particle motion on VL is defined
as [26]

L =
1
2
· _xA _xA − V xð Þ + λaQ

a xð Þ: ð17Þ

Here, ‘‘A} varies between 1 to N and ‘‘a} from 1 to N − L.
The metric for the coordinate xA is δAB. λa′S are variables
independent of xA, and the dot denotes the time derivative.
The canonical momentum conjugate to xA and λa can be
written as

PA ≡
∂L
∂ _xA

= _xA,

Πa ≡
∂L
∂ _λa

≈ 0:
ð18Þ

Hamiltonian corresponding to Lagrangian in Equation
(17) can be written as

H0 =
1
2
· PAP

A +V xð Þ − λaQ
a xð Þ: ð19Þ

2.1. Hamiltonian Analysis. The primary constraint for the
system under study is defined as

Πa ≈ 0: ð20Þ

After including the primary constraint, the new Hamilto-
nian is written as

HT =
1
2
· PAP

A +V xð Þ − λaQ
a xð Þ + uaΠ

a, ð21Þ

where ua′S are a set of Lagrange multipliers for the system.
Now, we will perform the constraint analysis of the given sys-
tem using the Dirac’s technique of constraint analysis
[56–61]. All the constraints of the theory can be calculated
in the following manner [26]:

_Π
a = Πa,HTf gP =Qa,

€Π
a = Qa,HTf gP = PA · ∂AQa,

Πa 3ð Þ = DQa,HTf gP =D2Qa−∇Qa · ∇ V − λdQ
d

� �
:

ð22Þ

The constraint Πað4Þ = 0 determines the ua′S, and the
procedure is over. So, the explicit form of the constraints are

Φa
1 =Πa ≈ 0,

Φa
2 =Qa ≈ 0,

Φa
3 =DQa ≈ 0,

Φa
4 = PAPB∂A∂BQ

a−∇Qa · ∇ V − λdQ
d

� �
=D2Qa−∇Qa · ∇Φ ≈ 0:

ð23Þ

Here, D and Φ are defined as D = PA∂A, Φ = ðV − λaQ
aÞ.

Also, the product of partial derivatives is defined as ∇f · ∇g ≡
∑A∂Af · ∂Ag.

The Poisson brackets between the constraints are defined
as [26]

Φa
1,Φ

b
4

n o
P
= −∇Qa · ∇Qb ≡ −αab,

Φa
2,Φ

b
3

n o
P
= ∇Qa · ∇Qb ≡ αab,

Φa
2,Φ

b
4

n o
P
= 2∇Qa · ∇DQb

� �
≡ −βab,

Φa
3,Φ

b
4

n o
P
= 2∇ DQað Þ · ∇ DQb

� �
−∇Qa · ∇Φb

4 ≡ −γab,

Φa
3,Φ

b
3

n o
P
= ∇ DQað Þ · ∇Qb−∇Qa · ∇ DQb

� �
≡ ρab,

Φa
4,Φ

b
4

n o
P
= 2 ∇Φa

4 · ∇ DQað Þ−∇Φb
4 · ∇ DQað Þ

h i
≡ εab:

ð24Þ

Other Poisson brackets vanish. It is worth noting that

αab = αba, symmetricð Þ,

ρab = −ρba, antisymmetricð Þ,

εab = −εba, antisymmetricð Þ:

ð25Þ

Thus, the matrix Δab
ij between the constraints has the

form

Δab
ij ≡ Φi

a,Φj
b

n o
P
=

0 0 0 −αab

0 0 αab −βab

0 −αab ρab −γab

αab βba γba εab

2
666664

3
777775: ð26Þ

It is worth noting here that a, b = 1,⋯, ðN − 1Þ. Hence,
each element of the matrix Δab

ij is a ðN − 1Þ × ðN − 1Þ matrix.

Thus, the matrix Δab
ij is a 4ðN − 1Þ × 4ðN − 1Þ matrix.
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3. BFFT Formalism

In this section, we will discuss the main results of BFFT
technique, which is used to Abelianize the second class
constraint systems. The basic idea behind the scheme is to
introduce additional phase space variables Θn

m, besides the
existing physical degrees of freedom ðq, pÞ of the system
such that all the constraints in the extended space of the sys-
tem are first class. This means that the original constraints
and Hamiltonian have to be modified accordingly by putting
BFFT-extension terms in them. To achieve this, we will use
the results discussed in [66, 68, 69]. Let us consider a set of
constraints ðΦm

n ,ΛjÞ and a Hamiltonian operator H. We
know from the Dirac’s constraint analysis that second-class
constraints of a constrained system satisfy an open algebra.
These constraints and Hamiltonian satisfy following algebra:

Φm
n q, pð Þ,Φs

r q, pð Þf g ≈ Δms
nr q, pð Þ ≠ 0,

Φm
n q, pð Þ,Λj

r q, pð Þ� �
≈ 0,

Λj q, pð Þ,Λt q, pð Þ� �
≈ 0,

Λj q, pð Þ,H q, pð Þ� �
≈ 0:

ð27Þ

‘‘ ≈ } means that the equality holds on the constraint
surface. The additional fields satisfy the symplectic algebra:

Θn
m,Θ

r
sf g = ωnr

ms, ð28Þ

where ωnr
ms is a constant quantity and det ωnr

ms ≠ 0. The
constraints are now defined in terms of auxiliary field Θn

m as

~Φ
m
n = ~Φ

m
n q, p ;Θn

mð Þ, ð29Þ

This modified constraint satisfies the boundary condition

~Φ
m
n q, p ; 0ð Þ =Φm

n q, pð Þ: ð30Þ

These modified constraints should satisfy first-class
constraints algebra. So, the Poisson bracket between the
constraints are defined as

~Φ
m
n , ~Φ

s
r

n o
= 0: ð31Þ

The solution of Equation (31) can be achieved by consid-
ering an expansion of Φm

n , as

~Φ
m
n = 〠

∞

k=0

~Φ
m kð Þ
n , ð32Þ

where ~Φ
mðkÞ ≈OðΘkÞ. The first-order correction in the field

is [66, 68, 69]

~Φ
m 1ð Þ
n = Xms

nr q, pð ÞΘr
s : ð33Þ

Putting the expression of Equation (33) in Equation (31)
and using the boundary condition given in Equations (30)
and (27) as well as Equation (28), we get

Δms
nr + Xmd

nc ω
ce
df X

sf
re = 0: ð34Þ

We notice that Equation (34) does not give a single solu-
tion for Xab

ij , because there is still unknown matrix ωij
ab. We

can make choices for ωij
ab in such a way that the newly

defined variables are unconstrained in nature. Using the
value of the matrix ωij

ab, we can calculate the possible solu-
tions of Xab

ij from Equation (34). Using the value of Xab
ij ,

we can obtain ~Θ
mð1Þ
n . If Θm

n + ~Θ
mð1Þ
n is strongly involutive in

nature, then series will end; otherwise, it will continue in
the same way till we do not get strongly involutive con-
straints. The explicit expression of higher order corrections
in the field Φ is

~Φ
m k+1ð Þ
n = −

1
k + 2

Θc
bX

bd
ce ω

eg
df B

fm kð Þ
gn , k ≥ 1, ð35Þ

where Bba
mn is defined as

Bba kð Þ
rs = 〠

k

l=0

~Φ
b k−lð Þ
r , ~Φa lð Þ

s

n o
q,pð Þ

+ 〠
k−2

l=0

~Φ
b k−lð Þ
r , ~Φa l+2ð Þ

s

n o
Θð Þ
, k ≥ 2,

Bba 1ð Þ
rs = ~Φ

b 0ð Þ
r , ~Φa 1ð Þ

s

n o
q,pð Þ

− ~Φ
a 0ð Þ
r , ~Φb 1ð Þ

s

n o
q,pð Þ

:

ð36Þ

In the above expressions, we have defined

Xab
mnX

nr
bc = ωab

mnω
nr
bc = δrmδ

a
c : ð37Þ

Another important part of the BFFT formalism is that
any dynamical variable f ðq, pÞ has also to be modified in
the same way as discussed above in order to be strongly
involutive with the modified constraints ~Φ

m
n . Denoting the

modified quantity by f ðq, p ;ΘÞ, we then have

~Φ
m
n , ~f

n o
= 0: ð38Þ

Apart from that, modified variable ~f must also satisfy the
boundary condition given below:

~f q, p ; 0ð Þ = f q, pð Þ: ð39Þ

To obtain ~f as an analogous expansion to Equation (32),
we will consider

~f = 〠
∞

k=0
f kð Þ, ð40Þ
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where ~f
ðkÞ

is also a term which is of the order n in Θ′s. The
expression in Equation (38) above gives us ~f

ð1Þ

~f
1ð Þ = −Θa

nω
no
abX

bc
om q, pð Þ ~Φ

m
c , f

n o
, ð41Þ

where ωmn
ab and Xab

mn are the inverses of ωab
mn and Xmn

ab .
The corrections in the physical variable f can be written

in the more general form as

~f
k+1ð Þ = −

1
k + 1

Θa
nω

no
abX

bc
om q, pð ÞG fð Þmc kð Þ, ð42Þ

where

Gb kð Þ
a = 〠

k

l=0

~Φ
b k−lð Þ
r , f lð Þ

n o
q,pð Þ

+ 〠
k−2ð Þ

l=0

~Φ
b k−lð Þ
r , f l+2ð Þ

n o
Θð Þ

+ ~Φ
b k+1ð Þ
r , f 1ð Þ

n o
Θð Þ
:

ð43Þ

In the similar way, we can find the involutive form of
other variables using the BFFT method described above.

Let us take the initial fields as q and p. Then, the involu-
tive form of these fields (~q and ~p) will satisfy the following
relations.

~Φ, ~q
� �

= ~Φ, ~p
� �

= 0: ð44Þ

Similarly, any function of the physical variables ~q and ~p
will also satisfy the strong involution relation, since

~Θ, ~F ~q, ~pð Þ
n o

= ~Θ, ~q
n o ∂~F

∂~q
+ ~Θ, ~p
n o ∂~F

∂~p
= 0: ð45Þ

So, if we are taking any dynamical variable in the original
phase space, it can be written in involutive form as

F q, pð Þ⟶ F ~q, ~pð Þ = ~F ~q, ~pð Þ: ð46Þ

It is very much obvious that the initial boundary condi-
tion in the BFFT formalism, namely, the reduction of the
involutive physical variables to the original physical vari-
ables, when the new fields are set to zero, remains preserved.

4. Construction of the First-Class
Constraint Theory

We can easily observe that all the constraints of the theory in
Equation (23) are of second class in nature. To change them
in the first-class constraints, we will introduce 4L set of
possible BFFT fields Θað1Þ,Θað2Þ,Θað3Þ,Θað4Þ. Here, each set
of newly introduced fields will correspond to a set of con-
straints. We will define some relation between these BFFT
fields which will help us in the Abelianization of the con-
straints of the theory. Using the relation between newly
introduced fields, we will define ω which will give us the

possible solution of Equation (34). Here, we will discuss
the Abelianiaztion of constraints and Hamiltonian for
the Particle motion on the surface VLð1 ≤ L <NÞ in the
Riemann manifold RN (based on [75]).

Our choice of Poisson Bracket between the fields Θað1Þ,
Θað2Þ,Θað3Þ,Θað4Þ, ða = 1,⋯,N − 1Þ are

Θa 1ð Þ,Θb 3ð Þ
n o

= Iab, Θa 2ð Þ,Θb 4ð Þ
n o

= Iab, ð47Þ

where Iab is a ðN − 1Þ × ðN − 1Þ unitary matrix.
From the relation between the fields Θ, we can find

matrix ωij
ab as

ωaibj =

0 0 Iab 0

0 0 0 Iab

−Iab 0 0 0

0 −Iab 0 0

2
666664

3
777775: ð48Þ

Using the matrix ωaibj defined above and the matrix Δab
ij

between the constraints in Equation (26), we can calculate
the possible value of matrix Xab

ij . Now, using the matrix

Xab
ij , we can write the modified constraints as

~Φ
a
1 =Πa −Θa 3ð Þ, ~Φa

2 =Qa +Θa 2ð Þ, ~Φa
3 = PA − ∂A �QbΘ

b 4ð Þ
� �

∂A �Q
a,

~Φ
a
4 = PA − ∂A �QbΘ

b 4ð Þ
� �

PB − ∂B �QcΘ
c 4ð Þ

� �
∂A∂B �Q

a
Θb1

− ∂A �V · ∂A �Qa + λd∂A �Q
a∂A �Qd + ∂A �Q

a∂A �QeΘ
e 1ð Þ:

ð49Þ

It is worth to mention here that all the barred quantities
defined in Equation (49) are function of coordinates xk and
fields Θað2Þ and will take the form of the original unbarred
quantities in the limit Θað2Þ ⟶ 0. Here, any field �f ðxk,
Θað2ÞÞ will be written as [75]

�f xk,Θa 2ð Þ
� �

= 〠
∞

n=0

f nð Þ
a

n!
Θ

a 2ð Þ
nð Þ : ð50Þ

Also, the partial differentiation of field �f wrt. any field xk

can be written as [75].

�f ,i =Qai
�f ,Θa 4ð Þ
n o

: ð51Þ

Then, the Poisson bracket between these modified set of
constraints is

~Φ
a
i , ~Φ

a
j

n o
= 0, ð52Þ

where i, j = 1, 2, 3, 4, and a, b = 1, 2,⋯,N − 1. We can con-
clude from Equation (52) that the modified constraints are
involutive in nature. Hence, we have successfully converted
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the second class constraints of the theory into first-class
constraints.

Now, we will construct the involutive Hamiltonian for
this system.

Corrections in the Hamiltonian due to different fields Θ
can be calculated as follows. We will start it by calculating
the inverse of the matrices ωaibj and Xab

ij . The inverse of

the matrix ωaibj can be easily written as

ωab
ij =

0 0 −Iab 0

0 0 0 −Iab

Iab 0 0 0

0 Iab 0 0

2
666664

3
777775: ð53Þ

The total Hamiltonian with corrections due to BFFT
field can be written as

~H =
1
2
· PA − ∂A �QbΘ

b 4ð Þ
� �

PA − ∂A �QcΘ
c 4ð Þ

� �
+ �V xð Þ − λa +Θa 1ð Þ

� �
Qa xð Þ +Θa 2ð Þ
� �

:
ð54Þ

Here, α, β, γ, ρ, ε are ðN − 1Þ × ðN − 1Þ matrices, and
ΘaðiÞði = 1, 2, 3, 4Þ takes 4ðN − 1Þ possible values.

Now, by calculating the Poisson bracket between the
modified constraints and the Hamiltonian ~H, it can be easily
verified that modified Hamiltonian is involutive in nature.

~H, ~Φa
i

n o
= 0, ð55Þ

where i = 1, 2, 3, 4 and a = 1, 2,⋯,N − 1.

5. Hamiltonian BRST Quantization

5.1. Charge and Symmetry. In this section, we will construct
BRST symmetry for the particle motion on the surface
VLð1 ≤ L <NÞ in the Riemann manifold RN . To construct
that, we will use the Hamiltonian BRST formalism, also
called BFV-BRST formalism [60, 61, 77–79].

In the BFV-BRST technique associated to a general class
of system with first-class constraints, we introduce two
canonical set of ghost and anti-ghost fields ðC, �PÞ with ghost
number 1 and -1, respectively, and ðP, �CÞ with ghost number
-1 and 1, respectively, with Lagrange multiplier fields ðN , BÞ
for each set of constraints. As there are 4ðN − 1Þ set of con-

straints, we will introduce two 4ðN − 1Þ sets of canonical

ghost and anti-ghost fields ðCka, �Pa
kÞ, ðPka, �Cb

kÞ and Lagrange
multiplier fields ðNka, Ba

kÞ. These fields and corresponding
momenta satisfy the following superalgebra:

Cka, �Pb
l

n o
= Pka, �Cb

l

n o
= Nka, Bb

l

n o
= δkl I

ab: ð56Þ

Now, using the BFV formalism, we can write the gen-
eral expression for nilpotent BRST charge, gauge-fixing
fermion, and BRST invariant Hamiltonian for the system
under study as

QBRST =
ð
dxN Ck

a
~Ω
a
k + Pk

aB
a
k

� �
, ð57Þ

Ψ =
ð
dxN �Pa

kN
k
a + �Ck

aχ
a
k

� �
, ð58Þ

HU =HP +HBF − QBRST ,Ψf g: ð59Þ
In the BFV-BRST formulation, the generating functional

does not depend on gauge fixing fermion [77–81]; hence, one
has freedom to choose it in the convenient form. It is also
worth noting here that gauge-fixing fermion χa

k is Hermitian
in nature and of the similar Grassmann parity as of ~Φ

a
. They

also satisfy

det χa
k, ~Φ

l
b

n o��� ��� ≠ 0: ð60Þ

We will apply the general results obtained above to the
particle on surface VL embedded in RN .

Sef f =
ð
dt PA _x

A +Πk
Θa

_Θ
a
k + Ba

k
_N
k
a + _P

k
a
�Ca
k + _C

k
a
�Pa
k −HP

h
−HBF + QBRST ,Ψ½ �

i
:

ð61Þ

For the system under study, the modified constraints ~Φ
a
k

have been calculated in Equation (49).
Our choice of gauge condition χa

k for the motion on
the surface VL in the Riemann manifold RN is Φa

k in
Equation (23).

Here, ~H =HP +HBF is taken as the BFFT-modified
Hamiltonian for this system obtained in Equation (54).

We will define the canonical brackets for all dynamical
variables as

xA, PB

	 

= δAB ;  Θa

i ,Π
jb
Θ

h i
= λai ,Π

bj
h i

= δji I
ab ;  �Ca

k, _C
bl

n o
= iδlkI

ab ;  Ca
k, _�C

bl
� �

= −iδlkI
ab: ð62Þ
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Nilpotent BRST transformations corresponding the
action in Equation (61) can be easily constructed using the
relation SBRSTΓ = −½QBRST, Γ�±. Its relation with infinitesimal
BRST transformation SBRST can be established as δBRST =
SBRSTΓδΛ. δΛ defined here is an infinitesimal BRST param-
eter. Here, “−” and “+” signs are defined for bosonic and
fermionic variables, respectively. The BRST transformation
for the particle motion on general class of Riemann sur-
faces embedded in higher dimensional Euclidean spaces
is written as

SBRSTN
ak = Pak, SBRST�P

ak = ~Φ
ak, SBRST�C

ak = −Bak,

SBRSTP
A = SBRSTC

ak = SBRSTΠ
ak = SBRSTP

ak = 0:
ð63Þ

It can be easily verified that these transformations are
nilpotent in nature.

Using the expressions for BRST charge QBRST and gauge-
fixing fermion Ψ, effective action in Equation (61) can be
written as

Sef f =
ð
dt PA _x

A +Πk
Θa

_Θ
a
k + Ba

k
_N
k
a + _P

k
a
�Ca
k + _C

k
a
�Pa
k − ~H

h
− Pk

a
�Pa
k +Na

k
~Φ
k
a + Ba

kχ
k
a + �Ca

kC
k
a

i
:

ð64Þ

The generating functional for this effective action can be
written as

ZΨ =
ð
Dφ½ �e iSef fð Þ: ð65Þ

The Liouville measure Dφ for the generating functional
is defined as

Dφ =
Y
i

dΞi: ð66Þ

Here, Ξi are all dynamical variables ðPA, xA,Πk
Θa,Θa

k,
Nk

a, Ba
k, �C

k
a, Pa

k, Ca
a, �P

a
kÞ of the theory. Now, performing the

integration over ghost and antighost momenta Pa
k and �Pa

k,
we will get

Zψ =
ð
Dφ′ exp i

ð
dt PA _x

A +Πk
Θa

_Θ
a
k + Ba

k
_N
k
a + _C

a
k
_�C
k

a − ~H


+Na
k
~Φ
k
a − Ck

a
�Ca
k − Ba

kχ
k
a

��
:

ð67Þ

Here, Dφ′ is the new path integral measure for the
effective action after the performance of integral over
the fields P and �P. Further performance of integral over

fields Bk
a will give us the new effective generating func-

tional as

Zψ =
ð
Dϕ′′ exp i

ð
dt PA _x

A +Πk
Θa

_Θ
a
k + _C

a
k
_�C
k

a − ~H

2
64

2
64

+Na
k
~Φ
k
a − Ck

a
�Ca
k −

_N
a
k − χa

k

n o2

2

3
75
3
75,

ð68Þ

where Dφ′′ is the new path integral measure which corre-
sponds to all the dynamical variables left out after integra-
tion. Now, the new BRST transformation for the modified
action in Equation (68) is written as

SBRSTN
ak = _C

ak, SBRST�C
ak = − _N

ak − χak,

SBRSTP
A = SBRSTC

ak = SBRSTB
ak = SBRSTP

ak = 0:
ð69Þ

It is well known in the literature that BRST charges are
nilpotent in nature. We also know that the operation of these
charges on the states of total Hilbert space gives us the phys-
ical subspace of the system.

QBRST physj i = 0,  physj i ≠QBRST ⋯j i, ð70Þ

which can be further written in more explicit form for this
system as

iCa
k
~Φ
k
a physj i = 0, i _�C

a

kN
k
a physj i = 0: ð71Þ

The result of Equation (71) implies that the first-class
constraints of the system under study will annihilate the
physical subspace of the total Hilbert space of the system.

6. Consistency with Previous Result

We can check the consistency of the results of this system in
the limit of N − L = 1 [1]. In this limit, elements of the
matrix will transform as

αab ⟶ α, βab ⟶ β, γab ⟶ γ: ð72Þ

From the antisymmetry (25),

ρab ⟶ 0, εab ⟶ 0: ð73Þ

The inverse matrix elements will transform under this
limit as

A⟶ −
γ

α2
, B⟶

β

α2
, C⟶

γ

α2
,D⟶ −

β

α2
, E, F ⟶ 0:

ð74Þ

Here, E, F vanishes due to asymmetry.
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Also, under the transformation Qa ⟶ f ðxÞ, the modi-
fied constraints in Equation (49) takes the form of modified
constraints of L =N − 1 case:

~Φ1 =Π −Θ 3ð Þ,

~Φ2 = f xð Þ +Θ 2ð Þ,

~Φ3 = �Pk − ∂k�f xð ÞΘ 4ð Þ
� �

�∂k f xð Þ,

~Φ4 = �Pk − ∂k�f xð ÞΘ 4ð Þ
� �

�Pl − ∂l�f xð ÞΘ 4ð Þ
� �

∂k∂l�f xð Þ
− ∂k �V · ∂k�f xð Þ + λ∂k�f xð Þ∂k�f xð Þ + ∂k�f xð Þ∂k�f xð ÞΘ1:

ð75Þ

The form of modified Hamiltonian in Equation (54)
under these transformations is

~H =
1
2
· �Pk − ∂k�f xð ÞΘ 4ð Þ
� �

�Pk − ∂k�f xð ÞΘ 4ð Þ
� �

+ �V xð Þ
− λ +Θ 1ð Þ
� �

f xð Þ +Θ 2ð Þ
� �

:

ð76Þ

Similary, BRST charge and BRST symmetry can be writ-
ten in this limit as

QBRST = Ck ~Φk + PkBk,

SBRSTN
k = _C

k, SBRST�C
k = − _N

k − χk,

SBRSTP
a = SBRSTC

k = SBRSTB
k = SBRSTP

k = 0:

ð77Þ

These are the same constraints, Hamiltonian, BRST
charge, and symmetry which we have obtained in our previ-
ous work [1]. This shows that all the results obtained here,
(49), (54), (63), and (69), using BFFT formalism are consis-
tent with the previous results [1] in the limit L⟶ ðN − 1Þ.

7. Examples of Lð1 ≤ L <NÞ-
Dimensional Embedding in RN

As an example of L-dimensional embedding in RN , we will
discuss particle on torus knot [82–86]. We will discuss all
the important results developed for general system in this
case.

7.1. Particle on Torus Knot. Particle on torus knot is a one-
dimensional surface embedded in three-dimensional space.
It is a special kind of knot that lies on the surface of
unknotted torus in R3. It is specified by a set of co-prime
integers p and q. A torus knot of type ðp, qÞ winds p times
around the rotational symmetry axis of the torus and q times
around a circle in the interior of the torus. The toroidal
coordinate system is a suitable choice to study this system.

Toroidal coordinates are related to Cartesian coordinates
(x1, x2, x3) in following ways:

x1 =
a sinh η cos ϕ
cosh η − cos θ

, x2 =
a sinh η sin ϕ

cosh η − cos θ
, x3 =

a sin θ

cosh η − cos θ
,

ð78Þ

where 0 ≤ η ≤∞, −π ≤ θ ≤ π, and 0 ≤ ϕ ≤ 2π. A toroidal sur-
face is represnted by some specific value of η (say η0).
Parameters a and η0 are written as a2 = R2 − d2 and cosh
η0 = R/D, where R and D are major and minor radius of
torus, respectively.

Lagrangian for a particle constrained to move on the
surface of torus knot is

L =
1
2
ma2

_η2 + _θ
2 + sinh2η _ϕ2

cosh η − cos θð Þ2 + λ pθ + qϕð Þ, ð79Þ

where ðr, θ, ϕÞ are toroidal coordinates for toric geometry
and λ is the Lagrange multiplier. The canonical Hamiltonian
corresponding to the Lagrangian in Equation (79) is then
written as

H =
cosh η − cos θð Þ2

2ma2
p2η + p2θ +

p2ϕ
sinh2η

" #
− λ pθ + qϕð Þ,

ð80Þ

where pη, pθ, pϕ, and pλ are the canonical momenta conju-
gate to the coordinate η, θ, ϕ, and λ, respectively, defined as

pη =
ma2 _η

cosh η − cos θð Þ2
, pθ =

ma2 _θ

cosh η − cos θð Þ2
,

pϕ =
ma2 sinh2η _ϕ
cosh η − cos θð Þ2

, pλ ≈ 0:
ð81Þ

The pλ is the primary constraint of the theory.
After inclusion of primary constraint, our new Hamilto-

nian has the form

HT =
cosh η − cos θð Þ2

2ma2
p2η + p2θ +

p2ϕ
sinh2η

" #

− λ pθ + qϕð Þ + upλ:

ð82Þ

Now, using Dirac’s method of Hamiltonian analysis, we
will calculate all the possible constraints of the theory as

_pλ = pλ,HTf gP = pθ + qϕð Þ ≈ 0, ð83Þ

€pλ = pθ + qϕð Þ,HTf gP
=

cosh η − cos θð Þ2
ma2

ppθ +
qpϕ

sinh2η

 �
≈ 0,

ð84Þ
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p 3ð Þ
λ =

cosh η − cos θð Þ2
ma2

ppθ +
qpϕ

sinh2η

 �
,HT

( )
P

=
cosh η − cos θð Þ2

ma2
2ppθ sinh η +

2qpϕ
sinh η

�

−
2qpϕ cosh η cosh η − cos θð Þ

sinh3η

�
pη

cosh η − cos θð Þ
ma2

+ 2 sin θ ppθ +
qpϕ

sinh2η

� �
pθ

cosh η − cos θð Þ
ma2

− p
cosh η − cos θð Þ

ma2
sin θ p2η + p2θ +

p2ϕ
sinh2η

 !
− λp

( )

+ λ
q2

sinh2η

�
≈ 0:

ð85Þ

pð4Þλ will vanish, and the value of u will be determined
from it. All the constraints can be written as

Φa
1 = pλ,

Φa
2 =Qa = pθ + qϕð Þ,

Φa
3 =DQa =

cosh η − cos θð Þ2
ma2

ppθ +
qpϕ

sinh2η

 �
,

Φa
4 = PAPB∂A∂BQ

a−∇Qa · ∇ V − λdQ
d

� �
=D2Qa−∇Qa · ∇Φ

=
cosh η − cos θð Þ2

ma2
2ppθ sinh η +

2qpϕ
sinh η

�

−
2qpϕ cosh η cosh η − cos θð Þ

sinh3η

�
pη

cosh η − cos θð Þ
ma2

+ 2 sin θ ppθ +
qpϕ

sinh2η

� �
pθ

cosh η − cos θð Þ
ma2

− p
cosh η − cos θð Þ

ma2
sin θ p2η + p2θ +

p2ϕ
sinh2η

 !
− λp

( )

+ λ
q2

sinh2η

�
:

ð86Þ

Now, the Poisson brackets between the constraints have
following values:

Φa
1,Φ

b
4

n o
P
= −∇Qa · ∇Qb

= −
cosh η − cos θð Þ2

ma2
p2 +

q2

sinh2η

 �
≡ −αab,

ð87Þ

Φa
2,Φ

b
3

n o
P
= ∇Qa · ∇Qb =

cosh η − cos θð Þ2
ma2

p2 +
q2

sinh2η

 �
≡ αab,

ð88Þ

Φa
2,Φ

b
4

n o
P
= 2∇Qa · ∇DQb

� �
= 2

cosh η − cos θð Þ3
m2a4

� p ppη sinh η + sin θ ppθ +
qpϕ

sinh2η

� �� �

+ q
qpη

sinh η
1 −

cosh η cosh η − cos θð Þ
sinh2η

� ��

+
sin θ

sinh2η
qpθ − ppϕ
� ���

≡ −βab:

ð89Þ

Similarly, the Poisson bracket between other constraints
ðΦa

3,Φb
4Þ (A.1), ðΦa

3,Φb
3Þ (A.2), and ðΦa

4,Φb
4Þ (A.3) has been

explicitly calculated in the appendix. All these brackets will
be nonzero and will be equal to γab, ρab, and εab. Thus, the
matrix between the constraints will take exactly the same
form of matrix Δab

ij in Equation (26).
As all the constraints of the theory (86) are second class,

we will follow the method of Section 4 and introduce four
possible fieldsΘað1Þ,Θað2Þ,Θað3Þ,Θað4Þ corresponding to each
constraint. Relation between these fields will provide us pos-
sible value ofωabij. Our choice of Poisson bracket between the
fields will be same as one taken for the general case. Hence,
the matrix ωabij will have the form of Equation (48).

Using the matrix ωabij and the matrix Δij
ab, in Equation

(33), one can find many possible value of matrix Xij
ab.

Now, applying the results developed in Section 4, we can
calculate the modified constraints as

~Φ
a
1 = pλ −Θa 3ð Þ,

~Φ
a
2 = pθ + qϕð Þ +Θa 2ð Þ,

~Φ
a
3 =

cosh η − cos θ − Θa 2ð Þ/2p
� �� �� �2

ma2

� pθ − pΘ 4að Þ
� �

p +
pϕ − qΘ 4að Þ
� �

q

sinh2η

2
4

3
5,

~Φ
a
4 =

cosh η − cos θ − Θa 2ð Þ/2p
� �� �� �2

ma2

� 2p pθ − pΘ 4að Þ
� �

sinh η +
2q pϕ − qΘ 4að Þ
� �

sinh η

8<
:
2
4
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−
2q pϕ − qΘ 4að Þ
� �

cosh η cosh η − cos θ − Θa 2ð Þ/2p
� �� �� �

sinh3η

9=
;

� pη
cosh η − cos θ − Θa 2ð Þ/2p

� �� �� �
ma2

+ 2 sin θ −
Θa 2ð Þ

2p

 !

� p pθ − pΘ 4að Þ
� �

+
q pϕ − qΘ 4að Þ
� �

sinh2η

0
@

1
A pθ − pΘ 4að Þ
� �

�
cosh η − cos θ − Θa 2ð Þ/2p

� �� �� �
ma2

− p
cosh η − cos θ − Θa 2ð Þ/2p

� �� �� �
ma2

sin θ −
Θa 2ð Þ

2p

 !(

� p2η + pθ − pΘ 4að Þ
� �2

+
pϕ − qΘ 4að Þ
� �2

sinh2η

0
B@

1
CA − λp

9>=
>; + λ

q2

sinh2η

+
cosh η − cos θ − Θa 2ð Þ/2p

� �� �� �
ma2

p2 +
q2

sinh2η

0
@

1
AΘa 1ð Þ

3
5:
ð90Þ

The Poisson bracket between these modified constraints
vanishes which shows that modified constraints are involu-
tive. Hence, we have converted the second class constraints
of the theory into first class.

Now, we will construct first-class Hamiltonian for this
system using the results in Section 5.

The total involutive Hamiltonian for this system will
take the form as [75]

~H =
cosh η − cos θ − Θa 2ð Þ/2p

� �� �� �2
2ma2

� p2η + pθ − pΘ 4að Þ
� �2

+
pϕ − qΘ 4að Þ
� �2

sinh2η

2
64

3
75

− λ +Θa 1ð Þ
� �

pθ + qϕ +Θa 2ð Þ
� �

:

ð91Þ

It can be easily verified that the Hamiltonian ~H is
involutive by computing its Poisson bracket with modified
constraints of the theory.

~H, ~Φa
i

n o
= 0, ð92Þ

where i = 1, 2, 3, 4.
BRST charge for this first-class system can be written

using above expression, as

QBRST = iCi
a
~Φ
a
i + iPi

aB
a
i , ð93Þ

and corresponding BRST symmetry transformation can be
written as

SBRSTN
ak = Pak, SBRST�P

ak = ~Φ
ak, SBRST�C

ak = −Bak,

SBRSTP
A = SBRSTC

ak = SBRSTΠ
ak = SBRSTP

ak = 0:
ð94Þ

This shows that the result obtained in Section 4 is true
for any Lð1 ≤ L <NÞ-dimensional surface embedded in RN .

8. Batalin-Vilkovisky Quantization

In the current section of the manuscript, we are going to dis-
cuss the quantization of the Particle motion on the surface
VLð1 ≤ L <NÞ in the Riemann manifold RN using the field-
antifield formalism [87–89] developed for BFFT systems in
[90]. We will start by introducing 4ðN − 1Þ set of antifields
ϖk⋆
μ = ðx⋆A,Θk⋆

a , λk⋆a , Ck⋆
a Þ corresponding to the fields ϖ

μ
k =

ðxA,Θa
k, λ

a
k, Ca

kÞ. Here, fields xA,Θak, and λak are bosonic
in nature and have ghost number zero, whereas the ghost
fields Cak are fermionic in nature and have ghost number
one. Antifields corresponding to these fields have opposite
Grassmann parity, and their ghost numbers are given by
minus the ghost number of the corresponding fields minus
one.

BV-action for this system in terms of fields and antifields
is written as

S = S0+
ð
dt x⋆A xA, ~Φk

a

n o
Ca
k +Θ⋆

bk Θbk, ~Φl
a

n o
Ca
l + λk⋆a _C

a
k

h i
,

ð95Þ

where action S0 is defined as

S0 =
ð
dt PA _x

A +Πk
a
_Θ
a
k − λak ~Φ

k
a − ~H

h i
: ð96Þ

Here ~Φ
a
i and ~H are modified constraints and modified

Hamiltonian in Equation (49) and Equation (54), respec-
tively. The BV-action defined in Equation (95) satisfies the
classical master equation

1
2

S, Sð Þ = 0, ð97Þ

where the antibracket between any two dynamical variables
X½ϖ, ϖ⋆� and Y ½ϖ, ϖ⋆� is defined as

X, Yð Þ = δrX
δϖμ

δlY
δϖ⋆

μ

−
δrX
δϖ⋆

μ

δlY
δϖμ

: ð98Þ

Here, de Witt’s notation of sum and integration over
intermediary variables will be assumed, whenever necessary.
The BRST differential in the BV formalism can be intro-
duced using the relation sX = ðX, SÞ for any local functional
X½ϖ, ϖ⋆� of fields. Nilpotentcy of the BRST operator s can be
proved using classical master equation and Jacobi identity.
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So, the BV action satisfying the master equation is equivalent
to its BRST invariance.

To fix gauges, we will extend the Hilbert space to
introduce 4ðN − 1Þ pairs of ghost-antighost fields and corre-

sponding momenta ð�Ck
a, Pk

aÞ, ð�Ck⋆
a , Pk⋆

a Þ, as well as gauge-
fixing fermions Ψ. These antifields can be easily eliminated
by choosing ϖ⋆

μ = ∂Ψ/∂ϖμ. One of the possible forms of Ψ
we can choose for the given system is

Ψ = �Ck
aΘ

a
k: ð99Þ

We have liberty to make other possible choices also.
Now, we will extend the BV action defined above to a non-
minimal action

S⟶ Snm = S+
ð
dtPk

a
�C⋆a
k , ð100Þ

in order to implement the many set of gauge fixing condi-
tions introduced by Ψ. Now, the generating functional for
gauge-fixed action is defined as

Zψ =
ð
dϖμ½ � dω½ �−1/2 df½ �−1/2 exp i

ℏ
Snm ϖμ, ϖ⋆

μ =
∂Ψ
∂ϖμ

 �
:

ð101Þ

Now, we will replace the original classical field–antifield
action S by some quantum action Σ which is expressed as a
local functional of fields and antifields and also satisfy a new
equation called quantum master equation defined as

1
2

Σ, Σð Þ − iℏΔΣ = 0: ð102Þ

Then, the gauge symmetries of the extended action are
not obstructed at quantum level. Here, Δ acts as an operator
and is defined as

Δ ≡
δr
δϖμ

� �
δl
δϖ⋆

μ

 !
: ð103Þ

It is also assumed here that the quantum action Σ can be
expanded in powers of ℏ in the following manner:

Σ ϖμ, ϖ⋆
μ

h i
= S ϖμ, ϖ⋆

μ

h i
+ 〠

∞

p=1
ℏpMp ϖμ, ϖ⋆

μ

h i
: ð104Þ

The first two term of the quantum master Equation
(102) reads as

S, Sð Þ = 0,

M1, Sð Þ = iΔS:
ð105Þ

It can be easily observed that if ΔS is nonzero and gives a
nontrivial result, then there exists some M1 which can be
expressed in terms of local fields such that Equation (105)
is satisfied. Using the cohomological arguments, it can be
easily shown that the quantum master equation for the first
order systems with pure second-class constraints converted
to first class by the use of the BFFT procedure can always
be solved. BRST transformations for the fields and antifields
for the BFFT Abelianized system can be written as follows:

The symmetry transformations obtained in Equation
(106) are identical to the one obtained in Equation (63)
using BFV formalism. Also, we can easily show on the basis
of argument given in [90] that the enlarged symmetries due
to the compensating fields (BFFT variables) are nonanoma-
lous in nature. These BFFT fields also plays very significant
role at the quantum level because of the existence of a coun-
terterm, by modifying the expectation values of the relevant
physical quantities.

9. Result and Discussion

The BRST symmetry for a particle moving in a curved space
VLð1 ≤ L <NÞ embedded in a Euclidean space RN is investi-
gated in both Hamiltonian and Lagrangian formalism. All
the constraints of the system have been calculated using
Dirac’s Hamiltonian analysis. Using the algebra of con-
straints, we have found that all the constraints of the system
are second class. To construct a gauge invariant theory, we

SBRSTN
kν = _C

kν, SBRSTCkν = 0, SBRST�C
kν = Pkν, SBRSTPkν = 0,

SBRSTx
⋆
A = −

∂S
∂xA

, SBRSTΘk⋆
ν = −

∂kS
∂Θν , SBRSTN

k⋆
ν = ~Φ

k
ν, SBRST�P

k⋆ν = �Ck⋆ν,

SBRSTC
k⋆
ν = −x⋆A xA, ~Φk

ν

n o
−Θi⋆

l Θl
i, ~Φ

k
ν

n o
− _N

k⋆, SBRST�C
k⋆
ν = 0:

ð106Þ
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have used the BFFT technique. Using this technique, all the
second class constraints of the system are converted into
first-class constraints, and corresponding Hamiltonian is
also constructed explicitly. Using the involution of Hamilto-
nian with first-class constraints, this Hamiltonian is shown
to be first class. In the limit of Θ⟶ 0, the constraints and
Hamiltonian returns to original second-class constraints
and Hamiltonian. Now, using this gauge invariant system,
we have constructed BRST charge, symmetries, and the
BRST invariant action. For constructing BRST symmetry
from the first-class constraint system, BFV formalism is
used. These BRST charges acting on the states of the total
Hilbert space will annihilate the physical subspace of it.
From it, we have deduced that first-class constraints operat-
ing on total Hilbert space of the system will annihilate its
physical subspace which can be used as a physicality criteria
for the BRST invariant system. We have shown that the gen-
eral results derived here for any surface embedded in RN is
consistent with the results of previous work [1]. We have
also discussed particle motion on the torus knot surface as
an example of this kind of system. In this example, we have
explicitly calculated all the constraints of this system and
converted them to first-class constraints. It has been found
that diagonal elements ρ and ε of matrix (of the Poisson’s
bracket between the constraints) are nonzero if we take
two different torus knot systems. In the limit of a⟶ b,
the ρ, ε will vanish, and we will achieve the commutative
case of [1]. We have also constructed the first-class Hamilto-
nian, BRST charge, and symmetry for this system. It has
been shown that all the results deduced for the general sys-
tem are consistent with this system. At the end, we have dis-
cussed Batalin-Vilkovisky quantization of this system based
on BFFT formalism. Here, also, we have explicitly calculated
the BRST symmetry for the general system which is consis-
tent with the symmetry derived from Hamiltonian formal-
ism. This again proves the equivalence between the
Hamiltonian and Lagrangian formalism. Recently, a more
general technique of Lagrangian Abelianization has been
developed [91, 92]. It will be interesting to apply this tech-
nique to the motion in Riemann manifold.

Appendix

Poisson Bracket between the Constraints of the
Particle on Torus Knot System

The calculation of Poisson bracket between some of the con-
straints for particle on the torus knot model is straightfor-
ward but cumbersome process. We have calculated these
brackets explicitly here.

The Poisson bracket between constraints ðΦa
3,Φb

4Þ is
written as

Φa
3,Φ

b
4

n o
P
= 2∇ DQað Þ · ∇ DQb

� �
−∇Qa · ∇Φb

4

= 2
cosh η − cos θð Þ4

m3a6
sinh η ppθ +

qϕ

sinh2η

� ��

−
qpϕ cosh η cosh η − cos θð Þ

sinh3η

�

· ppθ sinh η +
qpϕ

sinh η

�

−
qpϕ cosh η cosh η − cos θð Þ

sinh3η
− ppη sin θ

�

+ 4
cosh η − cos θð Þ4

m3a6
sin θ ppθ +

qϕ

sinh2η

� �

� ppη sinh η + sin θ ppθ +
qϕ

sinh2η

� �� �

− p
cosh η − cos θð Þ2

ma2
2 sin θ

cosh η − cos θð Þ
ma2

"

· 2ppθ sinh η +
2qpϕ
sinh η

��

−
2qpϕ cosh η cosh η − cos θð Þ

sinh3η

�
pη

cosh η − cos θð Þ
ma2

+ 2 sin θ ppθ +
qϕ

sinh2η

� �
pθ

cosh η − cos θð Þ
ma2

− p
cosh η − cos θð Þ

ma2
sin θ p2η + p2θ +

p2ϕ
sinh2η

 !
− λp

( )

+ λ
q2

sinh2η
g + cosh η − cos θð Þ2

ma2

� −2q sin θpϕ
cosh η

sinh3η
· pη

cosh η − cos θð Þ
ma2

� �

+ 2ppθ sinh η +
2qpϕ
sinh η

−
2qpϕ cosh η cosh η − cos θð Þ

sinh3η

� �

� pη sin θ

ma2
+ 2pθ cos θ ppθ +

qpϕ
sinh2η

� �
cosh η − cos θð Þ

ma2

+ 2 sin θ ppθ +
qpϕ

sinh2η

� �
pθ sin θ

ma2
−
pθ sin θ

ma2

� sin θ p2η + p2θ +
p2ϕ

sinh2η

 !
− λp

( )

− p cos θ
cosh η − cos θð Þ

ma2
p2η + p2θ +

p2ϕ
sinh2η

 !#
≡ −γab:

ðA:1Þ

Poisson bracket ðΦa
3,Φb

3Þ is written as

Φa
3,Φ

b
3

n o
P
= ∇ DQað Þ · ∇Qb−∇Qa · ∇ DQb

� �
= 2

cosh ηa − cos θað Þ
ma2

ppθa +
qϕa

sinh2ηa

� ��

· p′
cosh ηb − cos θb
� �2

ma2
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− p
cosh ηa − cos θað Þ2

ma2
· 2

cosh ηb − cos θb
� �

ma2

� p′pθb +
q′ϕb

sinh2ηb

 !)
≡ ρab:

ðA:2Þ

Similarly, ðΦa
4,Φb

4Þ can be written as

Φa
4,Φ

b
4

n o
P
= 2 ∇Φa

4 · ∇ DQað Þ−∇Φb
4 · ∇ DQað Þ

h i

= 2
cosh ηa − cos θað Þ

ma2
sinh ηa 2ppθa sinh ηa

("

+
2qpϕa
sinh ηa

−
2qpϕa cosh ηa cosh ηa − cos θað Þ

sinh3ηa

)

� pηa
cosh ηa − cos θað Þ

ma2
+ 2 sin θa

� ppθa +
qϕa

sinh2ηa

� �
pθ

cosh ηa − cos θað Þ
ma2

− p
cosh ηa − cos θað Þ

ma2

� sin θa p2ηa + p2θa +
p2ϕa

sinh2ηa

 !
− λap

( )

+ λa
q2

sinh2ηa

#
+

cosh ηa − cos θað Þ2
ma2

� 2ppθa cosh ηa −
4qpϕa cosh ηa

sinh2ηa

("

−
2qpϕa cosh ηa − cos θað Þ

sinh2ηa

+ 6
qpϕa cosh

2ηa cosh ηa − cos θað Þ
sinh4ηa

)

� pηa
cosh ηa − cos θað Þ

ma2
+
pηa sinh ηa

ma2

� 2ppθa sinh ηa +
2qpϕa
sinh ηa

(

−
2qpϕa cosh ηa cosh ηa − cos θað Þ

sinh3ηa

)

− 4 sin θa
2qpϕa cosh ηa

sinh3ηa

� �
cosh ηa − cos θað Þ

ma2

� pθa + 2 sin θa ppθa +
qpϕa

sinh2ηa

� �

� sinh ηa

ma2
pθ − p

sinh ηa

ma2

� sin θa p2ηa + p2θa +
p2ϕa

sinh2ηa

 !
− λap

( )

+ 2p
cosh ηa − cos θað Þ

ma2
sin θa

p2ϕa cosh ηa

sinh3ηa

( )

− 2λa
q2 cosh ηa

sinh3ηa

#
· 2

cosh ηb − cos θb
� �3

m2a4

� ppθb sinh ηb +
qpϕb

sinh ηb

8<
:
−
qpϕb cosh ηb cosh ηb − cos θb

� �
sinh3η

− ppηb sin θb

9=
;

− 2
cosh ηa − cos θað Þ3

m2a4
ppθa sinh ηa +

qpϕa

sinh ηa

(

−
qpϕa cosh ηa cosh ηa − cos θað Þ

sinh3ηa
− ppηa sin θa

)

· 2
cosh ηb − cos θb
� �

ma2
sinh ηb 2ppθb sinh ηb

8<
:
2
4

+
2qpϕb
sinh ηb

−
2qpϕb cosh ηb cosh ηb − cos θb

� �
sinh3ηb

9=
;

� pηb
cosh ηb − cos θb
� �

ma2
+ 2 sin θb ppθb +

qϕb

sinh2ηb

 !
pθb

�
cosh ηb − cos θb
� �

ma2
− p

cosh ηb − cos θb
� �

ma2

� sin θb p2ηb + p2
θb
+

p2
ϕb

sinh2ηb

 !
− λbp

( )
+ λb

q2

sinh2ηb

#

+
cosh ηb − cos θb
� �2

ma2
2ppθb cosh ηb −

4qpϕb cosh ηb

sinh2ηb

8<
:
2
4

−

2qpϕb cosh ηb − cos θb
� �

sinh2ηb

+ 6
qpϕb cosh

2ηb cosh ηb − cos θb
� �
sinh4ηb

9=
;

� pηb
cosh ηb − cos θb
� �

ma2
+
pηb sinh ηb

ma2

� 2ppθb sinh ηb +
2qpϕb
sinh ηb

8<
:
−
2qpϕb cosh ηb cosh ηb − cos θb

� �
sinh3ηb

9=
;
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− 4 sin θb
2qpϕb cosh ηb

sinh3ηb

 ! cosh ηb − cos θb
� �

ma2
pθb

+ 2 sin θb ppθb +
qpϕb

sinh2ηb

� �
sinh ηb
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− p
sinh ηb
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+

p2
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sinh2ηb

 !
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( )
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� �
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sin θ
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( )
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#
+ 2 sin θa

cosh ηa − cos θað Þ
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· 2ppθa sinh ηa +
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−
2qpϕa cosh ηa cosh ηa − cos θað Þ
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)
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ma2

+ 2 sin θa ppθa +
qϕa
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� �
pθa
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ma2

− p
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 !
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)
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cosh ηa − cos θað Þ
ma2

� �

+ 2ppθa sinh ηa +
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(

−
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)
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ma2
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� �
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ma2

+ 2 sin θa ppθa +
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sinh2ηa
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ma2
−
pθa sin θa

ma2

� sin θa p2ηa + p2θa +
p2ϕa

sinh2ηa
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( )
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