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A significant advance in characterizing the nature of the zeros and organizing theMittag-Leffler functions into phases according to
their behavior is presented. Regions have been identified in the domain of 𝛼 and 𝛽 where the Mittag-Leffler functions 𝐸

𝛼,𝛽
(𝑧) have

not only the same type of zeros but also exhibit similar functional behavior, and this permits the establishment of an 𝛼-𝛽 phase
diagram.

1. Introduction

TheMittag-Leffler (ML) function 𝐸
𝛼,𝛽

(𝑧) defined by

𝐸
𝛼,𝛽

(𝑧) =

∞

∑

𝑘=0

𝑧
𝑘

Γ (𝛼𝑘 + 𝛽)

, 𝑧 ∈ C (1)

is a generalization of the exponential function and plays
a fundamental role in the theory of fractional differential
equations with numerous applications in physics. Conse-
quently, books devoted to the subject of fractional differential
equations (i.e., Podlubny [1], Magin [2], Kilbas et al. [3],
and Mainardi [4]) all contain sections on the Mittag-Leffler
functions. Despite the inherent importance of Mittag-Leffler
functions in fractional differential equations, their behaviour
and types of zeros have not been fully characterized. This
work resolves this delinquency by identifying regions in the
domain of 𝛼 and 𝛽where theMittag-Leffler functions exhibit
similar behaviour. In thiswork,𝑧 is restricted to real numbers.

While Mittag-Leffler functions in general exhibit a
diverse range of behaviors,ML functionswhich have the same
types of zeros also exhibit many other similar properties.
Hence, it is logical to organize the ML functions with similar
types of zeros and similar properties into regions of the
parameter space (𝛼,𝛽) (restricted to positive real numbers in
this work) resulting in a 𝛼-𝛽 “phase diagram” for the Mittag-
Leffler functions. Information extracted from a review of

the literature on the theory of the zeros of ML functions
together with the numerical results of this work yields the
first depiction of the 𝛼-𝛽 phase diagram for the Mittag-
Leffler functions shown in Figure 1 for the range 0 < 𝛼 ≤

3. Seven major regions or phases have been identified and
descriptively labeled by an ordered pair of symbols where the
first symbol of the pair indicates the number of real zeros
attributed to the ML function in that phase [i.e., none (0),
finite (𝑓), or infinite (∞)] and the second symbol of the
pair refers to the number of complex zeros attributed to the
Mittag-Leffler functions in that same phase.

Specifically, the seven phases are regions where the ML
functions 𝐸

𝛼,𝛽
(𝑧) have (1) a finite number of real zeros and

an infinite number of complex zeros [𝑓/∞], (2) one real
zero and an infinite number of complex zeros [1/∞], (3) an
infinite number of real zeros and no complex zeros [∞/0],
(4) an infinite number of real zeros and a finite number of
complex zeros [∞/𝑓], and (5) a special point where 𝐸

𝛼,𝛽
(𝑧)

has no zeros at all [0/0]. The remaining two phases both
have no real zeros and an infinite number of complex zeros
[0/∞], but exhibit different functional behaviors depending
on the value of 𝛼 and thus are denoted as (6) [0/∞]

𝛼<1
for

the region 0 < 𝛼 < 1 and (7) [0/∞]
𝛼 ≥ 1

for the region
1 ≤ 𝛼 ≤ 2. It is interesting to note that although not
excluded theoretically, the phase [∞/∞] does not seem to
exist in the range considered here 0 < 𝛼 ≤ 3. Theoretical
considerations show that the phases [0/𝑓], [𝑓/0], and [𝑓/𝑓]
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Figure 1: 𝛼-𝛽 phase diagram for 𝐸
𝛼,𝛽

(𝑧). The arrows point to
the particular phase into which a Mittag-Leffler function whose
parameters lie on a phase boundary belongs. Dotted lines are used
to indicate phase boundaries where 𝛼 and 𝛽 are known exactly and
solid lines for boundaries where 𝛼 and/or 𝛽 may be determined
as accurately as desired but not known exactly. In opposition to
the remainder of the points on the line 𝛼 = 1, the dark points at
𝛽 = 3/2, 5/2, 7/2, 9/2, . . . belong to phase [0/∞]

𝛼<1
and 𝛽 = 1/2 to

phase [1/∞].

are to be excluded. After some theoretical arguments which
are applicable to the zeros of allMittag-Leffler functions, each
phase will be discussed separately with the corresponding
supporting literature references. Examples will be provided
for the typical behavior of theML functions belonging to each
of these phases.

2. Zeros of 𝐸
𝛼,𝛽

(𝑧) Theory

It follows from Hadamard’s factorization theory that an
entire function of fractional order has infinitely many zeros
(Ahlfors [5]). The Mittag-Leffler function given by (1) is an
entire function of order 1/𝛼 (Gorenflo and Mainardi [6]).
Consequently, all ML functions 𝐸

𝛼,𝛽
(𝑧) will have an infinite

number of zeros with the possible exception of when 1/𝛼

is an integer (i.e., when 𝛼 = 1, 1/2, 1/3, 1/4, . . .). Note that
Hadamard’s statement says nothing about the number of
zeros when 1/𝛼 is an integer. In these cases, there may be
no zeros, a finite number of zeros, or an infinite number
of zeros. However, Sedletski [7, 8] has shown that with the
exception of 𝛼 = 𝛽 = 1 the Mittag-Leffler functions have an
infinite number of zeros for 𝛽 > 0. Since all terms in (1) are
positive for positive 𝑧, the Mittag-Leffler functions have no
real zeros for 𝑧 > 0. In addition, all complex zeros occur as
pairs of complex conjugates (Gorenflo et al. [9]). A systematic
description of the various phases follows.

3. Phase [0/0]

The ML function 𝐸
1,1

(𝑧) is equivalent to the exponential
function 𝑒

𝑧 and is the only Mittag-Leffler function which has

no zeros (Sedletski [7]) and thus is just a single point in the
phase diagram.The fact that 𝐸

1,1
(𝑧) does not have an infinite

number of zeros is consistent with Hadamard’s statement
since 1/𝛼 is an integer.

4. Phase [1/∞]

This phase extends from 0 < 𝛼 < 1 and 0 < 𝛽 < 𝛼

with different behaviors on the boundaries as follows: theML
functions whose parameters lie on the vertical dotted line at
𝛼 = 1 which separates the [1/∞] phase from [𝑓/∞] belong
to the [𝑓/∞] phase (with the single exception of 𝐸

1,1/2
(𝑧)

which belongs to [1/∞]—see Section 8 for details), while the
ML functions whose parameters lie on the dotted line 𝛼 = 𝛽

belong to the [0/∞] phase. Figure 2 shows a typical Mittag-
Leffler function in this phase.

The function is positive for positive 𝑧, and as 𝑧 →

−∞, the function crosses the negative 𝑧-axis only once and
asymptotically approaches zero from below. This is evident
from the asymptotic expansion of 𝐸

𝛼,𝛽
(𝑧) given by Podlubny

[1]:

𝐸
𝛼,𝛽

(𝑧) ≈

−1

[𝑧Γ (𝛽 − 𝛼)]

. (2)

In this phase 0 < 𝛼 < 1 and 0 < 𝛽 < 𝛼, thus−1 < 𝛽−𝛼 < 0 and
Γ(𝛽 − 𝛼) is negative and as 𝑧 → −∞, 𝐸

𝛼,𝛽
(𝑧) is negative and

thus approaches zero from below the negative 𝑧-axis. Theory
confirms the fact that each 𝐸

𝛼,𝛽
(𝑧) in this phase has only

one real negative simple zero (Popov and Sedletski [10]). The
fact that each ML function (except for 𝐸

1,1
(𝑧)) has an infinite

number of zeros for 𝛽 > 0 requires that each ML function in
this phase has an infinite number of complex zeros since each
function has only one real zero.

5. Phase [0/∞]
𝛼<1

This phase extends for 𝛽 ≥ 𝛼, from 0 < 𝛼 < 1 with
the line 𝛼 = 𝛽 separating the phase [1/∞] from [0/∞]

𝛼<1
,

andMittag-Leffler functions 𝐸
𝛼,𝛼

(𝑧) on the line belong to the
phase [0/∞]

𝛼<1
.The reasonML functions on the vertical line

𝛼 = 1 are not in this phase will be discussed in detail in the
next section. Figure 3 shows the graph of a typical Mittag-
Leffler function in the phase [0/∞]

𝛼<1
.

The function is positive for positive 𝑧 and remains
positive while asymptotically approaching the negative real
axis as 𝑧 → −∞ and thus has no real zeros. This is evident
by applying (2) with 𝛽 > 𝛼, Γ(𝛽 − 𝛼) is then positive and
as 𝑧 → −∞ 𝐸

𝛼,𝛽
(𝑧) is positive and thus approaches zero

from above the negative real axis. For 𝛼 = 𝛽, the asymptotic
expansion of 𝐸

𝛼,𝛼
(𝑧) as 𝑧 → −∞ is given by Podlubny [1]:

𝐸
𝛼,𝛼

(𝑧) ≈ −

1

[𝑧
2
Γ (−𝛼)]

. (3)

For 0 < 𝛼 < 1, Γ(−𝛼) is negative, and as 𝑧 → −∞ 𝐸
𝛼,𝛼

(𝑧) is
positive and this function also approaches zero from above
the negative real axis. The behaviour of the Mittag-Leffler
function in this phase is confirmed by the theoretical work of
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Figure 2: Typical Mittag-Leffler function in [1/∞].
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Figure 3: Typical Mittag-Leffler function in [0/∞]
𝛼<1

.

Schneider [11] andMiller and Samko [12, 13] who proved that
for 0 < 𝛼 ≤ 1 and 𝛽 ≥ 𝛼, 𝐸

𝛼,𝛽
(𝑧) is a complete monotonic

nonnegative function on the negative 𝑧-axis. Furthermore,
Aleroev and Aleroeva [14] have proven that all zeros of
𝐸
𝛼,𝛼

(𝑧) are complex for 0 < 𝛼 < 1. Since the Mittag-Leffler
functions in this phase have no real zeros, then theymust have
an infinite number of complex zeros.

6. Phase [0/∞]
𝛼≥1

This phase extends from 1 ≤ 𝛼 ≤ 2 to the phase boundary
separating phase [0/∞]

𝛼≥1
from [𝑓/∞]. This latter phase

boundary does not appear to be a simple function and will
be examined in detail in the discussion of phase [𝑓/∞]. All
Mittag-Leffler functions in phase [0/∞]

𝛼≥1
are characterized

by 𝛽 > 𝛼. Figure 4 shows a typical Mittag-Leffler function in
this phase.
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Figure 4: Typical Mittag-Leffler function in phase [0/∞]
𝛼≥1

.

As with phase [0/∞]
𝛼<1

, the Mittag-Leffler function is
positive for positive 𝑧 and remains positive while asymp-
totically approaching the negative real axis as 𝑧 → −∞

and thus has no real zeros. However, the Mittag-Leffler func-
tion in phase [0/∞]

𝛼≥1
exhibits a fundamentally different

functional behaviour from the Mittag-Leffler functions in
phase [0/∞]

𝛼<1
. This can be understood by recognizing

that Mittag-Leffler functions for which 𝛼 + 1 > 𝛽 can be
decomposed into two parts [15] given by

𝐸
𝛼,𝛽

(−𝑧) = 𝑔
𝛼,𝛽

(−𝑧) + 𝑓
𝛼,𝛽

(−𝑧) , (4)

where

𝑔
𝛼,𝛽

(−𝑧) = (

2

𝛼

exp [𝑧
1/𝛼 cos(𝜋

𝛼

)]

× cos[
𝜋 (1 − 𝛽)

𝛼

+ 𝑧
1/𝛼 sin(

𝜋

𝛼

)])

× (𝑧
(𝛽−1)/𝛼

)

−1

,

𝑓
𝛼,𝛽

(−𝑧)

= (

1

𝜋

∫

∞

0

{ (exp(−𝑧1/𝛼)𝑟𝛼−𝛽 [𝑟𝛼sin(𝜋𝛽)+sin[𝜋(𝛽 − 𝛼)]])

× (𝑟
2𝛼

+ 2𝑟
𝛼 cos (𝜋𝛼) + 1)

−1

} 𝑑𝑟)

× (𝑧
(𝛽−1)/𝛼

)

−1

.

(5)

Thus, Mittag-Leffler functions for which 𝛼 + 1 > 𝛽

are composed of a function 𝑓
𝛼,𝛽

(−𝑧) which asymptotically
approaches the negative 𝑧 axis as −𝑧 → ∞ superimposed
on an oscillatory function 𝑔

𝛼,𝛽
(−𝑧) [15]. For Mittag-Leffler
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Figure 5: An ML function from phase [0/∞]
𝛼>1

displaying the
oscillatory behaviour as 𝑧 → −𝑧.

functions in which 𝛼 + 1 ≥ 𝛽, there exists the following
recursion relation:

𝐸
𝛼,𝛽

(𝑧) = 𝑧
−𝑚

𝐸
𝛼,𝛽−𝛼𝑚

(𝑧)−

𝑚

∑

𝑘=1

𝑧
−𝑘

Γ (𝛽 −𝛼𝑘)

, 𝑚 = 1, 2, 3, . . . .

(6)

This permits representing any Mittag-Leffler function with
𝛼+1 ≥ 𝛽 in terms of aMittag-Leffler function with 𝛼+1 > 𝛽,
which in turn can then be represented by (5). For example,
using the recursion relation with 𝑚 = 2, 𝐸

3/2,4
(𝑧) can be

calculated from 𝐸
3/2,1

(𝑧) as follows:

𝐸
3/2,4

(𝑧) = 𝑧
−2

𝐸
3/2,1

(𝑧) −

1

𝑧Γ (5/2)

−

1

𝑧
2
. (7)

As with the previous example, any Mittag-Leffler function in
phase [0/∞]

𝛼≥1
can be represented in terms of a Mitttag-

Leffler function which can be calculated using (5). Con-
sequently, although not always apparent, inherent in all
Mittag-Leffler functions in phase [0/∞]

𝛼≥1
is the oscillatory

behaviour of 𝑔
𝛼,𝛽

(−𝑧) in (5). Figure 5 shows a Mittag-
Leffler function in phase [0/∞]

𝛼≥1
in which this oscillatory

behaviour is clearly evident.
The fact that 𝑔

𝛼,𝛽
(−𝑧) is zero for 0 < 𝛼 < 1

[15] is why the Mittag-Leffler functions of phase [0/∞]
𝛼<1

exhibit no oscillatory behaviour and why phases [0/∞]
𝛼<1

and [0/∞]
𝛼≥1

are fundamentally different phases. Although
𝑔
𝛼,𝛽

(−𝑧) is zero for 0 < 𝛼 < 1, it is instructive to ask if
𝑔
𝛼,𝛽

(−𝑧) is ever equal to zero when 𝛼 ≥ 1. Since 𝑧 is in the
cosine argument, for a fixed 𝛼 and 𝛽, 𝑔

𝛼,𝛽
(−𝑧) can only be

zero if sin(𝜋/𝛼) is zero. This limits the possibilities to the
vertical line 𝛼 = 1 whereby 𝑔

𝛼,𝛽
(−𝑧) = 2𝑒

−𝑧 cos[𝜋(1 − 𝛽)]

which is zero when 𝛽 = 1/2, 3/2, 5/2, . . .. Thus, at these
isolated points 𝛼 = 1, 𝛽 = 1/2, 3/2, 5/2, . . . the oscillatory
nature of 𝑔

𝛼,𝛽
(−𝑧) is absent. Consequently, for 𝛽 > 1, these

points belong to phase [0/∞]
𝛼<1

and all other points on
the vertical line belong to phase [0/∞]

𝛼≥1
as indicated by

the arrow in Figure 1. Similarly, for 𝛽 < 1, the point 𝛽 =

1/2 belongs to phase [1/∞]. To highlight this distinction,
these special points are shown as dark points in Figure 1. The
fact that, according to Schneider [11] and Miller and Samko
[12, 13], ML functions on the line 𝛼 = 1 with 𝛽 > 1 are
complete monotonic nonnegative functions on the negative
𝑧-axis simply means that in this case the 𝑓

𝛼,𝛽
(−𝑧) function in

(5) dominates and does not permit the oscillatory nature of
𝑔
𝛼,𝛽

(−𝑧) to be manifested.
For 1 ≤ 𝛼 ≤ 2, the phase [0/∞]

𝛼≥1
includes all Mittag-

Leffler functions above the phase boundary line but not those
on the line. This last fact will be discussed in detail in the
following section. Mittag-Leffler functions 𝐸

2⋅𝛽
(𝑧) on the

vertical boundary line 𝛼 = 2 separating phase [0/∞]
𝛼≥1

from
[∞/𝑓] for𝛽 > 3 belong to phase [0/∞]

𝛼≥1
as indicated by the

arrow in Figure 1. This is confirmed by the theoretical work
of Popov and Sedletski [10] who show that 𝐸

2,𝛽
(𝑧) has no real

zeros for 𝛽 > 3. With no real zeros, each ML function in this
phase must have an infinite number of complex zeros.

7. Phase [𝑓/∞]

This phase extends from 1 ≤ 𝛼 < 2 and from 𝛽 > 0 to the
[0/∞]

𝛼≥1
phase boundary line in Figure 1. Figure 6 shows the

graph of a typical Mittag-Leffler function belonging to this
phase.

The function is positive for positive 𝑧 and as 𝑧 → −∞,
the function oscillates crossing the negative 𝑧-axis a finite
number of times before asymptotically approaching zero.
This general behavior applies to allMittag-Leffler functions in
this phase. However, the Mittag-Leffler functions within this
phase differwith respect to how they asymptotically approach
zero. Some approach from above the negative 𝑧 axis while
others approach from below. Those Mittag-Leffler functions
that approach from below must have crossed the 𝑧-axis an
odd number of times. For example, 𝐸

𝛼,1
(𝑧) approaches from

below for 1 < 𝛼 < 2 and thus has an odd number of negative
real zeros (Wiman [16], Gorenflo and Mainardi [15]). This
is evident from (2) since 𝛽 = 1 and Γ(1 − 𝛼) is negative
for 1 < 𝛼 < 2, therefore 𝐸

𝛼,1
(𝑧) is negative as 𝑧 → −∞.

Similarly, 𝐸
𝛼,𝛼

(𝑧) for 1 < 𝛼 < 2 approaches zero from below
and has on odd number of negative real zeros.This is evident
from (3) since Γ(−𝛼) is positive for 1 < 𝛼 < 2 and thus𝐸

𝛼,𝛼
(𝑧)

is negative as 𝑧 → −∞. Those Mittag-Leffler functions that
approach zero from above the negative real axis must have
crossed the 𝑧-axis an even number of times. For example,
𝐸
𝛼,2

(𝑧) for 1 < 𝛼 < 2 approaches zero from above. This is
evident from (2) since 𝛽 = 2 and Γ(2 − 𝛼) is positive for
1 < 𝛼 < 2, therefore 𝐸

𝛼,2
(𝑧) is positive as 𝑧 → −∞ and

has an even number of negative real zeros. With only a finite
number of real zeros, each ML function in this phase must
have an infinite number of complex zeros.

Consequently, the phase [𝑓/∞] can be subdivided into
regions where the Mittag-Leffler function has either an even
or an odd number of real zeros. There are two regions
where the Mittag-Leffler function has an even number of
real zeros, and these two regions will be referred to as
[𝑓(even)/∞]. There is one region where the Mittag-Leffler
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function has an odd number of real zeros, and it will be
referred to as [𝑓(odd)/∞]. Phase [𝑓/∞] has been extensively
mapped by the authors and is shown in Figure 7. The regions
[𝑓(even)/∞] and [𝑓(odd)/∞] will be discussed in more
detail in the next two sections.

8. Region [𝑓(odd)/∞]

This region, which extends from 1 ≤ 𝛼 < 2, is bounded
below by the line 𝛽 = 𝛼 − 1 and is bounded above by the line
𝛽 = 𝛼 as shown in Figure 8. Depicted in Figure 8 are the lines
separating the various subphases [𝑛/∞] where the Mittag-
Leffler function has 𝑛 = 1, 3, 5, 7, . . . zeros. Lines begin on the
line 𝛽 = 𝛼 curl around and end at the point 𝛼 = 𝛽 = 1. Each
subsequent line is asymptotically closer to the𝛽 = 𝛼−1 line as
it approaches the point 𝛼 = 𝛽 = 1. The number of subphases
drawn in Figure 8was determined bywhen there was no clear
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Figure 8: Region [𝑓(odd)/∞] showing the subphases [𝑛/∞], 𝑛 =

1𝑠, 3, 5, 7, 9, . . ..

separation distinguishing consecutive subphases. The line
separating subphase [101/∞] from [103/∞] is also drawn for
perspective.

Points on the boundary lines separating consecutive
subphases can be determined numerically as accurately as
desired, but no exact values are known (other than the point
𝛼 = 𝛽 = 1). Two points on each curve will be given as refer-
ence values which are accurate to 11 significant digits. Points
on the line 𝛼 = 𝛽where the boundary line separates subphase
[𝑛/∞] from subphase [(𝑛 + 2)/∞] for 𝑛 = 1, 3, 5, . . . 101

are given in Table 3(a). Additional reference values are given
in Table 3(b) which lists points on the horizontal line 𝛽 =

1 where the boundary line separates subphase [𝑛/∞] from
subphase [(𝑛 + 2)/∞] for 𝑛 = 1, 3, 5, . . . 101. These reference
values have been investigated by Hanneken et al. [17] who
published a partial table including values of 𝛼 up to 𝑛 =

11281. The values of 𝛼 are recorded such that the Mittag-
Leffler function with that value of 𝛼 and 𝛽will be in subphase
[𝑛/∞] whereas by adding one digit to the least significant
digit of 𝛼 the correspondingMittag-Leffler function will then
be in subphase [(𝑛 + 2)/∞].

It should be noted that subphase [1/∞] within region
[𝑓(odd)/∞] must be distinguished from phase [1/∞] to
which it is adjacent on the phase diagram. The graphs
of Mittag-Leffler functions in both subphase [1𝑠/∞] and
phase [1/∞] cross the 𝑧-axis only once and asymptotically
approach the negative 𝑧-axis from below as 𝑧 → −∞.
However, the Mittag-Leffler functions in subphase [1/∞]
exhibit a fundamentally different functional behaviour from
the Mittag-Leffler functions in phase [1/∞]. Since 𝛼 +

1 > 𝛽 for all Mittag-Leffler functions in both phase [1/∞]
and subphase [1/∞], the decomposition into the functions
𝑔
𝛼,𝛽

(−𝑧) and 𝑓
𝛼,𝛽

(−𝑧) in (5) is valid. However, in phase
[1/∞] where 0 < 𝛼 < 1 the Mittag-Leffler functions
are entirely described by the function 𝑓

𝛼,𝛽
(−𝑧), and the

oscillatory function 𝑔
𝛼,𝛽

(−𝑧) is absent. This fundamental
difference requires subphase [1/∞] be distinguished from
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phase [1/∞]. Consequently, subphase [1/∞] will be denoted
as [1𝑠/∞] (𝑠 for subphase) as indicated in Figure 8. This is
the only subphase which requires a special notation. All the
points on the line 𝛼 = 1 for 0 < 𝛽 < 1 belong to subphase
[1𝑠/∞] with one exception.The point 𝛼 = 1, 𝛽 = 1/2 belongs
to phase [1/∞] and not to subphase [1𝑠/∞] as discussed in
detail in Section 6.

9. Region [𝑓(even)/∞]

Region [𝑓(even)/∞] appears both above and below region
[𝑓(odd)/∞] on the phase diagram as shown in Figure 7.
Although separated in phase space, the two regions of
[𝑓(even)/∞] are fundamentally the same in that the Mittag-
Leffler functions in both regions have similar behaviour.
The lower region, which extends from 1 < 𝛼 < 2, is
bounded below by the line 𝛽 = 0 and is bounded above
by the line 𝛽 = 𝛼 − 1 as shown in Figure 9. Depicted
in Figure 9 are the lines separating the various subphases
[𝑛/∞] where the Mittag-Leffler function has 𝑛 = 2, 4, 6, 8, . . .

zeros. Lines begin on the line 𝛽 = 𝛼 − 1 curl around and
end on the line 𝛽 = 0. The number of subphases drawn
in Figure 7 was determined by when there was no clear
separation distinguishing consecutive subphases. The line
separating subphase [100/∞] from [102/∞] is also drawn
for perspective. Points on the boundary lines separating
consecutive subphases can be determined numerically as
accurately as desired, but no exact values are known. Two
points on each curve will be given as reference values which
are accurate to 11 significant digits. Points on the line 𝛽 =

𝛼 − 1 where the boundary line separates subphase [𝑛/∞]
from subphase [(𝑛 + 2)/∞] for 𝑛 = 2, 4, 6, . . . 102 are given in
Table 3(c). Additional reference values are given in Table 3(d)
which lists points on the horizontal line 𝛽 = 0 where the
boundary line separates subphase [𝑛/∞] from subphase [(𝑛+
2)/∞] for 𝑛 = 2, 4, 6, . . . 102. Note that the tabulated values
in Tables 3(a) and 3(d) are related. This is because 𝐸

𝛼,0
(𝑧) =

𝑧𝐸
𝛼,𝛼

(𝑧) and consequently all zeros of 𝐸
𝛼,𝛼

(𝑧) are also zeros
of 𝐸
𝛼,0

(𝑧) except that 𝐸
𝛼,0

(𝑧) has an additional zero at 𝑧 = 0.
Thus, whereas 𝐸

𝛼,𝛼
(𝑧) has an odd number of zeros, the added

zero gives 𝐸
𝛼,0

(𝑧) an even number of zeros.
The other portion of the phase diagram in the phase

[𝑓(even)/∞] extends from 1 < 𝛼 < 2 and is bounded below
by the line 𝛼 = 𝛽 and bounded above by the [𝑓/∞] to
[0/∞] phase boundary line as shown in Figure 10. Depicted
in Figure 10 are the lines separating the various subphases
[𝑛/∞] where the Mittag-Leffler function has 𝑛 = 2, 4, 6, . . .

zeros. The boundary lines begin at the point 𝛼 = 2, 𝛽 = 3

and end at the point 𝛼 = 𝛽 = 1. Each subsequent line
is asymptotically closer to the 𝛼 = 𝛽 line as it approaches
the point 𝛼 = 𝛽 = 1. The number of subphases drawn
in Figure 8 was determined by when there was no clear
separation distinguishing consecutive subphases. The line
separating subphase [100/∞] from [102/∞] is also drawn
for perspective. Points on the boundary lines separating the
consecutive subphases can be determined numerically as
accurately as desired, but no exact values are known other
than the two end points. An additional point on each curve
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Figure 9: The lower region of [𝑓(even)/∞] showing subphases
[𝑛/∞], 𝑛 = 2, 4, 6, 8, . . ..
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Figure 10: The upper region of [𝑓(even)/∞] showing subphases
[𝑛/∞], 𝑛 = 2, 3, 4, 6, . . ..

will be given as reference values which are accurate to 11
significant digits. Points on the line 𝛽 = 2 where the boundary
line separates subphase [𝑛/∞] from subphase [𝑛 + 2/∞] for
𝑛 = 2, 4, 6, 8, . . . 102 are given in Table 3(e).

As shown in Figure 10, the subphase [2/∞] is immedi-
ately adjacent to the boundary line separating the [𝑓/∞]
from the [0/∞]

𝛼>1
phase. The Mittag-Leffler function in

subphase [2/∞] is positive for positive 𝑧 and as 𝑧 → −∞

the function crosses the negative 𝑧-axis reaching a minimum
value below the 𝑧-axis and then crosses the negative 𝑧-
axis a second time and asymptotically approaches zero from
above the negative 𝑧-axis as 𝑧 → −∞. For a fixed 𝛼,
increasing 𝛽 raises the minimum value upward toward the 𝑧-
axis causing the separation between the two zeros to decrease
until the minimum value is on the 𝑧-axis and the two zeros
have coalesced into one real zero with a double multiplicity.
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This is illustrated in Figure 11 with theMittag-Leffler function
𝐸
𝛼,𝛽

(𝑧)with 𝛼 = 7/4. For𝛽 just less than 2.34513, the function
has two zeros centered around 𝑧 = −20 and increasing 𝛽 to
≈2.34513 results in one real zero with a double multiplicity.
A further increase in 𝛽 yields a function with no real zeros
which oscillates as it asymptotically approaches 𝑧 = −∞

which is characteristic of a function in phase [0/∞]
𝛼≥1

as
discussed earlier.

The value of 𝛽 above which the function has no real
zeros delineates the boundary between the phases [𝑓/∞] and
[0/∞] for 1 < 𝛼 < 2, and Table 1 lists these approximate
values for various values of 𝛼 (see the discussion of phase
[∞/𝑓] for the methodology in the determination of the 𝛽

values for 2 < 𝛼 ≤ 3).
A cubic equation was found to be an approximate fit to

the boundary line for 1 ≤ 𝛼 ≤ 3.

𝛽 ≈ 0.63287 − 0.43869𝛼 + 0.79965𝛼
2

+ 0.00574𝛼
3

. (8)

The maximum deviation of the value of 𝛽 from Table 1
compared to that calculated from (8) is ±0.00153 at 𝛼 =

1.10; however, for 𝛼 ≥ 1.85 the maximum deviation is
±0.0002. Although the points (𝛼, 𝛽) on the phase boundary
have been given to 6 significant digits in Table 1, they can be
determined to much greater accuracy. In particular, for the
special cases whenever 𝛼 and/or 𝛽 are integer, these more
accurately determined values can be used as reference points
on the boundary and are given in Table 2.

Although the curve extends to higher𝛼, it is limited to𝛼 =

3 in this investigation. With the exception of 𝛼 = 1 and
𝛼 = 2, the points which constitute the boundary line are
indeterminate. For example, for 𝛼 = 1.5991153, 𝐸

𝛼,2
(𝑧) has

two real zeros and an infinite number of complex zeros and
belongs to the phase [𝑓/∞]. Whereas for 𝛼 = 1.5991152,
𝐸
𝛼,2

(𝑧) has no real zeros and an infinite number of complex
zeros and belongs to the phase [0/∞]. Consequently, the
point on the boundary line at 𝛽 = 2 which separates
the phases [𝑓/∞] and [0/∞] is in the range 1.5991152 <

𝛼 < 1.5991153. Although this range can be made narrower

Table 1: Boundary line data points.

𝛼 𝛽

1.00 1.00000
1.05 1.05924
1.10 1.12400
1.15 1.19325
1.20 1.26674
1.25 1.34437
1.30 1.42608
1.35 1.51187
1.40 1.60173
1.45 1.69565
1.50 1.79365
1.55 1.89573
1.60 2.00191
1.65 2.11219
1.70 2.22660
1.75 2.34513
1.80 2.46779
1.85 2.59460
1.90 2.72557
1.95 2.86070
2.00 3.00000
2.05 3.14347
2.10 3.29112
2.15 3.44297
2.20 3.59900
2.25 3.75923
2.30 3.92367
2.35 4.09231
2.40 4.26516
2.45 4.44222
2.50 4.62350
2.55 4.80899
2.60 4.99871
2.65 5.19265
2.70 5.39082
2.75 5.59321
2.80 5.79984
2.85 6.01069
2.90 6.22578
2.95 6.44511
3.00 6.66867

(see Table 2), the exact point that separates the phases is
most likely indeterminate. Consequently, it is meaningless
to discuss Mittag-Leffler functions on this phase boundary
(with the exception of the two points known exactly: 𝛼 = 𝛽 =

1 and 𝛼 = 2, 𝛽 = 3). It must be noted that all approximate
values of 𝛽 in Tables 1 and 2 correspond to Mittag-Leffler
functions in phase [𝑓/∞] for 1 < 𝛼 < 2 and in phase [∞/0]
for 2 ≤ 𝛼 ≤ 3 and by adding one digit to the least significant
digit of 𝛽 the function appears on the opposite side of
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Table 2: Boundary line reference points.

𝛼 𝛽

1 1
1.59911520632302 2
2 3
2.32278477412617 4
2.60033449274294 5
2.84748677935047 6
3 6.6686719145721
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Figure 12: Typical Mittag-Leffler function in [∞/0].

the boundary line in phase [0/∞]
𝛼≥1

for 1 < 𝛼 < 2 or phase
[∞/𝑓] for 2 ≤ 𝛼 ≤ 3. While the opposite is true for the
approximate values of 𝛼 in Table 2 which are in either phase
[0/∞]

𝛼≥1
or [∞/𝑓] initially and after adding one digit to the

least significant digit of 𝛼 are in phase [𝑓/∞] or [∞/0].
It should be noted that this phase boundary line was

numerically determined first by Hanneken et al. [18] in the
first attempt at an alpha-beta phase diagram. This present
work is more complete including a phase not originally
present and includes all the subphases in [𝑓/∞]. The recent
work of Duan et al. [19] shows this phase boundary line
accurately for 0 ≤ 𝛼 ≤ 1 and approximately for 𝛼 > 1 but
divides the entire 𝛼-𝛽 phase space into only two phases and
the description of his F phase having no real zeros is incorrect.

10. Phase [∞/0]

This phase extends from 2 ≤ 𝛼 ≤ 3 and from 𝛽 > 0 to the
boundary line shown in Figure 1. Figure 12 shows the graph
of a typicalMittag-Leffler function in this phase.The function
is positive for positive 𝑧, and as 𝑧 → −∞, the function
oscillates with increasing amplitude crossing the negative 𝑧-
axis an infinite number of times.

It has been shown (i.e., Dzhrbashyan [20] andDjrbashian
[21]) that all zeros of the function 𝐸

2,𝛽
(𝑧) for 1 < 𝛽 < 3

are negative, real, and simple. This was later extended by
Ostrovskii and Peresyolkova [22] to include 0 < 𝛽 < 3.

Table 3: Reference values in phase [𝑓/∞].

(a) Reference value transition points along the line 𝛼 = 𝛽

Transition Alpha
1 to 3 zeros 1.3395747103
3 to 5 1.4892313259
5 to 7 1.5725808412
7 to 9 1.6280321346
9 to 11 1.6684183137
11 to 13 1.6995219670
13 to 15 1.7244096473
15 to 17 1.7448875732
17 to 19 1.7621012104
19 to 21 1.7768180976
21 to 23 1.7895749696
23 to 25 1.8007601937
25 to 27 1.8106627476
27 to 29 1.8195027301
29 to 31 1.8274511290
31 to 33 1.8346430576
33 to 35 1.8411868715
35 to 37 zeros 1.8471706026
37 to 39 1.8526665973
39 to 41 1.8577349238
41 to 43 1.8624259162
43 to 45 1.8667821039
45 to 47 1.8708396938
47 to 49 1.8746297224
49 to 51 1.8781789624
51 to 53 1.8815106427
53 to 55 1.8846450251
55 to 57 1.8875998709
57 to 59 1.8903908216
59 to 61 1.8930317103
61 to 63 1.8955348200
63 to 65 1.8979110982
65 to 67 1.9001703362
67 to 69 1.9023213199
69 to 71 zeros 1.9043719579
71 to 73 1.9063293896
73 to 75 1.9082000780
75 to 77 1.9099898892
77 to 79 1.9117041604
79 to 81 1.9133477593
81 to 83 1.9149251354
83 to 85 1.9164403642
85 to 87 1.9178971868
87 to 89 1.9192990435
89 to 91 1.9206491039
91 to 93 1.9219502937
93 to 95 1.9232053177
95 to 97 1.9244166806
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(a) Continued.

Transition Alpha
97 to 99 1.9255867056
99 to 101 1.9267175505
101 to 103 1.9278112225

(b) Reference value transition points along the horizontal line 𝛽 = 1

Transition Alpha
1 to 3 zeros 1.4221906908
3 to 5 1.5718839229
5 to 7 1.6490682373
7 to 9 1.6985162237
9 to 11 1.7336930327
11 to 13 1.7603388117
13 to 15 1.7813926516
15 to 17 1.7985433447
17 to 19 1.8128419490
19 to 21 1.8249822706
21 to 23 1.8354435176
23 to 25 1.8445688178
25 to 27 1.8526111866
27 to 29 1.8597618108
29 to 31 1.8661681768
31 to 33 1.8719460965
33 to 35 1.8771879211
35 to 37 zeros 1.8819682945
37 to 39 1.8863482727
39 to 41 1.8903783311
41 to 43 1.8941005978
43 to 45 1.8975505379
45 to 47 1.9007582408
47 to 49 1.9037494173
49 to 51 1.9065461804
51 to 53 1.9091676623
53 to 55 1.9116305080
55 to 57 1.9139492725
57 to 59 1.9161367439
59 to 61 1.9182042070
61 to 63 1.9201616614
63 to 65 1.9220180019
65 to 67 1.9237811690
67 to 69 1.9254582752
69 to 71 zeros 1.9270557120
71 to 73 1.9285792400
73 to 75 1.9300340659
75 to 77 1.9314249085
77 to 79 1.9327560555
79 to 81 1.9340314117
81 to 83 1.9352545420
83 to 85 1.9364287076
85 to 87 1.9375568985
87 to 89 1.9386418610
89 to 91 1.9396861230

(b) Continued.

Transition Alpha
91 to 93 1.9406920148
93 to 95 1.9416616889
95 to 97 1.9425971365
97 to 99 1.9435002028
99 to 101 1.9443725998
101 to 103 1.9452159190

(c) Reference value transition points along the line 𝛽 = 𝛼 − 1

Transition Alpha
2 to 4 zeros 1.2916629732
4 to 6 1.4337910571
6 to 8 1.5175792520
8 to 10 1.5751778645
10 to 12 1.6180496252
12 to 14 1.6515923598
14 to 16 1.6787594800
16 to 18 1.7013316816
18 to 20 1.7204590356
20 to 22 1.7369236242
22 to 24 1.7512791072
24 to 26 1.7639303013
26 to 28 1.7751811559
28 to 30 1.7852650145
30 to 32 1.7943644328
32 to 34 1.8026245763
34 to 36 1.8101625260
36 to 38 zeros 1.8170738953
38 to 40 1.8234376334
40 to 42 1.8293195759
42 to 44 1.8347751111
44 to 46 1.8398512130
46 to 48 1.8445880105
48 to 50 1.8490200131
50 to 52 1.8531770789
52 to 54 1.8570851871
54 to 56 1.8607670588
56 to 58 1.8642426610
58 to 60 1.8675296189
60 to 62 1.8706435553
62 to 64 1.8735983713
64 to 66 1.8764064818
66 to 68 1.8790790112
68 to 70 1.8816259606
70 to 72 zeros 1.8840563472
72 to 74 1.8863783254
77 to 76 1.8885992882
76 to 78 1.8907259561
78 to 80 1.8927644526
80 to 82 1.8947203703
82 to 84 1.8965988280
84 to 86 1.8984045205
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(c) Continued.

Transition Alpha
86 to 88 1.9001417625
88 to 90 1.9018145263
90 to 92 1.9034264764
92 to 94 1.9049809984
94 to 96 1.9064812261
96 to 98 1.9079300641
98 to 100 1.9093302094
100 to 102 1.9106841692
102 to 104 1.9119942782

(d) Reference value transition points along the horizontal line 𝛽 = 0

Transition Alpha
2 to 4 zeros 1.3395747103
4 to 6 1.4892313259
6 to 8 1.5725808412
8 to 10 1.6280321346
10 to 12 1.6684183137
12 to 14 1.6995219670
14 to 16 1.7244096473
16 to 18 1.7448875732
18 to 20 1.7621012104
20 to 22 1.7768180976
22 to 24 1.7895749696
24 to 26 1.8007601937
26 to 28 1.8106627476
28 to 30 1.8195027301
30 to 32 1.8274511290
32 to 34 1.8346430576
34 to 36 1.8411868715
36 to 38 zeros 1.8471706026
38 to 40 1.8526665973
40 to 42 1.8577349238
42 to 44 1.8624259162
44 to 46 1.8667821039
46 to 48 1.8708396938
48 to 50 1.8746297224
50 to 52 1.8781789624
52 to 54 1.8815106427
54 to 56 1.8846450251
56 to 58 1.8875998709
58 to 60 1.8903908216
60 to 62 1.8930317103
62 to 64 1.8955348200
64 to 66 1.8979110982
66 to 68 1.9001703362
68 to 70 1.9023213199
70 to 72 zeros 1.9043719579
72 to 74 1.9063293896
77 to 76 1.9082000780
76 to 78 1.9099898892
78 to 80 1.9117041604

(d) Continued.

Transition Alpha
80 to 82 1.9133477593
82 to 84 1.9149251354
84 to 86 1.9164403642
86 to 88 1.9178971868
88 to 90 1.9192990435
90 to 92 1.9206491039
92 to 94 1.9219502937
94 to 96 1.9232053177
96 to 98 1.9244166806
98 to 100 1.9255867056
100 to 102 1.9267175505
102 to 104 1.9278112225

(e) Reference value transition points along the horizontal line 𝛽 = 2

Transition Alpha
2 to 4 zeros 1.7100323859
4 to 6 1.7651251779
6 to 8 1.7997959826
8 to 10 1.8241639279
10 to 12 1.8424530845
12 to 14 1.8567978278
14 to 16 1.8684122443
16 to 18 1.8780456420
18 to 20 1.8861890746
20 to 22 1.8931795541
22 to 24 1.8992570236
24 to 26 1.9045975105
26 to 28 1.9093334138
28 to 30 1.9135664414
30 to 32 1.9173761529
32 to 34 1.9208257688
34 to 36 1.9239662228
36 to 38 zeros 1.9268390530
38 to 40 1.9294785049
40 to 42 1.9319130876
42 to 44 1.9341667441
44 to 46 1.9362597431
46 to 48 1.9382093682
48 to 50 1.9400304552
50 to 52 1.9417358171
52 to 54 1.9433365818
54 to 56 1.9448424643
56 to 58 1.9462619872
58 to 60 1.9476026606
60 to 62 1.9488711300
62 to 64 1.9500732990
64 to 66 1.9512144314
66 to 68 1.9522992368
68 to 70 1.9533319424
70 to 72 zeros 1.9543163543
72 to 74 1.9552559090
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(e) Continued.

Transition Alpha
77 to 76 1.9561537182
76 to 78 1.9570126063
78 to 80 1.9578351437
80 to 82 1.9586236746
82 to 84 1.9593803423
84 to 86 1.9601071098
86 to 88 1.9608057791
88 to 90 1.9614780074
90 to 92 1.9621253217
92 to 94 1.9627491312
94 to 96 1.9633507390
96 to 98 1.9639313515
98 to 100 1.9644920877
100 to 102 1.9650339870
102 to 104 1.9655580163

The point 𝛼 = 2, 𝛽 = 3 was not included because the
zeros of 𝐸

2,3
(𝑧) are not simple but have a multiplicity of 2.

Nevertheless it is still true that the zeros of𝐸
2,3

(𝑧) are negative
and real. For 𝛽 > 3, it has been shown (Popov and Sedletski
[10]) that 𝐸

2,𝛽
(𝑧) has no real zeros and thus belongs to phase

[0,∞]. Thus Mittag-Leffler functions on the line 𝛼 = 2 for
0 < 𝛽 ≤ 3 belong to the phase [0/∞] as indicated by the
arrow in Figure 1.

There is considerable theoretical work searching for all
pairs (𝛼, 𝛽) such that the zeros of theMittag-Leffler functions
are negative, real, and simple (i.e., Popov [23–26], Popov and
Sedletski [10], and Ostrovskii and Peresyolkova [22]). For
example, Popov [25] showed that for 𝛼 > 2 and 0 < 𝛽 ≤ (2𝛼−

1) all zeros of 𝐸
𝛼,𝛽

(𝑧) are negative, real, and simple. Although
this covers the majority of phase [∞/0] the upper limit on
𝛽 is more restrictive than (8) predicts. However, the work
of Popov and others is also more restrictive requiring the
zeros to be simple. The phases proposed in Figure 1 are only
concerned with whether the zeros are real or complex. The
general properties attributed to the Mittag-Leffler functions
in each phase hold true regardless of whether the zeros are
simple or multiples.

Although the phase diagram in Figure 1 is restricted to
0 < 𝛼 ≤ 3, it is conjectured that phase [0/∞] extends
to 2 ≤ 𝛼 ≤ ∞ based on the theoretical work of Popov
and the others listed above. Also supporting this hypothesis
is the work of Wiman [16], Pólya [27], and Ostrovskii and
Peresyokkova [22]whohave shown that all zeros of𝐸

𝛼,1
(𝑧) for

𝛼 ≥ 2 are real, negative, and simple. In addition, Popov [26]
has shown that all zeros of the function 𝐸

𝑁,𝑁+1
(𝑧) are real,

negative, and simple for 𝑁 ≥ 3 and that all zeros of 𝐸
4,9

(𝑧)

are real, negative, and simple.

11. Phase [∞/𝑓]

This phase extends from 2 < 𝛼 ≤ 3 and for 𝛽 above the phase
boundary line given approximately by (8). Figure 13 shows a
typical Mittag-Leffler function in this phase.
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Figure 13: Typical Mittag-Leffler function in [∞/𝑓].
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Figure 14: Phase [∞/𝑓] in detail showing subphases [∞/𝑛], 𝑛 =

2, 4, 6, . . ..

The function is positive for positive 𝑧 and as 𝑧 → −∞

the function oscillates with growing amplitude crossing the
negative real axis an infinite number of times. The Mittag-
Leffler functions in phase [∞/𝑓] differ from those in phase
[∞/0] in that the functions in phase [∞/𝑓] exhibit a finite
number of oscillations whose relative minima are above the
negative 𝑧-axis, whereas for functions in phase [∞/0], the
relative minima for all oscillations are below the negative
𝑧-axis (see Figure 12). For fixed 𝛼, and 𝛽 incrementally
above the phase boundary line, the relative minimum in the
oscillation nearest 𝑧 = 0 no longer lies below the negative 𝑧-
axis but is nowabove the negative 𝑧-axis and thus the function
has lost two real zeros and gained two complex zeros (one
and its complex conjugate). The phase boundary occurs at
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Table 4: Reference values in phase [∞/𝑓].

(a) Reference points on the phase boundary line separating phases [∞/2]
from [∞/4]

𝛼 𝛽

2 3
2.2276114869 4
2.4245980282 5
2.6013352823 6
2.7631879843 7
2.9134444409 8
3 8.6072783765

(b) Reference points on the phase boundary line separating phases [∞/4]
from [∞/6]

𝛼 𝛽

2 3
2.1799836579 4
2.3364037665 5
2.4775449443 6
2.6074522928 7
2.7285611696 8
2.8425033406 9
2.9504465415 10
3 10.4761755002

(c) Reference points on the phase boundary line separating phases [∞/6]
from [∞/8]

𝛼 𝛽

2 3
2.1504894698 4
2.2816699180 5
2.4005387002 6
2.5103738032 7
2.6131154583 8
2.7100556595 9
2.8021181175 10
2.8899956024 11
2.9742260037 12
3 12.3140908740

(d) Reference Points on the phase boundary line separating phases [∞/8]
from [∞/10]

𝛼 𝛽

2 3
2.1301385540 4
2.2438414409 5
2.3472084518 6
2.4430135894 7
2.5328752160 8
2.6178636961 9
2.6987423420 10
2.7760835480 11
2.8503322845 12

(d) Continued.

𝛼 𝛽

2.9218440026 13
2.9909087735 14
3 14.1341324772

the value of 𝛽 when this relative minimum rests on the nega-
tive 𝑧-axis. As 𝛽 is increased further, the relative minimum
of the second oscillation nearest 𝑧 = 0 also occurs above
the negative 𝑧-axis (shown in Figure 13) admitting two more
complex zeros for a total of 4 complex zeros and an infinite
number of real zeros.This process continues as𝛽 is increased;
each time the relativeminimumof an oscillationmoves above
the negative 𝑧-axis the function loses two real zeros and gains
two complex zeros. This phase has been extensively mapped
by the authors and is shown in Figure 14. Reference values on
the subphase boundary lines are given in Table 4.

Note that all Mittag-Leffler functions in this phase just
above the boundary line have 2 complex zeros and thus
this region is listed as [∞/2]. Since each of these regions
[∞/2], [∞/4], [∞/6], . . . all has the same general behavior,
they are considered as one major phase [∞/𝑓] with an
infinite number of subphases. An interesting observation
fromFigure 14 is that the phase [∞/∞] cannever be achieved
but is only approached for 𝛽 > 3 and 𝛼 = 2 + 𝜀 as 𝜀 becomes
incrementally small.

12. Summary

Thedepiction of the 𝛼-𝛽 phase diagram for theMittag-Leffler
functions with real arguments is represented by Figure 1
with subphases shown in more detail in Figures 7, 8, 9, 10,
and 14. Each phase represents a region where 𝐸

𝛼,𝛽
(𝑧) have

not only the same type of zeros but also exhibit similar
functional behavior. This represents a major step forward
in characterizing the nature of the zeros and organizing
the Mittag-Leffler functions according to their behavior. For
complex arguments, the reader is referred to the numerical
calculations for 𝐸

𝛼,𝛽
(𝑧) in the complex plane by Hilfer and

Seybold [28]. Their results are consistent with the present
work where the efforts overlap.
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