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In this work, we investigate the resonant contributions of K∗
0 ð1430Þ and K∗

0 ð1950Þ in the three-body BðsÞ ⟶DðsÞKπ within the
perturbative QCD approach. The form factor FkπðsÞ is adopted to describe the nonperturbative dynamics of the S-wave Kπ
system. The branching ratios of all concerned decays are calculated and predicted to be in the order of 10−10 to 10−5. The ratio
R of branching fractions between B0 ⟶ �D0K∗0

0 ð1430Þ⟶ �D0K+π− and B0
s ⟶ �D0 �K∗0

0 ð1430Þ⟶ �D0K−π+ is predicted to be
0.0552, which implies the discrepancy for the LHCb measurements. We expect that the predictions in this work can be tested
by the future experiments, especially, to resolve R ratio discrepancy.

1. Introduction

Decays of the type B⟶Dhh′, where a B meson decays to a
charmed meson and two light pseudoscalar mesons, have
attracted people’s attention in recent years. On the one hand,
the studies of these three-body processes have shown the
potential to constrain the parameters of the unitarity triangle.

For instance, the decay B0 ⟶ �D0π+π− is sensitive to measure
the CKM angle β [1, 2], while the Dalitz plot analysis of the

decays B0 ⟶ �D0K+π− and B0
s ⟶ �D0K+K−can further

improve the determination of the CKM angle γ [3]. On the
other hand, the B⟶Dhh′ decays provide opportunities for
probing the rich resonant structure in the final states, includ-
ing the spectroscopy of charmed mesons and the components
in two light meson systems. A series of results in this area have
been acquired from the measurements performed by the Belle
[4], BaBar [5, 6], and LHCb [3, 7–9] Collaborations.

In theory, a direct analysis of the three-body B decays
is particularly difficult on account of the entangled reso-
nant and nonresonant contributions, the complex interplay
between the weak processes and the low-energy strong
interactions [10], and other possible final state interactions

[11, 12]. Fortunately, most of the three-body hadronic B
meson decay processes are considered to be dominated
by the low-energy S-, P-, and D-wave resonant states,
which could be treated in the quasi-two-body framework.
By neglecting the interactions between the meson pair
originated from the resonant states and the bachelor parti-
cle in the final states, the factorization theorem is still
valid as in the two-body case [13, 14], and substantial the-
oretical efforts for different quasi-two-body B meson
decays have been made within different theoretical
approaches [15, 16]. As well, the contributions from vari-
ous intermediate resonant state for the three-body decays
B⟶Dhh′ have been investigated in Ref. [17–20].

The understanding of the scalar mesons is a difficult and
long-standing issue [21]. The scalar resonances usually have
large decay widths which make them overlap strongly with
the background. In the specific regions, such as the K �K
and ηη thresholds, cusps in the line shapes of the nearby res-
onances will appear due to the contraction of the phase
space. Moreover, the inner natures of scalars are still not
completely clear. Part of them, especially the ones below 1
GeV, have also been interpreted as glueballs, meson-
meson bound states, or multiquark states, besides the

Hindawi
Advances in High Energy Physics
Volume 2023, Article ID 9408422, 10 pages
https://doi.org/10.1155/2023/9408422

https://orcid.org/0000-0002-2880-8066
https://orcid.org/0000-0002-4117-773X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/9408422


traditional quark-antiquark configurations [22, 23]. The K∗
0

ð1430Þ is perhaps the least controversial of the light scalar
mesons and generally believed to be a q�q state [24]. It pre-
dominantly couples to the Kπ channel and has been studied
experimentally in many charmless three-body B meson
decays [25–27]. Recently, measurements of the charmed
three-body decays B0 ⟶ �D0K+π− and B0

s ⟶ �D0K+π−

involving the resonant state K∗
0 ð1430Þ were also presented

by LHCb [3, 8]. In addition, the subprocess K∗
0 ð1950Þ⟶

Kπ which often ignored in literatures has also been consid-
ered in Ref. [8].

In the framework of the PQCD approach [28–30], the
investigation of S-wave Kπ contributions to the B0

ðsÞ ⟶ ψ

Kπ decays was carried out in Ref. [31]. In a more recent
work [32], contributions of the resonant states K∗

0 ð1430Þ
and K∗

0 ð1950Þ in the three-body decays B⟶ Kπh
(h = K , π) were studied systematically within the same
method. The K∗

0 ð1430Þ is treated as the lowest lying q�q
state in view of the controversy for K∗

0 ð700Þ, and the sca-
lar Kπ timelike form factor FKπðsÞ was also discussed in
detail. Motivated by the related results measured by LHCb
[3, 8], we shall extent the previous work [32] to the study
of the charmed three-body B decays and analyse the con-
tributions of the resonances K∗

0 ð1430Þ and K∗
0 ð1950Þ in

the B⟶DKπ decays in this work.
The rest of this article is structured as follows. In

Section 2, we give a brief review of the framework of
the PQCD approach. The numerical results and phe-
nomenological discussions are presented in Section 3,
and a short summary is given in Section 4, respectively.
Finally, the relevant factorization formulae for the decay
amplitudes are collected in the appendix.

2. Framework

In the light-cone coordinate system, the B meson momen-
tum pB, the total momentum of the Kπ pair, and the D
meson momentum p3 under the rest frame of B meson can
be written as

pB =
mBffiffiffi
2

p 1, 1, 0Tð Þ,

p = mBffiffiffi
2

p 1 − r2, η, 0T
À Á

,

p3 =
mBffiffiffi
2

p r2, 1 − η, 0T
À Á

,

ð1Þ

with mB being the B meson mass and the mass ratio r =
mD/mB. The variable η equals to s/ðm2

B −m2
DÞ, where s is the

invariant mass squared of Kπ pair in the range from
ðmK +mπÞ2 to ðmB −mDÞ2. We also set the momenta of the
light quarks in the B meson, the Kπ pair, and the D meson
as KB, K, and K3 and have the definitions as follows:

kB = 0, mBffiffiffi
2

p xB, kBT
� �

,

k = mBffiffiffi
2

p 1 − r2
À Á

z, 0, kT
� �

,

k3 = 0, mBffiffiffi
2

p 1 − ηð Þx3, k3T
� �

, ð2Þ

where xB, z, and x3 are the momentum fractions and run from
zero to unity.

In the PQCD approach, the decay amplitude for the
quasi-two-body decay BðsÞ ⟶DðsÞK

∗
0 ð1430, 1950Þ⟶DðsÞ

Kπ can be expressed as the convolution [33]

A = ϕB ⊗H ⊗ ϕD ⊗ ϕKπ, ð3Þ

where the symbol H represents the hard kernel with single
hard gluon exchange. ϕB and ϕD are the distribution
amplitudes for the B and D mesons, respectively. ϕKπ
denotes the distribution amplitude for the Kπ pair with
certain spin in the resonant region. In this work, we use
the same distribution amplitudes for the BðsÞ and DðsÞ
mesons as in Ref. [18] where one can easily find their
expressions and the relevant parameters. Inspired by gen-
eralized distribution amplitude [34–37], the generalized
LCDA for two-meson system are introduced [33, 38] for
three-body B-meson decay in the framework of PQCD
approach and the heavy-to-light transition form factor in
light-cone sum rules, respectively. The nonlocal matrix ele-
ments of vacuum to Kπ with various spin projector can be
written as

Kπ �s xð Þγμ q 0ð Þ
��� ���0D E

= pμ

ð1
0
dz ei z p·x ϕ0 z, sð Þ,

Kπ �s xð Þq 0ð Þj j0h i = ffiffi
s

p ð1
0
dz ei z p·x ϕs z, sð Þ,

Kπ �s xð Þσμν q 0ð Þ�� ��0
 �
= −

ffiffi
s

p
6 pμxν − pνxμ

� �ð1
0
dz ei z p·x ϕt z, sð Þ:

ð4Þ

The KπS-wave distribution amplitude is chosen as [32]

ΦKπ z, sð Þ = 1ffiffiffiffiffiffiffiffi2Nc
p p/ϕ0 z, sð Þ + ffiffi

s
p

ϕs z, sð Þ + ffiffi
s

p
n/v/−1ð Þϕt z, sð ÞÂ Ã

, ð5Þ

where n = ð1, 0, 0TÞ and v = ð0, 1, 0TÞ are the dimensionless
lightlike unit vectors. The twist-2 and twist-3 light-cone
distribution amplitudes have the form

ϕ0 z, sð Þ = FKπ sð Þ
2 ffiffiffiffiffiffiffiffi2Nc
p 6z 1 − zð Þ a0 μð Þ + 〠

∞

m=1
am μð ÞC3/2

m 2z − 1ð Þ
" #

,

ϕs z, sð Þ = FKπ sð Þ
2 ffiffiffiffiffiffiffiffi2Nc
p ,

ϕt z, sð Þ = FKπ sð Þ
2 ffiffiffiffiffiffiffiffi2Nc
p 1 − 2zð Þ:

ð6Þ
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Here, C3/2
m are the Gegenbauer polynomials, amðμÞ are

the Gegenbauer moments, and FKπðsÞ is the scalar form
factor for the Kπ pair. In this work, we adopt the same
formulae and parameters for the KπS-wave distribution
amplitude as them in Ref. [32].

According to the typical Feynman diagrams as shown
in Figure 1 and the quark currents for each decays, the
decay amplitudes for the considered quasi-two-body
decays B⟶DK∗

0 ð1430, 1950Þ⟶DKπ are given as

A B+ ⟶D0 K∗+
0 ⟶½ �KπÀ Á

= GFffiffiffi
2

p V∗
ubVcs a2FTK + C2MTK + a1FAD + C1MADf g,

A B+ ⟶ �D0 K∗+
0 ⟶½ �Kπ

� �
= GFffiffiffi

2
p V∗

cbVus a2FTK + C2MTK′ + a1FTD + C1MTD

n o
,

A B+ ⟶D+ K∗0
0 ⟶

Â Ã
Kπ

À Á
= GFffiffiffi

2
p V∗

ubVcs a1FAD + C1MADf g,

A B+ ⟶D+
s

�K∗0
0 ⟶

h i
Kπ

� �
= GFffiffiffi

2
p V∗

ubVcd a1FAD + C1MADf g,

A B0 ⟶D0 K∗0
0 ⟶

Â Ã
Kπ

À Á
= GFffiffiffi

2
p V∗

ubVcs a2FTK + C2MTKf g,

A B0 ⟶ �D0 K∗0
0 ⟶

Â Ã
Kπ

� �
= GFffiffiffi

2
p V∗

cbVus a2FTK + C2MTK′
n o

,

A B0 ⟶D− K∗+
0 ⟶½ �KπÀ Á

= GFffiffiffi
2

p V∗
cbVus a1FTD + C1MTDf g,

A B0 ⟶D−
s K∗+

0 ⟶½ �KπÀ Á
= GFffiffiffi

2
p V∗

cbVud a2FAK + C2MAKf g,

A B0 ⟶D+
s K∗−

0 ⟶½ �KπÀ Á
= GFffiffiffi

2
p V∗

ubVcd a2FAD + C2MADf g,

A Bs ⟶D0 �K∗0
0 ⟶

h i
Kπ

� �
= GFffiffiffi

2
p V∗

ubVcd a2FTK + C2MTKf g,

A Bs ⟶ �D0 �K∗0
0 ⟶

h i
Kπ

� �
= GFffiffiffi

2
p V∗

cbVud a2FTK + C2MTK′
n o

,

A Bs ⟶D+ K∗−
0 ⟶½ �Kπð Þ = GFffiffiffi

2
p V∗

ubVcd a1FTK + C1MTKf g,

A Bs ⟶D−
s K∗+

0 ⟶½ �Kπð Þ = GFffiffiffi
2

p V∗
cbVus a1FTD + C1MTD + a2FAK + C2MAKf g,

A Bs ⟶D+
s K∗−

0 ⟶½ �Kπð Þ = GFffiffiffi
2

p V∗
ubVcs a1FTK + C1MTK + a2FAD + C2MADf g,

ð7Þ

where GF is the Fermi constant, Vij is the CKM matrix
element, and the combinations of the Wilson coefficients
a1,2 are defined as a1 = C1/3 + C2 and a2 = C2/3 + C1. The
expressions of individual amplitudes FTK , FTD, FAK , FAD,

Mð
TK′Þ, MTD, MAK , and MAD from different subdiagrams

in Figure 1 are collected in the appendix.
At last, we give the definition of the differential branch-

ing ratio for the considered quasi-two-body decays

dB
ds

= τB
p
!

1

��� ��� p
!

3

��� ���
64π3m3

B

Aj j2: ð8Þ

In the center-of-mass frame of Kπ system, the magni-

tudes of the momenta jp!1j and jp!3j can be expressed as

p
!
1

��� ��� = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K +m2
π

À Á2 − 2 m2
K +m2

π

À Á
s + s2

h i
s

vuut
,

p
!
3

��� ��� = 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

B +m2
D

À Á2 − 2 m2
B +m2

D

À Á
s + s2

h i
s

vuut
:

ð9Þ

3. Results

In the numerical calculations, the masses of the involved
mesons (GeV), the lifetime of the B mesons (ps), the reso-
nance decay widths (GeV), and the Wolfenstein parameters
are taken from the Review of Particle Physics [21]

mB± = 5:279,

mB0 = 5:280,

mB0
s
= 5:367,

mD0/�D0 = 1:865,

mD± = 1:870,

mD±
s
= 1:968,

mK± = 0:494,

mK0/�K0 = 0:498,

B

b

K0
⁎

–

(a) (b) (c) (d)

Figure 1: Typical diagrams for the quasi-two-body decays BðsÞ ⟶DðsÞK
∗
0 ð1430, 1950Þ⟶DðsÞKπ including the emission diagram (a) with

the B⟶ K∗
0 ð1430, 1950Þ transition, the emission diagram (c) with the B⟶D transition, and the annihilation diagrams (b) and (d). The

symbol ⊗ stands for the weak vertex, and × denotes possible attachments of hard gluons.
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mπ0 = 0:135,

mπ± = 0:140,

mK∗
0 1430ð Þ = 1:425,

mK∗
0 1950ð Þ = 1:945,

τB0 = 1:519,

τB± = 1:638,

τB0
s
= 1:515,

ΓK∗
0 1430ð Þ = 0:270 ± 0:080,

ΓK∗
0 1950ð Þ = 0:201 ± 0:090,

A = 0:790+0:017−0:012,

λ = 0:22650 ± 0:00048,

�ρ = 0:141+0:016−0:017,

�η = 0:357 ± 0:011: ð10Þ

The decay constants of the BðsÞ and DðsÞ mesons are set to
the values f BðsÞ

= 0:190ð0:230ÞGeV and f DðsÞ
= 0:212ð0:250Þ

GeV [39].
By integrating the differential branching ratio in Equa-

tion (8), we obtain the branching ratios for the considered
quasi-two-body processes with the intermediate resonances
K∗

0 ð1430Þ and K∗
0 ð1950Þ in Tables 1 and 2, respectively.

The first error is induced by the shape parameters ωBðsÞ =
0:40 ± 0:04ð0:50 ± 0:05ÞGeV in the distribution amplitude
for the BðsÞ meson. The second and third errors come
from the Gegenbauer moments a3 = −0:42 ± 0:22 and
a1 = −0:57 ± 0:13 in the KπS-wave distribution ampli-
tude, respectively. The decay widths ΓK∗

0 ð1430Þ = 0:270 ±
0:080GeV and ΓK∗

0 ð1950Þ = 0:201 ± 0:090GeV contribute
the fourth error. The last one is due to the parameter
CDðsÞ = 0:5 ± 0:1ð0:4 ± 0:1Þ in the distribution amplitude

for DðsÞ meson. The uncertainties from other parame-
ters are comparatively small and have been neglected.

From the numerical results as listed in Tables 1 and 2, we
have the following comments:

(1) In the B⟶DR⟶DKπ decays, we can extract the
two-body branching fractions BðB⟶DRÞ by using
the relation under the quasi-two-body approximation

Table 1: PQCD predictions for the branching fractions of the quasi-two-body decays B⟶DðsÞK0ð1430Þ∗ ⟶DðsÞKπ together with the
available experimental data.

Mode Unit B Data

B+ ⟶D0K∗+
0 1430ð Þ⟶D0K0π+ (10−6) 4:15 ± 0:30 ωBð Þ ± 0:16 B3ð Þ ± 0:15 B1ð Þ ± 0:25 ΓK∗

0

� �
± 0:02 CDð Þ —

B+ ⟶ �D0K∗+
0 1430ð Þ⟶ �D0K0π+ (10−5) 2:50 ± 0:17 ωBð Þ ± 0:28 B3ð Þ ± 0:04 B1ð Þ ± 0:20 ΓK∗

0

� �
± 0:03 CDð Þ —

B+ ⟶D+K∗0
0 1430ð Þ⟶D+K+π− (10−8) 2:14 ± 0:87 ωBð Þ ± 0:55 B3ð Þ ± 0:30 B1ð Þ ± 0:07 ΓK∗

0

� �
± 0:05 CDð Þ —

B+ ⟶D+
s
�K∗0
0 1430ð Þ⟶D+

s K
−π+ (10−9) 2:75 ± 0:70 ωBð Þ ± 1:18 B3ð Þ ± 0:68 B1ð Þ ± 0:06 ΓK∗

0

� �
± 0:22 CDð Þ —

B0 ⟶D0K∗0
0 1430ð Þ⟶D0K+π− (10−6) 3:90 ± 0:28 ωBð Þ ± 0:01 B3ð Þ ± 0:13 B1ð Þ ± 0:23 ΓK∗

0

� �
± 0:01 CDð Þ —

B0 ⟶ �D0K∗0
0 1430ð Þ⟶ �D0K+π− (10−5) 2:23 ± 0:18 ωBð Þ ± 0:24 B3ð Þ ± 0:06 B1ð Þ ± 0:15 ΓK∗

0

� �
± 0:05 CDð Þ 0.71 [3]

B0 ⟶D−K∗+
0 1430ð Þ⟶D−K0π+ (10−7) 1:08 ± 0:17 ωBð Þ ± 0:34 B3ð Þ ± 0:12 B1ð Þ ± 0:06 ΓK∗

0

� �
± 0:02 CDð Þ —

B0 ⟶D−
s K

∗+
0 1430ð Þ⟶D−

s K
0π+ (10−6) 2:17 ± 1:08 ωBð Þ ± 1:20 B3ð Þ ± 0:75 B1ð Þ ± 0:10 ΓK∗

0

� �
± 0:10 CDð Þ —

B0 ⟶D+
s K

∗−
0 1430ð Þ⟶D+

s
�K0
π− (10−9) 4:24 ± 1:99 ωBð Þ ± 1:97 B3ð Þ ± 0:61 B1ð Þ ± 0:14 ΓK∗

0

� �
± 0:09 CDð Þ —

B0
s ⟶D0 �K∗0

0 1430ð Þ⟶D0K−π+ (10−7) 2:07 ± 0:17 ωBð Þ ± 0:20 B3ð Þ ± 0:11 B1ð Þ ± 0:13 ΓK∗
0

� �
± 0:01 CDð Þ —

B0
s ⟶ �D0 �K∗0

0 1430ð Þ⟶ �D0K−π+ (10−4) 3:76 ± 0:16 ωBð Þ ± 0:43 B3ð Þ ± 0:08 B1ð Þ ± 0:23 ΓK∗
0

� �
± 0:03 CDð Þ 3.00 [8]

B0
s ⟶D+K∗−

0 1430ð Þ⟶D+ �K0π− (10−6) 7:67 ± 1:71 ωBð Þ ± 0:43 B3ð Þ ± 0:32 B1ð Þ ± 0:48 ΓK∗
0

� �
± 0:01 CDð Þ —

B0
s ⟶D−

s K
∗+
0 1430ð Þ⟶D−

s K
0π+ (10−7) 1:65 ± 0:28 ωBð Þ ± 0:25 B3ð Þ ± 0:16 B1ð Þ ± 0:26 ΓK∗

0

� �
± 0:26 CDð Þ —

B0
s ⟶D+

s K
∗−
0 1430ð Þ⟶D+

s
�K0
π− (10−4) 1:96 ± 0:44 ωBð Þ ± 0:16 B3ð Þ ± 0:08 B1ð Þ ± 0:12 ΓK∗

0

� �
± 0:01 CDð Þ —
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B B⟶DR⟶DKπð Þ =B B⟶DRð Þ ·B R⟶ Kπð Þ:
ð11Þ

For the branching fractions of two-body decays with
K∗

0 ð1430Þ and K∗
0 ð1950Þ, we shall apply

B K∗0
0 ⟶ K+π−À Á

=B �K∗0
0 ⟶ K−π+

� �
=B K∗+

0 ⟶ K0π+À Á

=B K∗−
0 ⟶ �K0π−

� �
= 2
3B K∗

0 ⟶ Kπð Þ:
ð12Þ

The values

B K∗
0 1430ð Þ⟶ Kπð Þ = 93 ± 10ð Þ%,

B �K∗
0 1950ð Þ⟶ K−π+À Á

= 52 ± 14ð Þ%:
ð13Þ

Combined with the results listed in Tables 1 and 2, one
can obtain the related two-body branching fractions; for
example, B0

s ⟶ �D0 �K∗0
0 ð1430Þ = 6:06 ± 0:65 × 10−4 and B0

s

⟶ �D0 �K∗0
0 ð1950Þ = 3:31 ± 0:89 × 10−5, where the errors

are propagated from Equation (13)

(2) The PQCD prediction for the branching fraction B

ðB0
s ⟶ �D0 �K∗0

0 ð1430Þ⟶ �D0K−π+Þ agrees with

LHCb’s data ð3:00 ± 0:24 ± 0:11 ± 0:50 ± 0:44Þ ×
10−4 [8] within errors, while the PQCD pre-
dicted BðB0 ⟶ �D0K∗0

0 ð1430Þ⟶ �D0K+π−Þ is
much larger than the value ð0:71 ± 0:27 ±
0:33 ± 0:47 ± 0:08Þ × 10−5 measured by LHCb [3]
with significant uncertainties. By comparison, one
can find that the decay modes B0

s ⟶ �D0 �K∗0
0

ð1430Þ⟶ �D0K−π+ and B0 ⟶ �D0K∗0
0 ð1430Þ⟶

�D0K+π− contain the same decay topology when
neglecting the differences of hadronic parameters
between B0 and B0

s . Then, we evaluate the ratio

R =
B B0 ⟶ �D0K∗0

0 1430ð Þ⟶ �D0K+π−
� �

B B0
s ⟶ �D0 �K∗0

0 1430ð Þ⟶ �D0K−π+
� � ≈

Vus

Vud

����
����
2
· τB0

τB0
s

= 0:0534,

ð14Þ

which is close to the PQCD prediction 0:0593 by using the
results listed in Table 1, but different from the value
0:0237 acquired from the central values of the measured
branching ratio by LHCb [3, 8]. One can find that in the
Ref. [8], the K∗

0 ð1430Þ component receives 20% fit fraction

of total BðB0
s ⟶ �D0K−π+Þ, but in Ref. [3, 8], K∗

0 ð1430Þ
component receives only 5.1% of total BðB0 ⟶ �D0K+π−Þ.

Table 2: PQCD predictions for the branching fractions of the quasi-two-body decays B⟶DðsÞK0ð1950Þ∗ ⟶DKπ together with the
available experimental data.

Mode Unit B Data

B+ ⟶D0K∗+
0 1950ð Þ⟶D0K0π+ (10−7) 1:39 ± 0:60 ωBð Þ ± 0:13 B3ð Þ ± 0:12 B1ð Þ ± 0:04 ΓK∗

0

� �
± 0:04 CDð Þ —

B+ ⟶ �D0K∗+
0 1950ð Þ⟶ �D0K0π+ (10−7) 5:52 ± 2:70 ωBð Þ ± 0:57 B3ð Þ ± 0:08 B1ð Þ ± 0:34 ΓK∗

0

� �
± 0:12 CDð Þ —

B+ ⟶D+K∗0
0 1950ð Þ⟶D+K+π− (10−9) 1:31 ± 0:37 ωBð Þ ± 0:17 B3ð Þ ± 0:10 B1ð Þ ± 0:10 ΓK∗

0

� �
± 0:12 CDð Þ —

B+ ⟶D+
s
�K∗0
0 1950ð Þ⟶D+

s K
−π+ (10−10) 1:94 ± 0:44 ωBð Þ ± 0:82 B3ð Þ ± 0:44 B1ð Þ ± 0:02 ΓK∗

0

� �
± 0:21 CDð Þ —

B0 ⟶D0K∗0
0 1950ð Þ⟶D0K+π− (10−7) 1:30 ± 0:57 ωBð Þ ± 0:16 B3ð Þ ± 0:12 B1ð Þ ± 0:07 ΓK∗

0

� �
± 0:01 CDð Þ —

B0 ⟶ �D0K∗0
0 1950ð Þ⟶ �D0K+π− (10−7) 5:23 ± 2:14 ωBð Þ ± 0:23 B3ð Þ ± 0:06 B1ð Þ ± 0:24 ΓK∗

0

� �
± 0:14 CDð Þ —

B0 ⟶D−K∗+
0 1950ð Þ⟶D−K0π+ (10−9) 4:32 ± 0:38 ωBð Þ ± 1:21 B3ð Þ ± 0:42 B1ð Þ ± 0:24 ΓK∗

0

� �
± 0:43 CDð Þ —

B0 ⟶D−
s K

∗+
0 1950ð Þ⟶D−

s K
0π+ (10−7) 1:04 ± 0:57 ωBð Þ ± 0:70 B3ð Þ ± 0:29 B1ð Þ ± 0:03 ΓK∗

0

� �
± 0:05 CDð Þ —

B0 ⟶D+
s K

∗−
0 1950ð Þ⟶D+

s
�K0
π− (10−10) 2:59 ± 1:18 ωBð Þ ± 1:05 B3ð Þ ± 0:49 B1ð Þ ± 0:10 ΓK∗

0

� �
± 0:07 CDð Þ —

B0
s ⟶D0 �K∗0

0 1950ð Þ⟶D0K−π+ (10−9) 9:77 ± 2:68 ωBð Þ ± 0:69 B3ð Þ ± 0:42 B1ð Þ ± 0:38 ΓK∗
0

� �
± 0:08 CDð Þ —

B0
s ⟶ �D0 �K∗0

0 1950ð Þ⟶ �D0K−π+ (10−5) 1:72 ± 0:44 ωBð Þ ± 0:18 B3ð Þ ± 0:04 B1ð Þ ± 0:05 ΓK∗
0

� �
± 0:01 CDð Þ <11 [8]

B0
s ⟶D+K∗−

0 1950ð Þ⟶D+ �K0π− (10−7) 3:48 ± 1:50 ωBð Þ ± 0:10 B3ð Þ ± 0:07 B1ð Þ ± 0:16 ΓK∗
0

� �
± 0:01 CDð Þ —

B0
s ⟶D−

s K
∗+
0 1950ð Þ⟶D−

s K
0π+ (10−9) 1:12 ± 0:28 ωBð Þ ± 0:11 B3ð Þ ± 0:07 B1ð Þ ± 0:8 ΓK∗

0

� �
± 0:03 CDð Þ —

B0
s ⟶D+

s K
∗−
0 1950ð Þ⟶D+

s
�K0
π− (10−6) 8:37 ± 3:71 ωBð Þ ± 0:22 B3ð Þ ± 0:12 B1ð Þ ± 0:39 ΓK∗

0

� �
± 0:02 CDð Þ —
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The K∗
0 ð1430Þ component is playing a such different role in

two different process; however, on the theoretical side, the
decay amplitudes are exactly same for B0 ⟶ �D0K∗0

0 ð1430Þ
⟶ �D0K+π− and B0

s ⟶ �D0 �K∗0
0 ð1430Þ⟶ �D0K−π+; if we

neglect the SU(3) symmetry breaking effect, R ratio will be
independent of theoretical framework. More precise measure-
ments and more proper partial wave analysis are needed to
resolve the discrepancy

(3) For the CKM suppressed decay modes B0
s ⟶D0

�K∗0
0 ð1430Þ⟶D0K−π+, their branching ratios are

much smaller than the corresponding results of
B0
s ⟶D0 �K∗0

0 ð1430Þ⟶D0K−π+ decays as pre-
dicted by PQCD in this work. The major reason
comes from the strong CKM suppression factor

RCKM = V∗
ubVcd

V∗
cbVud

����
����
2
≈ λ4 �ρ2 + �η2

À Á
≈ 3 × 10−4, ð15Þ

as discussed in Ref. [40]. The nonvanishing charm
quark mass in the fermion propagator generates the
main differences between the B0

s ⟶D0 �K∗0
0 ð1430Þ⟶

D0K−π+/B0
s ⟶ �D0 �K∗0

0 ð1430Þ⟶ �D0K−π+ and RCKM. Simi-
larly, for the B+ ⟶D0K∗+

0 ð1430Þ⟶D0K0π+ decay and

B+ ⟶ �D0K∗+
0 ð1430Þ⟶ �D0K0π+ decay, there still exists the

CKM suppression but much moderate than the previous
cases:

Rs
CKM = V∗

ubVcs

V∗
cbVus

����
����
2
≈ �ρ2 + �η2
À Á

≈ 0:147: ð16Þ

From Table 1, we have

Rs1
CKM = B B+ ⟶D0K∗+

0 1430ð Þ⟶D0K0π+À Á
B B+ ⟶ �D0K∗+

0 1430ð Þ⟶ �D0K0π+
� � ≈ 0:166,

Rs2
CKM = B B0 ⟶D0K∗0

0 1430ð Þ⟶D0K+π−À Á
B B0 ⟶ �D0K∗0

0 1430ð Þ⟶ �D0K+π−
� � ≈ 0:175:

ð17Þ

The main differences between the Rs
CKM and Rs1,s2

CKM come from
the nonvanishing charm quark mass contributions in the
nonfactorizable B⟶ K∗

0 ð1430Þ emission diagram. We also

suggest more study on the decay mode B0
s ⟶D+

s K
∗−
0 ð1430Þ

⟶D+
s
�K0π− because it has a large branching ratio and can

be found in future experiments

(4) K∗
0 ð1430Þ was often parameterized by LASS line-

shape [41] in partial wave analysis, which incorpo-
rate both cusp resonance and slowly varying
nonresonance contribution, and it was applied in
LHCb measurements [3, 8]. However, rigorous theo-
retical calculation for nonresonance contribution in

the context of PQCD framework is still absent
[32], the comparisons between theoretical calcula-
tions and experiment measurements focus only on
the S-wave K∗

0 ð1430Þ contribution. More attempts
can be made in future study to parameterize the
nonresonance contribution for sake of giving a
more reliable result

(5) The CP-averaged branching fraction of the charm-
less quasi-two-body decay involving the intermedi-
ate state K∗

0 ð1950Þ is predicted to be about one
magnitude smaller than the corresponding process
containing K∗

0 ð1430Þ in [32]. In quasi-two-body
charmed decays, the ratio of branching fractions
between Tables 1 and 2 is about few percentages,
which are smaller than that of charmless cases
mainly due to the absence of ðS − PÞðS + PÞ ampli-
tude, which receive resonance pole mass enhance-
ment as discussed in [32]. And the more compact
phase space can also reduce the branching fractions
for the decay mode involving K∗

0 ð1950Þ. From the
partial wave analysis in [8], the K∗

0 ð1950Þ mode is
measured to be about 1.5% than that of K∗

0 ð1430Þ
mode, which is about one-third of our prediction,
i.e., 4.6%; more precise measurements and more reli-
able theoretical predictions are needed in the future
study

(6) In Figure 2, we show the Kπ invariant mass-
dependent differential branching fraction for the
quasi-two-body decays B0

s ⟶ �D∗0
0 �K∗0

0 ð1430Þ⟶
�D∗0
0 K−π+ (solid line) and B0

s ⟶ �D∗0
0 �K∗0

0 ð1950Þ
⟶ �D∗0

0 K−π+ (dashed line). One can easily find that
the main portion of the branching fraction comes
from the region around the pole mass of the corre-
sponding resonant states; the contribution from the
mKπ mass region greater than 3GeV is evaluated

1 2
mK𝜋 (GeV)

K0 (1430)

10–4

10–3

10–2

10–1

d𝛽
/d

m
K𝜋

 (1
0–5

 G
eV

–1
)

100

101

102

103

3

⁎

K0 (1950)⁎

Figure 2: The Kπ invariant mass-dependent differential branching
fraction for B0

s ⟶ �D∗0
0 �K∗0

0 ð1430Þ⟶ �D∗0
0 K−π+ (solid line) and

B0
s ⟶ �D∗0

0 �K∗0
0 ð1950Þ⟶ �D∗0

0 K−π+ (dashed line).
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about 0.4% compared with the whole kinematic
region (i.e., ½mK +mπ,mB −mD�) in this work and
can be safely neglected

4. Conclusion

Motivated by the phenomenological importance of the
charmed three-body hadronic B-meson decays, in the pres-
ent work, we have studied the quasi-two-body decays BðsÞ
⟶DðsÞK

∗
0 ð1430, 1950Þ⟶DðsÞKπ in the PQCD factoriza-

tion approach with the help of the scalar form factor FkπðsÞ
as a nonperturbative input. The branching ratios of all
concerned decays are calculated and are of the order 10−10
to 10−5; the corresponding two-body branching fractions
can be obtained by using the quasi-two-body approximation
relation in Equation (11). Under SU(3) flavor symmetry, we
found the theoretical framework independent ratio R =B

ðB0 ⟶ �D0K∗0
0 ð1430Þ⟶ �D0K+π−Þ/BðB0

s ⟶ �D0 �K∗0
0 ð1430Þ

⟶ �D0K−π+Þ ≈ jVus/Vudj2 · τB0 /τB0
s
≈ 0:0534 by neglecting

the differences of hadronic parameters between B0 and B0
s ; this

result is consistent with our PQCD prediction, but inconsistent
with LHCb measurements. For the decays B0

s ⟶D0 �K∗0
0

ð1430Þ⟶D0K−π+ and B0
s ⟶D0 �K∗0

0 ð1430Þ⟶D0K−π+,
the great difference in their corresponding branching fractions
can be understood by a strong CKM suppression factor
RCKM ≈ λ4ð�ρ2 + �η2Þ ≈ 3 × 10−4, while the moderate difference
between B+ ⟶D0K∗+

0 ð1430Þ⟶D0K0π+ and B+ ⟶ �D0

K∗+
0 ð1430Þ⟶ �D0K0π+ as well as B0 ⟶D0K∗0

0 ð1430Þ⟶
D0K+π− and B0 ⟶ �D0K∗0

0 ð1430Þ⟶ �D0K+π− is mainly
due to the Rs

CKM ≈ ð�ρ2 + �η2Þ ≈ 0:147. More reliable theoretical
predictions are needed in the future study for the nonreso-
nance contribution and S-wave K∗

0 ð1950Þ contribution. We
hope the predictions in this work can be tested by the future
experiments, especially, to resolve R ratio discrepancy.

Appendix

Decay Amplitudes

The factorization formulae for the individual amplitudes
from different subdiagrams in Figure 1 are

FTK = 8πCFm
4
B f D

ð
dxBdz

ð
bBdbBbdbϕB xB, bBð Þ

Á ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs r2 −2zη + 2z + 1ð Þ + η − 1ð Þ 2z − 1ð ÞÀ ÁÂhn

− ϕt 1 + η + r2 2 η − 1ð Þz + 1ð Þ + 2z 1 − ηð ÞÀ Á�
− ϕ0 η − 1ð Þr4z + r2 −2η z + 1ð Þ + 2z + 1ð Þ + η − 1ð ÞÀ
Á z + 1ð ÞÞ

i
E1ab t1að Þh1a xB, z, bB, bð ÞSt zð Þ

+ r4ϕ0 η − xBð Þ + η − 1ð Þ ηϕ0 − 2ϕs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p� �h

+ r2 2ϕs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
2η − 1 − xBð Þ + xB − η2

À Á
ϕ0

h ii

Á E1ab t1bð Þh1b xB, z, bB, bð ÞSt xB − ηj jð Þ
o
,

MTK = 32ffiffiffi
6

p
πCFm

4
B

Ð
dxBdzdx3

Ð
bBdbBb3db3ϕB xB, bBð ÞϕD

Á −ϕ0 1 + r2 − η
À Á

× η + r2 η 2x3 + z − 2ð Þ − x3 − xB + 1ð ÞÀÂÈ
− η x3 + zð Þ + x3 + xB − 1Þ + ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η 1 − r2ð Þ
p

Á r2 ϕs 2x3 + xB + z − 2 − 2x3 + z − 2ð Þηð Þ + ϕt xB + zη − zð ÞÀ ÁÂ
+ η − 1ð Þz ϕs − ϕt

À ÁÃÃ
E1cd t1cð Þh1c xB, z, x3, bB, b3ð Þ

+ z 2η − 1ð Þr4ϕ0 − r3rcϕ
0 + rrc ϕ0 1 + ηð Þ − 4ϕs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p� �h

+ η − 1ð Þ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs + ϕt
À Á

+ ϕ0 ηx3 − x3 + xB − zð Þ
� �

+ r2 2 η − 1ð Þx3 ηϕ0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs

� �h

+ xB 2η − 1ð Þϕ0 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕt − ϕs
À Á� �

+ z 2 − 3ηð Þϕ0 + η − 1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
× ϕt + ϕs
À Á� �ii

Á E1cd t1dð Þh1d xB, z, x3, bB, b3ð Þ
o
,

MTK′ = 32ffiffiffi
6

p
πCFm

4
B

Ð
dxBdzdx3

Ð
bBdbBb3db3ϕB xB, bBð ÞϕD

Á ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
× r2ϕs x3 + z − 2ð Þ 1 − ηð Þ + r2xBϕ

sÂhn

+ r2ϕt xB + zη − zð Þ + 4rrcϕs + η − 1ð Þz ϕs − ϕt
À ÁÃ

− ϕ0 r4 η 2x3 + z − 2ð Þ + 1 − x3 − xBð Þ − r3rc + ηr2
À

Á η 2 − z − x3ð Þ + x3 + xB − 2ð Þ + η + 1ð Þrrc + η − 1ð Þ
Á η x3 + z − 1ð Þ − x3 − xB + 1ð ÞÞ

i
E1cd t1c′

� �
h1c′ xB, z, x3, bB, b3ð Þ

+ ϕ0 1 + r2 2η − 1ð Þ − η
À Á

xB − x3 1 + r2 − η
À Á

+ z r2 − 1
À ÁÀ ÁÂ

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
× ϕs 2x3r2 1 − ηð Þ − r2xB + η − 1ð Þ r2 − 1

À Á
z

À ÁÂ
+ ϕt r2xB + η − 1ð Þ r2 − 1

À Á
z

À ÁÃÃ
× E1cd t1d′

� �
h1d′ xB, z, x3, bB, b3ð Þ

o
,

FAK = 8πCFm
4
B f B

ð
dx3dz

ð
b3db3bdbϕD

Á ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
2r3z ϕs − ϕt

À Á
+ r2rc ϕt − ϕs

À ÁÂhn
+ 2zr ϕt − ϕs

À Á
+ 4rϕs + η − 1ð Þ ϕt + ϕs

À Á
rc�

+ ϕ0 r2 − 1
À Á

r2 − 1
À Á

z − rrc + 1
À ÁÂ

− η r2 − 1
À Á2

z + 2r2 − 2rrc − 1
� �

�
Á E1ef t1eð Þh1e x3, z, b3, bð ÞSt zð Þ + ϕ0 η2 r2 − 1

À ÁÂ
+ η 1 − r4

À Á
+ x3 η − 1ð Þ2 1 − r2

À ÁÀ Á
+ η 1 − r4

À Á�++ϕs
Á 2r r2 − 1 − η − x3 η − 1ð ÞÀ ÁÂ Ã ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η 1 − r2ð Þ
p i

Á E1ef t1f
À Á

h1f x3, z, b3, bð ÞSt x3ð Þ
o
,

MAK = 32ffiffiffi
6

p
πCFm

4
B

Ð
dxBdzdx3

Ð
bBdbBb3db3ϕB xB, bBð ÞϕD

Á r4ϕ0 x3 + xB − 1 − η x3 + z − 2ð Þð ÞÂn

+ r2ϕ0 η2 x3 + z − 2ð Þ − η x3 + xBð Þ + 1
À Á

+ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
× ϕs η − ηx3 + x3 + xB − z + 3ð Þ − ϕt η − ηx3 + x3 + xB + zð ÞÂ Ã
+ r3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
× ϕs + ϕt
À Á

− η − 1ð Þϕ0 η x3 + z − 1ð Þ − x3 − xBð Þ�
Á E1gh t1g

À Á
h1g xB, z, x3, bB, b3ð Þ + ϕ0 r2 − η − 1

À ÁÂ
Á η + r2 η 2x3 + z − 2ð Þ − 2x3 + xB − z + 1ð Þ − ηz + z − 1
À Á
+ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs r2 1 − zð Þ + η x3 − 1ð Þ − x3 + xB + z − 1
À ÁÀ

+ ϕt r2 z − 1ð Þ + η x3 − 1ð Þ − x3 + xB − z + 1
À ÁÞ�

Á E1gh t1hð Þh1h xB, z, x3, bB, b3ð Þ
o
,
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FTD = 8πCFm
4
BFKπ sð Þ

μs
Ð
dxBdx3

Ð
bBdbBb3db3ϕB xB, bBð ÞϕD

Á 1 + rð Þ η2 r − 1ð Þx3 + η 2 r − 1ð Þ2x3 − 2r + 1
À ÁÂn

+ r x3 3 − 2rð Þ + rð Þ − x3 − 1
Ã
E2ab t2að Þh2a xB, x3, bB, b3ð Þ

Á St x3ð Þ + η − 1ð Þr4 + 2r3 1 − 2η + rcð ÞÂ
− r2 η2 − 2ηrc + rc − 1

À Á
+ η − 1ð Þ ηx3 − rcð Þ

− 2r η rc − xB − 1ð Þ + rc + 1ð ÞÃ
Á E2ab t2bð Þh2b xB, x3, bB, b3ð ÞSt xBð Þ

o
,

MTD = 32ffiffiffi
6

p
πCFm

4
B

Ð
dxBdzdx3

Ð
bBdbBbdbϕB xB, bBð ÞϕDϕ0

Á η2 r2 2 − z − x3ð Þ + xB + z − 1
À Á

r2 − 1
À ÁÂÈ

Á r2 x3 + z − 1ð Þ − rx3 − xB − z + 1
À Á
+ ηr r r η − 1ð Þ x3 + z − 2ð Þ − xB − z + 2ð Þ + x3 + xB + z − 2ð Þ�
× E2cd t2cð Þh2c xB, z, x3, bB, bð Þ + r − 1ð Þ η + 2η − 1ð Þr − 1ð Þ½
Á z r2 − 1

À Á
+ xB

À Á
− x3 1 − ηð Þ 1 − η + r r 2η + r − 1ð Þ − 1ð Þð Þ�

Á E2cd t2dð Þh2d xB, z, x3, bB, bð Þg,

FAD = 8πCFm
4
B f B

ð
dzdx3

ð
bdbb3db3ϕD

Á 2rϕs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
x3 η − 1ð Þ − 2ð Þ

hn

+ ϕ0 η+−r2 2η + η − 1ð Þ2x3 − 1
À Á

+ η − 2ð Þηx3 + x3 − 1
À Ái

Á E2ef t2eð Þh2e z, x3, b3, bð ÞSt x3ð Þ
+ r4ϕ0 η − ηz + z − 1ð Þ + r2ϕ0 η − 1ð Þ 2z − 1 − ηð ÞÂ
+ 2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs 1 + z − ηð Þ + ϕt η + z − 1ð ÞÀ Á

− 2r3 z − 1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs + ϕt
À Á

− η − 1ð Þzϕ0
− r2rc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs + ϕt
À Á

− 2r 1 + ηð Þrcϕ0
+ 1 − ηð Þrc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕt − ϕs
À ÁÃ

Á E2ef t2f
À Á

h2f z, x3, b3, bð ÞSt zð Þ
o
,

MAD = 32ffiffiffi
6

p
πCFm

4
B

Ð
dxBdzdx3

Ð
bBdbBb3db3ϕB xB, bBð ÞϕD

Á r4ϕ0 2 η − 1ð Þx3 + η z − 2ð Þ − z + 1ð ÞÂn
− r2ϕ0 η2 x3 + z − 2ð Þ − x3 + η xB + zð Þ − xB − 2z + 1

À Á
− r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
ϕs η x3 − 1ð Þ − x3 + xB + z + 3ð Þð

+ ϕt η 1 − x3ð Þ + x3 + xB + z − 1ð ÞÞ + r3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
z − 1ð Þ

Á ϕs + ϕt
À Á

+ η − 1ð Þϕ0 η xB + z − 1ð Þ + xB + zð ÞÃ
× E2gh t2g

À Á
h2g xB, z, x3, bB, bð Þ

+ ϕ0 η − r2 − 1
À Á

η + x3 − 1 − η x3 − xB + zð ÞðÂ
+ r2 η 2x3 + z − 2ð Þ − x3 + 1ð ÞÞ + r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η 1 − r2ð Þ

p
Á ϕt r2 z − 1ð Þ + η x3 − 1ð Þ − x3 + xB − z + 1

À ÁÀ
− ϕs η + r2 z − 1ð Þ − ηx3 + x3 + xB − z − 1

À ÁÞÃ
× E2gh t2hð Þh2h xB, z, x3, bB, bð Þ

o
,

ðA:1Þ

where the hard functions are written as

hi x1, x2, x3,ð Þb1, b2ð Þ = h1 β, b2ð Þ × h2 α, b1, b2ð Þ,

h1 β, b2ð Þ =
K0

ffiffiffi
β

p
b2

� �
, β ≥ 0,

iπ
2 H 1ð Þ

0
ffiffiffiffiffiffi
−β

p
b2

� �
, β < 0,

8><
>:

h2 α, b1, b2ð Þ =
θ b2 − b1ð ÞK0

ffiffiffi
α

p
b2

À Á
I0

ffiffiffi
α

p
b1

À Á
, α ≥ 0,

θ b2 − b1ð Þ iπ2 H 1ð Þ
0

ffiffiffiffiffiffi
−α

p
b2

À Á
J0

ffiffiffiffiffiffi
−α

p
b1

À Á
, α < 0,

8><
>:

ðA:2Þ

where E1mn, E2mn(m = a, c, e, g and n = b, d, f , h) are the evo-
lution factors, which are given by

E1ab tð Þ = α tð Þ exp −SB tð Þ − SK tð Þ½ �,
E1cd tð Þ = α tð Þ exp −SB tð Þ − SK tð Þ − SD tð Þ½ �b=bB ,
E1ef tð Þ = α tð Þ exp −SD tð Þ − SK tð Þ½ �,
E1gh tð Þ = α tð Þ exp −SB tð Þ − SK tð Þ − SD tð Þ½ �b=b3 ,
E2ab tð Þ = α tð Þ exp −SB tð Þ − SD tð Þ½ �,
E2cd tð Þ = α tð Þ exp −SB tð Þ − SK tð Þ − SD tð Þ½ �b3=bB ,
E2ef tð Þ = E1ef tð Þ,
E2gh tð Þ = E1gh tð Þ,

ðA:3Þ

in which the Sudakov exponents SðB,K ,DÞðtÞ are defined as

SB tð Þ = s
xBmBffiffiffi

2
p , bB

� �
+ 5
3

ðt
1/bB

d�μ
�μ
γq αs �μð Þð Þ,

SK tð Þ = s
z 1 − r2
À Á

mBffiffiffi
2

p , b
� �

+ s
1 − zð Þ 1 − r2

À Á
mBffiffiffi

2
p , b

� �

+ 2
ðt
1/b

d�μ
�μ
γq αs �μð Þð Þ,

SD tð Þ = s
x3mBffiffiffi

2
p , b3

� �
+ 2

ðt
1/b3

d�μ
�μ
γq αs �μð Þð Þ, ðA:4Þ

where the quark anomalous dimension γq = −αs/π. The
explicit form for sðQ, bÞ at one loop can be found in [42].
t1x and t2x(x = a, b⋯ h) are hard scales which are chosen
to be the maximum of the virtuality of the internal momen-
tum transition in the hard amplitudes as

t1a =Max
ffiffiffiffiffiffiffiffiffi
α1aj j

p
,

ffiffiffiffiffiffiffiffiffi
β1aj j

q
, 1
bB

, 1
b

� �
,

t1b =Max
ffiffiffiffiffiffiffiffiffi
α1bj j

p
,

ffiffiffiffiffiffiffiffiffi
β1bj j

q
, 1
bB

, 1
b

� �
,
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t1c =Max
ffiffiffiffiffiffiffiffiffi
α1cj j

p
,

ffiffiffiffiffiffiffiffiffi
β1cj j

q
, 1
bB

, 1
b3

� �
,

t1c′ =Max
ffiffiffiffiffiffiffiffiffi
α1cj j

p
,

ffiffiffiffiffiffiffiffiffi
β1c′
�� ��q

, 1
bB

, 1
b3

� �
,

t1d =Max
ffiffiffiffiffiffiffiffiffi
α1dj j

p
,

ffiffiffiffiffiffiffiffiffi
β1dj j

q
, 1
bB

, 1
b3

� �
,

t1d′ =Max
ffiffiffiffiffiffiffiffiffi
α1dj j

p
,

ffiffiffiffiffiffiffiffiffiffi
β1d′
�� ��q

, 1
bB

, 1
b3

� �
,

t2a =Max
ffiffiffiffiffiffiffiffiffi
α2aj j

p
,

ffiffiffiffiffiffiffiffiffi
β2aj j

q
, 1
bB

, 1
b3

� �
,

t2b =Max
ffiffiffiffiffiffiffiffiffi
α2bj j

p
,

ffiffiffiffiffiffiffiffiffi
β2bj j

q
, 1
bB

, 1
b3

� �
,

t2c =Max
ffiffiffiffiffiffiffiffiffi
α2cj j

p
,

ffiffiffiffiffiffiffiffiffi
β2cj j

q
, 1
bB

, 1
b

� �
,

t2d =Max
ffiffiffiffiffiffiffiffiffi
α2dj j

p
,

ffiffiffiffiffiffiffiffiffi
β2dj j

q
, 1
bB

, 1
b

� �
,

t2e =Max
ffiffiffiffiffiffiffiffiffi
α2ej j

p
,

ffiffiffiffiffiffiffiffiffi
β2ej j

q
, 1
b3

, 1
b

� �
,

t2f =Max
ffiffiffiffiffiffiffiffiffiffi
α2f
�� ��q

,
ffiffiffiffiffiffiffiffiffiffi
β2f

��� ���
r

, 1
b3

, 1
b

� �
,

t2g =Max
ffiffiffiffiffiffiffiffiffiffi
α2g
�� ��q

,
ffiffiffiffiffiffiffiffiffiffi
β2g

��� ���
r

, 1
bB

, 1
b3

� �
,

t2h =Max
ffiffiffiffiffiffiffiffiffi
α2hj j

p
,

ffiffiffiffiffiffiffiffiffi
β2hj j

q
, 1
bB

, 1
b3

� �
, ðA:5Þ

where we have

α1a = z 1 − r2
À Á

m2
B,

β1a = xBz 1 − r2
À Á

m2
B = β1b = α1c = α1d = α1c′ = α1d′ ,

α1b = 1 − r2
À Á

xB − ηð Þm2
B,

β1c = − z 1 − r2
À Á

+ r2
Â Ã

1 − ηð Þ 1 − x3ð Þ − xB½ �m2
B,

β1d = r2c − z 1 − r2
À ÁÂ Ã

1 − ηð Þx3 − xB½ �È É
m2

B,

β1c′ = r2c − z 1 − r2
À Á

+ r2
Â Ã

1 − ηð Þ 1 − x3ð Þ − xB½ �È É
m2

B,

β1d′ = − z 1 − r2
À ÁÂ Ã

1 − ηð Þx3 − xB½ �m2
B,

α1e = − 1 − z 1 − r2
À Á

− r2c
Â Ã

m2
B,

β1e = − 1 − r2
À Á

1 − zð ÞÂ Ã
η + 1 − ηð Þx3½ �m2

B = β1f = α1g = α1h,

α1f = − 1 − r2
À Á

η + 1 − ηð Þx3ð Þm2
B,

β1g = 1 − z 1 − r2
À Á

+ r2
Â Ã

1 − ηð Þ 1 − x3ð Þ − xB½ �È É
m2

B,

β1h = − 1 − zð Þ 1 − r2
À ÁÂ Ã

1 − ηð Þx3 + η − xB½ �m2
B,

α2a = x3 1 − ηð Þm2
B,

β2a = x3xB 1 − ηð Þm2
B = β2b = α2c = α2d ,

α2b = xB 1 − ηð Þm2
B,

β2c = − 1 − r2
À Á

1 − zð Þ − xB
Â Ã

η + 1 − ηð Þx3½ �m2
B,

β2d = − 1 − ηð Þx3 1 − r2
À Á

z − xB
Â Ã

m2
B,

α2e = − 1 − x3 1 − ηð Þ½ �m2
B,

β2e = − r2 + z 1 − r2
À ÁÂ Ã

1 − ηð Þ 1 − x3ð Þm2
B = β2f = α2g = α2h,

α2f = r2c − r2 + z 1 − r2
À ÁÂ Ã

1 − ηð ÞÈ É
m2

B,

β2g = 1 − 1 − r2
À Á

1 − zð Þ − xB
Â Ã

η + 1 − ηð Þx3½ �È É
m2

B,

β2h = − r2 + z 1 − r2
À Á

− xB
Â Ã

1 − ηð Þ 1 − x3ð Þm2
B: ðA:6Þ
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