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The fractal wave equations with local fractional derivatives are investigated in this paper. The analytical solutions are obtained by
using local fractional Fourier series method. The present method is very efficient and accurate to process a class of local fractional

differential equations.

1. Introduction

Fractional calculus deals with derivative and integrals of
arbitrary orders [1]. During the last four decades, fractional
calculus has been applied to almost every field of science and
engineering [2-6]. In recent years, there has been a great
deal of interest in fractional differential equations [7]. As a
result, various kinds of analytical methods were developed
[8-18]. For example, there are the exp-function method
[8], the variational iteration method [9, 10], the homotopy
perturbation method [11], the homotopy analysis method
[12], the heat-balance integral method [13], the fractional
variational iteration method [14, 15], the fractional difference
method [16], the finite element method [17], the fractional
Fourier and Laplace transforms [18], and so on.

Recently, local fractional calculus was applied to deal with
problems for nondifferentiable functions; see [19-26] and
the references therein. There are also analytical methods for
solving the local fractional differential equations, which are
referred to in [27-34]. The local fractional series method [32-
34] was applied to process the local fractional wave equation
in fractal vibrating [32] and local fractional heat-conduction
equation [33].

More recently, the wave equation on the Cantor sets was
considered as [21, 28]

**u (x,1) B 0% u (x, 1) 1)
atZ(x - axZa :

Local damped wave equation was written in the form [30]

**u (x,1) . 0“u (x, 1) . **u (x,1)
ot ot 0x2

and local fractional dissipative wave equation in fractal
strings was [31]

= f(xt), (2

0% u (x, 1) B 0“u (x,t)
o2« ot™
B 0™ u (x, 1) B 0“u(x,t)
ox2 ox*
In this paper, we investigate the application of local frac-

tional series method for solving the following local fractional
wave equation:

3)

f(x,t).

0™ u (x, 1) B 0“u (x,t) B 0% u (x, 1) B

ot ot* 0x2« 9, ®)




where initial and boundary conditions are presented as

u(0,t) = u (lt)—a”(lo) 0,
u(x,0) = f(x), (5)
0“u(x,0)
T_g(x)'

The organization of the paper is as follows. In Section 2, the
basic concepts of local fractional calculus and local fractional
Fourier series are introduced. In Section 3, we present a local
fractional Fourier series solution of wave equation with local
fractional derivative. Two examples are shown in Section 4.
Finally, Section 5 is devoted to our conclusions.

2. Mathematical Tools

In this section, we present some concepts of local fractional
continuity, local fractional derivative, and local fractional
Fourier series.

Definition 1 (see [21, 28, 30-32]). Suppose that there is

|f () = f (o) < & (6)

with |x —x,| < §,fore,6 > 0and &,8 € R. Then f(x) is called
local fractional continuous at x = x,, where p¥|x — x,|* <
[f(x;) = )] < 7% x — x|* with p, 7 > 0.

Suppose that the function f(x) satisfies the above proper-
ties of the local fractional continuity. Then the condition (6)
for x € (a,b) is denoted as

f(x)eC,(ab), (7)

where dimy; f(x) = a.

Definition 2 (see [19-21]). Let f(x) € C,(a,b). Local frac-
tional derivative of f(x) of order o at x = x, is given by

Dx(“)f (%) = f(a) (%0)

0 .

104 X — X,
dx x=x, 0

A" (f (%) - £ (x0))

(x - xo)

>

(8)
where A%(f(x) = f(xy)) = T(1 + &) A(f(x) — f(xp)).

Definition 3 (see [19, 20, 32-34]). Let f(x) € C,(—00,+00),
and let f(x) be 2l-periodic. For k € Z, local fraction Fourier
series of f(x) is defined as

+ i(a COS,, T (kx)

fx)=

0|

=
—

)

+b,sin,

% (kx)* )
J« ’
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where the local fraction Fourier coefficients are

s (kx)

!
a":ll“j- f (x) cos, (dx)®,
) (10)
1 . m(kx
:—ajilf(x)m ( )(d)
with local fractional integral given by [21, 29-34]
L f(x) = — rf®MN
b T T(l+a) s
1 j=N-1 . ()
" 2 £(6)(4n)
where At; = t;, —t;At = max{At},At,,At;,...} and

[tjtia] j = 0,...,N = L,t; = a,fyy = b, is a partition of
the interval [a, b].
In view of (10), the weights of the fractional trigonometric

functions are expressed as follows:

/(T (1+a) [ f (x) cosn® (/1) (dx)*

a. =
1/ (1 +a) [ cos2nt (mx /) (dx)°

(12)
1/(r(1 +a)) j f (x) singn®(mx /D" (dx)

1/ (T (1 + ) j | sinZn®(mx/1)*(dx)*

Lemma 4 (see [21]). If m and h are constant coefficients, then
local fractional differential equation with constant coefficients
d20¢ le
Y m
dea d o

+hy=0 (m2 -4h < 0) (13)

has a family of solution

(—m —i%V4h — m? a)

y(x) = AE 5 X
(14)
— T — m?2
+BE“( m+i*Vah — m x“)
2
with two constants A and B.
Proof . See [21]. O
3. Solution to Wave Equation with
Local Fractional Derivative
If we have the particular solution of (4) in the form
ulx,n=¢x)T{), (15)
then we get the equations
¢ + 1% = 0; (16)
TGO 4 7@ 4 )T = 0. 17)
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with the boundary conditions
¢ (0) = ¢ (1) =o. (18)

Equation (4) has the solution
¢ (x) = Cycos, A% x™ + Cysing A% x”, (19)

where C, and C, are all constant numbers.
According to (19), for x = 0 and x = [ we get

¢0)=C, =0,
(20)
¢ () = ¢ (x)|,_, = Cysin, A" = 0.
Obviously C, # 0, since otherwise ¢(x) = 0.
Hence, we arrive at
Al =n"n", (1)
where 7 is an integer.
We notice
A% = (?) (n=0,1,2,..),
¢, (x) = sin A% x* (22)
- sin“n"‘<$> (n=0,1,2,..).
For A% = A% and 0 < p, following (17) implies that
[ee) (&) tOC
T,(t)= ) E (——)
n; ! n; “\ 2 (23)

x (A, cos,pt* + B,sin pt”),

where
B A /)™ -1 (24)
R E—

Therefore,

u, (x,t) = ¢, (x) T, (t)

a . af TX\* 1 4
= A, cos,pt sin n (T) E, (—Et ) (25)

“« 1
+ anin“pt“sinan“<n—;c> E, <—§t“> .

We now suppose a local fractional Fourier series solution of

(4):

w(x) = )y (x,1)
n=1
(e} o
-26.(-5)

n=1 2

« . x\ . af TX «

x (A, cos,pt* + B,sin, pt") sin,n (T)

(26)

3
Therefore,
u (x, © 3, (x,
where
ot*

1 t* «
= _EE[" (_E> (A, cos,pt” + B,sin, pt”™) sinan'x(%)

+ pE, (—%) (-A,sin, pt™ + B,cos,pt") sinano‘(?) ,
(28)
with p = \/(@(nr /1™ - 1)/2.
Submitting (26) to (5), we have
u(x,0) = Zun (x,0)
" (29)
= Y asing(Z5) = f @,
n=1 !
0“u (x, 1)
o«
= Z (——An + an> sinan‘x< ) =g(x)
n=1
(30)
So,
Zansinan‘x< E)
n=1 l
(31)
o1 L mx\® 1
=g(x) +;EAns1nan <T> =g(x)+ Ef(x).
Let
1
G(x)=g(x)+ Ef(x)' (32)
In view of (30) and (31), we rewrite
ZAnsinan‘x(%) = f(x),
" (33)

ansin“n‘x<$> =G (x).

n=1



We now find the local fractional Fourier coefficients of f(x)
and G(x), respectively,

L _Mrasw) [0 f () singn® (/1) (dx)*
1/(T(1+a) [ sin2n(ex /1) (dx)*

n=01,2..),
(34)
L N@rasw) [} G (x) singn®(ex/1)* (dx)*
1/(T (1 +a) [ sin2n(ex/D)*(dx)*
n=01,2..).
Following (34), we have
1 o afmx\* I
v J-o sin, 1 <T> (dx)* = T ) (35)
such that
L2 [1 f () singn® e/ (dx)*
n [ >
1 (36)
2 _[0 G (x) sin,n* (rrx /1) (dx)*
B = .
n Pl(x
Thus, we get the solution of (4):
u(x,t) = Zun (x,1t), (37)
n=1
where
t(X
Uy, (X, t) = Eoc <_?>
(38)
o . o . o TX «
x (A, cos,pt* + B,sin,pt") sin n (T) ,
with
A, = ’ Jé ) Sin“f(nx/l)“(dx)“ (n=0,1,2,...),
B = 2 _[(j G (x) sin,n* (rrx /1) (dx)* (n=0.12..),
Pl
(39)
with
G =g+ 30, (40)

4. Illustrative Examples

In order to illustrate the above result in this section, we give
two examples.
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Let us consider (4) subject to initial and boundary
conditions

0“u(l,0)
ox®

u(0,t) =u(l,t) = 0,

xzx

I'(l+a)
0%u (x,0) (x) = x*
a IV T v

u(x,0) = f(x) = (41)

In view of (40), we have
3
2T (1 + &)

G =g()+5f ()= L 2

such that

A = 2[(5 (x%/T (1 + a)) singn® (7 /1)* (dx)”

n la

AQ+a) @ x° sin n“(E)a
[ W )

2F(l+oc){ “ a(g)“
) | TO+a) "\ 7

I\* of TN
() Lo () 1]}
3 [ (/T (1 + ) singn®(ex /D) (dx)°
B, = F
_ 3F(1 +(X) () x%

« 0l Sinana<ﬂ>
pl '+« [

__3r(1+a)[ * cosn‘x(ﬂ)“
 pm)® [TQ+a) ¢ l

(43)

(44)

Hence,
(o) tOC
u(x,t)=)E, | ——
(x,1) Zl< 2)

T o
x (A, cos,pt* + B,sin,pt") sinan“<—> ,

where
o (1+a)
p(nm)”

" a

cos,
rl+«) ¢

(°F)
(L)

(F)

(7)

n=

B__31“(1+oc)[ I~ o
T T o)t (Tra)
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In view of (4), our second example is initial and boundary
conditions as follows:
0“u(l,0)
0,t)=u(l,t)=——=0,
w(0,0) = u ) = =2

u(x,0) = f(x) = T (47)

_x
(1+a)
0"u(x,0)
o

Following (40), we get

g(x)=0.

xlX

1
GO = v e

(48)

Hence, we obtain

2 f; (x*/T (1 + &)) sin,n* (7mx/1)*(dx)*

n = I

2r (1 + 06) () x* sin na<ﬁ>“
I % Tl+a) * \ 1

__2F(1+(x)[ * cosn“(ﬂy
pnm)* [T(l+a) “ 1

I\* . L/mx\*
—<E> sim,n <T> ],
. [} (/T (1 + ) singn®(ex/1)*(dx)*

n Pla

_ '+« () x* sin n"‘(ﬂ)a
e I T(l+a) © l

_ '+« [ ” cos nrx<ﬂ>“
o pmm)* [T +a) 1

() s (7]
- — ) sinn®( =) |.
ni “« I

So,

(e8] t(X
u(x,t) = ;Ea (_?>

T o
x (A, cos,pt* + B,sin,pt”) sinano‘(—) ,

with
B 2F(1+oc){ * . a(nx)“

" ()™ rl+a) “
_<%>“ [cosan‘x($>a - 1” >

_F(1+(X)[ r cos n"‘(ﬂ)“
pnm)* | T(1+a) I

B_

n =
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FIGURE 1: For & = In2/In 3, graph of a Lebesgue-Cantor staircase
function shown at x € [0, 1].

We notice that fraction boundary condition is expressed
as a Lebesgue-Cantor staircase function [21, 32]; namely,

u(x,0) = f (x) = H, (CNn(0,x))
- 1@ x* 52)
07 rd+a)

where C is any fractal set and the fractal dimension of
x“/T(1 + a) is a. For x € [0, 1] the graph of the Lebesgue-
Cantor staircase function (52) is shown in Figurel when
fractal dimension is & = In2/1n 3.

5. Conclusions

The present work expresses the local fractional Fourier series
solution to wave equations with local fractional derivative.
Two examples are given to illustrat approximate solutions for
wave equations with local fractional derivative resulting from
local fractional Fourier series method. The results obtained
from the local fractional analysis seem to be general since
the obtained solutions go back to the classical one when
fractal dimension o = 1; namely, it is a process from fractal
geometry to Euclidean geometry. Local fractional Fourier
series method is one of very efficient and powerful techniques
for finding the solutions of the local fractional differential
equations. It is also worth noting that the advantage of the
local fractional differential equations displays the nondiffer-
ential solutions, which show the fractal and local behaviors
of moments. However, the classical Fourier series is used to
handle the continuous functions.
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