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The instability and sensitivity of a lake ecosystem to the finite-amplitude perturbations related to the initial condition and the
parameter correspondingly are studied. The CNOP-I and CNOP-P methods are adopted to investigate this nonlinear system.
The numerical results with CNOP-I method show that the lake ecosystem can be nonlinearly unstable with finite-amplitude
initial perturbations when the nutrient loading rate is between the two bifurcation points. A large enough finite amplitude initial
perturbation, that is, CNOP-I, can induce a transition from an oligotrophic (eutrophic) state to an eutrophic (oligotrophic) state.
With CNOP-P method, it is shown that the lake ecosystem can be transformed from an oligotrophic (eutrophic) state to an
eutrophic (oligotrophic) state with a large enough finite amplitude parameter perturbation, that is, CNOP-P, no matter how large
the nutrient loading rate is.

1. Introduction

Lake eutrophication is a serious economic, recreational,
environmental, and aesthetic problem that affects every lake
of the world. According to one of the recent studies, it is not
nitrogen but phosphorus that should be reduced to mitigate
eutrophication [1]. The relationship between the release of
nutrients and eutrophication has been revealed [2]. For
different nutrient lake sediments, some studies show the
impact of organic matters on the release mechanism of phos-
phorus [3]. Also, several studies imply that the change of the
phosphorus concentration is relevant to the variations of
ecological parameter. Some studies investigate the effects of
seasonal variations in ecological parameters, such as the
numbers of daphnia and the biomass of the algae [4, 5].

There exist multiple equilibrium states in the lake ecosys-
tem. In some conditions, the change of the external param-
eter can cause the ecosystem transition [6], which may be
a transition between the clear, macrophyte-dominated state
and the turbid state dominated by phytoplankton in a lake
ecosystem.

In this paper, for a simple model which is developed
by Carpenter et al. [7], we investigate whether and how

transitions between the different equilibrium states happen.
Here, the approach of conditional nonlinear optimal per-
turbation related to the initial condition and the parameter
(CNOP-I and CNOP-P) is adopted to investigate the non-
linear instability and sensitivity of the lake eutrophication.
The CNOP method is proposed and extended by Mu et al.
[8, 9]. The method has been used to study ENSO by Duan
et al. [10–18], the response of a grassland ecosystem to
the climate change [19–22], the sensitivity, and nonlinearity
analysis of a lake ecosystem model [23]. All the former work
demonstrates that CNOP method is very useful in studying
the predictability, sensitivity and nonlinear stability analysis
for nonlinear system.

In the next section, the model and the methods are
described; in Section 3, with the CNOP-I and CNOP-P
method, the instability and sensitivity analysis of the lake
ecosystem is given; in the last section, we give the summary.

2. The Model and the Methods

2.1. The Model. We consider a lake eutrophication model of
Carpenter et al. [7], which describes the phosphorus cycle
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in lakes and has one dimensionless dynamical variable: p,
which represents the concentration of nutrients, especially
the phosphorus. The existence of multiequilibrium states
of this model has been revealed and studied by Guttal and
Jayaprakash [24]. The model is as follows:

dp

dt
= c − sp + r

pq

p0
q + pq

, (1)

where the term c is the nutrient loading rate, which is the
control parameter of the model; s is the rate of phosphorus’s
loss per unite time, when we consider that the loss process
only includes sedimentation, then its value is 1.0; r is the
maximum rate of nutrient recycling, and under the condition
that the phosphorus can be recycled completely from
sediments or by consumers, its value is 1.0; p0 is the concen-
tration of nutrients when the system’s cycle utilization rates
achieve half, here, its value is 1.0; q is the Hill coefficient,
the value of which is 8.0. All the values of these terms are
consistent with [24].

Here, we adopt a fourth-order Runge-Kutta scheme with
a time step dt = 0.1, which represents 0.1 year, and integrate
the model (1) with the initial values and the corresponding
nutrient loading rate to obtain the solution numerically.
With the Spectral Projected Gradient (SPG) method and the
optimal time T = 30, that is, three years, the CNOP-Is and
CNOP-Ps are obtained numerically.

2.2. CNOP Method. Assume that a dynamical model is as
follows:

∂U

∂t
= F(U ,P),

U|t=0 = U0,
(x, t) ∈ Ω× [0, τ], (2)

where U(x, t) = (U1(x, t),U2(x, t), . . . ,Un(x, t)) is the state
variable, and U0 is the initial state; (x, t) ∈ Ω × [0, τ], Ω is a
domain in Rn, x = (x1, x2, . . . , xn) ∈ Ω; and P represents the
model parameter which is independent of time t.F is a non-
linear differential operator. Assume that the dynamical sys-
tem equations (2) and the initial state are known exactly, then
the future state can be determined by integrating (2). The
state vector U at time τ is given by

U(τ) =Mτ(P)(U0). (3)

Here, Mτ is the propagator of (2) from the time 0 to the time
τ in the future.

Now we explore the situation that there exists both initial
perturbation and parameter perturbation in the model. Then
we have

U(τ) + u
(
u0,p

′; τ
) =M(P + P′)(U0 + u0). (4)

Here u(u0, p′; τ) is the deviation from the reference state
U(τ) caused by the combined perturbation (u0, p′).

A nonlinear optimization problem is defined as follows:

J
(
u0, p′

) = ∥∥Mτ
(
p + p′

)
(U0 + u0)−Mτ

(
p
)
(U0)

∥
∥,

J
(
u0δ , p′σ

) = max
u0∈cδ ,p′∈cσ

J
(
u0, p′

)
,

(5)

where u0 ∈ cδ and p′ ∈ cσ are the constraint conditions of
the initial perturbations and parameter perturbations,
respectively. The combined perturbation (u0δ , p′σ) is called
CNOP. So, for the given constraints, CNOP is the optimal
combined mode of initial perturbations and parameter
perturbations, which induces the largest deviation from the
reference state at time τ.

Particularly, if only considering the initial perturbation,
namely, p′ = 0, then the initial perturbation u0δ which satis-
fies the optimization problem is called CNOP-I; if only con-
sidering the parameter perturbations, namely, u0 = 0, then
the parameter perturbation p′σ which satisfies the optimiza-
tion problem is called CNOP-P.

3. The Nonlinear Instability and
the Sensitivity Analysis

For the certain values of the parameter, the model has various
equilibrium states and there are two bifurcation points: c1

and c2. Figure 1 shows the equilibrium states under the
different values of the nutrient loading rate c. From Figure 1,
we can see that for c < c1, there exists only one linearly
stable oligotrophic equilibrium state (OES, solid line); when
c1 ≤ c ≤ c2, there are one linearly unstable equilibrium
state (dashed line) and two linearly stable states, one is an
OES and the other is an eutrophic equilibrium state (EES);
in the case of c > c2, there just exists one linearly stable
EES. This conclusion has been revealed by others [24] and
we obtain Figure 1 by repeating their work based on the
Lyapunov stability theory. In this paper, we will study the
nonlinear instability of the linear stable equilibrium state.

3.1. The Impact of CNOP-I on the Lake Ecosystem. In this
subsection, we will use the SPG method to obtain CNOP-I.
What we should keep in mind is that the dynamical variable
p should be nonnegative and so the initial perturbation
p′ should satisfy both the relation: p + p′ ≥ 0 and the
restraint condition: |p′| ≤ δ: here δ is given arbitrary, but in
general we think 0 < δ < 2 because of the restrain of the
concentration of the phosphorus.

We get CNOP-Is corresponding to the parameter c and
the initial equilibrium states with different initial restraint
conditions in the intervals [0, c1), [c1, c2], and (c2, 1]. The
results show that when c < c1, the oligotrophic equilibrium
state will not be transformed to an eutrophic state no matter
how large the initial perturbation restraint δ is and so the
lake ecosystem is nonlinearly stable; when c1 ≤ c ≤ c2, the
oligotrophic (eutrophic) equilibrium state can be trans-
formed to an eutrophic (oligotrophic) equilibrium state with
a large enough initial restraint δ and the lake ecosystem
is nonlinearly unstable; when c > c2, the system would
transform from the eutrophic equilibrium state to the olig-
otrophic state no matter how large the initial perturbation
restraint δ is and so the lake ecosystem is nonlinearly stable.

To illustrate the above results, we take OES A (c = 0.25,
pe = 0.250015) as an example in the interval [0, c1), OES
B (c = 0.55, pe = 0.559513) and EES C (c = 0.55, pe =
1.515268) as examples in interval [c1, c2] and EES D (c =
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Table 1: The CNOP-Is corresponding to different basic states.

δ
CNOP-I of OES A

(c = 0.25)
δ

CNOP-I of OES B
(c = 0.55)

0.35 0.35 0.25 0.25

0.45 0.45 0.35 0.35

0.85 0.85 0.4 0.4

1.0 1.0 0.5 0.5

δ
CNOP-I of EES C

(c = 0.55)
δ

CNOP-I of EES D
(c = 0.75)

0.35 −0.35 0.5 −0.5

0.5 −0.5 0.75 −0.75

0.75 −0.75 1.5 −1.5

1.0 −1.0 1.738138 −1.738138
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Figure 1: The equilibrium states versus the nutrient loading rate c,
where c1 and c2 are the bifurcation points, the solid line refers to the
linearly stable equilibrium states and the dashed line refers to the
linearly unstable equilibrium states.

0.75, pe = 1.738138) as an example in interval (c2, 1]. Then
we take p0+CNOP-I as the initial state and c as the parameter
to integrate the model with the integral time T = 150, that
is, 15 years. The results are shown in Table 1 and Figure 2.

For the case of c < c1, the conclusion can be yielded as
that the ecosystem is nonlinearly stable and there are only
OESs. In order to show the results, we take the case of
c = 0.25 as an example. From Table 1 and Figure 2(a), we
can see that all the CNOP-Is are positive and they make the
ecosystem recover back to the OES A. And the larger the
amplitude δ is, the longer time will be used for the ecosystem
to return to OES A. Here we give the physical mechanism: the
low nutrient loading rate restrains the growth of the algae
and the plankton, which would increase the amount of the
dissolved oxygen in the water and improve the quality of the
water, so the lake flows back to OES.

For OES B, from the Figure 2(b), we can see that when
δ = 0.25 and δ = 0.35, the CNOP-Is cause the ecosystem to
return to OES B, and it takes much longer time to evolve to
OES B for a larger amplitude (δ = 0.35). When δ = 0.4 and
δ = 0.5, the CNOP-Is causes a transition to EES C and the

larger δ is, the shorter time it takes to shift to EES C (δ = 0.5).
Here we take the example of δ = 0.5 to explain the lake
ecosystem’s physical mechanism. On this occasion, the initial
values satisfy that dp/dt are positive. So at the beginning the
phosphorus concentration from the lake increases. Then it
makes the algae and the plankton increase quickly and causes
reduction in the amount of dissolved oxygen in the lake.
After dissolved oxygen’s decreasing for some time, the fish
and the other creatures begin to die. The massive deaths of
aquatic creatures make their corpses fall down to the bottom
of the lake and then these corpses are decomposed by the
microbial. At the same time, it consumes a lot of dissolved
oxygen and causes the dissolved oxygen declining fast. So the
water quality will be deteriorated. After several years, the lake
shifts to EES C.

Through Figure 2(c), we get the following results. In case
of δ = 0.75 and δ = 1.0, the CNOP-Is cause the ecosystem
to evolve to OES B. The larger δ is, the shorter time the
ecosystem takes to develop to OES B. This shows that
human’s positive activities in short time such as the control
of nutrition material into the water or the positive change
of biological control and some natural factors can evolve the
ecosystem from EES to OES. For δ = 0.35 and δ = 0.5, the
ecosystems return to EES C eventually and it takes longer
time to recover to EES C with δ = 0.5 than that with δ =
0.35.

For other values of c in [c1, c2], we can also get similar
conclusion with the corresponding equilibrium state plus the
corresponding CNOP-Is as the initial values. So, we can get a
conclusion that for c in [c1, c2], when the amplitude is large
enough, certain initial perturbation can make the ecosystem
evolve from the oligotrophic (eutrophic) equilibrium state
to an eutrophic (oligotrophic) equilibrium state. The results
show that when c is in [c1, c2], the ecosystem is nonlinearly
unstable.

For the case of c > c2, the EES is nonlinearly stable. In this
case, one can find in Figure 2(d) that, no matter how large δ
is and whether the CNOP-Is make the initial values of the
phosphorus concentration equal 0, the ecosystem will never
evolve to OES. So when the nutrient loading rate is high
enough, the EES is nonlinearly stable. It shows that human’s
activities and nature factors cannot shift the ecosystem from
EES to OES.

In addition, we find that the initial equilibrium state
corresponding to the parameter c in the bifurcation interval
[c1, c2] will be transformed with the critical initial restraint
δc, which means that the lake ecosystem is nonlinearly
unstable and the initial equilibrium state will be transformed
with the initial restraint δ ≥ δc, and the lake ecosystem is
nonlinearly stable and the initial equilibrium state will not be
transformed with the initial restraint δ < δc. Here, we show
the result in Figure 3.

In addition, to further study the nonlinear feature of
the ecosystem, we calculate linear singular vectors (LSVs) of
OESs and EESs and compare them with the corresponding
CNOP-Is. The results indicate that CNOP-Is are consistent
with LSVs for the same magnitude of initial perturbation
restraint, as the lake model is simple with one dynamic
variable. So, we guess that for simple one-variable dynamic



4 Advances in Meteorology

0 50 100
0

0.2

0.4

0.6

0.8

1

1.2

1.4
p

t

OES A
δ = 0.35
δ = 0.45

δ = 1
δ = 0.85

150

(a)

0 50 100 150
0.4

0.6

0.8

1

1.2

1.4

1.6

p

t

OES B
EES C
δ = 0.25

δ = 0.35
δ = 0.4
δ = 0.5

(b)

0 50 100 150
0.4

0.6

0.8

1

1.2

1.4

1.6

p

t

OES B
EES C

δ = 0.35

δ = 0.5
δ = 0.75
δ = 1

(c)

0 50 100 150
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
p

t

EES D
δ = 0.5
δ = 0.75

δ = 1.5
δ = 1.738138

(d)

Figure 2: The 15-year nonlinear evolution of the lake ecosystem, with p0 + CNOP-I as the initial condition and c as the control parameter.
(a) c = 0.25, the basic state is OES A; (b) c = 0.55, the basic state is OES B; (c) c = 0.55, the basic state is EES C; (d) c = 0.75, the basic state
is EES D.

model, CNOP-Is may be consistent with LSVs for the same
magnitude of initial perturbation restraint.

3.2. The Impact of CNOP-P on the Lake Ecosystem. In this
subsection, we still use the SPG method to obtain CNOP-P.
We know that the parameter c, the nutrient loading rate,
belongs to the interval [0, 1] and so the parameter pertur-
bation c′ should satisfy both the relation: 0 ≤ c + c′ ≤ 1 and
the restraint condition: |c′| ≤ σ .

We get CNOP-Ps corresponding to the parameter c and
the initial equilibrium states with different parameter
restraint conditions in the intervals [0, c1), [c1, c2], and

(c2, 1]. Finally, the results show that when c < c2 and the
initial equilibrium state is the oligotrophic state, if σ ≤
c2 − c, we get CNOP-P = σ and the lake ecosystem will be
transformed from an oligotrophic state to another olig-
otrophic state; if c2−c < σ < 1−c, we have CNOP-P = σ and
the lake ecosystem will be transformed from an oligotrophic
state to an eutrophic state; with σ ≥ 1 − c, we get CNOP-
P = 1−c and the lake ecosystem will be transformed from an
oligotrophic state to an eutrophic state. When c > c1 and the
initial equilibrium state is the eutrophic state, if σ ≤ c −
c1, there is CNOP-P = −σ and the ecosystem will be
transformed from an eutrophic state to another eutrophic
state; with the restraint condition c − c1 < σ < c, we have
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Figure 3: The critical value of δc versus the parameter, the nutrient loading rate, c. (a) for OES; (b) for EES.
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Figure 4: The 15-year nonlinear evolution of the lake ecosystem, with the basic state as the initial condition and c + CNOP-P as the control
parameter. (a) c = 0.25, the basic state is OES A; (b) c = 0.55, the basic state is OES B; (c) c = 0.55, the basic state is EES C; (d) c = 0.75, the
basic state is EES D.
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Table 2: CNOP-Ps corresponding to different basic states.

σ
CNOP-P of OES A

(c = 0.25)
σ

CNOP-P of OES B
(c = 0.55)

0.1 0.1 0.1 0.1

0.5 0.5 0.35 0.35

1.0 0.75 0.55 0.45

σ
CNOP-P of EES C

(c = 0.55)
σ

CNOP-P of EES D
(c = 0.75)

0.15 −0.15 0.3 −0.3

0.35 −0.35 0.5 −0.5

0.55 −0.55 0.75 −0.75

CNOP-P = −σ and the ecosystem will be transformed from
an eutrophic state to an oligotrophic state; if σ ≥ c, the
CNOP-P will be equal to −c and the ecosystem will be trans-
formed from an eutrophic state to an oligotrophic state.

To illustrate the above results, we take OES A as an
example in interval [0, c1), OES B and EES C as an example in
interval [c1, c2], and EES D as an example in interval (c2, 1].
We take the equilibrium state as the initial state and c +
CNOP-P as the control parameter to integrate the model
with the integral time T = 150, that is, 15 years. The results
are shown in Table 2 and Figure 4.

Now, we take the case of OES B as an example to explain
the physical mechanism. For σ = 0.1, when we plug c +
CNOP-P into the model, dp/dt > 0 and the phosphorus
concentration in the lake ecosystem increases at first. Then
the algae and the phycophyta can increase to a large amount.
As the nutrient loading rate is not large enough and the
breeding of the hydrophyte will consume the phosphorus,
the lake ecosystem is not transformed to be an eutrophic state
at last. For σ = 0.35 and σ = 0.55, when we plug c+CNOP-P
into the model, dp/dt > 0 and so the phosphorus concen-
tration increases at first. Then the algae and the phycophyta
begin to breed at a large amount. As the the breeding of the
algae and the phycophyta will induce the dissolved oxygen in
the lake and the nutrient loading rate is too large, the lake
ecosystem is transformed to an eutrophic state at last.

4. The Summary

Through the above discussion, we can know that when the
nutrient loading rate c is between the two bifurcation points,
the ecosystem can become nonlinearly unstable with a large
enough CNOP-I, which can induce a transition from olig-
otrophic (eutrophic) state to eutrophic (oligotrophic) state;
when c < c1 and c > c2, the ecosystem is nonlinearly stable
and the ecosystem will not be transformed no matter how
large the initial restraint δ is. The ecosystem can be
transformed from an oligotrophic (eutrophic) state to an
eutrophic (oligotrophic) state with a large enough CNOP-P
no matter how large the initial nutrient loading rate is.

In our future work, we will try to compute CNOPs,
and compare the impacts of CNOP-I, CNOP-P, the simple
combination of CNOP-I and CNOP-P and CNOP on the lake

ecosystem under the same initial constraint and parameter
constraint.
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