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We study the bifurcation phenomena of nonlinear waves described by a generalized Zakharov-Kuznetsov equation u, + (au® +
bu*Yu, +yu,,, + du,,, = 0. We reveal four kinds of interesting bifurcation phenomena. The first kind is that the low-kink waves can
be bifurcated from the symmetric solitary waves, the 1-blow-up waves, the tall-kink waves, and the antisymmetric solitary waves.
The second kind is that the 1-blow-up waves can be bifurcated from the periodic-blow-up waves, the symmetric solitary waves, and
the 2-blow-up waves. The third kind is that the periodic-blow-up waves can be bifurcated from the symmetric periodic waves. The

fourth kind is that the tall-kink waves can be bifurcated from the symmetric periodic waves.

1. Introduction and Preliminary

Zakharov-Kuznetsov (Z-K) equation [1],
u, + auu,, + (Vzu)x =0, @

was first derived for describing weakly nonlinear ion-acoustic
wave in a strongly magnetized lossless plasma in two dimen-
sions. The Z-K equation governs the behavior of weakly
nonlinear ion-acoustic waves in a plasma comprising cold
ions and hot isothermal electrons in the presence of a uniform
magnetic field [2, 3].

There are lots of research for various generalized Z-K
equations [4-13]. For the Z-K equation

+d0u,,, =0, 2)

2
u, + (au + bu ) Uy + Py yy
Yan and Liu [4] gave some polynomial solutions, triangular
function solutions and elliptic periodic solutions, of (2) via a
direct symmetry method.

Whena =0,b=1,andy = § = 1, equation (2) reduces
to
0; 3)

2 _
Up+ U U + Uy + Uy, =

Bekir [5] used the (G'/G)-expansion method to obtain three
types of traveling wave solutions of (3).
For the generalized Zakharov-Kuznetsov equation

u, + (auz + bu4) Uy, + YU, + U 0, (4)

xXyy
where a, b, y, and § are real constants, Song and Cai [6] got
some solitary wave and kink wave solutions of (4).

When y = &, Zhang [7] used the new generalized
algebraic method to obtain some soliton solutions, com-
bined soliton solutions, triangular periodic solutions, Jacobi
elliptic function solutions, combined Jacobi elliptic function
solutions, and rational function solutions of (4). Biswas and
Zerrad [8] obtained 1-soliton solution of (4) with dual-power
law nonlinearity.

When § = 0, Liu and Yan [9] obtained some common
expressions and two kinds of bifurcation phenomena for
nonlinear waves of (4). Meanwhile, they pointed out that
there are two sets of kink waves which are called tall-kink
waves and low-kink waves, respectively.

In order to investigate the bifurcation phenomena of (4),
letting ¢ > 0 be wave speed and substituting u = ¢(&) with
& =x+ y—ctinto (4), it follows that

n

—C(p' + a¢2(p' + b(p4g0’ + ygo”' +30¢ " =0. (5)
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FIGURE 1: The locations of the regions A; (i = 1,2,...,6) and curves
L (i=1,2,3,4).

Integrating (5), we get
a, bs " no_
AR T d¢p =0. (6)

Setting ¢’ = ; yields the following planar system:

) W (a/3)¢> - (b/5) <p5_

:, 7
$=v y+3 (7)

Obviously, system (7) is a Hamiltonian system with Hamilto-
nian function

b
H(p.y)=(y+8)y’ —co’ + §¢4+E<p6 =h, (8

where h is the integral constant.

Let
¢, = \/—i(5a+A) 9)
! 6b ’
@, = \/—i (5a - A) (10)
2 6b ’

A = V2542 + 180bc. (11)

On a — b parametric plane, let /; (i = 1,2,3,4) represent
the following four curves:

l,:b=0(a>0),

164
b= 160
75¢
(12)

24%
9’

l,:b=0(a<0).

I:b=

Let A; (i = 1,2,...,6) represent the regions surrounded by
I; (i =1,2,3,4) and the coordinate axes (see Figure 1).
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In this paper, we employ bifurcation method of dynamical
systems [14-23] to investigate the bifurcation phenomena of
nonlinear waves described by (4).

We obtain three types of explicit expressions of nonlin-
ear wave solutions. Under different parameters conditions,
these expressions represent symmetric and antisymmetric
solitary waves, kink and anti-kink waves, symmetric periodic
and periodic-blow-up waves, and 1-blow-up and 2-blow-
up waves. Furthermore, we reveal four kinds of interesting
bifurcation phenomena which are introduced in the abstract
above.

This paper is organized as follows. The four kinds of
interesting bifurcation phenomena are shown in Sections 2-
5. A brief conclusion is given in Section 6.

2. Bifurcation of the Low-Kink Waves

In this section, we show that the low-kink waves can be
bifurcated from the symmetric solitary waves, the 1-blow-up
waves, the tall-kink waves, and the antisymmetric solitary
waves.

2.1. Bifurcation from Symmetric Solitary Waves and
I-Blow-Up Waves

Proposition 1. Forab+0,y+J > 0, and H(e,y) = H(0,0),
(4) has four nonlinear wave solutions as follows:

- 4o A
¢ T\ A2 mé - 2AB8, + (B - day) ent’ .
13
. 4o, A
P\ A2emE — 2B, + (B2 - day) et
where
15
o = —TC, (14)
5
Bi=r (15)
C
=2, —,
T \/V 1o (16)

and A # 0 is an arbitrary real constant. For A > 0, one has the
following results and bifurcation phenomena.

() If A # /B — 4a; and (a,b) € A,, then u, +u;, and
they represent four symmetric solitary waves (see Fig-
ures 2(a)-2(c)). In particular, whenb — —(5a%/48¢) +
0, the four symmetric solitary waves become four low-
kink waves (see Figure 2(d))

ut =+ 12¢ W)
© "\ (CoA/5) e VTTIE 4 g

ut =+ 12¢ )
=5\ T oA/5) VTR 1 g
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which were given by Song and Cai [6]. This implies
that one extends the previous results. For the varying
process, see Figure 2.

(2) If A+ |} — 4, and (a,b) belongs to any one of the
regions Ay, Ly, Ay, and A, then u; + u;, and they rep-
resent four 1-blow-up waves (see Figures 3(a)-3(c)). In
particular, when (a,b) € Ay andb — —(5a%/48¢) -0,
the four 1-blow-up waves become four low-kink waves
with the expressions u, and uy,. For the varying
process, see Figure 3.

(3) If (a,b) € Ayand A =
to the hyperbolic solitary wave solutions

\B? - 4ay, then u = uy; equal

N 12¢
uh, =+ |- ,
’ \j (V25a2 + 240bc/5) cosh [2 c/(y+ 8){] -a
(19)

which were given by Song and Cai [6]. This implies
that one extends the previous results. When b —
—(5a%/48¢) + 0, u;fb tend to two trivial solutions u =

++/12¢/a.

Proof. In (8), letting h = H(0, 0), it follows that

v = i\jL <c¢2 _ EfP“ _ £<P6>‘ (20)

Substituting (20) into dg/d& = w and integrating it, we have

¢ ds
J =5 @
" (2 (y+6)) (c - (a/6) s* — (b/15) 5*)

where v is an arbitrary constant.
Completing the integral above and solving the equation
for ¢, it follows that

4o, Ne™tt

=+ , (22)
¢ \jve%f “2AByent + (2 - day)

where A = A(v) is an arbitrary real number.
Note that if u = @(£) is a solution of (4), so is u = ¢(-£&).
Therefore, from (22) we obtain the solutions uj and u;f as (13).
In (13) letting b — —-5a°/48c, then B} — 4a; — 0, and
we get (17) and (18). From (13), (17) and (18), we get results (1)
and (2) of Proposition 1.

When A = |} — 4a;, via (13) it follows that

. 4o,
\/ﬁ% —day (e +ent) - 2B,
20,

\] \/mcosh (18) - B

(see (19)),

(23)

=+

= “aib
which is result (3) of Proposition 1. O

2.2. Bifurcation from Tall-Kink Waves and Antisymmetric
Solitary Waves.

Proposition 2. If y + 8 > 0, H(p,v) = H(¢,,0), and (a,b)
belongs to one of the regions A, A, 1,, and L, then (4) has four
real nonlinear wave solutions as follows:

. = (5a+ A) [6b (2A - 5a + 6bre™")

u == N
\/(Sa —2A)% + 36b%ex28 — 12b (5a + 4A) et

\J—(5a + A) /6b (ZA - 5a + 6bneiT2‘E)

\/(5a —2A)% + 36b% e 28 — 12b (5a + 4A) e ™t
(24)

to g
u; ==+

where n# 0 is an arbitrary real constant, A is given in (11), and

A (A + 5a)
= |- 25
" \j 45b (y +9) (25)
Letting
5a - 2A
o= 2, (26)

corresponding to > 0, one has the following results and
bifurcation phenomena.

() If (a,b) € A, and n#|ul, then u> #uj, and they
represent four tall-kink waves (see Figures 4(a)-4(c)).
When b — —(5a*/48¢) + 0, the four tall-kink waves

become
+ 12¢cn
+ — T ) 27
o +\/an + 48ce 2V (y+0)E (27)
+ 12¢cn
+ T ’ 28
o +\/a17 + 48ce2 V(e /y+8)8 (28)

which represent four low-kink waves (see Figure 4(d)).
For the varying process, see Figure 4.
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FIGURE 2: Four low-kink waves are bifurcated from four symmetric solitary waves. The varying process for the figures of . and u;, when A > 0,
A#A\B? -4y, (a,b) € Ay,andb — —(5a%/48¢)+0, where A = 50,y=8=c=a=1l,and(a)b = —(5a/48¢)+1072,(b) b = —(5a*/48¢)+107%,
(c) b =—(5a*/48¢) + 10°%, and (d) b = —(54*/48¢) + 107°.
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FIGURE 3: Four low-kink waves are bifurcated from four 1-blow-up waves. The varying process for the figures of «; and u, when A > 0,
A#4\B} -4y, (a,b) € Ay, andb — —(5a%/48¢)—0, where A = 50,y=8=c=a=1,and(a)b = —(5a*/48¢)—1072, (b) b = —(5a°/48¢)-10">,
(©) b =—(5a*/48¢) — 1077, and (d) b = —(54>/48¢) — 10°.
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FIGURE 4: Four low-kink waves are bifurcated from four tall-kink waves. The varying process for the figures of 1} and u; when 17 > 0,77 # |¢],
(a,b) € Ay, andb — —(5a%/48¢) + 0, where n=10,8=y=c=a=1land(@)b = —(5a%/48¢) + 1072, (b) b = —(5a%/48¢) + 107,
(©) b =—(5a*/48¢) + 107°, and (d) b = —(54°/48¢) + 107".
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FIGURE 5: Four low-kink waves are bifurcated from four antisymmetric solitary waves. The varying process for the figures of 2 and u; when
n>0,n#|pl, (a,b) € Aj,andb — —(5a*/48¢) -0, whereny =10,§ =y=c=a=1,and(a)b = —(5a*/48¢)-107%, (b) b = —(5a*/48¢)— 107>,
() b =—(5a%/48¢) — 107, and (d) b = —(5a4°/48¢) — 107".



(2) If (a,b) € Ay and n#|ugl, then v #uj, and they
represent four antisymmetry solitary waves (see Figures
5(a)-5(c)). When b — —(5a%/36¢) + 0, the four
antisymmetry solitary waves become two trivial waves
u = +~/6c/a. In particular, when b — —(5a%/48¢) —
0, the four antisymmetry solitary waves become four
low-kink waves with the expressions u;, and uy, (see
Figure 5(d)). For the varying process, see Figure 5.

(3) If (a,b) € Ay andn = |yyl, then u> = uj = u’, of
forms

o (5a + A) (5a — 2A) . 7,
B +\/3b [(2A - 5a) cosh (1,€) + 5a + 4A] sinh < 2 f) ’
(29)

RS
g+

which represent two tall-kink waves and tend to a
trivial wave u = 0 when b — —(5a°/48¢) + 0.

(4) If (a,b) € Ay andn = |uyl, then v = uj = u’,. of
forms

. (5a + A) (20 - 5a)
Hed® = F\[3p [(5a — 2A) cosh (1,€) + 5a + 4A]

cosh (%E) ,

(30)

which represent two antisymmetric solitary waves and

tend to the trivial wave u = 0 whenb — —(5a°/48¢)—
0 and tend tou = +/12c/a whenb — —(5a°/36¢)+0.

Proof. In (8), letting h = H(¢,, 0), it follows that

b
Vet g e ), @)

where ¢, and y, are given in (9) and (26), respectively.
Substituting (31) into d¢/d& = v and integrating it, we have

¢ ds
= E,
) V=115 (1 +0) (02— 92) (6% + 1) 2

where p is an arbitrary constant.
Completing the integral above and solving the equation
for ¢, it follows that

4o,ne™
= 41|02 — 2 , (33)
? \jq)l e’ = 2nyent + (B - 4ay)

where 7, is given in (25), # = (p) is an arbitrary real number,
and

o = A (A + 5a)
2 oy
4A (34)
+ 5a
/32 - 6b .
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Similarly, if u = ¢(&) is a solution of (4), so is u = @(=§).
Substituting (34) into (33), we get ;- and uj (see (24)).
When b — —5a%/48c, it follows that

C
T, — 2 >
JY+5 (35)

5a—-2A — 0.

From (24), it is easy to check that uf and u(i; become ufo and
uj, (see (27) and (28)).

If (a,b) € A,, then 2A —5a > 0 and 7 = |yyl = (5a -
2A)/6b, and we have

V= (5a + A) [6b (2A - 5a + 6bne™)

\/(Sa —2A)% + 36b2 2?28 — 12b (5a + 4A) ne™2é

i

u

V=(5a + A)/6b (2A - 5a) (1 - ™)
= +

V(53— 28) + (50 - 20)2¢22€ — 2 (5a + 4) (50 — 24) €7
5a+ A
- —z\j_
* 6b

2A —-5a . T
'\/z (24 - 5a) cosh (,€) + 2 (44 + 5a) smh( 2 E)

(5a + A) (5a — 2A) . ( T, E)

= 7 h( =2
+\j3b [2A - 5a) cosh (1,€) + 5a + 4A] 2

ufd (see (29)).
(36)

Similarly, we have u; = u};.

If (a,b) € A;, then 5a —2A > Oand 7 = |yyl = (2A -
5a)/6b, and we have
. \—-(5a+A)/6b (ZA —5a+ 6h;1e72§)

+

u:

\/(Sa —2A)% + 36b2 2?28 — 12b (5a + 4A) ne™2é
V=(Ga+A)[6b (2 - 5a) (e2° +1)
+
V(50— 28) + (5a - 20)2¢22€ + 2 (5a + 4) (50 — 24) €7
_ | 5a+A
= Fi|—
=
V5a - 2A (eTZE/2 + 6_725/2)
\(5a—20) (€282 + e72E2) + 2. (42 + 50)

B ¢2\/_551+A
a 6b

5a —2A 5
'\/2 (5a — 2A) cosh (1,&) + 2 (4A + 5a) cosh (55)

o (5a + A) (2A - 5a) T
N +\}3b [(5a - 2A) cosh (1,8) + 5a + 4A] COSh( 2 E)

“:d* (see (30)) .

(37)

Similarly, we have v = u_ ..
Hereto, we have completed the proof for Proposition 2.
O
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FIGURE 6: Four 2-blow-up waves become four 1-blow-up waves. The varying process for the figures of 1} and 1, when A < 0, A # — /3 — 4«
(a,b) € Ay,andb — —(5a°/48¢) + 0, where A = 50, y=8d=c=a=1and (@b = —(5a%/48¢) + 1072, (b) b = —(5a*/48¢) + 107*,
(c) b =—(5a%/48¢) + 107, and (d) b = —(54°/48¢) + 107".
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O & O &
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)

FIGURE 7: Two 1-blow-up waves are bifurcated from two symmetric solitary waves. The varying process for the figures of u,. when A =
—\lﬁf—4al,(a,b) €Agandb — 0+0,where Al=a=-1,y=8=c=1,and(a)b=0+5 x 10, B)b=0+102(c)b=0+10"% and
db=0+10".

3. Bifurcation of the 1-Blow-Up Waves 3.1. Bifurcation from 2-Blow-Up Waves and Symmetric

Solitary Waves
In this section, we show that the 1-blow-up waves can be 7

bifurcated from th? 2-blow-up waves, the symmetric solitary  Proposition 3. In (13), corresponding to A < 0, one has the
waves, and the periodic-blow-up waves. following results and bifurcation phenomena.
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FIGURE 8: The 1-blow-up waves are bifurcated from the periodic-blow-up waves. The varying process for the figures of u; when b —
—(5a*/36¢) + 0, where y=8d=c=a=1and(@b = —(5a%/36¢) + 1071, (b) b = —(5a%/36¢) + 107%, () b = —(54°/36¢) + 107, and

(d) b = —(5a%/36¢) + 107*.

() If (a,b) € A, and A# — \|B? — 4oy, then u, #u,,
and they represent four 2-blow-up waves. When b —
—(5a/48¢) + 0, uj, and u;f, respectively, become u;io
and vy, (see (17) and (18)) which represent four 1-blow-
up waves (see Figure 6(d)). For the varying process, see
Figure 6.

(2) If A = —\|p? — 4av, then u; = u;, and become

12¢
\j(\/ZSa2 + 240bc/5) cosh [2 c/ (y+ 8)5] + a’
(38)

+ —_
Uy =&

which were given by Song and Cai [6]. This implies that
one extends the previous results.

When (a,b) € A,, ul,. represent hyperbolic blow-up
waves. Specially, when b — —(5a%/48¢) + 0, ujb* tend to two
trivial solutions u = ++/12c/a.

When (a, b) belongs to any one of the regions A, Ag, .
represent two symmetric solitary waves. In particular, when
(a,b) € Agandb — 0+0, u,. become two I-blow-up waves.
For the varying process, see Figure 7.

Similar to the proof of Proposition 1, we get the results of
Proposition 3.

3.2. Bifurcation from Periodic-Blow-Up Waves

Proposition 4. Under y+6 > 0 and H(p,y) = H(¢,,0), one
has the following results and bifurcation phenomena.

(1) If (a, b) belongs to one of the regions A,, A;, and l,,
then (4) has two periodic-blow-up wave solutions

+ (5a — A) (5a + 2A) . (T3
He = i\/va [(5a + 2A) cos (15&) + 4A - 5a] s1n< 2 E) ’
(39)
where
_ |A(A-5a)
i \/45b (y+9) (+0)

(2) If (a,b) € Ayand b — —(5a/36¢) + 0, the periodic-
blow-up wave solutions u; become two fractional wave
solutions

+ \/ECE
Ugp = t
Jalc® =3 (y+o)]

’ (41)

which represent two 1-blow-up waves (see Figure 8(d)).
For the varying process, see Figure 8.

Proof. (1) In (8), letting h = H(¢,, 0), it follows that

b
V@ ), @
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where ¢, is given in (10), and

5a +2A

= . 43

th b (43)

Substituting (42) into dg/dé = y and integrating it, we
have

4 ds
= f’
) OsGro) @ -l @ em)

where g is an arbitrary constant.
Completing the integral in (44) and solving the equation
for g, it follows that

¢ =tlg2 - 2045 , (45)
2 py sin (13€ +0,) + 5

where 75 is given in (40), 0, = 0,(q) is an arbitrary constant,
and

o - A (A - 5a)
3 = T A70 0
12b?
4A -5 (46)
—oda
ﬁ3 - 6b .

In (45) letting 6, = /2, we obtain the solutions 1 as
(39).

(2) Note that
TZEZ T4E4
cos (138) = 1 - 37 + 1—'
A (A + 5a) & )
+ oa 2
-—F—=+0(A%),
90b (y +6) ( )
lim A= lim V25a* +180bc = 0. (48)

b — —(5a%/36¢)+0 b — —(5a%/36¢)+0

Thus, we have

I+

Me:

. (5a + A) (5a — 2A) [1 - cos (15¢)]
6b [(5a — 2A) cos (1;€) — 5a — 4A]

) (1/90b (y +9)) (5a + A) (5a — 2A) A (A + 5a) € + O (A?) (49)
=\ 60 [(5a - 28) (1 - (A (5a + A) &) /90b (y + 8)) — 5a — A + O ()]
. (5a + A)* (5a - 20) E2 + O (A)
T\ 6b[-540b (y + 8) — (5a — 2A) (5a + A) E2 + O (A)]
Furthermore, we get
lim u;‘r
b— —(5a%/36¢)+0
C im 4 \/ (5a + A)? (5a — 20) & + O (M)
Cbo-Gaf360+0  \ 6b[-540b (y +8) — (5a — 2A) (5a + A) E2 + O (A)]
25a% x 56152 (50)

- i\j6 x (=5a%/36¢) [-540 x (-5a%/36c) (y + 8) — 25a%€?]

V6cE
Valcg? -3 (y+0)]
:fo (see (41)).

I+

=Uu

Hereto, we have completed the proof for Proposition 4. [

4. Bifurcation of the Periodic-Blow-Up Waves

In this section, we show that the periodic-blow-up waves can
be bifurcated from symmetric periodic waves.

4.1. Bifurcation from Periodic Waves

Proposition 5. Ifab#0, y + 6 < 0, and H(e,y) = H(0,0),
(4) has two nonlinear wave solutions

20,

ut = + s (51)
/ \]\lﬁf—mxl cos (1,€) + B,
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where

c
14:2\j—y+6. (52)

One has the following results and bifurcation phenomena.

(1) If (a, b) belongs to any one of the regions A, and A,
then u; represent periodic-blow-up waves.
(2) If (a,b) € A,, then uji, represent periodic waves. In

particular, whenb — 0-0, the periodic waves become
periodic-blow-up waves as follows:

+ 12¢
Yjo = i\/a [1-cos(1,8)] 53)

For the varying process, see Figure 9.
Whenb — —(5a*/48¢) + 0, the periodic wave tends to

two trivial waves u = ++/12c/a. For the varying process, see
Figure 10.

Proof. Completing the integral in (21) and solving the equa-
tion for ¢, it follows that

—2a,
g+ (9
\B? — 4oy sin (1,6 +6,) + B
where 7, is given in (52) and 0, = 0,(v) is an arbitrary

constant.
In (54) letting 6, = 71/2, we obtain the solutions u;i as (51).
From (14) and (15), we have

240bc + 25a*
2 _
VAL~ dan = JT

B V240bc + 25a*
2b '

(55)

Lettingb — 0 — 0, then

-2
lim uji( = lim i\j %

b= 00 b0 \ Bt — 4a, cos (1s8) + B,
= lim =

60c
b—0-0  \ —+/240bc + 25a2 cos (1,£) + 5a

+ 12¢

“\a[l-cos(1,8)]

= “;0 (see (53)).

(56)

Hereto, we have completed the proof for Proposition 5. [

5. Bifurcation of the Tall-Kink Waves

In this section, we show that the tall-kink waves can be
bifurcated from the symmetric periodic waves.
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5.1. Bifurcation from Symmetric Periodic Waves

Proposition 6. Undery+6 < 0 and H(p,y) = H(¢,,0), one
has the following results and bifurcation phenomena.

(1) If (a,b) belongs to the region A, then (4) has two
periodic wave solutions

S (5a + A) (5a — 2A)
9 \3b[(5a - 2A) cos (15€) — 5a — 4A

] sin(%&), (57)

where

A(A+5
SN EICL L (58)
45b (y +9)
(2) If (a,b) € Ayand b — —(5a*/36¢) + 0, the periodic
wave solutions ”; tend to two fractional wave solutions
”;o which have the expressions as ueto (see (41)) and

represent two tall-kink waves (see Figure 11(d)). For the
varying process, see Figure 11.

Proof. Completing the integral in (31) and solving the equa-
tion for ¢, it follows that

2«
=+4|¢? - b , 59
¢ +\j(Pl Ho sin (75& + 65) - B, )

where 75 is given in (58) and 0; = 0,;(p) is an arbitrary
constant.

In (59) letting 0 = 71/2, we obtain the solutions u;f as (57).

Similar to the proof of Proposition 4, we get the results of
Proposition 6.

Besides these bifurcation phenomena above, there is
another bifurcation phenomenon as follows. O

Proposition 7. If y + § < 0 and (a,b) belongs to one of the
regions A,, A, and l,, then (4) has four symmetric solitary
wave solutions (see Figures 12(a)-12(c)) as follows:

\/(A - 5a) /6b (6bweTﬁ€ - 5a - 2A)

+ >
\/36b2w262765 — 12b (5a — 4A) we™st + (5a + 2A)?

. \(A - 5a) /6b (6bwe‘TﬁE - 5a - ZA)

i_
u, =

u =+ ,
\/36192(4)26‘2765 —12b (5a — 4A) we™ T + (5a + 2A)*
(60)
where
A(5a-A)
= —_— 61
fo \/45b(y+8) (61

In particular, when (a,b) € Ay andb — —(5a%/36¢) + 0,
ui and ul.i tend to two trivial solutions u = £+/12c/a. For the
varying process, see Figure 12.
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FIGURE 9: The periodic-blow-up waves are bifurcated from the symmetric periodic waves. The varying process for the figures of uji{ when
(a,b) e A,andb — 0-0,wherec=a=1,y=0=-1,and(a) b=0- 10, (b)b=0-10%(c)b=0-10"and(d)b=0-10".
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FIGURE 10: The periodic waves become the trivial waves. The varying process for the figures of u;i when (a,b) € A, andb — —(5a%/48¢) + 0,
wherec=a=1,y=0=-1,and(a)b = —(5a/48¢)+107%, (b) b = —(5a°/48¢)+107%, (c) b = —(5a*/48¢)+107°, and (d) b = —(5a*/48¢)+107".
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FIGURE 11: Two tall-kink waves are bifurcated form the symmetric periodic waves. The varying process for the figures of u” when (a,b) € A,

andb — —(5a*/36¢) + 0, wherec=a=1,08 = y=-l,and (a) b = —(5a%/36¢) + 1072, (b) b = —(5a®/36¢) + 1072, (c) b = —(5a%/36¢) + 107*,
and (d) b = —(5a*/36¢) + 107",
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FIGURE 12: Four symmetric solitary waves become two trivial waves. The varying process for the figures of u; and ¥ whenb — —(5a°/36¢)+0,

wherec=a=w=19y=0 =-l,and (@) b = —(5a*/36¢) + 1072, (b) b = —(5a*/36¢) + 107, (c) b = —(5a°/36¢) + 107, and (d) b =
—(5a*/36¢) +107°.
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Proof. Completing the integral in (44) and solving the equa-
tion for ¢, it follows that

4oz we™ (62)

we2Tt + 20Pse¢ + (B2 — 4a;)”

=19 -

where «;, 35, and 7 are given in (46) and (61) and w = w(q)
is an arbitrary constant.
Similar to the derivations for 1 and u}, we get u;; and v}
(see (60)) from (62).
Hereto, we have completed the proofs for all propositions.
O

6. Conclusion

In this paper, we have studied the bifurcation behavior of
the nonlinear waves in a generalized Z-K equation. Firstly,
we obtained three types of explicit nonlinear wave solutions.

. . . + + +
The first type is the exp-function expressions u, u;,, u.,

ub, ut, and ut (see (13), (24), and (60)). The second type is
d> U i yp
the trigonometric expressions u;, u;, and u;f (see (39), (51),

and (57)). The third type is the fractional expressions u},
(see (41)). Furthermore, four kinds of interesting bifurcation
phenomena have been revealed. The first kind is that the low-
kink waves can be bifurcated from four types of nonlinear
waves, the symmetric solitary waves, the 1-blow-up waves,
the tall-kink waves, and the antisymmetric solitary waves
(see Propositions 1 and 2). The second kind is that the I-
blow-up waves can be bifurcated from the 2-blow-up waves,
the symmetric solitary waves, and the periodic-blow-up
waves (see Propositions 3 and 4). The third kind is that
the periodic-blow-up waves can be bifurcated from the
symmetric periodic waves (see Proposition 5). The fourth
kind is that the tall-kink waves can be bifurcated from the
symmetric periodic waves (see Proposition 6). Some previous
results are our some special cases (see (17), (19), and (38)).

Conflict of Interests

The authors declare that they have no conflict of interests.

Acknowledgments

This work is supported by the National Natural Science
Foundation of China (no. 11171115) and the Science and
Technology Foundation of Guizhou (no. LKS[2012]14).

References

[1] V. E. Zakharov and E. A. Kuznetsov, “On three-dimensional so-
litons,” Soviet Physics Uspekhi, vol. 39, pp. 285-288, 1974.

[2] S. Munro and E. J. Parkes, “The derivation of a modified
Zakharov-Kuznetsov equation and the stability of its solutions,”
Journal of Plasma Physics, vol. 62, no. 3, pp. 305-317, 1999.

[3] S. Munro and E. J. Parkes, “Stability of solitary-wave solutions
to amodified Zakharov-Kuznetsov equation,” Journal of Plasma
Physics, vol. 64, no. 4, pp. 411-426, 2000.

13

[4] Z. L. Yan and X. Q. Liu, “Symmetry reductions and explicit
solutions for a generalized Zakharov-Kuznetsov equation,”
Communications in Theoretical Physics, vol. 45, no. 1, pp. 29-32,
2006.

[5] A. Bekir, “Application of the (G, /G)-expansion method for
nonlinear evolution equations,” Physics Letters A, vol. 372, no.
19, pp. 3400-3406, 2008.

[6] M. Song and J. H. Cai, “Solitary wave solutions and kink wave
solutions for a generalized Zakharov-Kuznetsov equation,’
Applied Mathematics and Computation, vol. 217, no. 4, pp. 1455-
1462, 2010.

[7] L. H. Zhang, “Travelling wave solutions for the generalized
Zakharov-Kuznetsov equation with higher-order nonlinear
terms,” Applied Mathematics and Computation, vol. 208, no. 1,
pp. 144-155, 2009.

[8] A. Biswas and E. Zerrad, “I-soliton solution of the Zakharov-
Kuznetsov equation with dual-power law nonlinearity,; Com-
munications in Nonlinear Science and Numerical Simulation, vol.
14, no. 9-10, pp. 3574-3577, 2009.

[9] R. Liu and W. E Yan, “Some common expressions and new
bifurcation phenomena for nonlinear waves in a generalized
mKdV equation,” International Journal of Bifurcation and
Chaos, vol. 23, no. 3, Article ID 1330007, pp. 1-19, 2013.

[10] B.Li, Y. Chen, and H. Zhang, “Exact travelling wave solutions
for a generalized Zakharov-Kuznetsov equation,” Applied Math-
ematics and Computation, vol. 146, no. 2-3, pp. 653-666, 2003.

[11] N. Hongsit, M. A. Allen, and G. Rowlands, “Growth rate of
transverse instabilities of solitary pulse solutions to a family
of modified Zakharov-Kuznetsov equations,” Physics Letters A,
vol. 372, no. 14, pp. 2420-2422, 2008.

[12] A. M. Wazwaz, “Exact solutions with solitons and periodic
structures for the Zakharov-Kuznetsov (ZK) equation and its
modified form,” Communications in Nonlinear Science and
Numerical Simulation, vol. 10, no. 6, pp. 597-606, 2005.

[13] M. Song, “Application of bifurcation method to the generalized
Zakharov equations,” Abstract and Applied Analysis, vol. 2012,
Article ID 308326, 8 pages, 2012.

[14] J. Li and Z. Liu, “Smooth and non-smooth traveling waves
in a nonlinearly dispersive equation,” Applied Mathematical
Modelling, vol. 25, no. 1, pp. 41-56, 2000.

(15] Z.R.Liuand C. X. Yang, “The application of bifurcation method
to a higher-order KdV equation,” Journal of Mathematical
Analysis and Applications, vol. 275, no. 1, pp. 1-12, 2002.

[16] J. B.Liand L. ]. Zhang, “Bifurcations of traveling wave solutions
in generalized Pochhammer-Chree equation,” Chaos, Solitons
and Fractals, vol. 14, no. 4, pp. 581-593, 2002.

[17] Z. R. Liu and Z. Y. Ouyang, “A note on solitary waves for
modified forms of Camassa-Holm and Degasperis-Procesi
equations,” Physics Letters A, vol. 366, no. 4-5, pp. 377-381, 2007.

[18] Z. S. Wen, “Bifurcation of traveling wave solutions for a two-
component generalized 0-equation,” Mathematical Problems in
Engineering, vol. 2012, Article ID 597431, 17 pages, 2012.

[19] Z. S. Wen, Z. R. Liu, and M. Song, “New exact solutions
for the classical Drinfeld-Sokolov-Wilson equation,” Applied
Mathematics and Computation, vol. 215, no. 6, pp. 2349-2358,
2009.

[20] Z.S. Wen and Z. R. Liu, “Bifurcation of peakons and periodic
cusp waves for the generalization of the Camassa-Holm equa-
tion,” Nonlinear Analysis: Real World Applications, vol. 12, no. 3,
pp. 1698-1707, 2011.



14

[21] E Faraci and A. Iannizzotto, “Bifurcation for second-order
Hamiltonian systems with periodic boundary conditions,”
Abstract and Applied Analysis, vol. 2008, Article ID 756934, 13
pages, 2008.

[22] S.N. Chow and J. K. Hale, Method of Bifurcation Theory, Sprin-
ger, New York, NY, USA, 1982.

[23] J. Guckenheimer and P. Homes, Nonlinear Oscillations, Dynami-
cal Systems and Bifurcations of Vector Fields, Springer, New York,
NY, USA, 1999.

Advances in Mathematical Physics



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




