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The specific case of scattering of a plane wave by a two-layered penetrable eccentric circular cylinder has been considered and it
is about the validity of the on surface radiation condition method and its applications to the scattering of a plane wave by a two-
layered penetrable eccentric circular cylinder. The transformation of the problem of scattering by the eccentric circular cylinder to
the problem of scattering by the concentric circular cylinder by using higher order radiation conditions, is observed. Numerical

results presented the magnitude of the far field.

1. Introduction

Approximate techniques have been introduced to study the
scattering of waves by obstacles. The OSRC method has been
devised by Kriegsmann et al. to investigate electromagnetic
scattering problems involving cylindrical convex objects [1].
The main concept of this method is the application of a
radiation boundary condition (RBC), connecting the field
and its normal derivative, directly onto the surface of the
scatterer, to determine approximately the surface field or its
derivative in terms of the given field.

Two main approaches have been employed to derive
RBCs [2, 3]. One of the methods is based on the idea of killing
the terms of the expansion of the scattering field satisfying
the Helmholtz equation and Sommerfeld radiation condition.
An nth-order RBC operator which annihilates the first n
terms in the expansion is obtained either on a large circular
cylinder enclosing a cylindrical convex object or on a large
sphere enclosing a finite convex object, depending on the
geometrical dimensions of the problem. These RBCs can be
generalized so that they can be used in the OSRC method
for constructing the approximate solution of a scattering
problem involving an arbitrary convex object.

The second approach which is capable of supplying SRCs
of any order on a smooth scattering surface of arbitrary form,
thus avoiding the difficulty mentioned above, was introduced

by Kriegsmann and Moore [3]. This method is based on
an asymptotic expansion, similar to the Luneburg-Kline
expansion, made in the neighbourhood of a phase front
by assuming that the field has a well defined phase front
in the regions of interest. Then the assumption that the
surface of the scattering is a phase front yields the SRC
of the OSRC method. Although the method of Jones may,
in principle, furnish SRCs to any desired order, only the
second-order condition has been produced and applied to
various problems to examine the predictions of the method.
From these investigations it has been observed that, for hard
objects, as frequency increases, second-order SRCs begin to
fail to account for creeping wave physics adequately.

Considering these results, it has been conjectured that,
by introducing higher-order SRCs in the method, creeping
wave physics may be modelled more accurately; that is, the
approximation of the OSRC method may be improved. In
[1, 3-7] only the first- and second-order RBCs have been
produced and used in conjunction with the OSRC method.
Later [2, 8, 9] third- and fourth-order RBCs have been used to
examine whether the use of higher-order SRCs in the OSRC
method models creeping wave physics more accurately than
a second-order SRC.

In this work we applied the higher-order SRCs to scat-
tering of plane waves by an eccentric penetrable circular
cylinder. The results are compared with those of second- and
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fourth-order SRCs and with those of the scattering of plane
waves by a concentric penetrable cylinder [9].

This paper is organized as follows. The formulation of
the problem together with the exact and the approximate
solutions of these equations with OSRC method is presented
and calculated in Sections 2 and 3, respectively. In Section 4
the comparisons and some concluding remarks take place.

2. Formulation and Exact Solution

We denote the outer and the inner layers by 93,, with sound
speed ¢, (m/s) and constant density p, (kg/m’), and by %,
with sound speed ¢; (m/s) and constant density p; (kg/m’),
respectively. The interface between them is the circular
cylinder £, of radius ,. The radius of the circular cylinder
between the exterior region 98, which is a homogeneous
isotropic medium with sound speed ¢; (m/s) and constant
density p, (kg/m®) and the region %, is r;, B, = {r >
rit, By =1{r, <r <r},and B, = {r <n,}.

Let us denote by 0, the center of the outer cylinder X, and
by O, the center of the inner cylinder 2, and take O, as the
origin of the rectangular Cartesian coordinate system (x, y).
We suppose that the x-axis passes through the points ©; and
0,. In addition to this, we consider two polar coordinate
systems centered at O, and O,. Radial and angular variables
are denoted by (r,¢) and (p,0), respectively. ¢ and 0 are
measured from the positive x-axis. Under these assumptions
the geometry of the problem is defined in Figure 1, where r,,
r, are the outer and inner cylinder radii, while the distance
between the centers of the cylinders is represented by e.

The scattering problem is described by the following
equations and boundary conditions:

Viu + kjuy =0 (x,y) € B,

for k= =, 1=1,2,3,
G

@
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. ; )
U +u' = uy, E(”l"’”):&% on r=r, (2
ou
U, = us, Ez 2 on p=r1,, 3)

or

where {; = p,/py, §, = po/pss ki = w/g is a wave number,
and w is the angular frequency. In addition, at infinity the
scattered field u; must have the form of a radiating wave;
that is, the following Sommerfeld radiation condition must
be satisfied:

lim 7'/ (% + ik1u1> - 0. (4)

Since ¢, is the direction of propagation of the incident
wave, the propagation vector of the incident wave is assumed
to be p = (—cos¢y, —sind,). ¢, r are the polar coordinates
and the assumed time dependence is ™. All the field
quantities are then independent of z. If x = rcos¢, y =
r sin ¢ then the incident wave can be expressed as

i —ik,p-x

d=e _ eiklrcos(rpfgbo)

0 5
- $ s

n=—00

[4]. Solutions for u,, u,, and u; can be expressed in polar
coordinates as follows:

u, = Z a,H, (k;r) M@~ 9ot7/2), (6)
U = Z (6., (kzp) + ¢,H,, (k;p)] "0, 7)

in(@—rr/z)‘ (8)

Us = Z dn]n (k3p)€

u, solution is expressed in polar coordinates centered at 0,.
In order to be able to use this solution for » = r, it has to be
written first in polar coordinates (r, ¢). We know that ], (k,p)
and H, (k,p) can be expressed as follows:

I (kyp) e " = Z Jq (kyr) Jg-n (ke) e,
)
H (kzp m9

ZH

If (9) is inserted in (7) the solution for u, in polar coordinates
(r, ¢) takes the following mentioned form:

=) bn{ Z Jg-n (kz€) Ty (kyr) e’q‘b}ei”"/z

n=—00

kor) Jq-n (Kpe) €.

(10)
+ Z c, { Z Jg-n (kye) H, (K,r) eiqd)} e 2,

=—00 q=—00
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Now, if (5), (6), and (10) are used under the boundary
conditions (2), in order for these conditions to be satisfied

J, (kyry) e tabo-n/2) | aH, (k,ry) o iA(b07/2)

N —inm/
= J, (ko) n;mbn]q,n (k,e) e ™ a

+H, (kyry) Z Clgn (ke) e

kJ; (k1r1) e a($o-m/2) klaqH,; (k1”1) o ia($o=7/2)
= k2£1 ]:1 (erl) Z bn]q—n (kZe) e*i”ﬂ/z (12)

+ kzng,; (k1) Z cJgn (kze) e

1; =n
e:%ﬂ%@:t-sz (13)

Thus, if ¢, = 7 is taken it is seen that in case of e = 0 or
k,e — 0 (11) and (12) are, respectively, transformed to (2.8)
and (2.9) in [9]. Then if (7) and (8) are used with the boundary
conditions (3), the requirements for these conditions to be
satisfied are

bn]n (k2r2) + Can (k2r2) = dn]n (k31’2) > (14)
kzbn]; (kyry) + kzan;; (kyry) = £2k3dn]rll (ksry). (15)

Equations (11), (12), (14), and (15) constitute a system of
algebraic equations with an infinite dimension for a,, b,, ¢,
and d,,. First the infinite sums in (11) and (12) are converted to
finite sums by choosing a naturel number N;. The summation
is implemented up to N;. Therefore a system of infinite
dimension is approximated by this finite system and is
numerically solved. Then the same process is repeated by
choosing a greater naturel number N,. This is repeated until
a solution of required precision is obtained. In this process,
in order to diminish the load of the numerical calculations,
instead of dealing with all (11), (12), (14), and (15) an algebraic
system of equations with a finite dimension which includes
only b,’s can be derived as follows. By eliminating a, from
(11) and (12) the below mentioned system of equations which
includes only b, and ¢, is obtained:

Y [A )b+ Dy ()] =Y, (16)
I=—00

Here the elements of matrices A ;(n), @;(n) and vector ¥, are
defined as follows:

Al (1’1) _ ] : (kze) e—il(ﬂ/2)+in(¢0—rr/2)
n—

) ]n (k2r1) _ szl],,, (kzrl)
H, (klrl) k,H,, (kl”l)

3
@, (n) = J,; (kye) e 1H/Drin(bm/2)
. |:Hn (kzrl) _ kzngr’l (kzrl) :|
H,(kiry) ki H) (k)
v - [ Jo (ki) a J! (kyry) ]
n - 7 .
H, (k)  H} (k)
17)

On the other side if d,, is eliminated from (14) and (15) the
relation

T (18)

M

is obtained. {, and #, are defined as follows:

_ ks&aJ,, (ksry) I, (ko) _u (ksra) T, (ko1

Cn - > (19)
k,H, (kz”z) Hy’; (kzrz) H, (kz”z) H,’, (kzrz)
_k3£2]’ (ks”z) T (k372)
= z + . (20)
L kZH:L (kz’"z) H, (kzrz)

If ¢, in (16) is replaced by the right hand side of (18), the below
system of equations is obtained for b,:

Y A=Y, (1)

I=—00

Here the elements of the A;(n) matrix are defined as follows:

Ay = Ay () + 0, () . (22)

Ui

By replacing I and n by the elements of the increasing
whole number sequence {N;, N,, N, ...} and by making (21)
finite, finite number of b, is found with the same process as
described above. By using b,’s in (18), (14) (or (15)), and (11)
(or (12)) the same numbers of ¢,, d,,, and a,s are calculated.
Thus, the scattered field is approximated by a finite sum.

3. Approximate Solution

By using on surface radiation condition method, the problem
is converted to an internal one together with the boundary
conditions of the impedance [9] type on X,, boundary
conditions (3) on X,, and (1) (for I = 2,3). For this reason
in the boundary condition of the impedance type [9] 6 is
replaced by ¢.

When the incident wave is a plane wave, u'(a, o) = vi(qb)

and (1/k,)(@u' /3r)(a, §) = w'(¢)

‘Vi (¢) _ Z ]n (e) eiﬂ(¢*¢o+”/2)) €= k1”1:
n=—00 (23)
wi (¢) _ Z ],/, (8) ein(¢—¢0+n/2)



are written. Solutions of (1) (for [ = 2, 3) can be expressed in
the following forms:

(o)

uy= Y [BJ, (kop) +5,H, (kyp)| €72, (24)

us= Y d,J, (ksp) o), (25)

The expression of u, in (24) is written in (p,0) coordinates.
From (10) this solution can be expressed in (p, ¢) coordinates
as follows:

U, = Z [ Z Z’q]n—q (kze) e_iqn/z] Js (kyr) e
n=-00 [ g=—00

(26)

+ ) [ A <k2e)e-W]Hn (k) ™.
n=—00 | q

When u, is taken as given in (26) and (23) are chosen for the
incident wave, in order for (2.3) condition and (2.21) of [9] to
be satisfied

{®(l) (&) ], (kyry) = k]i_flfrll (kz”l)]’
1

- { > By (ko) /}
q=-00

+ {9(1) (e) H, (k27’1) - kli_ng; (kzrl)} @7)
1

-

q=—00
= {0% @ ], (&) - Iy (@} e "0

is required. Here the function 0Y(¢) is defined in (2.32) of
[9].

For e = 0 two cylinders have the same axis and relation
(13) holds. Thus if we take ¢, = m at the k,e — 0 limit we can
easily observe that (27) is converted to that of the problem
which is the same as in [9]. If solutions (24) and (25) are
used under conditions (3) in order for those conditions to be
satisfied it is required that

En]n (kyry) +G,H, (kyry) = Jn]n (ksr3), (28)
kZEnIf: (kory) + kZEnHr’z (kyry) = Ezksjn]rll (ksrs) (29)
hold. As a result (27), (28), and (29) constitute an algebraic

system of equations of infinite dimension, for b, €,, and d,,.
We can write (27) as follows:

Y[R, +3,m5] =7, (30)
q=—00

Here A 4(M); 5q(n), and ¥, are defined as follows:

N —iq(rt/2)+in(¢y—11/2)
Aq (n) _ ]n_q (kze)e iq(mr/2)+in(¢y—

ky&y
{e @, (kar) - 221 ) |
1
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Py —iq(r/2)+in(¢—7/2)
(Dq (1’1) - ]n_q (kze)e iq(rr/2)+in(¢y—mr

kyfy
. {@(l,m) (&) H, (k,r,) - i—f‘Hn (kzrl)}
7, =0" (e)],(e) - I (e).
31)

System (30) is the approximation prescribed by the method
to system (16) that is derived for the exact solution. It is
observed that the replacement of G)("’)(s) by Hr'l(s) /H,(¢) in
(31) yields the exact ones. It is easily seen that the expressions
A (n), @ (n), and ¥, are transformed to Hr(f)'(s)Aq(n),
H,(lz)'(s)(Dq(n), and Hr(lz)'(s)‘l’n. Therefore (30) is transformed
to (16). Thus, for the problem under consideration the surface
radiation conditions method is equivalent to introducing the
approximation ®(1)(£) = H,(lz)'(s) /Hr(lz)(s) and, therefore, this
result is independent of the boundary conditions prescribed
on the surface of the circular cylinder X, . Hence, the accuracy
of the method for the cylinder problems will depend on the
accuracy of the approximation in Hy(lz)'(s) /H flz)(s).

If c?n is eliminated from (28) and (29) as in the exact
solution, the following relation is obtained:

7, = b, (32)

M
where {,, and 1, are given, respectively, by (19) and (20). The
system of equations for b,

Y A mb =9, (33)
I=—00
is obtained by (32) and (30). Here A () is
Kﬂm=me+5ﬂm%. (34)
I

First b, is obtained as a result of this system and then ¢,
and Jn are obtained, respectively, from (32) and (28) or (29).
After having calculated b, and €, from the above relations
if at ¥ = r,, namely, over X, relations u'(r;,0) = v,(0),
(0u' /0r)(a, 8) = k&, w, (), and L'(x,y) = —(1/4)iH (K, |x
yl) are used in the integral representation below:

. out
w®+L{;@zmw

y

—uf<y>aisr(x,y)}dsy=uf<x>, e B,
ny
(35)

The scattered field in any point in the region 9%, is obtained
by calculating the following integral [4]:

ul (T', 6)
i 2 ) 0
:zj[”wkﬁ%

0
. {k1 (r2 + rf —2rr, cos (9 - 0’))1/2}
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- k¢ w, (6') H, Thus the amplitude of the far field is obtained as follows:
i€ m ! !
P = —J- {v (6 )icos(@—@)
1/2 2
. {kl (r2 + rf — 2rr, cos (6 - 9')) H rldG'. 4 Jo , (37)

! ic cos(0-0") 1/
(36) R (6 )} e do'.
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Here if (24) is used and the expressions Hereagain f, is expressed as follows: f, = {J/ (k,r,)], (k1) —

21 g cos(6-0")+in(0' - inf 2n =
Jo e mOTRag < 2m) ()™ and [T cosO® = (k) )T Wy + Untkir)Hy(kor) = (i
g')e's cosO-0)+in® —7/2) gg! - —i271],',(e)ei"9 are considered, ky) ]n(klrl)H,i(kzrl)}En. For the exact solution, the amplitude
after the calculations, the amplitude of the far field is obtained  f the far field is calculated from P*(6) = Yo aneine. If
as follows: -

e S b, and ¢, are replaced by b, and ¢, f, = {J.(k;r))],(kyry) —
PO) == ) fe™. B8 b kLK )Tk, + Uik H,(or) -

n=-—00
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(ky&1/k,) ], (k) H L (kyr)}e, is obtained. Therefore (ier/  is observed that the introduction of higher-order radiation

2) J?;; = a, is obtained. conditions improves the approximation considerably in com-
parison with the results obtained by the use of a second-order

4. Comparison radiation condition, especially in cases where creeping waves
are less pervasive.

Comparisons are made between the exact answer of the Various graphics are generated from analytic solutions

problem and the surface radiation condition solutions. It  obtained from the on surface radiation condition method and



from the exact solution of the problem in question in order
to examine the consequences of using radiation boundary
conditions having an order higher than two in the on surface
radiation condition method. For simplicity and readability of
graphics only the curves corresponding to solutions of the
second and fourth order are shown. Curves corresponding
to the third-order condition behave in between those two. In
the figures the variations of the modulus of far field, namely,
of scattering function P with respect to 0, are given. These
studies are done depending on the density of the medium and
the velocity of the wave.

From the comparisons made between the exact solu-
tion of the problem and the approximate analytic solution
obtained by on surface radiation condition method, it can be
observed that using the fourth order instead of the second
order highly ameliorates the approximation of the method.

(A) Whenever the regions are, respectively, air, water, and
a region denser than water from outside to inside the results
of the second- and fourth-order surface radiation conditions
for the following parameters are depicted together with the
exact curve for r; = 10, r, = 5,¢ = 10, k3 = (¢;/)ky, ky =
(@/c)ki & = pilps» & = palpss pr = 1.2, ¢ = 340, p, =
1000, ¢, = 1480, p; = 1200,andc¢; = 1600. As for the
graphics of the solutions concerning the far fields and under
the parameter values, the variation of the scattered field with
e = 0and ¢, = 7 is given in Figure 2(a)

Here the attitude of the curve is like in the case of a hard
cylinder. With e = 0.5 and ¢, = /3 the scattered field gives
acceptable results especially for the fourth order as it is seen in
Figure 2(b). Asit is seen in Figure 2(c) the scattered field gives
good results in shadowed and luminous regions especially for
the fourth order when the eccentricity e = 2.0 and ¢, = /3
are taken.

(B) Whenever the regions are, respectively, water, air, and
a region denser than air from outside to inside the results
of the second- and fourth-order surface radiation conditions
for the parameters are r; = 10,7, = 5 & = 10,k; =
(@/a)kys ky = (a/g)k &, Pilpn &y = palps =
1000, ¢, = 1480, p, = 1.2, ¢, = 340, p, = 1.0, ¢; = 280.
As for the graphics of the solutions concerning the far fields
and under the parameter values, the variation of the scattered
field with e = 0 and ¢, = 7 is given in Figure 3(a).

Here the attitude of the curve is like in the case of a soft
cylinder. In Figures 3(b) and 3(c) the results of the scattered
field in shadowed and luminous regions are compared as
the eccentricity increases. With e = 0.5 and ¢, = 71/3 the
scattered field gives good results especially for the fourth
order as it is seen in Figure 3(b).

As it is seen in Figure 3(c) the scattered field gives good
results in shadowed and luminous regions especially for the
fourth order when the eccentricity e = 2.0 and ¢, = /3 are
taken.

(C) Whenever the regions are, respectively, a region
denser than water, water, and air from outside to inside the
results of the second- and fourth-order surface radiation
conditions for the parameters are, r, = 10,7, = 5,¢& =
10, ky = (a/e)ky, ky = (a/)ky, & = pilpy & = palpss
py = 1200, ¢, = 1600, p, = 1000, ¢, = 1480, py = 1.2, ¢; =
340.
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As for the graphics of the solutions concerning the far
fields and under the parameter values, the variation of the
scattered field with e = 0 and ¢, = 7 is given in Figure 4(a).
Here also the attitude of the curve is almost like in the case of
a soft cylinder.

With e = 0.5 and ¢, = /3 the scattered field gives good
results for all orders in both shadowed and luminous regions
as it is seen in Figure 4(b).

As it is seen in Figure 4(c) the scattered field gives good
results everywhere for the fourth order, when the eccentricity
e = 2.0 and ¢, = 71/3 are taken.
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