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We analyze the radiative stability of the next-to-tribimaximal mixings (NTBM) with the variation of the SUSY breaking scale (mS)
in MSSM, for both normal ordering (NO) and inverted ordering (IO) at the fixed input value of the seesaw scale MR = 1015 GeV
and two different values of tan β. All the neutrino oscillation parameters receive varying radiative corrections irrespective of the
mS values at the electroweak scale, which are all within the 3σ range of the latest global fit data at a low value of tan β. NO is found
to be more stable than IO for all four different NTBM mixing patterns.

1. Introduction

Neutrino oscillations have been very well established by
measuring the neutrino-mixing parameters θ12, θ23, θ13, Δ
m2

21, and Δm2
31 [1]. One of the promising candidates for

explaining the observed Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) mixing matrix is the tribimaximal (TBM) [2] which
is ruled out due to the discovery of the nonzero value of θ13
[3–9]. Hence, in order to accommodate θ13 ≠ 0, the PMNS
matrix is reproduced using the next-to-TBM (NTBM) [10,
11] which predicts the correlations among the phase and
mixing angles. Existence of the PMNS-mixing matrix, which
is the analogue of the CKM matrix in the quark sector, is the
consequence of diagonalisation of the neutrino mass matrix.
The PMNS-mixing matrix contains three mixing angles θ12,
θ23, and θ13 and a phase δCP responsible for CP violation.
Two additional phases which do not influence neutrino
oscillations are added if we consider neutrinos as Majorana
fermions. The measurement of a nonzero θ13 using reactor
neutrinos in 2012 has opened the possibility to measure
CP violation in the lepton sector.

The present work is a continuation of our previous work
[12] on neutrino masses and mixings with varying SUSY
breaking scale mS under RGEs [12–19]. We study both nor-
mal- and inverted-ordering neutrino mass models. We
adopt the bottom-up approach for running gauge and
Yukawa couplings from low to high energy scales and the
top-down approach for running neutrino parameters from
high to low energy scales, along with gauge and Yukawa
couplings.

Following the discovery of a nonzero θ13, the originally
proposed TBM (tribimaximal) mixing pattern, which ini-
tially assumed θ13 to be zero, was no longer considered a
valid description. Consequently, extensive research efforts
were directed towards exploring various TBM variants capa-
ble of accommodating a nonzero θ13 while accurately repro-
ducing the PMNS (Pontecorvo-Maki-Nakagawa-Sakata)
matrix. Among these variants, the next-to-TBM- (NTBM-)
mixing scheme has gained prominence. NTBM mixing is
characterized by a two-parameter family and has played a
crucial role in making precise predictions and establishing
correlations among the mixing angles θij and the Dirac CP
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phase δCP. Multiple model-independent analyses have
delved into these correlations, with references available in
[10, 11, 20–22]. It is worth emphasizing that the original
TBM-mixing pattern, denoted as VTBM, explicitly predicts
θ13 to be exactly zero. However, thorough global fit studies,
as summarized in Table 1, have unequivocally demonstrated
the existence of a nonzero θ13. Consequently, a strong incen-
tive exists to investigate deviations from the TBM-mixing
pattern. Phenomenologically, small deviations from the
TBM pattern can be easily parameterized by multiplication
with a unitary rotation matrix. For example, the TBM1
-mixing scheme, given in equation (2), can be seen as a mod-
ification to the TBM-mixing pattern by applying a 23-
rotation matrix R23 from the right to VTBM. In this sense,
the rotation matrix R23 κ1, κ2 could also be interpreted as
a perturbation to the exact TBM-mixing pattern. The phys-
ical observables—namely, the three mixing angles and the
Dirac CP phase δCP—are correlated via the two parameters
κ1 and κ2, which leads us to a well-defined phenomenology.

There are four allowed NTBM patterns [23] depending
on the position (left or right) of the multiplication by a uni-
tary rotation matrix to tribimaximal (TBM) mixing. The
VTBM is given by

VTBM =

2
3

1
3

0

−
1
6

1
3

1
2

−
1
6

1
3

−
1
2

1

The four allowed NTBM patterns are [23]

U1 =VTBMR23, 2

U2 =VTBMR13, 3

U2 = R13VTBM, 4

U3 = R12VTBM, 5

where R23, R13, and R12 are the rotation matrices defined as

R23 =

1 0 0

0 cos κ1 sin κ1e
iκ2

0 −sin κ1e
−iκ2 cos κ1

,

R13 =

cos κ1 0 sin κ1e
iκ2

0 1 0

−sin κ1e
−iκ2 0 cos κ1

,

R12 =

cos κ1 sin κ1e
iκ2 0

−sin κ1e
−iκ2 cos κ1 0

0 0 1

, 6

where κ1 and κ2 are free parameters within the ranges 0
≤ κ1 ≤ π and 0 ≤ κ2 < 2π, respectively. U1, U2, U2, and
U3 are distinct NTBM-mixing patterns for the TBM1, TB
M2, TBM2, and TBM3 scenarios, respectively. In the pres-
ent work, we calculate the values of mixing angles and δCP
given by these four different mixing patterns, and these are
found to be valid for certain values of κ1 and κ2. We
check the stability against radiative corrections by varying
the SUSY breaking scale mS within the range of 2–14TeV,
considering two different values of tan β = 30, 50. The
paper is organized as follows. NTBM is discussed in Section
2. Analysis for RGEs is discussed in Section 3. Numerical
analysis and results are given in Section 4. Section 5 con-
cludes the paper.

2. Numerical Predictions in Next-to-
TBM (NTBM)

NTBM is defined by multiplying VTBM by a unitary rota-
tion matrix on either the left or the right. There are six
possible NTBM patterns, but only four patterns given in
equations (2)–(5) are allowed since two patterns: UP =
VTBMR12 and UP = R23VTBM, are already excluded as they
predict zero θ13. The four NTBM patterns provide formu-
las for the mixing angles and δCP in terms of free param-
eters κ1 and κ2, which characterize the two-parameter
family of NTBM patterns [23]. The four patterns are given
as follows.

2.1. TBM1 Pattern.

tan θ23 =
3 2 cos κ1 + 2 3eiκ2 sin κ1
3 2 cos κ1 − 2 3eiκ2 sin κ1

,

tan θ12 =
cos κ1

2
, sin θ13 =

sin κ1
3

,

sin δCP =
sin 2κ1 sin κ2 cos 2κ1 + 5

cos κ1 + 5 2 − 2 6 sin 2κ1 cos κ2
2 1/2

7

2.2. TBM2 Pattern.

tan θ23 =
3eiκ2 sin κ1 − 3 cos κ1

3 cos κ1 + 3eiκ2 sin κ1
,

tan θ12 =
1

2 cos κ1
,

sin θ13 =
2
3
sin κ1 ,

sin δCP =
sin 2κ1 cos 2κ1 + 2 sin κ2

2 cos2κ1 + 1 2 − 3 sin22κ1 cos2κ2
1/2
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Table 1: Current best-fit values, 1σ errors, and 2σ and 3σ intervals for the neutrino oscillation parameters from global data which are
adopted from References [1, 26, 27].

Parameters Best fit 2σ 3σ
Δm2

21 10−5 eV2 7 50+0 22−0 20 7.12–7.93 6.94–8.14

Δm2
31 10−3 eV2 (NO) 2 55+0 02−0 03 2.49–2.60 2.47–2.63

Δm2
31 10−3 eV2 (IO) 2 45+0 02−0 03 2.39–2.50 2.37–2.53

θ23 (NO) 49 26 ± 0 79 47.37–50.71 41.20–51.33

θ23 (IO) 49 46+0 60−0 97 47.35–50.67 41.16–51.25

θ12 34 3 ± 1 0 32.3–36.4 31.4–37.4

θ13 (NO) 8 53+0 13−0 12 8.27–8.79 8.13–8.92

θ13 (IO) 8 58+0 12−0 14 8.30–8.83 8.17–8.96

δCP (NO) 194+24−22 152–255 128–359

δCP (IO) 284+26−28 226–332 200–353

Σmi <0.12 eV; ≥0.06 eV

Table 2: The allowed input set of neutrino parameters at the high-energy scaleMR = 1015 GeV and tan β = 30, 50 encompasses four different
patterns. θ23, θ12, θ13, and δCP are estimated values, while the others are arbitrary allowed input values. In this paper, we consider both the
NO and IO.

ν TBM1 TBM2 TBM2 TBM3

Input

NO

κ1 = 2 8916 κ1 = 2 958 κ1 = 2 931593 κ1 = 2 93

Parameters κ2 = 1 641592 κ2 = 1 483182 κ2 = 4 92477 κ2 = 1 2832
m1 (eV) 0.012 0.012 0.012 0.012

m2 (eV) 1 245 ×m1 1 245 ×m1 1 245 ×m1 1 245 ×m1

m3 (eV) 4 392 ×m1 4 392 ×m1 4 392 ×m1 4 392 ×m1

θ12/0 34.416 35.7234 33.9229 33.2824

θ23/0 45.8099 45.5314 45.6363 44.3539

θ13/0 8.212 8.572 8.476 8.540

ψ1/0 0 0 0 0

ψ2/0 180 180 180 180

δ/0 208.581 200.957 203.939 203.864

ν TBM1 TBM2 TBM2 TBM3

Input κ1 = 0 25 κ1 = 2 985 κ1 = 0 21 κ1 = 2 93

Parameters κ2 = 1 5 κ2 = 4 8 κ2 = 4 5 κ2 = 5
m3 (eV)

IO

0.009 0.009 0.009 0.009

m1 (eV) 5 661 ×m3 5 661 ×m3 5 661 ×m3 5 661 ×m3

m2 (eV) 5 696 ×m3 5 696 ×m3 5 696 ×m3 5 696 ×m3

θ12/0 34.416 35.7234 33.9229 33.2824

θ23/0 45.8099 45.5314 45.6363 44.3539

θ13/0 8.212 8.572 8.476 8.540

ψ1/0 0 0 0 0

ψ2/0 180 180 180 180

δ/0 208.582 200.957 203.939 203.87
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2.3. TBM2 Pattern.

tan θ23 =
1

cos κ1
,
tan θ12

2
=

cos κ1 + eiκ2 sin κ1
2 cos κ1 − eiκ2 sin κ1

,

sin θ13 =
sin κ1

2
,

sin δCP =
sin 2κ1 cos 2κ1 + 3 sin κ2

2 −2 sin 2κ1 cos κ2 + 3 cos2κ1 + 1 1 + sin 2κ1 cos κ2
1/2

9

2.4. TBM3 Pattern.

tan θ23 = cos κ1 ,
tan θ12

2
=

cos κ1 + eiκ2 sin κ1
2 cos κ1 − eiκ2 sin κ1

,

sin θ13 =
sin κ1

2
,

sin δCP = −
sin 2κ1 cos 2κ1 + 3 sin κ2

2 −2 sin 2κ1 cos κ2 + 3 cos2κ1 + 1 1 + sin 2κ1 cos κ2
1/2
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We impose the conditions sin δCP > 0 (NO) and sin
δCP < 0 (IO) to constrain the two free parameters κ1 and κ2
for all NTBM scenarios. The best-estimated numerical
values of θij and δCP for TBM1, TBM2, TBM2, and TBM3

are provided in Table 2 for specific choices of κ1 and κ2 in
each case, both for NO and IO. We use values of κ1 and κ2

that fall within the allowed regions depicted in Figures 1
and 2 for both NO and IO, respectively

3. Analysis for RGEs

Numerical analysis of Renormalization Group Equations
(RGEs) [18, 24, 25] is conducted in two successive steps:
first, bottom-up running, and second, top-down running.
Two-loop Renormalization Group Equations (RGEs) for
gauge and Yukawa couplings are provided in Appendix A
for both the Standard Model (SM) and the Minimal Super-
symmetric Standard Model (MSSM). The RGEs for neutrino
oscillation parameters are presented in Appendix B.

3.1. Bottom-Up Running. Bottom-up running is used to
extract the values of gauge and Yukawa couplings at a high
energy scale using RGEs which can be divided into three
regions, mZ < μ <mt , mt < μ <mS, and mS < μ <MR. We
use recent experimental data [1, 26] as initial input values
at the low energy scale, which are given in Table 3.

We calculate the values of gauge couplings, α2 for SU
2 L, and α1 for U 1 Y , by using sin2θW mZ = αem mZ /α2
mZ and matching condition,

1
αem mZ

=
5
3

1
α1 mZ

+
1

α2 mZ
11

Figure 1: Constraints on the two free parameters κ1 and κ2 are applied in the context of the NO spectrum. The 3σ-allowed mixing angles are
shaded in black, and regions where sin δCP > 0 are shaded in green, both for the four different mixing patterns of NTBM.
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The normalised couplings [18], gi = 4παi, where αi’s
are the gauge couplings and i = 1, 2, 3 denote electromag-
netic, weak, and strong couplings, respectively. One-loop
gauge coupling RGEs [28] for the evolution from the mZ
scale to mt scale, are given below:

1
αi μ

=
1

αi mZ
−

bi
2π

ln
μ

mZ
, 12

where mZ ≤ μ ≤mt and bi = 5 30,−0 50,−4 00 for the non-
SUSY case. Using the QED-QCD rescaling factor η [29], fer-
mion masses at the mt scale are given by mb mt =mb mb
/ηb and mτ mt =mτ mτ /ητ, where ηb = 1 53 and ητ =
1 015. The Yukawa couplings at the mt scale are given by
ht mt =mt mt /v0, hb mt =mb mb /v0ηb, and hτ mτ =
mτ mτ /v0ητ, where v0 = 174GeV is the vacuum expectation

value (VEV) of the SM Higgs field. The calculated numerical
values for fermion masses, Yukawa couplings, and gauge
couplings at the mt scale are given in Table 4.

The evolution of gauge and Yukawa couplings for run-
ning from mt to the MR scale using RGEs is given in
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Figure 2: Constraints on the two free parameters κ1 and κ2 are imposed within the inverted-ordering (IO) spectrum. The 3σ-allowed mixing
angles are shaded in black, while regions where sin δCP < 0 are shaded in green, for the four different mixing patterns of NTBM.

Table 3: Current experimental data for fermion masses, gauge coupling constants, and Weinberg mixing angle.

Mass (GeV) Coupling constants Weinberg mixing angle

mZ mZ = 91 1876 α−1em mZ = 127 952 ± 0 009 sin2θW mZ = 0 23121 ± 0 00017
mt mt = 172 76 αs mZ = 0 1179 ± 0 009
mb mb = 4 18
mτ mτ = 1 77

Table 4: Numerical calculated values for fermion masses, Yukawa
couplings, and gauge couplings at mt scale.

Fermion masses Yukawa couplings Gauge couplings

mt mt = 172 76GeV ht mt = 0 9928 g1 mt = 0 4635
mb mt = 2 73GeV hb mt = 0 0157 g2 mt = 0 6511
mτ mt = 1 75GeV hτ mt = 0 0100 g3 mt = 1 1890
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Appendix A. The following matching conditions are applied
at the transition point from SM (mt < μ <mS) to MSSM
(mS < μ <MR) at the mS scale, as

gi SUSY = gi SM

ht SUSY =
ht SM
sin β

= ht SM ×
1 + tan2β
tan β

hb SUSY =
hb SM
cos β

= hb SM × 1 + tan2β

hτ SUSY =
hτ SM
cos β

= hτ SM × 1 + tan2β

13

In the present work, we have observed the following
trends at input values of tan β = 30 and tan β = 50. At tan
β = 30, both ht and hb decrease as the mS scale increases,
while hτ increases with the increment in the mS scale due
to its dependence on tan β, as demonstrated in equation
(13). These trends are illustrated in Table 5, which will serve
as input values for the subsequent top-down running at the
high energy scale MR. On the other hand, at tan β = 50, all
gauge and Yukawa couplings decrease with increasing mS,
as shown in Table 6.

3.2. Top-Down Running. We use the top-down running
approach to study the stability for four patterns using RGEs
against varying mS at a fixed value of the seesaw scale MR =
1015 GeV and tan β = 30, 50. In this running, we use the values
of the Yukawa and gauge couplings which were earlier esti-
mated at the MR scale, as initial inputs. We consider simple
mass relations for both NO and IO in order to minimize the
number of input-free parameters, and both their sums of the

three neutrino mass eigenvalues Σmi are all within the favor-
able range given by latest cosmological bound [30, 31]. We
take the two Majorana phases ψ1 and ψ2 to be 0 and 180,
respectively. We constraint the value of the Dirac CP phase
δCP at 180

°. Using all the necessary mathematical frameworks,
we analyze the radiative nature of neutrino parameters like
neutrino masses, mixings, and CP phases, using the top-
down approach with the variations of the mS scale at a fixed
value of tan β for all allowed mixing patterns. In this work,
we study the stability of TBM1, TBM2, TBM2, and TBM3 con-
sidering the current experimental data given in Table 1. We
assume a relation among the three neutrino mass eigenstates
for all the four NTBM-mixing patterns. The values of the free
parameters κ1 and κ2 are considered which satisfy the condi-
tion sin δCP > 0 for NO and sin δCP < 0 for IO. The input set
at a high energy scale is given in Table 2.

4. Numerical Analysis and Results

Here, we analyze the impact of varying mS while keeping the
values ofMR = 1015GeV and tan β fixed at 30 and 50, respec-
tively. We consider the effects on neutrino oscillation param-
eters for both NO and IO, presenting numerical data in
Tables 7–10 and graphical representations in Figures 3 and 4.

At tan β = 30, for NO, using the input set which is given
in Table 2, it is found that all the neutrino oscillation param-
eters are in favor with the latest data which are within the 3σ
range. All the three mixing angles decrease with increasing
mS, but Δm

2
ij increases with increasing mS. δCP almost main-

tains stability against the variation of mS.
At tan β = 30, for IO, using the input set which is given

in Table 2, it is found that all the neutrino oscillation param-
eters are in favor with the latest data which are within the 3σ

Table 5: Yukawa and gauge couplings were evaluated at MR = 1015 GeV for tan β = 30, considering different choices of the mS scale.

mS (TeV) ht hb hτ g1 g2 g3
2 0.5884 0.1917 0.2449 0.6591 0.7024 0.7357

4 0.5753 0.1912 0.2471 0.6548 0.6980 0.7328

6 0.5662 0.1908 0.2488 0.6514 0.6945 0.7305

8 0.5621 0.1907 0.2496 0.6498 0.6927 0.7293

10 0.5582 0.1906 0.2505 0.6481 0.6910 0.7282

12 0.5545 0.1904 0.2513 0.6464 0.6893 0.7271

14 0.5528 0.1903 0.2517 0.6456 0.6885 0.7265

Table 6: Yukawa and gauge couplings were evaluated at MR = 1015 GeV for tan β = 50, considering different choices of the mS scale.

mS (TeV) ht hb hτ g1 g2 g3
2 0.6262 0.4097 0.5189 0.6587 0.7017 0.7353

4 0.6077 0.4012 0.5171 0.6544 0.6973 0.7324

6 0.5951 0.3954 0.5160 0.6511 0.6939 0.7301

8 0.5895 0.3927 0.5155 0.6494 0.6922 0.7290

10 0.5842 0.3902 0.5151 0.6477 0.6905 0.7279

12 0.5793 0.3878 0.5147 0.6461 0.6888 0.7268

14 0.5689 0.3819 0.5086 0.6453 0.7034 0.7263
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range. All the three mixing angles and δCP maintain more
stability as compared to Δm2

ij. Both θ23 and θ13 increase

but θ12 decreases against the variation of mS. Δm
2
21 increases

whereas Δm2
31 decreases with increasingmS, and Δm

2
31 main-

tains more stability as compared to Δm2
21 at higher mS. It is

observed from Tables 7 and 9 and their graphical represen-
tations in Figures 3 and 5 that NO maintains more stability
than the IO.

Table 7: Effects on the output of θij, Δm
2
ij, and Σmi at a low-energy scale, on varying mS for four different NTBM patterns (NO) at tan

β = 30 and MR = 1015 GeV.

mS (TeV)
θ23/0 θ12/0 θ13/0

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 45.936 45.666 45.762 44.476 34.399 35.707 33.907 33.265 8.269 8.642 8.539 8.601

4 45.905 45.636 45.732 44.446 34.392 35.700 33.899 33.257 8.251 8.625 8.521 8.583

6 45.888 45.618 45.714 44.429 34.388 35.696 33.895 33.253 8.241 8.615 8.511 8.573

8 45.875 45.605 45.701 44.416 34.385 35.692 33.892 33.250 8.233 8.606 8.503 8.564

10 45.865 45.595 45.691 44.406 34.382 35.690 33.890 33.247 8.226 8.601 8.497 8.558

12 45.857 45.587 45.683 44.398 34.380 35.688 33.888 33.246 8.222 8.596 8.492 8.554

14 45.849 45.580 45.676 44.390 34.379 35.686 33.886 33.244 8.217 8.592 8.487 8.549

mS (TeV)
Δm2

31 (10−3 eV2) Δm2
21 (10−5 eV2) Σmi

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 2.4622 2.4626 2.4631 2.4611 7.650 7.688 7.652 7.663 0.0758 0.0758 0.0758 0.0758

4 2.4736 2.4747 2.4766 2.4730 7.709 7.751 7.712 7.725 0.0755 0.0756 0.0756 0.0756

6 2.4807 2.4817 2.4831 2.4802 7.755 7.788 7.759 7.772 0.0754 0.0755 0.0755 0.0755

8 2.4820 2.4829 2.4832 2.4816 7.756 7.798 7.760 7.773 0.0753 0.0754 0.0754 0.0754

10 2.4824 2.4834 2.4846 2.4814 7.762 7.806 7.766 7.781 0.0752 0.0753 0.0753 0.0753

12 2.4845 2.4853 2.4857 2.4820 7.772 7.818 7.776 7.791 0.0751 0.0752 0.0752 0.0752

14 2.4846 2.4864 2.4866 2.4842 7.774 7.819 7.780 7.792 0.0750 0.0751 0.0751 0.0751

Table 8: Effects on the output of θij, Δm
2
ij, and Σmi at a low-energy scale, on varying mS for four different NTBM patterns (NO) at tan

β = 50 and MR = 1015 GeV.

mS (TeV)
θ23/0 θ12/0 θ13/0

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 46.574 46.316 46.394 45.101 34.430 35.736 33.936 33.292 8.668 9.069 8.910 9.009

4 46.512 46.253 46.332 45.039 34.418 35.725 33.925 33.281 8.644 9.046 8.887 8.986

6 46.475 46.216 46.295 45.003 34.412 35.718 33.919 33.274 8.630 9.033 8.873 8.972

8 46.450 46.190 46.270 44.977 34.407 35.713 33.914 33.270 8.620 9.023 8.863 8.962

10 46.430 46.170 46.250 44.958 34.403 35.710 33.910 33.266 8.612 9.015 8.855 8.954

12 46.414 46.155 46.235 44.942 34.400 35.707 33.907 33.263 8.606 9.009 8.849 8.948

14 46.386 46.126 46.206 44.914 34.396 35.703 33.903 33.259 8.591 8.993 8.834 8.933

mS (TeV)
Δm2

31 (10−3 eV2) Δm2
21 (10−5 eV2) Σmi

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 2.018 2.019 2.020 2.015 6.602 6.697 6.607 6.629 0.0688 0.0685 0.0686 0.0688

4 2.033 2.034 2.035 2.030 6.675 6.769 6.681 6.705 0.0687 0.0687 0.0687 0.0686

6 2.047 2.048 2.049 2.044 6.732 6.826 6.737 6.764 0.0687 0.0687 0.0687 0.0686

8 2.044 2.045 2.046 2.041 6.728 6.822 6.734 6.762 0.0684 0.0684 0.0684 0.0683

10 2.045 2.046 2.047 2.042 6.736 6.829 6.742 6.770 0.0683 0.0683 0.0683 0.0683

12 2.048 2.049 2.051 2.046 6.751 6.843 6.757 6.785 0.0683 0.0683 0.0683 0.0683

14 2.051 2.052 2.054 2.049 7.047 7.143 7.054 7.084 0.0682 0.0682 0.0682 0.0682
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At tan β = 50 and MR = 1015GeV, the low energy values
of the three mixing angles and δCP remain stable with the
variaion of mS, for both the NO and IO scenarios. However,
the low energy values of the Δm2

21 with the variation of mS
are outside the range provided by the global fit data for IO,

but for NO, both the low energy values of the two-mass
squared differences are within the global fit data, indicating
slight preference of NO to IO. These results are presented
in Tables 8 and 10 and are graphically represented in
Figures 4 and 6.

Table 9: Effects on the output of θij, Δm2
ij , and Σmi at a low-energy scale, on varying mS for four different NTBM patterns (IO) at

tan β = 30 and MR = 1015 GeV.

mS (TeV)
θ23/0 θ12/0 θ13/0

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 45.8174 44.5423 45.6469 44.3643 34.375 35.684 33.882 33.242 8.2114 8.5720 8.4762 8.5400

4 45.8240 44.5490 45.6535 44.3708 34.367 35.676 33.875 33.235 8.2128 8.5737 8.4778 8.5415

6 45.8283 44.5533 45.6577 44.3749 34.363 35.671 33.870 33.230 8.2139 8.5748 8.4789 8.5426

8 45.8311 44.5563 45.6605 44.3778 34.360 35.668 33.867 33.227 8.2145 8.5756 8.4796 8.5433

10 45.8334 44.5585 45.6627 44.3802 34.357 35.666 33.865 33.225 8.2151 8.5763 8.4802 8.5439

12 45.8355 44.5607 45.6648 44.3819 34.355 35.664 33.863 33.223 8.2156 8.5768 8.4807 8.5444

14 45.8371 44.5624 45.6664 44.3835 34.353 35.662 33.861 33.221 8.2160 8.5773 8.4811 8.5448

mS (TeV)
Δm2

31 (10−3 eV2) Δm2
21 (10−5 eV2) Σmi

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 2.457 2.459 2.458 2.458 6.489 6.658 6.499 6.559 0.1096 0.1096 0.1096 0.1096

4 2.431 2.433 2.431 2.432 7.146 7.346 7.158 7.230 0.1091 0.1091 0.1091 0.1091

6 2.416 2.418 2.416 2.417 7.489 7.707 7.501 7.581 0.1089 0.1089 0.1089 0.1089

8 2.405 2.407 2.405 2.406 7.764 7.996 7.778 7.864 0.1086 0.1087 0.1086 0.1086

10 2.396 2.399 2.396 2.398 7.957 8.197 7.970 8.059 0.1085 0.1085 0.1085 0.1085

12 2.390 2.392 2.390 2.391 8.099 8.348 8.113 8.206 0.1084 0.1084 0.1084 0.1084

14 2.383 2.385 2.383 2.384 8.257 8.512 8.272 8.366 0.1082 0.1083 0.1082 0.1083

Table 10: Effects on the output of θij, Δm2
ij , and Σmi at a low-energy scale, on varying mS for four different NTBM patterns (IO) at

tan β = 50 and MR = 1015 GeV.

mS (TeV)
θ23/0 θ12/0 θ13/0

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 45.762 45.481 45.590 44.307 34.339 35.646 33.847 33.206 8.190 8.550 8.453 8.522

4 45.791 45.511 45.619 44.335 34.326 35.632 33.833 33.192 8.200 8.561 8.463 8.532

6 45.808 45.528 45.635 44.352 34.318 35.624 33.825 33.184 8.206 8.568 8.470 8.538

8 45.819 45.540 45.647 44.363 34.312 35.619 33.820 33.179 8.210 8.573 8.474 8.542

10 45.828 45.549 45.656 44.372 34.308 35.615 33.816 33.175 8.213 8.577 8.478 8.546

12 45.836 45.556 45.663 44.380 34.305 35.611 33.813 33.171 8.216 8.580 8.481 8.549

14 45.842 45.564 45.670 44.386 34.303 35.610 33.811 33.170 8.219 8.582 8.483 8.551

mS (TeV)
Δm2

31 (10−3 eV2) Δm2
21 (10−5 eV2) Σmi

TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3 TBM1 TBM2 TBM2 TBM3

2 2.345 2.348 2.347 2.349 12.62 13.04 12.64 12.67 0.1084 0.1085 0.1084 0.1084

4 2.303 2.305 2.304 2.306 14.15 14.59 14.17 14.21 0.1078 0.1079 0.1079 0.1079

6 2.281 2.283 2.282 2.284 14.90 15.36 14.92 14.97 0.1076 0.1077 0.1076 0.1076

8 2.261 2.264 2.262 2.265 15.48 15.96 15.50 15.56 0.1074 0.1075 0.1074 0.1074

10 2.246 2.250 2.249 2.251 15.89 16.37 15.91 15.97 0.1072 0.1073 0.1072 0.1072

12 2.236 2.240 2.239 2.241 16.01 16.61 16.21 16.23 0.1071 0.1072 0.1071 0.1071

14 2.231 2.239 2.235 2.237 16.06 16.65 16.28 16.31 0.1070 0.1071 0.1070 0.1077
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If we consider the position (left or right) of the multiplica-
tion by a unitary rotation matrix to tribimaximal (TBM) mix-
ing, assuming these unitary rotation matrices are originated
from charged lepton mass matrices, TBM2 and TBM3 are
acceptable as compared to TBM1 and TBM2, as the position
of the unitary matrices should be on the left side of the TBM
matrix. For example, U3 = R12VTBM. Further, if we also con-
sider the graphical analysis of κ1 and κ2 for obtaining the best
fit in both NO and IO, TBM3 seems to be better than the other
three types of NTBM, as the ranges of κ1 and κ2 in TBM3 are
common for both NO and IO as shown in Figures 1 and 2 for
four different NTBM patterns. For the other remaining three
cases of NTBM, the ranges of κ1 and κ2 are different in NO
and IO. Considering the above two points, our analysis shows
that TBM3 is the best candidate.

5. Discussion and Conclusions

To summarize, we impose the following conditions to obtain
the best fit pattern models among the NTBM.

The input of the sum of three neutrino masses should sat-
isfy the latest PLANCK cosmological data Σ mi < 0 12 eV.

(i) We apply the conditions sin δCP > 0 (NO) and sin
δCP < 0 (IO) in order to constraint the two free
parameters κ1 and κ2, respectively, for all the NTBM
scenarios

(ii) We take the values of κ1 and κ2 which give the latest
values of three mixing angles given by the latest
global fit data

(iii) We take different values of κ1 and κ2 which lie
within the allowed regions as depicted in Figures 1
and 2 for four different NTBM patterns for both
NO and IO

We study the stability for four different NTBM patterns
at a fixed value ofMR = 1015GeV and two different values of
tan β (30, 50) for both NO and IO.

Case A tan β = 30 : for NO, we have studied the stabil-
ity for four patterns of NTBM using RGEs against the vari-
ation of mS. There is a mile decrease of the mixing angles
θij and δCP with the increase of mS (2TeV–14TeV). These
are found to lie within 3σ ranges of observational data. Δ

m2
ij and δCP increase with increasing mS. The low energy

values of Δm2
21 are found to lie within 2σ whereas those of

Δm2
31 lie within 3σ except for low values of mS.
Similarly, for IO, the low energy values of Δm2

31 and δCP
decrease with the increase of mS (2TeV–14TeV) which are
found to lie within 3σ ranges. Δm2

21 is found to lie within 3
σ ranges, which increases with increasing mS. θij (except
θ12) increases slightly with the increase of mS.

In short, it is found that NTBM-mixing patterns main-
tain stability under radiative corrections with the variation
of mS for a normal ordering case at the fixed value of seesaw
scale MR. All the neutrino oscillation parameters receive
varying radiative corrections irrespective of the mS values
at the electroweak scale, which are all within the 3σ range

of the latest global fit data. NO maintains more stabilty as
compared to IO with increasing mS. All the four patterns
of NTBM are found to be stable with the variation of mS
under radiative corrections in MSSM for both NO sin δ >
0 and IO sin δ < 0 . If we consider the graphical analysis
for κ1 and κ2 both for NO and IO as depicted in Figures 1
and 2, TBM3 is the best candidate, since it the most consis-
tent one among the four NTBM cases.

Case B (tan β = 50): for both NO and IO, the low energy
values of all the three mixing angles with the variation of mS
are within the 3σ range. They remain stable with the varia-
tion of mS. For IO, the low energy values of the Δm2

21 with
the variation of mS fall outside the range of the global fit
data. However, for NO, both the low energy values of the
two-mass squared differences fall within the 3σ range of
the global fit data. This indicates the slight preference for
NO to IO in our numerical analysis. Additionally, all of
the low energy values of the neutrino oscillation parameters
undergo distinct radiative corrections. The graphical repre-
sentations can be seen in Figures 4 and 6, accompanied by
the numerical data presented in Tables 8 and 10.

Appendix

A. RGEs for Gauge Couplings [24]

The two-loop RGEs for gauge couplings are given by

dgi
dt

=
bi

16π2 g
3
i +

1
16π2 2 〠

3

j=1
bijg

3
i g

2
j − 〠

j=t,b,τ
aijg

3
i h

2
j ,

A 1

where t = ln μ and bi, bij, aij are β function coefficients in
MSSM,

bi = 6 6, 1 0,  − 3 0 , bij =

7 96 5 40 17 60

1 80 25 00 24 00

2 20 9 00 14 00

,

aij =

5 2 2 8 3 6

6 0 6 0 2 0

4 0 4 0 0 0

,

A 2

and, for the non-supersymmetric case, we have

bi = 4 100,  − 3 167,  − 7 00 , bij =

3 98 2 70 8 8

0 90 5 83 12 0

1 10 4 50 −26 0

,

aij =

0 85 0 5 0 5

1 50 1 5 0 5

2 00 2 0 0 0
A 3

13Advances in High Energy Physics



A.1. Two-Loop RGEs for Yukawa Couplings and Quartic
Higgs Coupling [24]. For MSSM,

dht
dt

=
ht

16π2 6h2t + h2b − 〠
3

i=1
cig

2
i

+
ht

16π2 2 〠
i=1

cibi +
c2i
2

g4i + g21g
2
2

+
136
45

g21g
2
3 + 8g22g

2
3 +

6
5
g21 + 6g22 + 16g23 h2t

+
2
5
g21h

2
b − 22h4t

− 5h4b − 5h2t h
2
b − h2bh

2
τ ,

dhb
dt

=
hb

16π2 6h2b + h2τ + h2t − 〠
3

i=1
ci′g2i

+
hb

16π2 2 〠
i=1

ci′bi +
ci′2
2

g4i + g21g
2
2 +

8
9
g2
1g

2
3

+ 8g22g
2
3 +

2
5
g21 + 6g2

2 + 16g2
3 h2b +

4
5
g21h

2
t

+
6
5
g21h

2
τ − 22h4b − 3h4τ − 5h4t − 5h2bh

2
t − 3h2bh

2
τ ,

dhτ
dt

=
hτ

16π2 4h2τ + 3h2b − 〠
3

i=1
ci′′g2i

+
hτ

16π2 2 〠
i=1

ci′′bi +
ci′′2
2

g4i

+
9
5
g21g

2
2 +

6
5
g2
1 + 6g22 h2τ

+
−2
5
g21 + 16g23 h2b + 9h4b − 10h4τ

− 3h2bh
2
t − 9h2bh

2
τ ,

A 4

where

ci =
13
15

, 3,
16
13

, ci′=
7
15

, 3,
16
3

,

ci′′ =
9
5
, 3, 0

A 5

For the non-supersymmetric case,

dht
dt

=
ht

16π2
3
2
h2t −

3
2
h2b + Y2 S − 〠

3

i=1
cig

2
i

+
ht

16π2 2
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4
g42

− 108g43 −
9
20

g21g
2
2 +

19
15

g21g
2
3 + 9g23g

2
2

+
223
80

g21 +
135
16

g2
2 + 16g2

3 h2t

−
43
80

g2
1 −
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5
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4
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9
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h2t + Y2 S − 〠

3

i=1
ci′g2i

+
hb

16π2 2 −
127
600

g4
1 −

23
4
g4
2

− 108g43 −
27
20

g2
1g

2
2 +

31
15

g21g
2
3 + 9g2

3g
2
2

−
79
80

g21 −
9
16

g22 + 16g23 h2t

+
187
80

g21 +
135
16

g22 + 16g2
3 h2b +

5
2
Y4 S

− 2λ 3h2t + 3h2b +
3
2
h4b −

5
4
h2t h

2
b +

11
4
h4t

+ Y2 S
5
4
h2t −

9
4
h2b − η4 S +

3
2
λ2 ,

dhτ
dt

=
hτ

16π2
3
2
h2τ + Y2 S − 〠

3

i=1
ci′′g2i

+
hτ

16π2 2
1371
200

g41 −
23
4
g42

−
27
20

g2
1g

2
2 +

387
80

g2
1 +

135
16

g22 h2τ

+
5
2
Y4 S − 6λh2t +

3
2
h4τ

−
9
4
Y2 S h2τ − η4 S +

3
2
λ2 ,

14 Advances in High Energy Physics



dλ
dt

=
1

16π2
9
4

3
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g41 +
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g22g

2
1 + g42 −
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1 + 9g22 λ
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A 6

where

Y2 S = 3h2t + 3h2b + h2τ,

Y4 S =
1
3

3Σcig2
i h

2
t + 3Σci′g2i h2b + 3Σci′′g2

i h
2
τ ,

H S = 3h4t + 3h4b + h4τ,

η4 S =
9
4

3h4t + 3h4b + h4τ −
2
3
h2t h

2
b ,

A 7

and λ =m2
h/v20 is the Higgs self-coupling, mh = 125 78 ± 0 26

GeV is the Higgs mass [32], and v0 = 174GeV is the vacuum
expectation value.

The beta function coefficients for non-SUSY case are
given as follows: ci = 0 85,2 25,8 00 ,ci′= 0 25 2 25,8 00 ,
and ci′′ = 2 25,2 25,0 00

B. RGEs for Three Neutrino-Mixing Angles and
Phases [33]: Neglecting Higher Order of θ13

θ12 = −
Ch2τ
32π2 sin 2θ12s223

m1e
iψ1 +m2e

iψ2
2

Δm2
21

,

θ13 =
Ch2τ
32π2 sin 2θ12 sin 2θ23

m3
Δm2

31 1 + ξ

× m1 cos ψ1 − δ − 1 + ξ m2 cos ψ2 − δ − ξm3 cos δ ,

θ23 = −
Ch2τ
32π2 sin 2θ23

1
Δm2

31
c212 m2e

iψ2 +m3
2 + s212

m1e
iψ1 +m3

2

1 + ξ
,

B 1

where Δm2
21 =m2

2 −m2
1, Δm2

31 =m2
3 −m2

1, and ξ = Δm2
21/Δ

m2
31.

B.1. RGEs for the Three Phases [33]. For the Dirac phase δ,

δ =
Ch2τ
32π2

δ −1

θ13
+
Ch2τ
8π2 δ

0 , B 2

where

δ −1 = sin 2θ12 sin 2θ23
m3

Δm2
31 1 + ξ

× m1 sin ψ1 − δ − 1 + ξ m2 sin ψ2 − δ + ξm3 sin δ ,

δ 0 =
m1m2s

2
23 sin ψ1 − ψ2
Δm2

21

+m3s
2
12

m1 cos 2θ23 sin ψ1
Δm2

31 1 + ξ
+
m2c

2
23 sin 2δ − ψ2

Δm2
31

+m3c
2
12

m1c
2
23 sin 2δ − ψ1
Δm2

31 1 + ξ
+
m2 cos 2θ23 sin ψ2

Δm2
31

B 3

For the Majorana phase ψ1 [33],

ψ1 =
Ch2τ
8π2 m3 cos 2θ23

m1s
2
12 sin ψ1 + 1 + ξ m2c

2
12 sin ψ2

Δm2
31 1 + ξ

+
Ch2τ
8π2

m1m2c
2
12s

2
23 sin ψ1 − ψ2
Δm2

21
,

B 4

For the Majorana phase ψ2,

ψ2 =
Ch2τ
8π2 m3 cos 2θ23

m1s
2
12 sin ψ1 + 1 + ξ m2c

2
12 sin ψ2

Δm2
31 1 + ξ

+
Ch2τ
8π2

m1m2s
2
12s

2
23 sin ψ1 − ψ2
Δm2

21

B 5

B.2. RGEs for Neutrino Mass Eigenvalues [33].

m1 =
1

16π2 α + Ch2τ 2s212s
2
23 + F1 m1,

m2 =
1

16π2 α + Ch2τ 2c212s
2
23 + F2 m2,

m3 =
1

16π2 α + 2Ch2τc
2
13c23 m3,

B 6
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where

F1 = −s13 sin 2θ12 sin 2θ23 cos δ + 2s213c
2
12c

2
23,

F2 = s13 sin 2θ12 sin 2θ23 cos δ + 2s213s
2
12s

2
23

B 7

For the MSSM case,

α = −
6
5
g2
1 − 6g22 + 6h2t ,

C = 1
B 8

For the SM case,

α = −3g22 + 2h2τ + 6h2t + 6h2b + λ,

C = −
3
2
,

B 9

and λ is the Higgs self-coupling in the SM.
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