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Let $™ be a subfractional Brownian motion with index 0 < H < 1. Based on the §-transform in white noise analysis we study the
stochastic integral with respect to $™, and we also prove a Girsanov theorem and derive an Itd formula. As an application we study
the solutions of backward stochastic differential equations driven by S” of the form —dY, = f(t,Y,, Z,)dt-Z,dS,',t € [0, T], Y, = &,
where the stochastic integral used in the above equation is Pettis integral. We obtain the explicit solutions of this class of equations

under suitable assumptions.

1. Introduction

As an extension of Brownian motion, Bojdecki et al. [1, 2]
introduced and studied a rather special class of self-similar
Gaussian processes which preserves many properties of the
fractional Brownian motion of the Weyl type here and below.
This process arises from occupation time fluctuations of
branching particle systems with Poisson initial condition.
This process is called the subfractional Brownian motion (sub-
fBm). The so-called sub-fBm with index H € (0, 1) is a mean
zero Gaussian process st = {Sf{ ,t > 0} with Sf){ = 0 and the
covariance

E[s]s] = 1+ £ - % [+ +1t-s]

foralls, t > 0. For H = 1/2, S coincides with the standard
Brownian motion B. S is neither a semimartingale nor a
Markov process unless H = 1/2. So many of the powerful
techniques from stochastic analysis are not available when
dealing with S¥. As a Gaussian process, it is possible to
construct a stochastic calculus of variations with respect to
SH (see, e.g., Alos et al. [3] and Nualart [4]). The sub-fBm has

properties analogous to those of fractional Brownian motion
and satisfies the following estimates:
(-2 A1) -9 < E[(s - s!)]
< [(2-2"") vi] (-9
2)

Thus, Kolmogorov’s continuity criterion implies that subfrac-
tional Brownian motion is Holder continuous of order y for
any y < H. But its increments are not stationary. More works
for sub-fBm can be found in Bojdecki et al. [5], Liu and Yan
[6], Shen and Chen [7], Tudor [8-11], Yan et al. [12-14], and
the references therein.

On the other hand, it is well known that general backward
stochastic differential equations (BSDEs) driven by a Brown-
ian motion were first studied by Pardoux and Peng [15], where
they also gave a probabilistic interpretation for the viscosity
solution of semilinear partial differential equations. Because
of their important value in various areas including probability
theory, finance, and control, BSDEs have been subject to the
attention and interest of researchers. A survey and complete
literature for BSDEs could be found in Peng [16]. Recently,
motivated by stochastic control problems, Biagini et al. [17]



first studied linear BSDEs driven by a fractional Brownian
motion, where existence and uniqueness were discussed in
order to study a maximum principle. Bender [18] gave
explicit solutions for a linear BSDEs driven by a fractional
Brownian motion, and Hu and Peng [19] studied the linear
and nonlinear BSDEs driven by a fractional Brownian motion
using the quasi-conditional expectation. More works for the
BSDEs driven by Brownian motion and fractional Brownian
motion can be found in Bisumt [20], Geiss et al. [21], Karoui
et al. [22], Ma et al. [23], Maticiuc and Nie [24], Peng [25],
and the references therein. In this paper, we study the BSDEs
driven by a sub-fBm S of the form

-dy, = f (t,Y,,Z,)dt - Z,dS!, te[0,T],

YT:E’

where the stochastic integral used in above equation is Pettis
integral.

In recent years, there has been considerable interest in
studying fractional Brownian motion due to its applications
in various scientific areas including telecommunications,
turbulence, image processing, and finance and also due to
some of its compact properties such as long-range depen-
dence, self-similarity, stationary increments, and Holder’s
continuity (see, e.g., Mandelbrot and van Ness [26], Biagini
et al. [27], Hu [28], Mishura [29], Li [30], Li and Zhao
[31, 32], and Lim and Muniandy [33]). Moreover, many
authors have proposed to use more general self-similar
Gaussian processes and random fields as stochastic models.
Such applications have raised many interesting theoretical
questions about self-similar Gaussian processes and fields in
general. Therefore, other generalizations of Brownian motion
have been introduced such as sub-fBm, bifractional Brownian
motion, and weighted-fractional Brownian motion. However,
in contrast to the extensive studies on fractional Brownian
motion, there has been little systematic investigation on other
self-similar Gaussian processes. The main reason for this
is the complexity of dependence structures for self-similar
Gaussian processes which do not have stationary increments.
The sub-fBm has properties analogous to those of fractional
Brownian motion (self-similarity, long-range dependence,
Holder paths, the variation, and the renormalized varia-
tion). However, in comparison with fractional Brownian
motion, the sub-fBm has nonstationary increments and the
increments over nonoverlapping intervals are more either
weakly or strongly correlated and their covariance decays
polynomially as a higher rate in comparison with fractional
Brownian motion (for this reason in Bojdecki et al. [1] is
called subfractional Brownian motion). The above mentioned
properties make sub-fBm a possible candidate for models
which involve long-range dependence, self-similarity, and
nonstationary. Thus, it seems interesting to study the BSDEs
driven by a sub-fBm.

This paper is organized as follows. Section 2 contains
some basic results. In Section 3, we give a definition of
subfractional It integral based on an &-transform in white
noise analysis. As an application we establish a Girsanov
theorem for this integral. In Section 4, we give an It formula
for functionals of a Wiener integral for a sub-fBm. We also

(3)
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discuss the geometric sub-fBm in this section. Section 5
considers the BSDEs (3). Finally, we will conclude the paper
in Section 6.

2. Preliminaries

In this section, we briefly recall some basic definitions and
results of sub-fBm. Throughout this paper we assume that 0 <
H < 1 is arbitrary but fixed and let s = {Sf,O <t<T}
be a one-dimensional sub-fBm with Hurst index H defined
on (Q, F,P). To simplify, we denote « = H — 1/2, and let
B = {B,},cg be a two-sides Brownian motion and

1, ifa<t<b,
Ly () =1-1, ifb<t<a, (4)
0, others.

We also denote

(i) | fl,: the usual L*(R)-norm, and the corresponding
inner product is denoted by ( f, g),;

(ii) S(R): the Schwartz space of rapidly decreasing
smooth functions of real valued;

(iii) I(f): the Wiener integral IR f(s)dB, of the function
f e LX(R);

(iv) &: the o-field generated by {I(f), f € L*(R)}

() [®ll,: the L*(Q, €, P)-norm.

S can be written as a Volterra process with the following
moving average representation:

s =c% jR [(t= 9%+ (t+ 9 —2(-5)*]dB,  (5)

where C}; = I'(H + 1/2)/+/H sin tHT (2H), x, = max(x, 0),
x_ = max(—x,0). The sub-fBm S is also possible to
construct a stochastic calculus of variations with respect
to the Gaussian process S¥, which will be related to the
Malliavin calculus. Some surveys and complete literatures for
Malliavin calculus of Gaussian process could be found in Alos
et al. [3], Nualart [4] and Tudor [9, 10], Zdhle [34], and the
references therein.

Let 0 < B < 1. Consider Weyl’s type fractional integrals

If of order 8

g SRR N S
()@= - )L £ - dt,

(I8f) (x) = ") J £ (x-t)fat,

if the integrals exist for almost all x € R, and Marchand’s type

(6)

—_ o~

fractional derivatives Dﬁ of order 3

(DEf) = lim (D%.f) 7)
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if the limit exists in L (R) for some p > 1, where

(Df,gf) (x) = r(1ﬁ— 5 L f(x)t:+;x+ t) it (@)
for € > 0. Define the operator
CyD"f, if0<H«< %
MIf=171 if H = % )

1
Cyls f, ifE<H<1,

where Cy; = \/2H sin tHI'(2H) and I'(-) denotes the gamma
function defined by

I'(z) = j et dt 2> 0. (10)
0

Recall that we now give a stochastic version of the Hardy-
Littlewood theorem as follows.

Theorem 1 (Theorem 2.10 in [35]). Let 1/2 < H < 1 and
let the operators ML be defined as above. Then MY is a
continuous operator from LF(R; Q) into L(R; Q) if 1 < p <
2/2H - 1) and g = 2p/(2 - p(2H - 1)).

Define the function

f (),
_f (_-x) >

x>0,
x<0

O (x) = { (11)

for any Borel function f on R,. Then the function f° is
odd, which is called the odd extension of f. Based on the
moving average representation (5), we can show the following
proposition.

Proposition 2. Let the operators MY be defined as above.

Then Mf{(l([)o’t)) € L*(R) and ST admits the following integral

representation:
H_ 1 H (10
=5 JR M (15,,) () dB, (12)

forallt > 0.

We finally recall the §-transform. The §-transform is
an important tool in white noise analysis. Here we give a
definition and state some results that do not depend on
properties of the white noise space. Denote the &-transform
of ® € L*(Q, %, P) (see, e.g., [35, 36] for more details) by

SO () =E[0 7], neS®), (13)

where the Wick exponential : '™: of I() is given by

el . D=2y (14)

The §-transform has the following important properties.

(A,) The S-transform is injective; that is, SO(y) = S ()
for ally € S(R), implies that ® = V.

(A,) Let f, beasequence that converges to f in L*(R); then
s el converges to : e'Dsin L2(R).

(As) E[: D=1 for f € L*(R). Hence it can deduce a
probability measure on & by

dQ; =" . dp, (15)

especially, for 1 € S(R), we can rewrite the §-tran-
sform as

SO (1) = E¥ [@]. (16)

(A, Let X : Rx Q — R be a progressively measurable
process such that

EJ |X,[*dt < co. 17)
R

Then jR X, dB, is the unique element in L*(Q, &, P) with
&-transform given by

J, x) @ 19)

(A;) The Wiener integral I(f), f € L*(R) is the unique
element in L*(Q, &, P) with §-transform given by

IR FOnW®dr. (19)

The following result points out that the operators Mf
interchanges with the &-transform.

Lemma 3 (Lemma 2.9 in [35]). Let MfX exist for some X :
R — L*(Q, %, P). Then one has

E[(MIX)¥] = My (E[X,¥]) (20)

forall ¥ € L*(Q, G, P). In the case H < 1/2 the convergence of
the fractional derivative on the right-hand side is in the LP(R)

sense, ifM;(H_l/z)X € LP(R; L*(Q, &, P)). In particular, the
operators MY interchange with the S-transform.

3. A Subfractional Ité Integral

In this section, based on the §-transform we aim to define
the subfractional It6 integral, denoted by ® = _[: X, dS}" with
0 < a < b, and introduce the Girsanov theorem. To this
end, inspired by the Hitsuda-Skorohod integral, we define the
subfractional It6 integral as the unique random variable @
such that

so)= [ sx)0 L5 mar @



for all # € S(R), provided the integral exists under suitable
conditions. According to (12) and Property (As), we have

d H
ZCS’(St )(’7)
d
ZTd_I M (19, ) n(s) ds
d
- %EI (15,,)) M5 (5) ds (22)
0
s, s g | o

1
-5 [Mn () - M (-1)].
Combining this with the fact (A;) in Section 2, we give the

following definition.

Definition 4. Let M C R™ be a Borel set. A mapping X :
M — L*Q,%,P) is said to be subfractional Itd integrable
on M if

(X)) () [(MIn) () = (M) (=] e L' M) (23)

for any 57 € S(R), and thereisa ® ¢ L*(Q, @, P) such that

@ (n) = x,) () [(M7n) 0 = (M) (-)] dt

(24)

1
— | &
\2 JM
for all 7 € S(R).

It is important to note that ® in the above definition is
unique because the §-transform is injective, which is called
the subfractional It integral of X on M and we denote it by

o= J X, dst. (25)
M

In this paper, sub-fractional It6 integralalways refers to
the &-transform approach proposed in Definition 4.

Proposition 5. The following statements hold.

(1) For any a < b one has
sttt j dsH. (26)

() Let X : [a,b] —» L*(Q, %, P) be subfractional It inte-
grable for 0 < a < b. Then

b
j X,ds;" = JR 1, () X,dS],

b
E“ Xtdsf’] =0

Proof. These results are some simple examples. O

27)
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Recall that the Wick product F & G of F,G € L*(Q, &, P)
is an element F & G € L*(Q), €, P) such that

S(FoG) (1) =S (F)(n)S(G)(n) (28)

for all # € &(R). The following theorem expresses the
relationship between the subfractional Itd integral defined as
above and the integral based on Wick product ¢.

Theorem 6. Let X : RY — L*(Q, €, P)andY € L*(Q, ©, P);
then

Y<>J XSdSSH=J Y o X, ds? (29)
R* R*

in the sense that if one side is well defined then so is the other,
and both coincide.

We can obtain it by calculating the &-transform of both
sides. In particular, for Y € L*(Q, &, P), this theorem implies
that

<& (SZI)_I - Sf) = JR+ 1(a,b) (5) YdeI (30)

It means that the subfractional It6 integral is the L2(Q, €, P)-
limit of Wick-Riemann sums for some suitable processes.
That is,

llm ZX

7'[ 4)010

T
J, xast= o(si -s) o
0

for some suitable processes X, where 77, = {0 = s, < §; <

-+ < s, = T} is a partition of [0, T'] with || := max{s; ; —
s;} and the convergence is in L*(Q, €, P).

Now we calculate the expectation of a subfractional Itd
integral under a measure Q Iz fe LA(R).

Theorem 7. Let 0 < H < 1 and Q;, f € L*(R) be given by
(15). If the following assumptions hold:

(1) X:RY > LXQ,%,P)is subfractional It integrable,
and X € LYI(RY, L2(Q, €, P));
) MAf e LVO M gnd MEX € IX(RY) for H < 1/2,

One then has
EY H X, ds}! ]
R+

-5 [ B I 0 - o) o]
(32)

Proof. Let (#,,),en € S(R) be given such that #,, converges to
fin L*(R), we have the identity

Em U X, dsf]

1
V2 [, B ) [(8,) 0 - (M2, 0] .
(33)
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It can be easily obtained that the left-hand side of (33) con-
verges to the same side of (32) by Theorem1 and (A,) in
Section 2.

Then we just need to prove the right-hand side of (33)
converges to (32) correspondingly. By Lemma 3, applying the
fractional integration by parts rule, we have

[ % DX [(5,) 0 - (779,) (-0)]

~EY (X [(MF£) () - (MY f) (-0)] e

J. Bl () 0 - (M) (0]

~E[X, D3] [(MEf) () - (MU f) (-0)] )
(34)

which is bounded by

[Jo B[(MEX), 5]

+| [ E[(MTX), :
< |f E[I(2), (e
+[for E[|(MEx), -
+| o B[J(MEX), ("

e E[I0x),

=L+L+L+1,

1, (8) = E[(MX), - '] £ (8) dt]

D f (-t - E[(MTX), : e ] 5, (~t) dt|

D) (0] ]
D] n, (0 - £ )] |
D) ] I (-0 |

D], (-0 - f (=) ]

(35)

We can easily show that I}, I, I5, I, converge to zero, asn —
00, respectively, by Holder’s inequality. This completes the
proof. O

Remark 8. Under the assumptions of Theorem 7, .fqu
[(Mff)(t) - (Mff)(—t)]dt exists as a Pettis integral (see
Definition 2.3 in [35]). In fact, for all ® € L*(Q, €, P),

[, [E [ (v 7y 0 - (w2 5) )] @]

YAt | ) -H

S(JR (ME£) ) - (MEf) (-1

X <JR+ E“thz]I/ZHdt)HE[@IZ]1/2

5
1-H
< [(JR | M f (t)|1/(1 -H) )
-1 | I-H
(J, et o™ ar) ]
X <J[R+ E[|Xt|2]I/ZHdt>HE[|®|2]1/2
< 00.
(36)
Thus, the property of the Pettis integral deduces
EY U X, ds} ]
R+
1
= 5E JW X, [(ME£) @) - (MHf) (1) dr.
(37)

Now, we establish a Girsanov theorem for subfractional
Itd integral. Consider the measure Q Iz f e L*(R), the
probability space (Q, #,Qy) carries a two-side Brownian
motion given by

B =B - L £(s)ds (38)

according to the classical Girsanov theorem. On this proba-
bility space, we denote &, the &-transform with respect to

the measure Qf,f € L*(R); that is,

(SQfX> (n) = EY [: . X] , (39)
and the following identity holds:
L9 LD

U0 (40)

forall g € L(R).

Theorem 9. Let the assumptions of Theorem 7 be satisfied, and
2 ]

(41)

EY [ X, (M £)(0) - (M f)(-1)]dt

1
deH——J
juv V2 R

< 0.

Then, the identity

J X, dS}!
R+
1
- |, xasit- = [ x [ 5) 0 - (a2 g) o] at
(42)
holds in L*(Q, #,Q f) -almost surely.



Proof. We apply Theorem 7 to f +#, 1 € S(R). It is easy to
check that Mf(f +1) € L”“"H)(R) according to Lemma 2.5
in [36]. By Theorem 7 and (40), it follows

o, ([ xeast= [ x [0 ) 0-(ap) 0] e o

= [ xasi-[ x [(MEF) - (7 F) (-0)

b JW B [X,] [MH(f +1) () - MY (f +7) (-)] dt

V2
-5 | E ) 0 - () (o)
) % JW E¥ [X,] (M) () - (Mi'n) (-0)] dt
1

= 5 J,. So X (M) © - (M) (o] ar
(43)

The second identity based on the fact that JW X, [(Mf ) -

(Mf f)(=1)]dt exists as a Pettis integral which is proved in
Remark 8. The proof is complete. O

4. An It6 Formula

In this section, we prove an Itd formula for a subfractional
Wiener integral using the §'-transform approach. An indefi-
nite subfractional Wiener integral is understood as a process

X, = L 00} = [ 10y ©p@ds? ()

forall 0 <t < T provided ¢ is a deterministic function such
that the above integral exists as a subfractional It6 integral for
allo<t<T.

Proposition 10. Assume that ¢ : [0,T] — R is continuous
for1/2 < H < 1, and A-Hélder continuous with A > 1/2 - H
for 0 < H < 1/2. Then the indefinite subfractional Wiener

integral Iot @(s)dSH exists, and

1
—I
V2
Proof. We should prove that Mfl(l(o,t)(p)o € L*R) and

t .
cS’(_[O (p(s)dSsH)(n) exists.

For 1/2 < H < 1, since ¢ is continuous on [0, T], by
Hardy-Littlwood theorem, it is obvious that M (l(o)t)go)o €
L*(R).

For 0 < H < 1/2, similar to the argument in Proposition
5.1in [35], there exists a function g € L*(R), such that

L () dsT = ——1(M"(14,9)°). (45)

Loy =117 Mg. (46)

Hence, Mf{(l(o,t)go) € L*(R), and so is Mfl(l(o)t)go)o e LX(R).

@ is a deterministic function implies that & (fot (p(s)de (1)
exists.
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Next, consider the §-transform of the right-hand side in
(45), then by (19), we obtain that

5 (21 (4 16009)) ) 0
1

0
M (Lop®) nds

I
S
=l

1
= —J (Lop9) M (1) ds

L H 1 (* .
Y Jo v (M+ 11) (s)ds+ 2 Jo ¢ (=s) (M+ ’7) (s)ds
= % JO ¢ (5) (Milrl) (5) ds — % JO 0] (5) (Mfﬂ) (—S) ds
=5([ e ast) )
(47)
This completes the proof. O

The following lemma is essential to the proof of our Itd’s
formula.

Lemmall. Letp : R — R be continuous and H > 1/2. Then
one has

|M51(1(0,t)§0)0|2

= 8aH Jot JOT¢(5) @ (1) [(T — 5)2“-1 + (st T)Z{x—l] ds:ir.)
48

In particular,

) forallt > 0, IMP(19)°15 < 3 max o lp(s)* £

2) |M£{(1(O,t>(p)0|§ is differentiable in t, and for all t > 0,
one has

d
g|MfI(1(0,t)§0)0|§
=8aHo (t) tho(s) [(t - 5)2“-1 s+ t)sz—l] ds (49)
0

< 4Hmax|g (s)|2t2“.
s€[0,t]

Proof. For H > 1/2, the following identity holds:

'Mfi(pﬁ = ZOCHHRgo ()@ (1) |s — 7/** 'dsdr. (50)
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Then,

0 2
|M£_I(1(0,t)90) ’2

= zaHJJR(l(O’t)¢)O (s) (l(o)t)(p)o () |s =71 'dsdr
t

= 40(H” @)@ (1)|s —1/** 'dsdr
0

t
+ 4ocHU @)@ (r)|s + 7/ dsdr
0

t T
= 804HJ J @) (1)]s - 7/** 'dsdr
0 Jo

t T
+ 8aH J J @ ()@ (1) |s +7/** 'dsdr.
0 Jo

(51)

Equation (48) easily follows and the other assertions are
trivial. O

Remark 12. Since the right of (48) is not hold when H <
1/2, there is a lack of a result similar to the above Lemma.
Hence, we only consider the case of constant ¢, and we have
|M£_I(l(0,t)¢)0|§ = (2 22H )2 2H,

Now we give the following It6 formula.

Theorem 13. Let T > 0, such that

(B,) X be an indefinite subfractional Wiener integral; that
is, forall0 <t <T, X, = _[Ot @(s)dSH, where g is cont-
inuous when H > 1/2, constant when H < 1/2;

(B,) F € ([0, T] x R);

(B) there exists constants C > 0 and A < [2V/3T" .
maX,c (o 1|@(s)|17> such that

max 1 |F (t, x)| ‘EF (t, x) ‘EF (t, x) a—2F(t X)
b b at b b ax b b axz b
< e
(52)
Then the following equality holds in (L*):
JT (t) 9 (t, X,)ds
0 ¢ ax it 2 t
o
=F(T, Xy) - F(0,0) - J aF(t,Xt)dt (53)
0
1 T d H 0|2 82
— E JO E|M7 (l(O,t)(P) ZﬁF (t, Xt) dt

Proof. 1t suffices to show that both sides have the same &-
transform. Indeed, by Definition 4, the integral of the left-
hand side has the §'-transform given by

s (L% 0 2-F (1.X) sl ) (1)

T
= % JO o [(MIn) ) - (MIy) (-n]s 9

y (%F(t, xt)) () dt.

Henceforth, we just need to show the right-hand side has the
same result. Firstly, we show the integrals of the right-hand
side exist in (L?). Without loss of generality, denote G = F,
(3/0t)F(t, x), (0/0x)F(t, x), (0*/0x*)F(t,x), and 0 < ¢ < T.
By the growth condition (52), we obtain

2\ (-1/2)
|G, Xt)"; < C2<1 - 4/\'(M£{(1(0,t)(p)0'2) < const.
(55)

Consequently, j()T (0/0t)F(t, X,)dt exists. For the last one, by
Lemma 11 and Remark 12, we have

[

a
dt

T
SJ
0
T

< const. J 74t < co.
0

2 0
M (1009)"[, 5,5 F6 X))

|
2

0
@F(lﬂ X,

%'M?(I(O,t)(p)o'i

dt  (56)
2

Hence, the last integral exists as a Pettis integral in the (L*)-
sense.
On the other hand, denote the heat kernel as follows:

1
t,x):=——e
9(&x) V2t *

Thanks to the classical Girsanov theorem, for arbitrary # €
&(R), under the measure Q,, we can easily calculate that

X, is a Gaussian random variable with mean (1/+/2) '[Ot @(s)

[(an)(s) - (Mf)n(—s)]ds and variance IM?(I(O)t)(p)olg.
Thus, we obtain

S (F (£, X)) (n)

CE[F (5 X,)]
[ # (e 5 [ o0 l(a) o () 9] )

% g (|M7 (109)°]; 1) du
(58)



Moreover, by (B;), integration and differentiation can be
interchanged. Since the heat kernel fulfills (0/dt)g =
(1/2)(82/8x2)g, we have

d
&5 (B(1X,)) ()

- s(2r@x))0)

1 d
+ 5 (M) O-(MIn) 0] 0 (aF (® Xr)) ()
1d >
M g (50 ) )
(59)
Consequently,
S (F(T, Xy) - F(0,0)) ()
= lim& (F (I, Xy) - F (&, X,)) (1)

_ JTCY <%F(t,Xt)> (n) dt

0

~

e = [ ) 0~ (M) 0] 0 @
<5 (Zrwx) )

ol Ti|MH(1 )°|2-S a—ZF(tX) (n) dt
2 )y arl Vool e 5t b Jun At
(60)

Compared with (54), the proof can be completed. O

The objective of this part is to define the geometric sub-
fBm and establish an It6 formula with respect to it.

Definition 14. Let H € (0,1), x, > 0, and ¢, 7 : [0,00) — R,
Then one calls

t 1 2 t
P, = xq exp ‘HO r(s)ds - E|M£{(1(0,t)¢)0|2 + L ¢ (s) dSsH]’
(61)

a geometric sub-fBm with coefficients H, x,, ¢, r, provided

the right-hand side exists as an element of (L*) forall0 <t <
00.

Theorem 15. Let T > 0, such that

(i) P be a geometric sub-fBm with continuous coefficients
@, 1, and let ¢ be a constant when H < 1/2;

(i) (B,), (Bs) hold.
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Then the following equality holds in (L?):

T b -
JO 0 PtaF(t, P,)dsS,

T

— F(T,P,)— F(0,x,) - j %F (t,P,) dt

0
(62)

T 0
- t)P,—F(t,P,)dt
|, ronF (R

1(Td 025 07
— E J;) $|M£_I(1(O,t)¢) |2Pt2@F (t, Pt)dt

Proof. Let

! 1 2
g (t,x) = x exp {L r(s)ds - 5']\/11:1(1(0,t)‘l’)0|2 + x} _
(63)

Then, apply Theorem 13 to F(t, g(t,x)), and the result is
obvious. O

The special case F(t, x) = x yields the following.

Corollary 16. Let P be a geometric sub-fBm as in Theorem 15;
then for allt > 0,

t t
P, =xy+ j r(s) P ds + J @ (s) P, deI. (64)
0 0
For this reason, one calls it “geometric sub-fBm”.

5. Explicit Solution of a Class of Linear
Subfractional BSDEs

General BSDEs driven by a Brownian motion are usually of
the form

-dY, = f (t,Y,, Z,) dt - Z,dB,,

YT:E)

te[0,T],
(65)

where f, & are given. The generator f(¢, y, z) is a ©,-adapted
process for every pair (y,z) € R?, the terminal value &
is a G p-measureable random variable, and &, denotes the
filtration generated by B,. We say a pair (Y, Z) is a solution of
this equation, if the processes Y, Z which are &,-adapted and
satisfy a suitable integrability condition solve the equation P-
almost surely.

After these preparations, we now turn to the problems to
solve the BSDEs driven by a sub-fBm of the form

T T
Y, =& L F(s,Y,2,)ds— Jt z,dst,  (66)

where f,& = Y are given. The generator f(t, y,z) is a G,-
adapted process for every pair (y, z) € R?, the terminal value
& is a @ -measureable random variable, and &, denotes the
filtration generated by S!. We say a pair (Y, Z) is a solution of
this equation, if the processes Y, Z which are &,-adapted and
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satisfy a suitable integrability condition solve the equation P-
almost surely.

Let us recall a result about the following PDE, which is
a parabolic partial differential equation solved by the heat
equation (see Theorem 9 in [18]). Let the following conditions
be satisfied:

(Cy) S e &1((0,T),R) N €([0,T],R) and S is strictly inc-
reasing with §(0) = 0 and s e LY([0, T], R);

(C)) 1, A, f € B((0,T],R) N L'([0, T], R);

(C)) ¢ € B(R,R) and there exists constant C > 0 and
A < (88(T))" such that for all (£,x) € [0,T] x R,
p(t, x)| < Ce*™ .

Then the PDE
u(t,x)= — %S, (t) O ut (t, X) + 7 () O, u (t, X)
+A@ult,x)+ f(t), (67)
M(T,X) = ¢(x)’
has a classical solution given by
T t
u(t,x):= — J £(s) ol Awdu g

t

e J;T A(s)ds

2n(S(T) - S (1)

_(x -y- LTr (s) ds)2
dy.
2(S(T) - S (1) 7

x JR ¢ (y) exp

(68)

Next we give the main result of this paper.

Theorem 17. Let ®, = x, + b(t) + _[; go(s)dsf and T > 0.
Suppose the following conditions are satisfied:

(Dy) ¢ : [0,T] — R" is continuous when H > 1/2, cons-
tant when H < 1/2, and there exist constants 0 < K| <
K, such that K, < ¢(t) < K,,t € [0,T];

(D,) x, € R,b € €'((0,T),R) N G([0, T], R);

(D3) (C,) holds withr(t) = (t)h(t)-b'(t) and h : [0, T] —
R with ¢h bounded on [0, T;

(Dy) ¢ € B(R,R) and there exist constants C > 0, and A <
1/(12T2Hmaxs€[0,T]|f(s)|2) such that for all (t,x) €

[0,T] x R, |$(t, x)| < Ce™ .
Then the BSDEs,

T
Y, = ¢ (Pr) —J [f(s)+A()Y,+h(s)Z]ds
t (69)
T
—J Z,ds!,

9
have a solution (Y, Z) of the form
Y()=v(tD,), Z,=¢(t)ov(t,®,),
v (t, x)
T t
= J f(s) el A g
oI Ads
+
2 2
Vo (M) | - M7 (109)')
2
—(x -y- LT (@ (s)h(s)-b'(s)) ds)
XJ ¢ (y)exp = ot dy.
* 2|M£{(1(0,T)(/)) |2 - 2|M§(1(0,t)‘l’) |2
(70)

Proof. Let S(t) := |M£{(1(O)t)(p)0|§; from Lemmall and
Remark 12, we have S(t) satisfies (C,). By the growth con-
dition (D,), (C5) is yielded, and (C,) follows from (D).
Henceforth, v(t, x) is a classical solution of the PDE

1d 2
o (t,x) = — EZleI(l(O,t)(P)O'Zaxxv (t, x)

+e®h® -b )]y (tx)+ AM)v(t,x)

+f(t);
v(T,x) = ¢ (x),

(t,x) € ((0,T),R),

x € R.

(71)
Moreover, by Lemma 10 and Corollary 11 in [18], suppose that
F(t, x) = v(t, x, + b(t) + x), which fulfills the conditions of
Theorem 13 forall 0 < t < T — e and £ > 0. Consequently,

v(t, @)

N

T-¢
=v(T-¢&®p_,) - J ¢ (s) 0¥ (s, ®,) dS;!
t

T-¢
—J F(S)+AG)v(s, D) +h(s)@(s)0v (s, D) ds.
(72)

Next, according to Definition 4 and the growth condition,

LTfs @(5)0, (s, d)s)de exists when ¢ tends to zero.
On the other hand, similar to (58), we obtain

S (v(T-¢&®r,)) (1)

:J F(T—s,x
R

1 T-¢ H H
+ﬁ Jo @ (s) [(M+ 11) (s) - (M+ 11) (—s)] ds)

2
X g (|M?(1(0,T,E)(p)0|2, x) dx.
(73)
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By the growth and the continuity conditions of v, we have
ST - & Dp_,))(n) converges to S(V(T, Dp))(r) as e tends
to zero.

Now it remains to show the existence of the last integral
of (72). In fact, there exists a constant K, such that

T
Jo ||f(s) + A(s)v(s, D) + h(s)p(s)0, v(s, CDS)"st

< |f|L1([o,T]) + KAl o1y

T
1
+K dt.

’ \/'Mf{(l(o,T)‘P)OE - |M£{(1(0,t)‘/’)0|2
(74)

For H > 1/2, (48) and (D,) yield
1

N — 0
VM (1ane) - M (1000)'|

=y [BaH [ [[ 9@ p@ [@-9" + s+ 1™ dsdr]_l/zdt

dt

2
2

1 T T (7 o o -1/2
< i o st [ [ [ =97+ s o dsae]

TH  T(1/2)T(1/2H)

1 J-T 1 ‘=
T HK2HT T(1/2H +1/2)

TK T2H _ 2H

(75)

For H < 1/2, |M£_I(1(0,t)(P)0|§ =Q2- 22H71)(p2t2H, we obtain

T
J ! dt
0 02 02
\/'M?(I(O,T)(P) |2 - |M£_I(1(0,t)<:0) |2
_ ! j P S 05
V2 - 221 Jo TP A

1 TVHT (1/2) T (1/2H)
V2 —22H1f 2HT(1/2H +1/2) '

This means that _[OT F(s)+ A(s)v(s, D,) + h(s)p(s)0, v(s, D,)ds
is well defined, which completes the proof. O

The above theorem also holds for geometric sub-fBm as
described in the following proposition.

Proposition 18. Let a geometric sub-fBm P, = x, exp{kS}” +
put — (1/2)(2 - 22H O 22HY and G is continuous and of
polynomial growth. Then Theorem 17 holds with the terminal
value of the form G(Py).

Proof. We just need to apply Theorem 17 with ©(t) = In x,, +
KSH o+ pt — (1/2)(2 = 2277 DK% and ¢(x) = G(e¥). O

The regularity of the obtained solutions is described as
follows.

Proposition 19. Let Y, Z as defined in Theorem 17. Then'Y €
L*([0, T, (L)). Moreover, Z € LY¥([0,T],(L*)) when H >
1/4.

Advances in Mathematical Physics

It is a straightforward result in view of the growth condi-
tion of v.

6. Conclusion

We have presented the subfractional Ité integral using the
method of the §-transform. A Girsanov theorem with respect
to the subfractional Ité integral and an It6 formula for
functionals of a subfractional Wiener integral has been estab-
lished. As an application, we obtain explicit solutions for a
class of linear BSDEs driven by a sub-fBm with arbitrary
Hurst parameter under suitable assumptions.

Acknowledgments

The Project was sponsored by NSFC (11171062, 40901241),
Innovation Program of Shanghai Municipal Education Com-
mission(12ZZ063), the Research Project of Education of Zhe-
jiang Province (Y201326507) and Natural Science Foundation
of Zhejiang Province (Y5090377).

References

(1] T. Bojdecki, L. G. Gorostiza, and A. Talarczyk, “Sub-fractional
Brownian motion and its relation to occupation times,” Statistics
& Probability Letters, vol. 69, no. 4, pp. 405-419, 2004.

[2] T.Bojdecki, L. G. Gorostiza, and A. Talarczyk, “Some extensions
of fractional Brownian motion and sub-fractional Brownian
motion related to particle systems,” Electronic Communications
in Probability, vol. 12, pp. 161-172, 2007.

[3] E. Alos, O. Mazet, and D. Nualart, “Stochastic calculus with
respect to Gaussian processes,” The Annals of Probability, vol.
29, no. 2, pp. 766-801, 2001.

[4] D.Nualart, The Malliavin Calculus and Related Topics, Springer,
Berlin, Germany, 2nd edition, 2006.

[5] T. Bojdecki, L. G. Gorostiza, and A. Talarczyk, “Fractional
Brownian density process and its self-intersection local time of
order k;” Journal of Theoretical Probability, vol. 17, no. 3, pp. 717-
739, 2004.

[6] J. Liu and L. Yan, “Remarks on asymptotic behavior of weighted
quadratic variation of subfractional Brownian motion,” Journal
of the Korean Statistical Society, vol. 41, no. 2, pp. 177-187, 2012.

[7] G.Shenand C. Chen, “Stochastic integration with respect to the
sub-fractional Brownian motion with H € (0, 1/2),” Statistics &
Probability Letters, vol. 82, no. 2, pp. 240-251, 2012.

[8] C. Tudor, “Some properties of the sub-fractional Brownian
motion,” Stochastics, vol. 79, no. 5, pp. 431-448, 2007.

[9] C. Tudor, “Inner product spaces of integrands associated to
subfractional Brownian motion,” Statistics ¢~ Probability Letters,
vol. 78, no. 14, pp. 2201-2209, 2008.

[10] C. Tudor, “Some aspects of stochastic calculus for the sub-
fractional Brownian motion,” Analele Universitatii Bucuresti.
Matematica, vol. 57, no. 2, pp. 199-230, 2008.

[11] C. Tudor, “On the Wiener integral with respect to a sub-frac-
tional Brownian motion on an interval,” Journal of Mathemati-
cal Analysis and Applications, vol. 351, no. 1, pp. 456-468, 2009.

[12] L. Yan, K. He, and C. Chen, “The generalized Bouleau-Yor
identity for a sub-fractional Brownian motion,” Science China
Mathematics, 2013.



Advances in Mathematical Physics

[13] L.Yanand G. Shen, “On the collision local time of sub-fractional
Brownian motions,” Statistics ¢ Probability Letters, vol. 80, no.
5-6, pp. 296-308, 2010.

L. Yan, G. Shen, and K. He, “Itd’s formula for a sub-fractional

Brownian motion,” Communications on Stochastic Analysis, vol.

5, no. 1, pp. 135-159, 2011.

[15] E. Pardoux and S. G. Peng, “Adapted solution of a backward
stochastic differential equation,” Systems ¢ Control Letters, vol.
14, no. 1, pp. 55-61, 1990.

[16] S. Peng, “Backward stochastic differential equations,” in Non-
linear Expectations, Nonlinear Evaluations and Risk Measures,
Lecture Notes in Chinese Summer School in Mathematics
Weihai, 2004.

[17] F Biagini, Y. Hu, B. @ksendal, and A. Sulem, “A stochastic max-
imum principle for processes driven by fractional Brownian
motion,” Stochastic Processes and their Applications, vol. 100, pp.
233-253, 2002.

[18] C. Bender, “Explicit solutions of a class of linear fractional
BSDEs,” Systems ¢ Control Letters, vol. 54, no. 7, pp. 671-680,
2005.

[19] Y. Hu and S. Peng, “Backward stochastic differential equation
driven by fractional Brownian motion,” SIAM Journal on Con-
trol and Optimization, vol. 48, no. 3, pp. 1675-1700, 2009.

[20] J.-M. Bismut, “Conjugate convex functions in optimal stochas-
tic control,” Journal of Mathematical Analysis and Applications,
vol. 44, pp. 384-404, 1973.

[21] C. Geiss, S. Geiss, and E. Gobet, “Generalized fractional
smoothness and L ,-variation of BSDEs with non-Lipschitz
terminal condition,” Stochastic Processes and their Applications,
vol. 122, no. 5, pp. 2078-2116, 2012.

[22] N. El Karoui, S. Peng, and M. C. Quenez, “Backward stochastic
differential equations in finance,” Mathematical Finance, vol. 7,
no. 1, pp. 1-71, 1997.

[23] J. Ma, P. Protter, and J. M. Yong, “Solving forward-backward
stochastic differential equations explicitly—a four step scheme,”
Probability Theory and Related Fields, vol. 98, no. 3, pp. 339-359,
1994.

[24] L. Maticiuc and T. Nie, “Fractional backward stochastic differ-
entialequations and fractional backward variational inequali-
ties,” http://arxiv.org/abs/1102.3014.

[25] S. G. Peng, “Backward stochastic differential equations and
applications to optimal control,” Applied Mathematics and Opti-
mization, vol. 27, no. 2, pp. 125-144, 1993.

[26] B. B. Mandelbrot and J. W. van Ness, “Fractional Brownian
motions, fractional noises and applications,” STAM Review, vol.
10, pp. 422-437, 1968.

[27] F. Biagini, Y. Hu, B. ©ksendal, and T. Zhang, Stochastic Calculus
for Fractional Brownian Motion and Applications, Springer,
London, UK, 2006.

[28] Y. Hu, “Integral transformations and anticipative calculus for
fractional Brownian motions,” Memoirs of the American Math-
ematical Society, vol. 175, no. 825, 2005.

[29] Y. S. Mishura, Stochastic Calculus for Fractional Brownian
Motion and Related Processes, Springer, Berlin, Germany, 2008.

(14

[30] M. Li, “On the long-range dependence of fractional Brownian
motion,” Mathematical Problems in Engineering, vol. 2013,
Article ID 842197, 5 pages, 2013.

[31] M. Li and W. Zhao, “On 1/ f noise,” Mathematical Problems in
Engineering, vol. 2012, Article ID 673648, 23 pages, 2012.

[32] M. Li and W. Zhao, “Quantitatively investigating locally weak
stationarity of modified multifractional Gaussian noise,” Phys-
ica A, vol. 391, no. 24, pp. 6268-6278, 2012.

1

[33] S. C. Lim and S. V. Muniandy, “On some possible generaliza-
tions of fractional Brownian motion,” Physics Letters A, vol. 266,
no. 2-3, pp. 140-145, 2000.

[34] M. Zghle, “Integration with respect to fractal functions and
stochastic calculus. I” Probability Theory and Related Fields, vol.
111, no. 3, pp. 333-374, 1998.

[35] C. Bender, “An S-transform approach to integration with
respect to a fractional Brownian motion,” Bernoulli, vol. 9, no.
6, pp. 955-983, 2003.

[36] C. Bender, “An It6 formula for generalized functionals of a
fractional Brownian motion with arbitrary Hurst parameter;’
Stochastic Processes and their Applications, vol. 104, no. 1, pp. 81-
106, 2003.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




