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We have considered formation of a multicomponent nonideal hot and dense gas of hadronic resonances in the ultrarelativistic
heavy ion collisions. In the statistical thermal model approach, the equation of state (EoS) of the noninteracting ideal hadron
resonance gas (IHRG) does not incorporate either the attractive part or the short-range repulsive part of the baryonic
interaction. On the other hand, in the nonideal hadron resonance gas (NIHRG) model, we can incorporate these interactions
using the van der Waals (VDW) type approach. Studies have been made to see its effect on the critical parameters of the
quark-hadron phase transition. However, it can also lead to modifications in the calculated relative particle yields. In this
paper, we have attempted to understand the effect of such van der Waals-type interactions on the relative particle yields and
also studied their dependences on the system’s thermal parameters, such as the temperature and baryon chemical potential
ðμBÞ. We have also taken into account the decay contributions of the heavier resonances. These results on particle ratios are
compared with the corresponding results obtained from the point-like, i.e., noninteracting IHRG model. It is found that the
particle ratios get modified by incorporating the van der Waals-type interactions, especially in a baryon-rich system which is
expected to be formed at lower RHIC energies, SPS energies, and in the forthcoming CBM experiments due to high degree of
nuclear stopping in these experiments.

1. Introduction

The particle production in the hot and dense hadronic
medium created in the ultrarelativistic heavy ion collisions
enables us to understand the final stage properties of such
a hadronic matter. The matter which existed at the very early
stages of universe can be recreated and studied in these col-
lisions, though at a very small length scale. It is believed that
the matter created in such nuclear collisions in the labora-
tory can achieve reasonably high degrees of thermal and
chemical equilibrium. The study of the hadronic yields in
the heavy ion collisions at ultrarelativistic energies is there-
fore an important tool to explore the properties of the
hadronic matter, also called fireball, formed in these
collisions [1–10].

The statistical thermal models provide a suitable frame-
work to study the final stage properties of the hot fireball
formed in the ultrarelativistic nucleus-nucleus collisions
[11–20]. The hot and dense secondary partonic matter
(consisting of quarks and gluons) initially produced within
the fireball is in a preequilibrium state. These secondary
partons continue to undergo multiple elastic and inelastic
collisions. The fireball initially formed in the collision thus
grows in size due to multiparticle production. It also simul-
taneously develops a hydrodynamic expansion due to the
collective effect. The system thus reaches a state of suffi-
ciently high degree of thermal and chemical equilibrium
with sufficiently large number of particles within it which
then permits the application of the statistical thermal
models. If the initial temperature (T) and net baryon density
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(ρ) is sufficiently high, i.e., T > TC (or ρ > ρC), then this may
result in the formation of quark gluon plasma (QGP) phase
[21–24]. This state is then followed by a mixed phase of
QGP+HRG, assuming a first-order phase transition. After
the completion of a first-order phase transition process, the
particles (i.e., the hadrons) in the HRG phase still continue
to interact. The collisions among the produced hadrons
can lead to a high degree of thermal and chemical equilib-
rium of various hadronic species in the HRG phase as well.
The HRG system continues to grow, expand, and cool and
in the process gets diluted. After this, a freeze-out occurs
when the mean free paths of these particles become compa-
rable with the overall size of the system [25–28].

It has been highlighted earlier that the point-like had-
rons do not reproduce the ground state properties of the
nuclear matter. Further, no reasonable first-order QGP–
HRG phase transition within the framework of a thermal
model can be constructed with suitably large number of
degrees of freedom in the HRG phase [29–32]. This essen-
tially happens because a large number of point-like hadronic
resonances can be thermally excited at high temperatures in
absence of any repulsive interaction in a given physical
volume of the system. Consequently, at adequately high
temperature, the pressure in the ideal HRG phase pressure
becomes more than the pressure in the QGP phase (i.e.,
PHRG > PQGP). Or in simple words, considering a first-
order quark-hadron phase transition in a statistical thermal
model framework with sufficiently large number of hadronic
degrees of freedom, the system at high temperatures reverts
to the hadronic resonance gas (HRG) phase [33–37].
According to lattice quantum chromodynamics (LQCD)
predictions for vanishing net baryon number, the phase
transition occurs at the critical temperature around
160MeV and the system remains in the QGP phase at fur-
ther higher temperatures [38–40]. Therefore, the result
obtained by considering the HRG system consisting of
point-like hadrons contradicts the LQCD prediction. How-
ever, within the framework of the statistical thermal models,
this problem can be solved by considering the repulsive
interactions between baryons (or antibaryons), which give
rise to an excluded volume type effect. Moreover, in some
phenomenological models, the attractive and repulsive
interactions both have been taken into account where the
strength of the repulsive interaction is proportional to the
net baryon number density (n). Consequently, this interaction
ceases to exist for n ≅ 0 [41–43]. We have employed grand
canonical ensemble (GCE) partition function approach to
describe the properties of a gas of interacting hadronic reso-
nances. The canonical ensemble partition function approach
does not give broad thermodynamical picture of the hadronic
system, because the number of particles and total energy is
usually not conserved in the real physical systems formed in
the ultrarelativistic nuclear collisions. The interactions in the
multicomponent hadron resonance gas (HRG) can be
incorporated in a more appropriate way by using the grand
canonical ensemble (GCE) partition function approach. The
repulsive part of interaction has been earlier incorporated
through an excluded volume type effect in the HRG model

and is generally known as EV-HRG model of heavy ion colli-
sions [44–46]. On the other hand, the attractive part of inter-
action is incorporated by way of multiplying the grand
partition function with an exponential factor containing an
average attractive potential. The attractive and repulsive interac-
tions can be incorporated by other ways also, such as in the non-
linear Walecka model and its generalizations [47–51]. In case of
the classical van derWaals-type approach, the strength of repul-
sion is proportional to the total particle density and is therefore
finite even at zero baryon chemical potential (μB = 0). Con-
versely, in the case of the Walecka model, the strength of
repulsion is proportional to the net baryon density, and hence,
it vanishes at μB = 0. This is therefore a significant advantage
of the van der Waals-type approach over the Walecka
approach. In the following, we will review this aspect to arrive
at the modified equation of state (EoS) of such a nonideal had-
ron resonance gas (NIHRG) system.

2. The Statistical Approach

In this section, we will attempt to provide an overview of the
van der Waals-type EoS for interacting NIHRG which is
done by employing the grand canonical ensemble (GCE)
formulation with both attractive as well as repulsive interac-
tions taken into account.

The short-range repulsive hard-core interaction exists
between the pairs of baryons and also among the pairs of
antibaryons, while the antibaryon-baryon pair interactions
are dominated by annihilation reaction process inside the
evolving hot fireball. These are the limitations of the current
model and leave the scope for further improvement in the
future [52]. The attraction is therefore assumed to exist
between the pairs of two baryons and pairs of two antibar-
yons. At fixed T and μ, the presence of the parameter b > 0
, which describes the repulsion between particles, leads to a
suppression of particle number density nðT , μÞ whereas the
attractive interactions described by a > 0 lead to its enhance-
ment [11, 12, 52]. Hence, the attractive interaction will be
there even in a baryon-rich system at large chemical
potential.

The ideal (i.e., interaction free) grand canonical partition
function is given by

Z T , μ, Vð Þ = 〠
∞

N=0
eμN/T Z T ,N ,Vð Þ: ð1Þ

Here, ZðT ,N , VÞ represents the canonical partition
function for N number of particles. T and V are the temper-
ature and total physical volume of the system, respectively.
The phenomenological grand partition function with both
the attractive and repulsive interactions taken into account
can be written as

Z int T , μ, Vð Þ = 〠
∞

N=0
eμN/TZ T ,N , V − bNð Þe− �U /T : ð2Þ

Here, N is the number of particles in the system with both
attractive and repulsive interactions present (i.e., N =N int).
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Here, bN represents the excluded volume of baryons (antibar-
yons) arising due to hard-core repulsive interaction [29,
33–35]. The attractive interaction is taken into account in
the form of an average interaction energy through the intro-

duction of the factor e−
�U /T in the grand partition function,

where �U represents the average attractive interaction energy
assuming a uniform particle density, n =N/V . The mean
attractive interaction energy can be written as �U = ð1/2Þ∑i,j

Vattð r!i − r!jÞ, where Vattð r!i − r!jÞ represents the average
attractive interaction energy of any two particle pairs, which
depends on their relative coordinates, r! = r!i − r!j. Contribu-
tion of three or more particle interactions is ignored because
such collisions would be rare. Thus, in general, it is sufficient
to consider only one pair of particles [41]. Under the assump-
tion of a uniform particle density n =N/V , the total interac-
tion energy can be obtained by summing over all the particle
pairs. Therefore (for large n), we can write

�U =
1
2

ð
d3 r!1d

3 r!2n r!1

� �
n r!2

� �
Vatt r!2 − r!1

� �
, ð3Þ

which finally yields �U = n2Vu/2. The quantity u =
Ð
d3

r!Vattð r!Þ. By defining a =
Ð
2πr2drVattð r!Þ , where “a” repre-

sents the effective attractive parameter, we can write u = 2a.
Using equation (3), we finally get �U = n2Va.

We can therefore rewrite

Z int T , μ,Vð Þ = 〠
∞

N=0
eμN/TZ T ,N , V − bNð Þe−n2Va/T , ð4Þ

where ZðT ,N , V − bNÞ is the canonical partition function
taking into account the excluded volume effect arising due
to hard-core hadronic repulsion. The pressure function is
obtained [29] by identifying the extreme right-hand singu-

larity of the Laplace transform of Ẑ
int

in equation (4):

Ẑ
int

T , μ, ζð Þ =
ð
e−ζVZ int T , μ, Vð ÞdV : ð5Þ

The ζ is the parameter of the Laplace transformation.
One can rewrite for uniform particle number density:

Ẑ
int

T , μ, ζð Þ =
ð
e−ζV Zexcl T , μ, Vð Þe−n2Va/TdV , ð6Þ

where ZexclðT , μ, VÞ =∑∞
N=0e

μN/TZðT ,N , V − bNÞ is
the grand canonical partition function with excluded volume
effect taken into account.

The extreme right-hand singularity of the Laplace trans-
formation in equation (6) can be located by rewriting the
integrand in equation (6) to get

Ẑ
int

T , μ, ζð Þ =
ð
e−V ζ− ln Zexcl T ,μ,Vð Þ/Vð Þ+n2a/Tð ÞdV : ð7Þ

The finiteness of the integral in equation (7) requires

that in the limit V ⟶∞, the extreme right-hand singular-
ity must satisfy

ζ =
1
T

lim
V⟶∞

T ln Zexcl T , μ, Vð Þ
V

− n2a

" #
: ð8Þ

Defining pexclðT , μ, VÞ = lim
V⟶∞

Tffln ZexclðT , μ, VÞg/Vg
and ζT = pint.

We can then finally write the pressure of the system
incorporating the attractive as well as repulsive interaction:

pint T , μ,Vð Þ = pexcl T , μ, Vð Þ − an2: ð9Þ

It may be noted that here n = nintðT , μÞ. By taking into
account the effect of repulsive interaction, leading to an
excluded volume type effect, we can write [29, 35] by consid-
ering the available volume in the system:

pexcl T , μ,Vð Þ = nT
1 − bn

: ð10Þ

This gives

pint T , μ, Vð Þ = nT
1 − bn

− an2: ð11Þ

The particle number density can then be obtained in a
thermodynamically consistent way by using n = ∂pint/∂μjT .
This finally yields a relation for the chemical potential:

μ = T ln
n

1 − bn

� �
+

T
1 − bn

− 2an + C: ð12Þ

With C = μ − T ln ðnidÞ − T:
Writing the point-like particle number density nid = eμ/Tϕ,

we get

C = T ln
nid

ϕ

� �
− T ln nid

� �
− T: ð13Þ

Thus, we get

μ = T ln
n

1 − bnð Þϕ
� �

+
nTb
1 − bn

− 2an: ð14Þ

Defining μ∗ = T ln fn/ðð1 − bnÞϕÞg and writing ϕ in terms
of μ∗, i.e., ϕ = nidðT , μ∗Þe−μ∗/T and using this in equation (14),
we will get an expression for the “effective” chemical potential,
i.e., μ∗ and the particle number density n (i.e., nint) as

μ∗ = μ −
nbT
1 − bn

+ 2an, ð15Þ

n = 1 − bnð Þnid T , μ∗ð Þ: ð16Þ
This finally yields particle number density in the NIHRG

model as
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n μ, Tð Þ = nid T , μ∗ð Þ
1 + bnid T , μ∗ð Þ : ð17Þ

Equation (17) is the number density for single component
of hadronic matter. For multicomponent baryonic matter, we
can generalize the above equation to get

nj μj, T
� �

=
nidj T , μ∗j

� �

1 +∑ibin
id
i T , μ∗j
� � : ð18Þ

Equation (18) represents the modified number density of
the jth baryonic specie for a multicomponent NIHRG, using
the van der Waals-type equation of state (EoS). The excluded
volume arising due to the jth baryonic specie, considering it a
hard sphere, is ðbj = ð16/3Þπr3j Þ, where r j represents the

hard-core radius of the jth baryonic specie. The summation
over the index i in the denominator also includes j and is over
all the baryonic degrees of freedom, as the hard-core repulsion
exists between baryon-baryon pairs or antibaryon-antibaryon
pairs. The effect of the attractive and the repulsive hard-core
interaction appears in the equation of state of the system
through the “effective” baryon chemical potential (μ∗) in equa-
tion (15).

The application of equation (15) to the antibaryonic sec-
tor requires that the “effective” chemical potential for anti-
baryon (i.e., μ∗) be written as

μ∗ = �μ −
�nbT
1 − b�n

+ 2a�nwith �μ = −μ, ð19Þ

where the quantities with bar indicate their values for the
antibaryons. For the antibaryonic sector in the multicompo-
nent NIHRG, we will get

n�j =
nid�j T , μ∗j

� �

1 +∑ib�i n
id
�i T , μ∗j
� � : ð20Þ

For a baryon free matter, μj = −μj = 0. This also gives

μ∗j = μ∗j , thus providing nj = n�j at any given temperature T ,
which is mandatory to maintain the baryon-antibaryon
symmetry in the system when μj = 0. In equation (20), the
summation over the index i in the denominator is over all
the antibaryonic degrees of freedom. In the following, we
present results of our numerical calculations and discussion.

3. Results and Discussion

Making use of the above results, we have calculated relative
particle yields which may be compared with the experimen-
tal data at various energies such as SPS and RHIC in order to
determine the final stage freeze-out conditions in the fire-
balls formed in these experiments.

With this aim, we have applied the above formulation
for a system of hot and dense hadronic matter consisting

of several hadronic species. The repulsive forces are assumed
to exist between pairs of two baryons (fermions) and pairs of
two antibaryons (antifermions), while it is purely attractive
between baryon-antibaryon pairs. This is consistent with
earlier approaches [33–35]. We have calculated various
particle ratios and studied their variations with changes in
temperature (T) and baryon chemical potential (μB) of the
system. This is essentially done to see the effect of the van
der Waals-type interaction on the number densities of
different hadronic species as well as their relative abun-
dances for the nonideal multicomponent hadron resonance
gas (NIHRG) and compare the above results with those
which are obtained for the point-like ideal hadron resonance
gas (IHRG). The results are found to depend on the system’s
temperature and chemical potential.

At collision energy ranges of the experiments at RHIC,
SPS, and also in the upcoming CBM and MPD-NICA [53]
experiments, the nuclear stopping effect is expected to be fairly
high leading to a baryon-rich fireball. The baryon-rich fireballs
are expected to maintain large chemical potentials which will
vary with the degree of stopping in the given experiment. Var-
iation in system’s temperature will also be observed depending
on the collision scenario, including system size [27, 28].

In many earlier works employing different model
approaches, the values of the attractive parameter a have
been used in the range 329-1250MeV-fm3. The repulsive
parameter b = ðð16/3Þπr30Þ was fixed by choosing a suitable
value of the hadronic hard-core radius r0. We have used a
constant value of the attractive parameter a = 329Mev-fm3

and r0 = 0:59 fm. These values of the parameters in the van
der Waals-type EoS are fixed by the ground state properties
of cold (T ≈ 0) nuclear matter [11, 12, 51, 52, 54–57]. In
another approach, r0 = 0:7 fm has also been used in a meson
mean-field-type model EoS to determine the ground state
nuclear matter incompressibility [29].

While attempting to describe the properties of the
hadronic matter formed in the ultrarelativistic nucleus-
nucleus collisions, we are essentially dealing with a system
of strongly interacting particles; hence, the quantities such
as baryon number and strangeness are conserved within
the system. The weakly decaying particles such as lambda,
sigma, and cascade also contribute to the observed lighter
hadron multiplicities. However, at the strong interaction
time scale, these decays take place long after the freeze-out
of the strongly interacting hadronic matter has taken place.
Moreover, as already discussed in the previous section, the
total number of particles within the system before its final
break-up is not fixed due to continuous creation, annihila-
tion, and other reaction processes. Thus, the conservation
of mean baryon number and the mean net strangeness con-
tent of the system is achieved within the framework of the
grand canonical ensemble. This is done by introducing the
baryon and strange chemical potentials, μB and μs, respec-
tively. Considering three quark flavours, we have in our cal-
culation defined the chemical potentials of a given jth hadron
as [19, 20, 37, 58–64]

μi = qi − �qið Þ μq + si −�sið Þμs =Nqμq +Nsμs, ð21Þ
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where Nq and Ns are the number of valence light (u, d) and

strange (s) quarks, respectively, in a given jth type hadronic
specie with μq = μB/3.

In the following, we present our results for the depen-
dence of the “effective” baryon chemical potential, μ∗B, and
various “relative” hadronic yields. We discuss their depen-
dence on the thermal parameters of the system, i.e., T and
μB. For this purpose, we have included in our system
hadronic resonances up to the omega mass (1672MeV)
and used their known weak decay channels to calculate their
contributions to the lower mass hadronic multiplicities after
the thermochemical freeze-out of the system has occurred.

We have determined the effective baryon chemical
potential μ∗B by solving transcedental equations (15) and
(18). In Figure 1, we have shown the variation of μ∗B with
temperature for a baryon-rich system by choosing μB = 300
MeV and 500MeV.We find that as the temperature increases
beyond 80MeV, the μ∗B shows a very slightly increase, but
beyond T ∼120–130MeV, it starts decreasing rapidly.

This effect is further highlighted in Figure 2 where we
have shown the dependence of the “relative” effective baryon
chemical potential, i.e., μ∗B/μB with T for μB = 300MeV and
500MeV.

In the ultrarelativistic nucleus-nucleus collisions, the
antiproton-to-proton ratio (�p/p) is considered an important
indicator of the degree of nuclear stopping. This also allows
us to learn how baryon numbers initially carried by the
nucleons only, before the nuclear collision, are distributed
in the final state [65–71]. With this aim, we have in
Figure 3 the dependence of antiproton-to-proton ratio (�p/p)
on temperature at two fixed values of baryon chemical poten-
tial, μB = 300MeV and 500MeV. For each case (viz., the
point-like IHRG and NIHRG cases), we have considered two
situations in our calculations, i.e., when the weak decay contri-
butions of heavier resonances after the freeze-out are included
and when they are ignored. The �p/p ratio increases with
increasing temperature for all cases. This essentially happens
since the numbers of directly produced �p and those produced
by the decaying antibaryons after the freeze-out increase due
to their enhanced thermal production, which would be
otherwise suppressed due to high chemical potential in a
baryon-rich system. The decay contributions are seen to
further increase this ratio compared to the situation when they
are not taken into account. In the case of the NIHRG, the �p/p
ratio is seen to increase appreciably. Thus, the interactions
incorporated in the NIHRG system may play an important
role in determining the actual freeze-out conditions in a
hot baryon-rich system, i.e., at sufficiently large values of
μB and T.

The midrapidity �p/p ratio in central Pb+Pb collisions at
40A GeV in CERN-SPS experiments is ≈0.0078 [72, 73]. In
the above results, if we choseμB = 500MeV and T∼160MeV,
we obtain a good description of this ratio if we use the
equation of state of NIHRG. Similarly, the experimental
midrapidity �p/p ratio at 80A GeV is ≈0.028 [73] and can be
obtained for μB = 300MeV and T ∼155 MeV. In all thermal
models, the value of the baryon chemical potential μB essen-
tially indicates the excess of baryons over antibaryons. We

therefore expect the system to maintain a larger chemical
potential at 40A GeV as compared to 80A GeV due to
relatively lesser thermal production of antibaryons (including
antihyperons) hence leading to a relatively large excess of
baryons over antibaryons at 40A GeV as compared to
80A GeV.

With nonconsideration of the resonance decay and more
importantly the interaction in the HRG, one would need a
significantly large value of temperature at this value of
chemical potential to reproduce the �p/p ratio value which
may seem somewhat unphysical. However, one may still
get a reasonable value of this ratio in IHRG case at a lower
value of T by choosing a smaller value of μB.

As indicated at these energies since the nuclear stopping
is effective, hence the system formed in such collisions is
expected to be baryon rich, i.e., with high net baryon density,
and therefore will maintain sufficiently large chemical
potential [25, 65, 74–81]. Hence, the determination of the
values of chemical potential and temperature of the system
at freeze-out can help us understand the degree of nuclear
stopping. As one moves up from SPS to RHIC energy,
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Figure 1: Variation of “effective” baryon chemical potential with
temperature, T , in a baryon-rich system for two fixed values of
baryon chemical potential, μB = 300MeV and 500MeV.
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approximately the same temperature but a significantly
smaller baryonic chemical potential is observed in the cen-
tral rapidity region [25, 65, 82, 83]. Theoretical extraction
of these values will depend on the choice of the statistical
model used for analyzing the experimental data.

Experiments have shown enhancement in the overall
strangeness production in the nuclear collisions at ultrarela-
tivistic energies relative to the nonstrange hadrons. There-
fore, experimental measurement of the strange hyperons
created in nuclear collisions is also an important tool to
study the properties of the hot and dense systems typically
produced in nuclear collisions at ultrarelativistic energies.
Unlike hadron-hadron collisions, we expect that in the most
central ultrarelativistic nuclear collisions, the participating
quarks will scatter many times before joining in an asymp-
totic hadronic state at the stage of hadronization. Applica-
tion of the well-established methods of statistical physics
can provide a simplified approach to theoretically predict
the strangeness abundance [83]. Such attempts have been
made earlier also to describe strangeness production in
ultrarelativistic nucleus-nucleus collisions in terms of an
equilibrated gas of hadronic resonances [60–64].

In the statistical thermal approach, the abundance of
strange particles in the system is affected not only by the
values of μB and T but also by the value of the strange chem-
ical potential, μs, which, as already stated previously, is fixed
by the strangeness conservation criteria for the given values
of μB and T .

In Figure 4, we have plotted the variation of “effective”
strange chemical potential ðμ∗s Þ with temperature T for
μB = 300MeV and 500MeV. The strange baryon chemical
potential value obtained using the van der Waals-type inter-
action in NIHRGmodel is compared with the point-like had-
ron case (i.e., IHRG). We notice that after initial decrease, the
“effective” strange chemical potential ðμ∗s Þ gets enhanced in

presence of the van der Waals (VDW) type interactions in
the HRG as compared in point-like hadron case, especially
at higher temperatures and chemical potentials.

The antistrange-to-strange hyperon ratios using NIHRG
as well as IHRG equation of states have been calculated. This
will also enable us to understand that to what extent the
“effective” baryon as well as the corresponding “effective”
strange chemical potentials, i.e., μ∗B and μ∗s , can affect these
ratios.

With this purpose, we have first calculated the singly
antistrange-to-strange particle ratio, viz., ð�Λ/ΛÞ.

The curves in Figure 5 show that inclusion of the reso-
nance decay contribution can play a very important role
here. A significant increase in the ð�Λ/ΛÞ ratio is observed
with decay contributions taken into account for both cases,
i.e., IHRG and NIHRG. For the NIHRG case, the ratio shows
significant increase for temperatures above 160MeV. The
available experimental data at midrapidity from NA49 col-
laboration [84] gives the values of this ratio at 40A GeV
and 80A GeV in CERN-SPS experiments as ∼0.027 and
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0.078, respectively. These can be well reproduced by using
NIHRG model using μB = 500MeV and 300MeV, respec-
tively, for temperatures close to ∼155-160MeV.

Measurement of “relative” strange hadron yield provides
a better understanding of the strangeness production mech-
anism in nucleus-nucleus collisions. Using the IHRG as well
as the NIHRG models, we have calculated Λ/p ratio and
Figure 6 shows its dependence on the temperature of the sys-
tem for μB = 300MeV and 500MeV.

It is interesting to see that using the EoS of IHRG, the
inclusion of resonance decay contribution leads to an
enhancement of Λ/p ratio while the behaviour of the system
using EoS of the NIHRG the opposite is observed. The
values of this ratio at 40A GeV and 80A GeV can be
obtained from CERN-SPS experiment [73, 84] results, which
turn out to be about 0.35 and 0.42, respectively. In the pres-
ent calculation, these can be reproduced by the NIHRG
model results quite well for μB ≈ 500MeV and 300MeV,
respectively, for temperatures close to ∼165MeV taking into
account the decay contributions. The IHRG model with con-

tribution of the decay products taken into account is seen to
over predict this ratio and can therefore reproduce the
experimental values only at much lower temperatures.

Figure 7 shows the variation of the doubly (anti)strange
particle ratios, i.e., anticascade to cascade ð�Ξ/ΞÞ. In this case,
we notice that when we use the van der Waals (VDW) type
EoS, there is a slight decrease in ð�Ξ/ΞÞ ratio compared to the
point-like hadron case at high temperatures, especially for a
baryon-rich system. The available experimental data at 40A
GeV in Pb+Pb collision gives this ratio ∼0.07 [85] which can
be well described around T ∼155MeV in case of NIHRG and
∼145MeV for IHRG for μB ≈500MeV. The same ratio at
80A GeV is found to be ∼0.17 and can be described by both
models around T ∼154MeV for μB ≈300MeV [84].

In almost all the above cases, we find that the NIHRG
EoS can consistently reproduce the experimental particle
ratios for the two CERN-SPS energies in the temperature
range of 155–165MeV which appears quite reasonable.

Another interesting particle ratio, viz., ðK−/K+Þ, has
been shown in Figure 8. We find that for both values of
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chemical potential, the ratio for the two cases, i.e., IHRG and
NIHRG, initially decreases. But for the case of NIHRG, it
shows a rising trend after certain value of temperature. This
behaviour of NIHRG with VDW type interaction is in con-
trast with that of the IHRG. Further, K−/K+ ratio is seen to
be suppressed when heavier hadronic resonance decay con-
tributions are taken into account, especially at smaller tem-
peratures. But at higher temperatures, the NIHRG result
with decay contributions taken into account leads all the
other three cases.

The available integrated data from NA49 at 80A GeV
from the Pb+Pb collision [86] gives ≈0.37, which is seen rea-
sonably close to the IHRG curve for μB = 300MeV when T
∼145MeV provided resonance decay contributions are
taken into account. Without these contributions, the IHRG
result highly over predicts the experimental data at this tem-
perature. At this value of μB, the NIHRG result with reso-
nance contributions taken into account is also seen to
somewhat over predict this value. In NIHRG case, however
one can obtain this value of ðK−/K+Þ ratio at nearly the same

temperatures (∼155–165MeV) used for the other particle
ratios above if we use a somewhat larger value of μB ∼350-
375MeV.

In reference [87], the authors have employed the statisti-
cal thermal freeze-out model to obtained particle ratios
considering point-like hadrons. Using their approach, they
have obtained μB ≈380MeV and T ≈147MeV for Pb+Pb
collisions at 40A GeV, and at 80A GeV, their values are
μB ≈297MeV and T ≈153MeV. Thus, at 40A GeV, the
value of the freeze-out chemical potential in our case
(μB ≈500MeV) is higher while it is nearly same
(≈300MeV) at 80A GeV. The freeze-out temperature
values in our case are found to be slightly higher (155–
165MeV). Similarly, in reference [82], the authors have also
analyzed the experimental particle ratio data and extracted
the chemical and kinetic freeze-out parameters. They have
obtained μB ≈400MeV and T ≈140MeV for collisions at
40A GeV, while at 80A GeV, they have obtained μB
≈300MeV and T ≈144MeV. We find that at 40A GeV, our
analysis again gives a somewhat higher value of μB
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(≈500MeV) and temperature T (≈155MeV). At 80A GeV,
the extracted values of chemical potential in all cases, includ-
ing ours, are almost the same, i.e., ≈300MeV, while the
freeze-out temperature in our case is in the range of 155–
165MeV, which is higher than those obtained in the two cases
mentioned above.

The range of the freeze-out temperature obtained in all
such thermal models using experimental particle ratio data
is somewhat larger than the typical critical values of the tem-
perature required for a first-order phase transition between
the QGP and HRG phases. Some thermodynamic model-
based calculations have also suggested that there may be a
critical end point (CEP) in QCD matter where the first-
order phase transition ends and thereafter the transition
becomes a crossover [88, 89]. The parameters extracted from
the experimental data lead us to estimate properties of the
hot hadronic matter at freeze-out. Such predictions of the
freeze-out temperature and chemical potential may have
an important effect on the existence and location of a puta-
tive CEP in the first-order QCD phase diagram [90]. There is
still theoretical debate as to whether such a critical point

exists at all. Based on the lattice gauge theory calculations,
one expects that a crossover region may occur at Tc
ðμB = 0Þ = 154 ± 9MeV and εc = 0:18 − 0:5GeV/fm3 [91, 92].
Some results even indicate that the location of a critical end
point might be disfavoured for μB/T ≤ 2 and T/TC
ðμB = 0Þ > 0:9 [92, 93]. QCD-based models predict a first-
order phase transition and the existence of an end point or
critical point at high μB as well. However, the locations of
the phase boundary and the CEP in this framework depend
on model assumptions [23, 94–96]. It is suggested that the
LQCD calculations however cannot be used to directly deter-
mine the position of this CEP. The CEP has not yet been found
for μB/T ≤ 2 and 145 ≤ T ≤ 155MeV [97–99]. The results of
the search for the CEP and the first-order phase boundary
have narrowed the region of interest to collision energies
below

ffiffiffiffiffiffiffi
sNN

p = 20GeV. But the experimental evidence of a
CEP and first-order phase transition at higher μB remains to
be confirmed experimentally [100].

In an experimental measurement, the net-charge fluctu-
ations in pp and light nuclei (Ar-Sc) collisions have been
investigated by NA61/SHINE for √sNN = 6-12GeV as it is
suggested that a crossover beyond CEP would result in large
particle fluctuations. It is concluded that there is no evidence
for a critical end point from these data [91]. The abovemen-
tioned energy range approximately covers the SPS energy
range of 40A GeV to 80A GeV. In some work, it has been
even reported that QCD phase transition temperature may
lie in the vicinity 170-180MeV for μB ≈0 [101].

In the light of the above and the freeze-out temperature
values obtained in our as well as other analyses, which are in
generally the range of 155-165MeV, it appears that if the
critical end point exists at all, then it might be located above
this temperature range for a reasonably baryon-rich system
(μB ≈200–300MeV) [91]. From the analysis, it further
appears that the hadrons freeze out shortly after the phase
transition [30, 100]. The kinetic freeze-out temperatures
reported in the analysis of the experimental pT spectra in
various works are also in the vicinity of the temperature range
mentioned above. Cleymans et al. have reported the values of
the freeze-out parameters determined through statistical ther-
mal models using particle yields by various groups [102]. It
may thus indicate the existence of higher phase transition or
crossover temperature values in the experiments.

4. Summary and Conclusion

Within the framework of a statistical thermal model, we
have used a grand canonical ensemble formulation for a
multicomponent nonideal hadron resonance gas model.
We have considered the attractive as well as repulsive inter-
actions among the constituent baryons (antibaryons). The
particle number densities are obtained in a thermodynami-
cally consistent manner. Using the present formulation, we
have calculated several particle ratios like �p/p, �Λ/Λ,Λ/p, �Ξ/
Ξ, and K−/K+ . The dependence of these relative particle
yields, the “effective” baryon chemical potential ðμ∗BÞ, and
the “effective” strange chemical potential ðμ∗s Þ on T and μB
has been studied. We find that the particle ratios get
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modified particularly at higher values of T and μB by using
the van der Waals-type EoS, i.e., considering the existence
of a nonideal hadronic resonance gas (NIHRG) at the
hadronic fireball freeze-out which is assumed to be in a state
of reasonably high degree of thermochemical equilibrium.
The application of the NIHRG equation of state shows that
these interactions can play important role in describing the
relative particle yields especially for a hot baryon-rich sys-
tem. We find that by considering the formation of a NIHRG
system in the ultrarelativistic nucleus-nucleus collisions we
can quite reasonably predict several experimental particle
ratios obtained in the CERN SPS at 80A and 40A GeV within
a temperature range of 155–165MeV and choosing μB values
300MeV and 500MeV for the two cases, respectively.

Elaborate analyses of the hadronic yields for a baryon-
rich system can be carried out further when data from the
upcoming compressed baryonic matter from the FAIR
experiments will become available. This paper is available
on the arXiv website [103].
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